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Nonscaling corrections to the scaling behavior of deep-inelastic scattering are discussed
within the context of light-cone analysis. It is shown that there are both kinematical and
dynamical corrections to scaling, derived from the leading and nonleading light-cone singu-
larities, respectively. It is suggested that such corrections have already been observed, as
evidenced by the improved fit to the SLAC data in the variable w’ = —g%/ (2v +m?). Theoretical

implications of these corrections are discussed.

I. INTRODUCTION

The surprising results of the series of experi-
ments on deep-inelastic electron scattering per-
formed at SLAC! have provided a challenge to theo-
rists to interpret these results. Among the sever-
al pictures of high-energy processes that have
evolved as a result of these experiments is the
analysis of deep-inelastic processes in terms of
the leading singularities of two current operators
near the light cone.? Although this analysis mere-
ly attempts to accommodate the experimental re-
sults in terms of the language of light-cone singu-
larities, this language is particularly interesting
to the current-algebraist, since it may provide

. clues to a generalization of the powerful tools
developed from the equal-time commutators of
currents. In this paper we extend earlier analyses
to provide a framework for the study of the next-
to-leading singularities near the light cone in
terms of the nonscaling corrections to the scaling
behavior observed in the deep-inelastic region.
There are at least two theoretical reasons for
studying nonleading light-cone singularities:

(1) The leading singularities can be interpreted
in terms of operators with canonical dimensions.?»
Can the nonleading singularities be so interpreted?

(2) The very speculative arguments of Brandt
and Orzalesi®* relate simple behavior for the non-
leading light-cone singularities to a number of
selection rules for Regge trajectories. It would
be useful to put such ideas to direct experimental
test.

In what follows, we discuss a framework for the
extension of light-cone analyses to nonleading
singularities,® with special emphasis on the next-
to-leading light-cone singularities, since these
corrections to scaling behavior are the most easily
accessible to experimental analysis. We also sug-
gest in this paper that corrections to scaling be-
havior have already been observed, as evidenced
by the improved fit to the electron-scattering data
of the variable proposed by Bloom et al.® We then
relate experimental corrections to scaling to the
nature of nonleading singularities, to the existence
of various equal-time commutators of the currents,
and to new sum rules. In particular, if the correc-
tions to scaling are of the form v™G(w), there ex-
ists a class of sum rules of the form [dw w?™G(w),
analogous to the generalized Callan-Gross inte-
grals.” These new sum rules would then imply
the existence of an infinite “ladder” of local opera-
tors with integral dimensions, associated with the
next-to-leading light-cone singularity.

II. CORRECTIONS TO SCALING

A clear presentation of the light-cone analysis of electron scattering experiments can be found in JVW 2
We find their notation particularly suited for our purposes. For completeness we summarize the principal
definitions of that work. The total cross section for forward electron scattering from a proton of momen-
tum p can be described by means of the Fourier transform of the commutator function

CH(x, p)=i{p|[j*(x), 5 (0)] | p

=(gh0? -0 )Cy (a2, x +p) +[ pFp" 012 = p - 8(3 pY +8VpHF) + g+ (p - 8] Co(a2, %+ p) . (1)

In momentum space, one defines

Ciw, v)=—if d*xe'*"*Cy(?, x+p), i=1,2

)

where q is the virtual-photon four-momentum, v=g°p, and w=-¢?/2v, In terms of other notation to be

found in the literature,
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f‘z(w, V) =2wv3Cy(w, V) = vW,(w, V),
Fr(w, v)=Fy(w, v) - 20F (0, v) =4w?vC,(w, V),
Fw, v)=W(w, v).

The existence of a nontrivial scaling limit implies

lim  Fi(w, v)=F;(w)#>,

v—>oswfixed

| >

©)

(4)

with support properties F;(w)=0 for |w|>1. The results of the light-cone analysis®* show that the commuta-

tor function can be characterized by F;(w) as follows:

0,00, - p) =gyl -p)o0) o 2L (0) - p) 60202, 1), )

and

sin(wx «p)
wxp

Co(2, x-p)=4—71;2—e(x-p)9(x2)_£ldw

Fy(w) +€(x - p) 0(x°)fp (%, % P) (6)

where f,(x%, x +p) =0((x2)~**€), €>0 near »*=0, and f,(0, x -p)=0. The same techniques which lead to (5)
and (6), relate the corrections to the scaling limit to the light-cone behavior of the functions f;(+%, x * p).
For example, if the functions f;(x?, x - p) behave as simple powers of »* for »*=~0, with

fi(22, x p)=0((x®)"**%), a>0
fola, x-p)=0((x?)P), b>0

(M

near 22=0, then the methods of Ref. 2 applied to (5)—(7) imply

- 1 m2w?
Fi(w, V) ———sF(w) 3T,
v, w fixed v

and

F /(@) = Gy(w) +- - ®

Fy(w, v)=Fy(w) _@;Tw [sz’(w) +3F,(w) - Zj‘;l df Fz(z)} —71,,Gz(w) R 9)

where

F/(0)=dF (0)/do .

Note the presence of the v™! terms in (8) and (9)
which are kinematical corrections to scaling be-
havior originating in (5) and (6)." There are also
nonleading terms of dyramical origin determined
by the behavior characterized by (7), which is
what one wishes to extract from the experimental
data. To do so the data must be analyzed accord-
ing to Egs. (8) and (9), with due regard to the kine-
matical corrections, in order to decide the nature
of the next-to-leading light-cone singularity. [We
have neglected possible logarithms in (7) as these
are of subsidiary experimental interest.] Also
note that Eqs. (7)—(9) are compatible with a single
Regge pole dominating the corrections to scaling.
Is it premature to analyze the data this way ?
Perhaps not, based on the study of Bloom et al®
They show that the approach to scaling is more
rapid when described in terms of the variable w’
= —¢?/(2v+m?) rather than w, particularly for low
values of v when w is near 1. Since F,(w’) achieves

r

scaling “sooner” than F,(w), and since

Fy(w’)

2
Fy@) =52 Fy (@) -+, (10)
v w fixed 14 ,
one can interpret the result of Bloom et al.® as
indicating that the deep-inelastic-scattering data
can be analyzed for nonscaling corrections even
though the effect is small. Naturally, one can not
use (10) directly to study the nonleading light-cone
singularities since one must separate the kinemati-
cal effects from the dynamical corrections as in
Eqgs. (8) and (9).

IIl. THEORETICAL IMPLICATIONS

Certain types of behavior of the nonleading singu
larities characterized by (7) have greater appeal
to the theorist than others. Standard Regge be-
havior suggests that a=b~3%, while the specula-
tions of Brandt and Orzalesi require a=b=3.*
Finally, if the operators contributing to the next-
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to-leading light-cone singularities have canonical
dimensions, thena=5b=1,

A. Light-Cone Singularities

In this section we characterize the new scaling
functions G,;(w) of (8) and (9) in terms of the non-
leading singularities. We assume, consistent with
(7), that

Fi(#, % -p) = (2)°7Yf (% p) +Fo (4, %+ p) (11a)
and

Fol, 2 29) = (2 o - ) +Fola®, x+B) , (11b)
with a, >0,°

(A F, (03, %+ P)],220=0 (12a)
and

[(#)"Fa(?, %+ b)) 220 =0. (12b)

Since the analysis that follows involves only a
simple extension of the methods of JVW,? we mere-
ly state our results without derivation.

The new scaling functions G;(w) are related to
the fi(x27 x 'P) bY

Gp(w) =(g£z;fq£:da e!*a(-a?)*,(a) (13a)

and
G,(w) =~ 4miw(2w)® -mda e (~-a?)’f,(a). (13b)

Equation (13b) is only an approximation extracted
from the asymptotic expansion of F,(w, v) by the
method of stationary phase. The exact expression
that follows from (11b) is considerably more com-
plicated. For the special case a=1 and b=1, one
obtains

G(w)= —167rw2f " da of (@) sinaw (142)
1]

and
Gy(w) = 411wfmdae a’fy(a)
(1)

X [2 cosaw+4aw sinaw +(aw)? cosaw],

(14b)

where now (14b) is exact given (8) and (11). The
definition of the commutator function implies that
the f;(x*, x p) are even under x* - —x*, which im-
plies that

G (-w)=(~1)"G (w),
(15)

Gy(~w)=(-1)’G,(w) .
[In deriving (15) from (13), one must recall that
fi(4®, x +p) has a cut along the real x* axis in the
timelike region of the »® plane.’] Equations (13)
and (14) may be inverted by the standard methods
of Fourier analysis, with the result

D e[, Gw) sin(wx-
f1(x'p)=-(8ﬂ2 (x-p)PC )fodw_t);o i%%ﬂ

(16a)

and

>

~92)~b 1 . .
(16b)

where (16b) is only valid for small x +p. Of spe-
cial interest is the case a=b=1, which corre-
sponds to canonical dimension for the next-to-
leading singularity. For a=b=1, one has

oLt Gy(w) sin(wx-p)
filxp)= 81121; dw —L—w —oxp (17a)
and
. . _L 1 G (w) 1 s . *© ~s: .
(x-pYfolx p)-zn2 A dw ——L——(s1+sz)w[,[ dz z°* cos(wx 11>z)+1 dz z™%2 cos(wx PZ)]
1 3 .
gé_:?_ o dw&i}i) “‘:i—%ﬂ for small x-p, (1'Mo)
with

$;=—3(3+V1IT) and s,=3(3+I7).

At this point we emphasize that in the derivation of Eqs. (13)-(17), we have freely interchanged orders of
integration, and have ignored possible 6(w) contributions to the right-hand sides of (16) and (17).1° These
6(w) contributions occur when one constructs G ,(w)/w'*® and G,(w)/w'*? from (13), as is required in the
solution for f,(x *p). If G;(w) is bounded on 0 <|w|<1, then for 0 <a<1, and 0<b< 1, the integrals in (16)
and (17) exist without these additional contributions, i.e., without subtractions. On the other hand, for a
>1, and b>1, these complications must certainly be considered. That is, if integrals over w do not exist
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I

in the usual sense, they should be interpreted as generalized functions.®+1°

B. Equal-Time Commutators

The Fourier transform of the T* product corresponding to (1) is
T (q,p) =i [ d*x e " *{p| TX{j*(x), " (0)} | p)

==(g’g"" - 4"q")a 7 To(, v) +[Pg"” - Ua"p” +p"q") + P 0" 147 To(, v) . (18)

Generally one assumes that T,(¢?, v) satisfies the fixed-¢* dispersion relation®*°

Tz(qzy V)" qz d ! F-w(&%, (19)

while T.(4?, v) satisfies either

T, =g [ dor S L (200)

or

T, = Tue, 0o [ dor BSD), (200)

-

depending on whether T, requires a subtraction or not. The Bjorken-Johnson-Low (BJL) limit,'* g, i,
qd fixed, defines the equal-time commutators of the currents and their time derivatives. We must discuss
the BJL limit of (20a) and (20b) separately.

Case (i): Tp Unsubtracted
From (18)-(20a)

T”(q,p)-——-—ﬁ"—f dw —t@—l+q [qq wa dw =5 (w) G“EP—Q—f dwF p(w)

25‘

f dw wF(w)+(p"0" ~p'p’)~ f dsz(w)}

+( %)5” f dw 2(_“,’,)+0(q0‘3)+O((q02)"‘")fr0((qoz)'”"), (21)

with 0<a, b. If a<1, one must sum over all such contributions to f;(x?, x - p), in order that (21) be accurate ’
to O(g,"?). The Schwinger term and Callan-Gross integrals have been discussed by many authors,?:"+%+1

so we need not reproduce those arguments here, On general grounds, one expects the equal-time commuta-
tor

[, 0), #(0)]=0, (22)
if it is finite, which requires either a>3 or
1
[ awSssd -0, (23)
o<a=1/2"0 w )
where the sum indicates that all contributions to f,(s%, x - p) with 0<a< 3 must be included in the sum rule
(23). For 0<a<1, the integral in (23) may not exist, so that one may be required to consider 6(w) contri-
butions to make the sum rule “work.” If one requires
[8,5*(, 0), 7%(0)] (24
to exist, then either a=>1 or
f dw —L(i"— =0. (25)
0<a<l

Notice that none of these considerations, involving terms up to 0(g,™?), place any restriction on b other
than the original requirement of 5.>0.
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Case (ii): Ty Subtracted

From (18), (19), and (2Qb),

. . 2 1 2 1
TH(q, p) —=~ 64T (=, 0) + —12 [—q‘q’ Ty(~,0) - 6% 2o (g Fr(w)+(p26% = pip?)= f dw Fz(w)]
BJL 9o T Jy mJ0

+0(g5™) +0((g) ™) +0((g) ™) .

(26)

In this case the operator Schwinger term is given by T (-, 0), so that the Schwinger term is no longer
expressible as a sum rule.®'® We see that Eqs. (22) and (24) are satisfied without restriction if a> 1.
Thus, if the dispersion relation for T is subtracted, one has a natural way for [ j*(%, 0), 7(0)] =0 and
[8%%(%, 0), j7(0)] to exist, without imposing strong requirements on the nonleading singularities. Subjective-
ly, this seems to be a reason for favoring a subtracted dispersion relation for 7';(¢? v), although there is
as yet no reason to believe that the sum rules (23) or (25) can not be satisfied. If T,(q?, v) is subtracted,
and if (11) is valid, then one can unambiguously state that the equal-time commutator

KpIL(%" (R, 0) =2, 0, F(O]| ) = (05 - )@ 2 [ dul F () = Fofw)

0@ [ dor, )+ 695D 2 [ dulF ) -R@]. @)

C. Sum Rules

It is known that one can extract a class of sum
rules involving'?

1 1
fo dw w*"F ;(w) and .l; dw W?" Fy(w)
from the equal-time commutator
(plla***(%, 0), 5(0)]| p)

from the highest-spin components of the commuta-
tor function (1), even if, strictly speaking, this
commutator does not exist, Similarly, ifa=1,
then one can extract the sum rules [;'dw w?"~3G.(w)
from the same commutators, while if 6=1, one
obtains sum rules involving [}dw w?"~3G,(w). As
the method is a straightforward extension of (21)
or (26), we leave the details to the reader. I, in
fact, a=b=1, then all corrections to scaling be-
havior go as v™!, as is seen from (8) and (9).
Further, we have an infinite class of sum rules
involving [}dw w?"3G;(w). These new sum rules
would imply the existence of an infinite “ladder”
of local operators with integral dimensions asso-
ciated with the next-to-leading light-cone singu-
larity.

It should be apparent to the reader that one can
develop this framework further so as to include
even less-singular terms in the asymptotic expan-
sions of the electron scattering functions, Here
we have concentrated on those aspects most acces-
sible to experimental analysis.

IV. CONCLUSIONS

Let us recapitulate the major points of experi-
mental interest:

(1) If one analyzes deep-inelastic scattering in
terms of light-cone singularities,? one finds non-
scaling corrections to the leading scaling behavior.
These corrections are of two types, one of which
goes as v~ and is a kinematical correction de-
rived from the leading light-cone behavior. The
other is a dynamical correction, with power be-
havior of v™*G(w) and v~°G,(w), obtained from
the next-to-leading light-cone singularity.

(2) The improved fit to deep-inelastic scattering
by means of the variable w’=-¢?/(2v+m?), pro-
posed by Bloom et al.,® suggests that the correc-
tions to scaling behavior are observable. Our
study shows that a future step in the analysis of
these data should be the disentangling of the dy-
namical and kinematical corrections to the ob-
served scaling behavior.

Notes added in proof. Let us answer some ques-
tions raised by colleagues.

(1) It is to be noted that the kinematical correc-
tions to (8) and (9) are not identical. The two ad-
ditional terms in (9) arise from the complete dif-
ferential operator of Eq. (1) acting on (6), as is
required to maintain current conservation. It is
not correct to consider the kinematical correction
to p¥pY002C,(x, x * p) alone, if all corrections of
O(v~!) are to be computed, contrary to the sugges-
tion of others.

(2) Let us make explicit what is implied by
Eq. (10) ff. Since F,(w) is very small near w=1,
the kinematical corrections to (9) account for the
entire correction observed by Bloom et al. This
implies that the dynamical correction G,(w) is
quite small near w=1. For w#1 no clear-cut
statement can as yet be made. [Compare Eqgs. (9)
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and (10). ]

(3) As a step in obtaining (17b) from (14b) inverse
Fourier transforms, one must solve a second-or-
der differential equation. Hence the unexpectedly
complicated form of (17b). The approximation to
(17b) valid for small x - p takes on a more conven-
tional appearance.

I
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