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The Casimir surface force on a solid ball is calculated, assuming the material to be dispersive and
to be satisfying the condition €(@)u(w)=1, €(w) being the spectral permittivity and () the spec-
tral permeability. A recent paper by Brevik and Einevoll [Phys. Rev. D 37, 2977 (1988)] discussed
this problem at zero temperature. In this paper, the case of finite temperatures is covered. The
analysis is based upon use of the Debye expansion of the modified Bessel functions. This expansion,
being an asymptotic one, is limited in accuracy. At general temperatures, the expansion shows an
oscillatory variation on the second-order level. Such a variation is unphysical, so that the physical
information that one can extract from second-order theory is limited. On the zeroth-order level, the
formalism is, however, found to work well. We discuss the zeroth-order approximation in complete
form and comment upon the second-order correction. Although numerical methods are in general
necessary, useful analytic approximations can be obtained in the limiting cases of very low, or very
high, nondimensional temperatures. At low temperatures, the dispersive effect induces a strong, at-
tractive contribution to the force. At high temperatures, the force becomes small.

I. INTRODUCTION

To gain insight in the nature of the electromagnetic
Casimir effect! —the change in energy of the vacuum
field because of the presence of idealized boundaries or
dielectric media—it is desirable to carry out explicit cal-
culations in a variety of situations of physical interest.
The present paper is concerned with the Casimir surface
force at finite temperature acting on a compact spherical
ball of radius R, made up of a material satisfying the con-
dition

eloulw)=1, (1.1)

€(w), u(w) denoting the spectral permittivity and per-
meability, respectively. The ball is surrounded by a vacu-
um. Condition (1.1) is interesting from both a mathemat-
ical and a physical point of view. This is so not least in
the context of the formally analogous quantum chromo-
dynamics? at zero quark-gluon coupling, where (1.1) en-
sures the gluon velocity to be equal to the velocity of
light.

One of us has repeatedly considered the Casimir effect
for nondispersive media satisfying eu=1 at zero tempera-
ture.>* The drawback of restricting oneself to a non-
dispersive material model from the outset is that one
loses the strong attractive part of the Casimir force aris-
ing from the dispersive effect. In particular, Candelas’
has stressed the need of taking the dispersive effect into
account. In a recént paper® we have made an explicit cal-
culation of the surface force on a spherical ball at zero
temperature, assuming the dispersion relation

Ho—1

T 3, 3 (1.2
1—o?/w} )

ulo)—1=
ko and w, being input parameters. Equation (1.2) is
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analogous to Sellmeir’s dispersion relation for e() in or-
dinary electromagnetism.’ In the present paper we shall
extend the calculations of Ref. 6 to the case of finite tem-
peratures. As before, we make use of Schwinger’s source
theory,® and we also use the Debye expansion for the
Riccati-Bessel functions. In general, numerical methods
are necessary for the evaluation, although in the limiting
cases of very low or very high temperatures, it is possible
to give useful analytic approximations for the force.

The main results of the calculations are.the following.
The zeroth-order approximation in the Debye expansion
is found to work well, at all temperatures. When the
temperature is low, there is a strong, attractive,
dispersion-induced contribution to the force. This is the
same term as found previously at T=0.° According to
the dispersion relation (1.2), the medium becomes at high
temperature very dilute, and the surface force according-
ly very weak. In this case, the analytic approximation for
the force is most appropriate.

When we proceed to the second-order approximation in
the Debye expansion we find, however, somewhat
surprisingly, that this approximation is in general not re-
liable; there occur large-amplitude terms, varying with
temperature in an oscillatory way. Such behavior is un-
physical; it reflects the shortcoming of the Debye expan-
sion at the second-order level. Nevertheless, when used
with some care, the second-order results are useful, at
least for an order-of-magnitude analysis. The problems
are most pronounced at moderate temperatures. At
T =0, we found previously the approximation to be reli-
able.® Also, at high temperatures, the problems disap-
pear since the second-order contribution is then found to
be relatively very small.

In the following section, we give the general theory,
starting from the T'=0 expressions for the force and per-
forming the transition to the finite-temperature case by
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replacing the integrals over imaginary frequency by
discrete series. Thereafter, in Sec. III we consider the
zeroth-order theory, which in practice implies calculation
of a double series. Because of limited computer capacity,
our method is to use the Euler-Maclaurin sum formula
first, and thereafter perform the final summation exactly.
The results are shown graphically. Section IV is devoted
to analogous considerations on the second-order approxi-
mation. Analytic expressions in limiting cases are con-
sidered in Sec. V. In the theoretical derivations, we put #
and c equal to unity.

d
L In[1—A%(x)]

II. GENERAL THEORY

Quite generally, when dealing with dispersion theory it
is simpler to start considering forces than energies. This
is so because the stress components of the electromagnet-
ic energy-momentum tensor, in contradistinction to the
energy-density component, gets no additional derivative
terms because of dispersion (see Ref. 9). For this reason,
we calculated the radial surface force density F in Ref. 6
at zero temperature. It is convenient to recapitulate here
the basic expression for F:

¥ x)

=1

¥ Ux)

1 o hd
F=—
47r2R4f0 dxx 3, l

s;(x)ef(x)

Here v=1I+1, and x means the nondimensional frequen-
cy

x=kR=aR . 2.2)
In the derivation of (2.1), we have performed a complex
frequency rotation, k —ik. Further, we have defined the

magnetic susceptibility

Xo

— 2.3)
14+x%/x}

x(x)= (xg=wyR) ,
where Yo=p,— 1. Finally, we have introduced the abbre-

viation

A(x)=[s;(x)e;(x)]", (2.4)
s; and e, being the Riccati-Bessel functions
s, (x)=(mx /20 (x) ,
(2.5)

e(x)=(2x /m)'"*K (x) ,

defined such that their Wronkskian is W{s;,e;} = —1.

Expression (2.1) follows from the application of
Maxwell’s stress tensor and the electromagnetic bound-
ary conditions at radius r =R and does not rest upon any
further mathematical approximation. Note that the in-
clusion of dispersion, which effectively implies that there
is a high-frequency cutoff, makes it unnecessary to apply
any point-splitting technique to the integrand in (2.1).

If we now apply the Debye expansion of the Riccati-
Bessel functions, we can express (2.1) as®

2
1 uo—1 |” = 1
F=— JOL 1 @

87R* | mo+1 E, Loyt
1 Ho
—— 2
v (ue+12 "
+0(v™*) (2.6)

s1(x)e;(x)

At temperature T =0, the various summands in (2.6) are
given as frequency integrals:

) 2
J,(°)=% fo""arzzzp8 el B 2.7
J1(2)=-——'1-fmdzzzp8 ’ ’
47 Jo Vvi+a?
X(2—36p2+100p*—71p%) ,  (2.8)
[=3 oD
T 4y
Xfowdz z2ap
2, 2a? ] 2 2w,
Ho+1 Hot1
X o) , 2.9
where
z=x/v,
p(z)=(1+z*71"2, (2.10)

a(z)=(xq/z)[ Hue+1)]"%.

Reference 6 gives, in tabular form, values of F at T =0
for some different sets of input parameters x, and p,.
Actually, the results are given in nondimensional form,
with the normalization factor

F,=0.09235/87R* 2.11)

taken from the singular shell calculation of Milton,
DeRaad, and Schwinger.!®

At finite temperatures, we can keep the essential part
of the formalism unchanged, the only difference being
that the integrals in (2.7)-(2.9) have to be replaced by
discrete sums. This corresponds to the following discreti-
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zation of the frequency &, defined in (2.2), along the
imaginary axis,

O—6,=2mn /B, (2.12)

where n is an integer in the range ( — o, ) and
B=1/kyT. Expressions (2.10) become transformed as

z—z,=x,/v=80,R /v,
p—p,=(1+z2)71%, (2.13)

a—a, =(xq/z, [Hpe+1)]1"2.

The rule for going from integral to sum is

o

© t ,
S dz— ?‘:’o . (2.14a)
where
t=2wR /B (2.14b)

is a nondimensional temperature. The prime in (2.14a)
means that the » =0 term is counted with half-weight.

Mathematically, the above properties can be viewed as
a consequence of the fact that the analytic extension of
the Wightman functions to the complex time plane is
periodic in if3. These relationships have recently been ex-
tensively discussed by Fulling and Ruijsenaars.!! From a
practical viewpoint, the only information we need in or-
der to perform calculations is contained in (2.12) and
(2.14). These equations are in agreement with
Schwinger,8 Schwinger, DeRaad, and Milton, 2
Lifshitz,!3 and others.

In the following section we consider the zeroth-order
term 3, J{? in (2.6). We expect beforehand this term to
be the dominant one, and explicit calculation will a pos-
teriori show this expectation to be true. Recall that the
only mathematical approximation introduced so far is the
Debye expansion (there is no restriction on the tempera-
ture). Since the Debye expansion is an asymptotic expan-
sion in 1/v, we expect that errors arising from the lowest
values of v, in particular, are significant. In the present
problem, relatively small errors are in fact quite critical,
since we are confronted with large numbers which al-
most, but not quite, compensate each other. (We have re-
cently met this kind of problem elsewhere, when dealing
with Casimir theory in nondispersive media.>*)

where the B, are the Bernoulli numbers. We shall limit
ourselves to including only the first correction term, cor-
responding to B,, =B, =1. Moreover, numerical trials
indicate that if we choose for the parameter L a value as
high as L =4, we obtain satisfactory accuracy also in the

L o0
S =3 f(h+ fL+ldlf(l)+%[f(oo)+f(L +D]+ 3 Lsz[f”k‘“(oo)—f<2"‘“(L+1)] ,
I1=1

III. CALCULATION OF THE ZEROTH-ORDER TERM
A. General remarks

We shall give an extra superscript T to quantities refer-

_ ring to finite temperatures. Using (2.7) and (2.12)-(2.14),

we can write the first term in parentheses in the finite-
temperature version of (2.6) as

)T 3t3(14 © ‘V5 n2
J =

T 2 WV (n?+a?)? ]

(3.1

where for convenience we have introduced the symbol
a=(xo/t) Hpe+1D]"2. (3.2)

Expression (3.1) is to be summed over /.

The available computer was an IBM PC, XT, model
286; the programming language was Turbo-Pascal-87. It
turned out that the computer capacity was insufficient to
handle the double series directly. [It is of interest to go
into some detail at this point. Consider the »n series of the
last factor in (3.1) separately, and consider first the limit
of low t. The main contribution occurs when # is of the
same order as a. Because of weak convergence, one has
to carry out the sum at least until n ~2a. Taking x,1,
to be of order unity, the main contribution occurs, ac-
cording to (3.2), when n ~1/¢t. Thus n >>1 when ¢ <<1,
in accordance with the general properties of low-
temperature Casimir theory.'* It is mainly this need of
including a large number of #n terms that is time consum-
ing for the computer. In the opposite limit, for z >>1, we
can analogously consider the [ series of the first factor in
(3.1) separately. The main contribution occurs when
I ~tn >>1, so that the problems arise in this limit from
the [ series. For the intermediate moderate-temperature
cases we have to face an extensive double sum.]

In our calculations, the following procedure is fol-
lowed.

(1) The series over [ is calculated first, by means of the
approximate Euler-Maclaurin formula.!®> In many appli-
cations, such as in the Casimir calculations of Ref. 4(b),
for instance, it is possible to use the following simplified
version of this formula:

S f(h= [ "dl fO+11f ()= (0)]

=1

+5[f ()= f1(0)]+ - . (3.32)

However, in the present case this simple formula becomes
inaccurate for low values of . We therefore have to take
into account the more complete version

o

(3.3b)
2, 2k

[

limit of low ¢.

(2) In the final series over n, we decompose the sum-
mand into partial fractions and perform the various sum-
mations exactly.
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B. Calculation v ® n?
_ ) , X337 |2 55 a0
Using formula (3.3b) in the summation of (3.1) over [, w1 (n°+a“)(n“+v°/t°)
we can, after some algebra, write the result as a sum over 414 o 2
five terms X, : x, =120 “ (3.5d)
Tt o) (n2+a2)2(n2+b2)4 ’
© 5 416 o 2
SIT=3 Xx;, (3.4) x =200 n , (3.5¢)
I=1 I=1 7t 2 (n2+a?)?(n?+b2)
h with the definition
where b=11/2¢t . (3.6)
4 6 The terms have been arranged according to increasing in-
= at > 2’; 5 - (3.5a) verse powers in n. The term X, is special, in that it is a
T n=1 (n*+a”)(n"+b"%) sum over the lowest values of /, up to / =L =4.
. 5 The next step is to carry out the summations over n by
X, = 3a*h’t n (3.5b) resolving the summands into partial fractions. The fol-
2 2r 2 (n*+a»n?+b2)2 ' lowing series occurs repeatedly:
3g4 4 Y S(a;k)= (n?+a?) 7k, 3.7
X3==—*5 >, vng a;— |, (3.5¢) n=1
” =1 t where k is a positive integer. Various values of S(a;k)
up to k =35 are collected in Appendix A. After a lengthy
with calculation we can express the terms in (3.5) as follows:
il
a*t at 3a*ph? b¢ b*3a2—b?) 3a*b?
X, = S(a;2)+—F—=78a;1)————5S(b;3)+ ———-7-S(b;2) ——————S(b;1) |,
bo2r (a2 —b?) (a®>—b?)* (a®?—=b?? (a®?—b?)? ( @—p2yp > Y
(3.8a)
3a*b*t a’ a’+b? b? a’+b?
X,= Sa;2)————=S(a;1)————=S(b;2)+ S(b;1) |, (3.8b)
P 2n (a2—b?)? (a2—b?) (a2—b2)? (a2—b2)}
v a’ 3a2++v2/t? v?/t? y
Xila;— |=————=7S@;2)——S——==S(a;1) ———5—=5 | —;
3 t (a2—v2/t2)* (a2—12/t2)5 (a2—12/t2)? t
a’++v*/t? v 2a%2+1+12 /12 v 3a%+v?/t? v
12,20 | 7 T 2 e | 2,0 | (3.8¢)
(@a—v/t*) t (a*—v*/t°) t (a*—v*/t°) t
7a‘b* a’ 3a*+b? : b? a’+b?
X,= - S(a;2)————=S(a;1)————=S(b;4)+———-=S5(b;3)
Yoom (a>—b2)* (a2—b2)° (a2—b2) (a2—b2)}
2a*+b? 3a*+b?
-8 (b;2)+———=S(b;1) |, (3.8d
(a2—b2)* (a2—b2)® )
2a*b® a? 4a*+b? b? a’+b?
X;= S(a;2)+————-S(a;1)————=S(b;5)+———=S(b;4
5 Tt (aZ_bZ)S (aZ_bZ)G (a2_b2)2 (aZ_b2)3 )
2a*+b* 3a’+b? 4a*+b?
————S(b;3)+ ———==S5(b;2)—————=S(b;1 3.8
(a2—b2)* (a?—=b?)° (a2—b2)° ) (-8

(recall that v=I+1). Adding these expressions for X,
we can now find the zeroth-order sum 3, J/%7 in (3.4).
Figure 1 shows how this sum varies versus the nondimen-
sional temperature ¢ defined in (2.14b). The variation is
shown for two different sets of input parameters x, and
Lo One expects that the application of the theory to the

hadronic world® corresponds to a value of wq that is of

order 1/R. That means, x,=wyR ~ 1. This is the physi-
cal motivation for our choice of input values of x, in Fig.
1. The values of u,, on the other hand, are arbitrarily
chosen, since there is no obvious analogous physical gui-
dance for this parameter.

As mentioned at the end of Sec. II, we expect the
zeroth-order result as shown in Fig. 1 to represent the
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FIG. 1. Zeroth-order contribution vs the nondimensional
temperature ¢ defined in Eq. (2.14b). Solid line: x,=4, u,=3.
Dashed line: x,=8, uo=1.5.

real, physical force in a reasonably accurate way. The
force is seen to tend to zero at high values of z. This is
physically obvious from the dispersion relation (1.2),
since pu(w—> © )—1 so that the influence from the medi-
um must tend to zero at the high frequencies that are as-
sociated with the high temperatures. At low tempera-
tures, t < 1, the curves exhibit a quite flat plateau, so that
the force in this region is almost temperature indepen-
dent. In dimensional terms, we have according to
(2.14b), t =(27R /#ic)kyT. For a hadronic “ball” of ra-
dius R =1 fm, the condition ¢t =1 corresponds to the
very high temperature of T =3.63X10'! K. By contrast,
if R =1 um (aerosol particle, for instance), we find that
t =1 corresponds only to a moderate temperature of
T =363 K. As a rule of thumb, it is helpful to remember
that in order to employ the low-temperature approxima-
tion for the nondimensional temperature ¢, the radius R
in an experiment carried out at room temperature must
be smaller than about 1 um.

From Fig. 1 it is apparent that the low-temperature
plateau is definitely passed when ¢ becomes of the order
of 10. It is interesting to notice that this behavior is sup-
ported by the following physical argument. From Eq.
(1.2), we expect that the influence from dispersion be-
comes important when the temperature is so high that
the most significant frequencies in the radiation field are
of the same order as w,. It is natural to identify the most
significant frequency with the value w,, that corresponds
to the maximum of the blackbody energy distribution.
We know that w,, is related to temperature through
Wien’s displacement law w,, =2.8/B. From our initial
order of magnitude condition w~w, we thus derive
2.8/B~w, or, using (2.14b), t ~2x,. With the values of
xo used in Fig. 1, we in fact obtain # ~10 as a typical
transition value, in agreement with the curves. In view of
the crudeness of the argument, the agreement is actually
better than we might expect.

s
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FIG. 2. Second-order contribution (first term) vs the nondi-
mensional temperature ¢. Solid line: x,=4, py=3. Dashed
line: x,=38, yo=1.5.

IV. ON THE SECOND-ORDER CORRECTION

When we go to the second-order terms in the Debye
expansion (2.6), viz., 3, v~ 2J{?T and 3, v ], the cal-
culations become considerably more laborious. The cal-
culational technique is the same as listed earlier in Sec.
III A. We shall abstain from giving a presentation of the
complete second-order expressions here. In part, this is
due to the complexity of the formalism. There is, howev-
er, also another and more fundamental reason, as we
have already mentioned: The second-order expressions
become physically unreasonable at arbitrary finite tem-
peratures. In general, one obtains the expression for the
Casimir force to some order of approximation after col-
lecting several terms that almost, but not quite, compen-
sate each other. When the order of approximation is in-
creased, there is in our case a general tendency for the in-
dividual alternating terms to increase in magnitude, and
the expected near cancellation does not any longer take
place. We have actually carried out a complete calcula-
tion of all the contributions to the second-order term
3, v 2T (not shown here), and we found an unphysi-
cal, oscillatory behavior with respect to temperature.
The oscillatory behavior becomes more pronounced as
the temperature increases. At 7 =0, the second-order
Debye approximation leads to reasonable results, as
found previously,® and also at low temperatures we find
that this approximation is reliable.

We find it worthwhile to present below the calculation
of the first, and most significant, term in 3, v~ 2J{»7. Us-
ing (2.8), together with (2.12)-(2.14), we first obtain, at
arbitrary temperatures,

100v* 7100

JI(Z)T= _

2_
4 )

7 < (t2n2+v2)4 (n2+a2)2

t2n%+42

_ 4.1)
(2124422 (202447}
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We concentrate henceforth on the first term here. Sum-

3a*

4
ming it over / by means of the Euler-Maclaurin formula Y;=— 5 > v¥X} la; i , (4.3¢c)
(3.3b) (with L =4), we obtain an expression that can be 2wt [
written as a sum over five terms Y;:
© 1 5 Y,=—32LX,, (4.3d)
S 57T term)=3 Y, . 4.2)
e Y = Ys=— %X . (4.3¢)
at = nt In analogy to the zeroth-order calculation, the Y; have
Y\ =— St 2_: (n24+a2)X(n2+b2)3 "’ (4.32)  peen arranged according to increasing inverse powers in
n=1 n. Recall that X} is defined in (3.5¢).
412 2 3
Y, =— 3a’b n (4.3b) The task now is to decompose the summands in Y, and
2 8wt <, (n*+a?)(n?+b2)> "’ Y, into partial fractions and sum over »n exactly:
J
a* a* a*+2a°b? b* 2a%b? a*+2a%*?
Yi=— |———=5Sa;2)+——FS(a;1)— S(b;3)+———==S(b;2)———-S(b;1) |,
U 8wt | (a?Th2) (a2—b2)* a*—b2)? (a2—b?)? (a2—b2)*
(4.4a)
3a*b? a? 2a2+b? a’*+b? 2a2+b? ’
Y,= — Sa;2)————7Sa;1)+—5—=5Sb;3)————=S(b;2)+—=——-—8(b;1) | .
Po8m (a2—b2)} (a?—b2)* (a2—b2)? (a?—b2)3 (a2—b2)*
(4.4v)

With all the terms Y, known, we can calculate the ex-
pression (4.2). The result is shown in Fig. 2, with the
same input parameters x, and y, as in Fig. 1. The tem-
perature variation for this selected term in the second-
order correction is seen to be reasonable; there is a simi-
lar low-temperature plateau as we found earlier in the
zeroth-order calculation. On the plateau, the magnitude
of the selected second-order term is seen to be less than
10% of that of the zeroth-order term in Fig. 1. However,
we ought to be cautious at this stage in drawing definite
conclusions as regards the relative magnitude of the
second-order contribution at low temperatures. First,
and most importantly, we have not included the contribu-
tion from the other second-order terms. As we shall see
in the next section, these terms will (at low temperatures)
reduce the magnitude of the second-order contribution
significantly. Second, the figures, of course, refer to a
specific choice of material parameters x, and p,. The nu-
merical information that we have indicates that the
zeroth-order approximation is on the whole quite accu-
rate. In the high-temperature region, in particular, it is
easy to show that the second-order correction is very
small in comparison to the zeroth-order term. We shall
return to this point in the next section in connection with
analytic approximations. The mentioned oscillatory
problem for the second-order term is thus no problem in
this temperature region; the zeroth-order theory is fully
adequate.

V. ANALYTIC APPROXIMATIONS IN LIMITING
CASES

It is desirable to give analytic expressions for the sur-
face force when the temperature is either very low or
very high. Note that “low” or “high” in the present con-

text refer to the value of the nondimensional temperature
t, as defined by (2.14b). As mentioned in Sec. III B, the
physical temperature T, corresponding to a value of t =1,
can actually be very high if the radius R is small, of ha-
dronic dimensions. The accessibility to analytic approxi-
mations in limiting cases is valuable in cases of physical
interest; under many circumstances it is unnecessary to
take the full formalism into account. Besides, it is
reassuring to check the numerical work against the ana-
lytic approximations in limiting cases.

A. Low temperatures

We shall always assume that the input parameters x,
and p, are chosen such that at low temperatures, the
quantity a, defined by (3.2), is a large quantity. By low
temperatures we thus mean

11, (5.1a)

a>>1. (5.1b)

Mainly, we follow the same calculational procedure as in
the general case. The low-temperature approximation is
not applied until the final stage, viz., in the evaluation of
the sum over n. This means that we insert analytic ap-
proximations for the sums S (a;k) appearing in (3.8) and
(4.4). For this purpose, the Poisson sum formula is most
useful. This topic is treated in Appendix B. The impor-
tant formula is given in (B8). Essential simplifications are
moreover obtained in the final expressions if we make the
further assumption that x is a large quantity (the useful-
ness of this assumption was discussed in Ref. 6). From
(3.2) and (3.6) we have



a _ 2xg

b 11

showing that the condition x, >>1 implies a /b >>1. Cal-
culating the various terms in (3.5) we obtain

‘u0+1 172

3 *3 —37/t
]
5 3; Hou )

L+ 1]V, (5.2)

X0

< J(O)T=_7
AT

(5.3)

valid when ¢ <<1, a>>1, x;>>1. In the limit when
t —0, only the two first terms survive on the right-hand
side of (5.3). This limiting expression agrees exactly with
the zero-temperature result derived in Eq. (6.1) in Ref. 6.
The first term to the right in (5.3) is obviously due to
dispersion. This term corresponds to a strong, attractive
part of the surface force; cf. (2.6). It was precisely this
term that was lost in the earlier Casimir calculations car-

ried out on the assumption of a nondispersive dielectric

model from the outset.
Calculating the second-order terms Y; in (4.2) in the
same way we obtain, in the limit as t —0,

2 ] 25 4561
—JPT(1 term)=— —
E, 2! 2x11° 3%210?
=—0.043866, t—0 . (5.4)

This specific term is seen to be quite appreciable; it is al-
most half of the finite term — 2 (not related to disper-
sion) in (5.3). However, Eq. (5.4) does not alone give a
quantitatively correct picture of the second-order correc-
tion. We have to take into account the other second-
order terms also. At the low temperatures under investi-
gation here there are no problems in principle in evaluat-
ing the remaining terms in (4.1). We have performed this
calculation explicitly; although we do not go into detail
here it is of interest to write down the resulting values ob-
tained for the successive four terms in (4.1):

2 -12— [2T=—0.043 866+0.493 494

—0.959571+0.510972

=0.001028, t—0 (5.5)

(the apparent discrepancy in the last digit in the second
equation is due to rounding off errors). This example in
fact demonstrates in a striking way a characteristic
feature of the Casimir calculations in general: Several in-
dividual terms conspire so as to give a small final number.
The sum (5.5) is seen to be much less in magnitude than
its first term (5.4). We note that (5.5) agrees well with the
second-order correction calculated earlier’®»® at zero
temperature:

21 9
3 SI=Gmt ) =

=1V

0.001027, T=0. (5.6)

To give an idea about the magnitude of the second-order
correction from I}, cf. (2.9), we also quote from Refs. 3(b)
and 6:

2 zll:(%ﬂ'

8
| —

2, 63

4)-2‘——0028756 T=0. (5.7)
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The correction term shown to the utmost right in (5.3) is,
for reasonable values of ¢, much smaller than the second-
order correction (5.5) and we therefore abstain from giv-
ing this term explicitly.

B. High temperatures

When the nondimensional temperature satisfies the
condition

t>>1, (5.8
the formalism becomes simplified considerably. (No re-
striction will now be made on the value of a.) In the

preceding discussion on low temperatures we did not ap-
ply the simplifying approximation until the final n sum-
mation; in the present case we introduce the
simplification at an earlier stage, viz., in the / summation.
The final sum over n can easily be done exactly.

We first consider the zeroth-order term 3, J,%7. The
basic expression is (3.1), which is to be summed over /.
Using the Maclaurin formula (3.3b) (with L =4) and ex-
panding thereafter in powers of 1/¢, we obtain

o Vv _
= 1+0( ™) (5.9)
Igl (v2+t2n2)4 6t2 2[ ]
Using (A2) we then have
S J‘O’T=—L+a—t th
1§1 ] . T g cothma
2
ma t—j"~1‘i—'—+0(t_3) . (5.10)
8 sinh*ma

The numerical values calculated from this expression are
small, although the individual terms themselves are rela-

tively large. As an example, inserting x,=4, puy,=3 we
obtain, at a temperature of ¢t =100,
> JOT=1.7533X10"*. (5.11)

=1

As we have already mentioned, the relative importance of
the second-order Debye correction is small at high tem-
peratures. For completeness, we give the result of a cal-
culation of all the terms appearing in 3, v 2J{%7, cf.
(4.1):

> 1.],(2)T— T_ 4 13 cothma

=1V 480t = 80ma?t  320at
™ 1
T e o t>>1. (5.12)
320t sinh’*7a
Again inserting x, =4, uy=3, t =100, we obtain
s - —JPT=4.132X1071°, (5.13)
1=1 v

which is seen to be much smaller than (5.11).

We stress again that the case of high temperatures cor-
responds to a medium that is dilute. The dominant fre-
quencies in the radiation field are high, and the electric
and magnetic susceptibilities accordingly small, corre-
sponding to weak surface forces.
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It ought to be observed that at macroscopic dimensions,
the high-temperature approximation in ¢ is legitimate
even in cases where the physical temperature 7 is low.
For instance, when R is as large as 1 cm, we find accord-
ing to (2.14b) that t =275>>1 even at the very low physi-
cal temperature of T =10 K.

VI. FINAL REMARKS

Using the Debye expansion, and assuming the disper-
sion relation (1.2), we have calculated the temperature
dependence of the surface force on the ball, assuming
that the constituent material satisfies Eq. (1.1). At T =0,
the Debye expansion is found to work to the second order
in 1/v. The zeroth-order formalism actually turns out to
be quite insensitive to variations in temperature in the
low-temperature region, and we expect the T'=0 theory
to be applicable even up to ¢t ~1. This feature is apparent
from the existence of the flat plateau in Fig. 1, and also
from formula (5.3), which holds in the simplifying case of
xo>>1. Thus, the force is given with reasonable accura-
cy from Fig. 1 [or eventually from Eq. (5.3)], with its
second-order correction at low temperatures being calcul-
able from Eqgs. (5.6) and (5.7).

When the nondimensional temperature is high, ¢ >>1,
formula (5.10) is useful. The fact that the Debye expan-
sion is not generally applicable beyond the zeroth order is
no problem in the region of high ¢, since the second-order
correction, as we have seen, is negligible in this region.

A remark is called for, as regards the accuracy of our
method of summing over ! by means of the Euler-
Maclaurin formula, choosing L =4. We checked the er-
rors numerically, in zeroth order as well as second-order
Debye theory, for a variety of input values of the parame-
ter tn. We found the errors to be less than 1.5% in any of
the cases investigated.

At low temperatures, we made use of the Poisson sum
formula derived in Appendix B. The accuracy here is
better the higher is the value of a. For instance, taking
k=8, we found for a =3 an error of about 0.6%. This
value of a is in the low-temperature region actually a low
value, cf. the definition equation (3.2). Higher values of a
will thus (for the same value of k) improve the accuracy.
This example illustrates the usefulness of the use of the
Poisson formula at low temperatures.

At high temperatures, we also made numerical checks
on the approximate formulas. For the zeroth-order term,
Eq. (5.10), the error was found to be about 0.1%, whereas
for the second-order term in (5.12) the error was consid-
erably smaller, about 0.001%.

Further, there are technical ‘“overflow” and
“underflow” problems that ought to be mentioned. The
overflow problem, present when the magnitude of num-
bers (in practice, exponentials) exceeded the computer
capacity, limited the range of available values for the in-
put parameters x, and u, in our work, but created other-
wise no serious problems since error messages were
displayed. The underflow problem was more intricate;
when summing a series of terms, among which at least
one was beneath detectable computer limits, it could hap-
pen that the computer converted the whole sum to zero.

No error message was given. A defect of this kind in the
system is, of course, disturbing when doing a summation
of small numbers and the problem ought to be pointed
out as a warning to other workers. One can overcome
the problem by inserting explicit tests, requiring the com-
puter to put all numbers below a given limit equal to
zero.

We round off this work by stressing again one of the
chief advantages of using the dispersion formalism in the
handling of the electromagnetic Casimir problem: We
manage in this way to introduce a soft, physically related,
high-frequency cutoff, and do not have to draw into con-
sideration artificial mathematical methods like time split-
ting in order to obtain finite results [recall the discussion
following Eq. (2.5)]. We find it reasonable that this
method can be used with advantage also in related field
theoretical problems.

APPENDIX A: SOME EXACT EXPRESSIONS
FOR S(a;k)

The sum S (a;k) is defined by Eq. (3.7). For the calcu-
lation as far as it is shown in this paper we need the expli-
cit expressions up to k =5. For kK =1 and k =2 we have,
from Ref. 16, for instance,

1 T
S(a;1)=——=+ - cothrma ,
(a;1) a2 T 2a cothma (A1)
S(a;2)=—L+Lcoth1ra+”—2———L-~. (A2)
2a¢* 443 4a? sinh?ma

Successive differentiations of (A2) with respect to a
yield

1 3

S(a;3)=———6+ 5coth*:ra
2a 16a
2 3
31r4 : 12 7r3 c.othzmz ) (A3)
16a® sinh“ra  8a° sinh“ma
S(a;4)=——1—8+ 57r7 cothma + — a
2a 32a sinh?ma
3
—7—7—529%71(-1—(3+1ra cothma)
24a° sinh“mra
* 1
— > (A4
48a* sinh*ra )
S(a;5)=———+ 5T |cothra + —T4—
2a 256a sinh“mra
157 cothma

128a’ sinh’mra
71'_4 coth’ra
96a% sinh’mra
wt 1
192a°® sinh*ma

(5+a cothma)

(5+4ma cothma) . (A5)

For a complete calculation of the quantity 3, v 2J/?'7T,

we would need the terms up to kK =8.



39 CASIMIR FORCE ON A SOLID BALL WHEN €(o)u(w)=1. ... 611

APPENDIX B: APPLICATION OF
THE POISSON SUM FORMULA

There exists an interesting approximate method for
evaluating the sum S(a;k), valid for all integers k, and
especially suitable in the low-temperature region. This is
" to apply the Poisson sum formula.'>!” Because of the
usefulness of the method and the transparency of the ob-
tained results we shall present the method briefly here, al-
though strictly speaking the approximations for the lower
values of k are derivable already from the exact expres-
sions in Appendix A.

The Poisson formula reads

where (a is an arbitrary number here)

___1__ ® —iax
cla)= . fwwf(x)e dx . (B2)
We insert f (x)=(x2+a?)~*in (B2), and write ¢ (a) as
k—1/2
cla)=—nb — | & Ki_y plaa) (B3)
Val(k) | 2a ko

where K is a modified Bessel function. We take into ac-
count that f (n) is symmetric in n, and also that

k—1)
c(0)=1im c(a)=

S — (B4)
a—0 2Vl (k)a?* ! .

which is derivable from (B3) using the approximate
form'®

K, (x)=1T(v)({x)™" (B5)
for small x. Then (B1) yields
Val(k —1) 1
Sl a1 2a%
WV
(k) (2a)< 172

X 3> Qman)* V2K, | ,(2mna) . (B6)

n=1
The quantity a, as defined in (3.2), is so far arbitrary. As
mentioned in the main text, we assume that the low-
temperature condition ¢ <<1 implies that also a >>1, cf.

Egs. (5.1). This simplifies the expansion (B6) signif-
icantly. Namely, for great arguments x we have'®
172
K(xX)= || e *, (B7)
2x

so that only the first term (n =1) in the sum in (B6) may
be of any significance at low temperatures. We thus final-
ly obtain

valid for any integer k.
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