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Using a current-algebra sum rule derived from an equal-time commutator between charge
densities, we have set a lower bound on the muon-pair production cross sections. In spite
of the fact that our estimate is conservative, the lower bound turns out to be very large at
energies larger than -100 GeU (& 0.50&& 10 3 cm at 500 GeV, the maximum available energy
at the National Accelerator Laboratory). Comparing it with recent experimental data at lower
energies, we predict that the muon-pair production cross section will keep increasing until
it turns over owing to higher-order electromagnetic interactions through unitarity.

I. INTRODUCTION
W'„, =-,' d xe ""p,p, J„' x J,'0 p,p,'" 2.1

The Fubini sum rule with a two-particle scatter-
ing state as a target is applied to muon-pair pro-
duction in high-energy proton-proton collisions. "
At presently available energies (F30 GeV in lab
energy), our sum rule needs knowledge of unphys-
ical regions. But if the energy becomes as high
as 100-500 GeV at the National Accelerator Lab-
oratory (NAL), or even higher, up to -60 GeV in
the center-of-mass system (-1900 GeV in the lab
frame) at the Intersecting Storage Ring machine, '
the inequality resulting from our sum rule will be
tested with physical amplitudes only. The inequal-
ity has two main features: (1}The sum of the
muon-pair-production cross sections with the pro-
ton target and with the neutron target will increase
linearly in the lab energy, until higher-order elec-
tromagnetic interactions make them damp through
unitarity at extremely high energies. (2) The low-
er bound .of -cross sections is very large numeri-
cally. Comparing the results from our inequality
with a recent experiment, ~ we predict that the
muon-pair production cross section must increase
sexy ~apidly as the energy increases from 30 GeV
to energies available at NA'L. We have drawn
curves of our lower bound for a few typical valu. es
of the incident energy as a function of the invariant
muon-pair mass.

II. BOUND ON CROSS SECTIONS

As in the case of the original Fubini sum rule
or the Cabibbo-Radicati sum rule derived from it,
we start from the sum rule for charged vector
currents. We start by introducing

m~ [(—6„,q' q„q,)W', +X„X„W,'
10 20

+ Y~ Y'„Ws + p (X~ Y~+X~Yp) W4,

(2.2)+ 2 (Xq Yp -X,Yq) W~],

where the state vectors are states of two nucleons
with momenta as designated. Other notations are
as folio'ws:

-q„= "photon" momentum,

Pfl (Pl P2)/JP +p (Pl P2)$ 0

s= -Q, and -q .2 2

J„'(x) are the charged components of isospin vec-
tor currents so normalized as to obey an equal-
time commutation relation

[Z,'(x), Z;(0}]6(x,}=Z,'(0)6'(x), (2.8)

where J„'(g) is the third component of the isospin
currents.

By repeating the arguments developed in Ref. 2,
we can derive a Fubini-like sum rule which leads
us to an inequality

-I 0+ m*~s -I 0+m *~s
dV1~2 + dV1W2 ~ F S

~p
0

-V0

(2.4)

where

F(s) =o,(~)/4m„', (2.6)

or(~) being the high-energy limit of the nucleon-

X„=P„q„(P~ q)/q', -and Y„=h„-q„(b, q)/q'.

W,. are functions of

v, = (P q), v, =--(A ~ q),
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0'g~ d g» H (2.7)

with

I(s) =([1 —2m*/Rs+((q~' -4m„')/s]' -4(q'[/sP ',
(2.8)

where dg~ and da» are the muon-pair-production
cross sections through the isovector photon in

the proton-neutron and proton-proton collisions,
and o. = e /4v (=+). Strictly speaking, the cross
sections in (2.7) are those for muon pairs whose
momenta in the center-of -mass frame of the N-N
system are larger than

Just as in the case of the W-meson production, we

have introduced one physical assumption on the
angular distribution of the virtual photons; namely,
it has been assumed that virtual timelike photons
are emitted more into either a forward or back-
ground cone than perpendicularly to the collision
axis in the center-of-mass frame. '

A few comments are in order. Although the
cross sections in (2.7) are those through the iso-
vector photon, we expect that inclusion of the iso-
scalar photon would not change the values of the
cross sections drastically; the isoscalar photon

coupling with the eighth component of the unitary
spin current is weaker by 1/v 3 than the isovector
photon coupling, and the isoscalar photon does not
excite the nucleon to I=—,

' states. Further, in or-
der to get an order-of-magnitude estimate, we

shall put

in the relevant energy region. Under these addi-

nucleon total cross section, v, =-', (s -q' —4m„'),
and m* is the cutoff parameter discussed previous-
ly in detail (= a few GeV).' Note that the negative
sign at p, indicates emission of the "photons" in-
stead of absorption.

Because of the charge independence, we have a
relation in differential cross sections in q„.

2do (any~) + do(ppy~) o do (ppy') + do (ppy-),

(2.6)

where y~ stands for the isovector part of the pho-
ton, and p and n stand for the proton and the neu-
tron, respectively. The muon-pair -production
cross sections are written linear in W,.'s. Keep-
ing in mind the inequality (2.6) and using a rela-
tion between the cross section and the W, 's, ' we
find from (2.4)

tional physical assumptions, we obtain finally

do'» Q
2

26v lq'I" ' (2.9)

This lower bound will be evaluated and discussed
in the following.

III. NUMERICAL RESULTS

First we note that our inequality is insensitive
to the cutoff parameter m* when the collision en-
ergy is sufficiently high and the invariant mass of
a muon pair is small. The value m*, although it
cannot be fixed precisely from presently available
experimental knowledge, is expected to be a few
GeV.' For energies for which

[1 —2m'/Ws + ( (q'
(
—4m„')/s]' —4 (q' )/s

is negative, we need knowledge of the unphysical
region, and (2.7) does not hold valid.

A measurement has been done for 1.1 GeV &V~q~
~

& 6.7 GeV between 22 GeV and 29.5 GeV in the lab
energy. ' By comparing it with our formula we see
that the incident energy is still not high enough for
our formula to be applicable. We have drawn the
lower bounds on the muon-pair-production cross
section predicted by (2.9). The cutoff m* has been
chosen 3 GeV and, for the sake of comparison,
5 GeV. It seems to be unlikely that m* is larger
than 5 GeV, so that the bound obtained with m*= 5

GeV will be even more a conservative one. The
high-energy total cross section of the p-p colli-
sion has been put equal to =30 mb. The target
has been treated as a free proton.

Our lower bound (2.9) is fairly a conservative
estimate in two ways: (1) The cross sections are,
in fact, those for muon pairs whose momenta are
larger than a certain limit, ' and (2) in actual pro-
cesses virtual photons are likely to be emitted
more into a forward or backward cone. This is
the case in the experiment in the range of 22-29.5
GeV. In spite of these facts, we find in Figs. 1
and 2 that the lower bounds of the production cross
section are very large.

The Columbia group has fitted the production
cross section at 29.5 GeV with

10-32
cm'GeV ',

dms p m pp

with m»(=l~q2~) being the invariant muon-pair
mass in GeV. If one takes the smallest value of

m» they measured,

d0' =1.61x10 "cm'
dms p m =1.1 Gev

VV

with 24% of random errors and 65% of systematic
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errors. We can calculate from (2.9) our lower bounds on the same cross section at higher energies as

= 5.7 x 10 l cm GeV ~ at (g) ),b = 100 GeV,

=2.3x10 cm GeV at ~&&-200 GeV,

=1.0x10 cm GeV ~ at (o),b=500 QeV,

=5.5x10 "cm'Gev-' at ~„„=1900GeV.

(Ws= 50 Gev) (2.2)

These are much larger than the measured value
(3.2) at ~„&=29.5 GeV. As was emphasized above,
oux' lmver bounds are fairly modest. It would not
be very surprising that experimental- results vrill
come out larger by a factor of several than our
lower bounds.

It is impossible to extrapolate the data at 29.5
GeV to higher energies, but it has been observed
in the same experiment that the total production
cross section increases quite rapidly as the inci-
dent proton energy increases from 22 to 29.5 GeV.
The increase of the cross section there is claimed
to be a factor of 5. This indicates that the pro-
duction cross section vrill increase enormously
38 one goes to higher energies. The rapid increase

observed in the experiment can not be fitted even
with the square of &u&+ (the incident proton energy)
in the region between 22 and 29.5 GeV. This is
evidence that the px'oductloQ proce88es do Qot yet
reach smooth monotonic regions of sufficiently
high energies. If our estimate is correct, the
rapid increase (faster than a&,~') in the cross sec-
tion vrill eventually turn over somewhere to obey
a linear increase, and the linear increase wi11 be
observed until higher-order electromagnetic in-
teractions start competing. %e predict for in-
stRnce thRt the muon-pRlx' pl oductlon cx'088 sec-
tion vnB continue to grow and exceed -0.5 x10-"
cm' (m» ~ 1 GeV) at 500 GeV, the maximum en-
ergy available at MAL.

)
0-28

)0-29

lo"-

l0

~~ lO

lo-~(

M l0-M
b

l I I I I I I I I

0 P. 4 6 8 I 0 l2 l4 l6 IB

rn~p (Gev)

FIG. 1. The lower bounds on the muon-pair production
cross section derived from (2.9}. The two values are
chosen for the cutoff parameter m*. The invariant mass
of the muon pair 4 (q&i is denoted by m&&.
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FIG. 2. The lower bounds at Ws =60 GeV..
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IV. POSSIBLE SCALING RULES

Different scaling rules have been proposed from
a parton-type model' and a heuristic analysis of
singularities near the light-cone. The former
predicts in the limit of ~q'~ and s being infinite,
with s/~q'~ fixed,

Q 2 2

while the latter indicates

(4.1)

(4.2)

do 1 -(s
(4.3)

where f is another undetermined function of s/g'.
This is contradictory with the prediction of a par-
ton model, but not inconsistent with the analysis
of light-cone singularities. However, our formula
will be valid only well above 100 GeV (in lab en-
ergy), and in case that the smooth scaling region
is realized at fairly lower energies, our analysis
would not have a predictive power there.

V. COMMENTS

Our current-algebra sum rule has led ta very
large lower bounds on the muon-pair production
cross section. How should we interpret this re-
sult if our lower bounds turn out to be false? The
first possibility is to say that the equal-time com-
mutator between the charge densities is wrong.
However, since this is one of the basic hypotheses
in the current algebra which leads to other sum

where f, g, and h are arbitrary functions, yet un-
determined from theory. Our lower bound is valid
when one lets both s and ~q'( to infinity with s/~q'~

kept fixed (not too small). In this asymptotic area,
(2.9) leads us to

rules tested by experiment, we are reluctant to
abandon it." Then we come to consider possible
modifications due to anomalous thresholds that
we have not considered in deriving our sum rule
with a two-particle state as a target. Finally we

should ask whether the cutoff .parameter m* might
be larger than 5 GeV. The "proton-proton-y"
scattering amplitudes are expanded in fractional
powers in the Regge asymptotic region. From our
experience in two-body scattering, it is not likely
that such a high-energy tail makes an appreciable
contribution to isospin-antisymmetric sum rules.
However, the analogy of two-body scattering may
not apply to three-body amplitudes if emission of
timelike photons is enormously suppressed for
large transverse momenta. It is still true that the
ratio of the isospin-antisymmetric amplitudes to
the isospin-symmetric amplitudes is largest near
the branch point at p, = p„but we are not sure that
the magnitude of the antisymmetric amplitudes
is largest there. The current-algebra sum rule
was written originally for scattering amplitudes
in which bra and ket vectors are under different
boundary conditions. ~ The forward limits of these
amplitudes may be quite different from the S' am-
plitudes to which all intermediate states contribute
in constructive interference. The assumption con-
cerning the upper limit of the integral over p, in
(2.4) thus rests on a behavior of amplitudes which
are hard to access physically. Observation of the
angular distribution of the timelike photons would
not be able to test validity of the assumption, al-
though it may give some insight into how plausible
the assumption is."'"

Note addedin proof. If the transverse momenta
of virtual photos are effectively cut off at a finite
value, we should use a modified sum rule which
holds for emission in the direction near the colli-

.sion axis (see Ref. 12). This sum rule leads us to
a muon-pair production cross section approaching
a constant at high energies and to the same scal-
ing rule as that of the parton model [see (4.1)].
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According to unpublished data of the Columbia-Brook-
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We can generalize the current-algebra sum rule to
apply to forward emission of the timelike photons with a
few plausible assumptions. Our assumption concerning
the upper limit of the integral over v& will be much bet-
ter for the forward emission in the case in which the
transverse momenta damp rapidly. We shall discuss
this generalization in a separate paper.


