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We calculate the radiative corrections to semileptonic decays of hadrons, mediated by the 8'bo-
son, within the context of SU(2)XU(1)XG models, proposed by de Groot, Gounaris, and
Schildknecht, which allow for an arbitrary number N of neutral weak gauge bosons. In particular
we analyze the large m&, mz, . . . , mz behavior of the O(aGF) corrections and we generalize a

1 N

theorem by Sirlin on these corrections formulated in the standard model.

I. INTRODUCTION II. MODEL BASED ON SU(2) XU(1) X G

A few years ago de Groot, Gounaris, and
Schildknecht' proposed a model for the electroweak in-
teraction based on the symmetry group SU(2) X U(1) X G,
where 6 is an arbitrary Lie group of rank N —1. This
model allows N neutral weak bosons, and gives, at low
momentum transfer, the same predictions as the standard
model based on SU(2)XU(l). However, it is possible
that the present low-energy data can give indications of
the existence of extra gauge bosons. Besides, some mod-
els of grand unification after breaking yield, at low ener-
gy, symmetry groups larger than the one of the standard
model, and contain at least one extra U(1) gauge factor.

The purpose of this paper is to generalize a result by
Sirlin, for the radiative corrections to semileptonic de-
cays of hadrons in the standard model, to the class of
models in Ref. 1. Sirlin's result, stated as a theorem,
governs the large m~, mz behavior of the O(a) correc-
tions to general semileptonic processes mediated by 8'.
As we will show an analogous theorem, for the group
SU(2)XU(1) XG, governs the large m~, mz, . . . , mz

1 N

behavior of the O(a) corrections in semileptonic decays,
and, of course, to purely leptonic decay (e.g., p, decay).

To get our goal we follow the current-algebra formula-
tion of radiative corrections developed extensively by Sir-
lin in Ref. 4. The paper is constructed as follows. In Sec.
II we give the relevant piece of the interaction Lagrang-
ian density and some important relationship between the
couplings of the model. In Sec. III we compute the con-
tributions from the neutral-Z -boson exchange. The pho-
tonic corrections are as given in the standard model. So
we take this last result from Ref. 3. Both these correc-
tions are to be combined with the so-called two-current
correlation functions coming from y and 8' exchange,
which result to be a universal multiple of the zeroth-
order amplitude, independent of the nature of the initial
and final hadrons. When this is compared with the
analogous result in p decay, we find that such contribu-
tions cancel and have no physical consequences. This is
done in the Appendix. Section IV is devoted to present
the final result.

Lcc ——— ( W„J~( )+H. c. )
2

(2)

is the charged-current Lagrangian density,

N

LNc= eAqJ~Ir) —g f,Z,"J(z,)p
j=l

is the neutral-current Lagrangian density, and

(4)

is the vector-boson —vector-boson interaction Lagrangian
density.

Introducing the notation f; =col(c, u, d, s) for quarks
[i =1,2, 3 is the SU(3), degree of freedom] and
1=col(v„,v„p, e) for leptons, we can write, for the
charged current,

J(g) =J(w;h)+ J(8', I)

= fy"a C Q+Xy "a c X

where' a = —,'(1 —ys), C is a Cabibbo-type matrix, and

0 0 1 0
0 0 0 1

0 0 0 0
0 0 0 0

For the neutral current we have

It is assumed' that the fermions are singlets under N
and transform in exactly the same manner under
SU(2) X U(1) as in the standard model. The relevant part
of the interaction Lagrangian density is given by

L;„,=Lcc+LNc+Lvv

where
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J(,)
=—J(,;I ) +J(,;I) =&y"Q0+&y"Q'&

J(Z )
=J(Z;h) +J(Z;I)j'

JI'z .„~ ,'—f—y—"a C,f s—in a, J~~~
2 p

J(z .I )
———,'Xy"a C37—sin a2 p

where

(8a)

For the vector-boson sector of Eq. (4), we only give the
vertex interaction relevant to our problem:

y 8'8' vertex: —ieV„&,

Z WW vertex: if sin a~ V„&,

(9a)

(9b)

where V„& is the usual three-linear vector-boson tensor
of the standard model. The coupling constants of the
model satisfy the relations

and

Q di (2 2
~1 1)

Q'=diag(0, 0, —1, —1),
C3 ——diag(1, 1, —1, —1),

N

g'= g f, 2c os'a, ,
j=1

N

e = cos e sin n
j=l

(loa)

(lob)

mw
coscxJ mz

J

with m w and mz the masses of the charged and the neu-
J

tral weak bosons (j= 1,2, . . . , X), respectively.

the connections with the Fermi coupling and the Wein-
berg angle are

g /2m a =4GF /&2 and e =g sin Os, .

Finally, we give the commutation relation between the
hadronic currents:

[Jtgr. p)(x), J( .I)(x')] o o'=5o&S J(gr. i) (x)5(x x')

i5o e"~—" [2$(x)y a QC g(x)+J(~.„) (x)]5(x—x')+ST, (1 la)

[J~a;h)(x) J('z. ;h~(x')l„o „o'=5'"" cos tt J(w;h) (x}5("

+i5o~e"~" sin ai[2$(x}y a C 1(t(x}+J~~.„~ (x)]5(x—x')+ST, (1 lb}

where S"~ =g"~g —g" g~ +g" g ~, e")' is the totally antisymmetric tensor; ST represents a c-number Schwinger
term, which do not contribute to the connected amplitudes.

III ZJ' BOX CORRECTIONS

These corrections arise from virtual Z exchange, as shown in Figs. 1 —3. The transition amplitudes from Fig. 1 are

'g fj d k 1
M(&, )

——
~ 2 ~ 2 2 2 T($ )(k)u„yxkypa u, ,

8 (2n) k (k —ma )(k —mz }
J

Wf)~ dk 1
M()b) ———

4 2 2 ~ 2 T($ )(k)u„yea
(2m) (k —mz )(k —mz )

J

where

yz(2 sin a —a }U, ,

(12)

(13)

(a)
(b)

FIG. 1. Feynman diagrams involving the exchange of ZJ or y between hadrons and leptons. h;, hf are the initial and final hadrons
of momenta p and p', respectively.



38 GENERALIZATION OF SIRLIN'S ASYMPTOTIC THEOREM IN. . . 323

T(y )(k)= J d'k 8'"'&p'
I T[J,z./, )(0)J()4./, )(0)]

I p),
m is the mass of the charged lepton, and j = 1,2, . . . , N. In these equations we have set the momentum transfer q equal
to zero, because all the contributions proportional to q are finite and O(GF). Adding Eqs. (12) and (13) we get the so-
called Z.-box contribution to the radiative corrections, which after some manipulations is given by

Mbox l 2f2LP d k 1
' i ' 2 ~ (22r)4 k2(k2 m2 )(k2 m2 )

J

X [ cos a~[ —2i cos aj &p'
I J(a.),)„(0) I p ) k„—T(z2)2(k)] i s—in ajez „k T(g )(k)], (14)

where L"=u„y"a U, is the leptonic current. To evaluate this expression we use the Bjorken-Johnson-Low asymptotic
limit for T(g )..

T~g )(k)= — k, &p'
I J(~.(, )&(0) I p)(cos a S '('~ —2i sin a Qe"("~), (15)

where we have used the commutation relation of Eq. (11b), and Q is the charge average of u and d quarks. Then, after
substitution of (15) in (14) and performing the integration, we obtain

M('z,")= —3,g 'f,'L"
& p'

I J( w;), )„(0) I p &

2m~
2 2

ln ( —,'cos a +3Qsin aj) .
mg —mz mz

J J

This equation can be rewritten in terms of the zeroth-order amplitude

i 2L"
M = ——g &p'IJ, .„,„(0)Ip),

mw

so we have

(17)

M(z") = —Qo 2 f, cos a, ( ', cot a—j+3Q tan'a, ) ln cos a, ,
16m' ' (18)

where we have used the definition of the angles a given in Sec. II.
Contributions from Figs. 2 and 3 are to be combined with the corresponding photonic and F-exchange contribu-

tions. The result is a universal multiple of Mo (see the Appendix).

IV. RESULT

To get the final result we need to add the photonic corrections from Figs. 1(b), 2, and 3. This correction is given in
Ref. 3:

(19)

we get, up to O(aGF),

[(1+2Q ) 1nm a +QI 2+ U],
S

where U represents universal contributions and I 2 represent asymptotic efFects induced perturbatively by the strong in-
gs

teractions. Adding Eqs. (17), (18), and (19) we obtain the result we are looking for. It is convenient to compare it with
the analogous result for muon decay. In this last case Q = ——' and no I 2 contribution appears. Then for muon decay2 gs

N

M(„)——Mo(„) 1 — g f cos a, (5cot a —3tan a )lncos a
32 7T

(20)

where
~ 2

M()(„)——— (u„y a u„)(u, y a u, ) .lg

2m'
Defining

2

—G(„)—— 1 — g f& cos a (5 cot a —3 tan a~ ) lncos ag 1 2 4 2 2 2

&2 " 8m~2 32m2,

we find for the amplitude for muon decay

(21)



324 A. QUEIJEIRO 38

FIG. 2. Diagrams leading to three-current correlations func-
tions.

FIG. 3. Diagrams contributing to the 8'hh'-vertex correc-
tions.

8mw
(P) i 2 (P)~2g

Thus, calling M the sum of Eqs. (17), (18},and (19), and introducing Eq. (21) we get, for the O(a) radiative corrections
to an arbitrary semileptonic process mediated by 8',

N

M=MD 1+ (1+2Q} inm~ —g cos aj. sin a lncos a + .
Sm e

(22)

where

Ma=&&8 G(„(&p' I J(w;h)p(0) I p &I-"

and the ellipsis refers to the universal renormalization contributions and the induced ones by the strong interaction.
The standard-model limit is obtained when mz ——mz, where Zo is the standard neutral weak boson. In this limit

1 0

cosa, = cos8~, f, =g sec (9((„and f, =OVj&1. Equation (22) is the generalization for the asymptotic theorem of Ref.
3, and shows that the coefficient of the asymptotic contribution, the one in large parentheses, depends on the average
charge Q of the u and d quarks but is otherwise independent of the dynamics of the strong interaction. Thus, the result
is suitable to any arbitrary semileptonic process, provided the momentum transfer be negligible and the hadronic
squared masses are much less than m ~,mz for all J.

As an application of our result we can generalize also a result by Marciano and Sirlin on the radiative corrections-
to differential cross section for the process v„+N ~p +X:

S
do(v„+N~p +X)=do 1+ (1+2Q) lnm~ —g cos a, sin a, lncos a +4~ e2 J J (23)

where der is the differential cross section to zeroth order
in o.' but expressed in terms of 6(„) and the ellipsis
represents additional nonlogarithmic contributions.
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APPENDIX

Here we show that the combination of contributions
from the exchange of y, 8', or Z in Figs. 2 and 3 are in-
dependent of the nature of the initial and final hadrons in
the large m~, mz limit.

The amplitude for the diagram in Fig. 2 is

I

where &p'
I
J~(a, .h((0)

I p &' includes the order-a radiative
corrections associated with the emission and absorption
of a virtual y, 8', or Z. from any hadronic line. This
correction can be expressed in terms of the Fourier trans-
form of the time-ordered product of three currents, and
are handled using Ward identities to reduce them into re-
sidual three-current correlation functions and two-
current correlation functions. The three-current correla-
tion functions are to be combined with the order-a coun-
terterms, tadpole terms, and tadpole counterterms in the
hadronic lines to yield contributions of O(GF), which are
neglected, provided that terms of O(GFaq) are ignored.

The two-current correlation functions, denoted by V(, ),
are relevant to our discussion. Their contributions to Eq.
(A1) are

M2= —g I p&p'I J~(g h)(0) I p&'
l j.

2
(A 1)

where
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2 p p d k 1

2 2 4 2 2 2 (Y))'
q —mw (2m) (k —mw}

2m~i 2p p dk p ))(.

V(Y'2)
——e g 2 2 4 2 2 2

k "T(Y)X(k),
q —mw (2') (k —mw)

(A2)

(A3)

V(z )
= g fJ cos aJ k"T(z )2(k)

q m—w (2m) (k —mz )
(A4)

and

V& w) —= ~(w;&)+ V(~;2)

where

( 4 ~p d k 1l(w))= g 2 2 4 2 2 2k"T(z)2(k),
q —mw (2m ) (k —mw)

l 4 . p Lp d k 1
~( W;2) g sin aJ 2 2 4 2 2 2

k "T(Y)J (k
2 q —mw (2m ) (k —mw)

(A5)

(A6)

Here T(YJ')(k) = f d k e'" "&p'
~

T[J(" .), ) (x)J( w. ), )),(0)]
~ p &. Contribution (A3) gives terms of O(GF ) due to the conver-

gence factor mw/(k —mw). Contributions (A2), (A4), (A5), and (A6) are to be discussed in conjunction with the two-
current correlation functions associated to the vertex Wh h in Fig. 3. After some algebraic manipulations these last
contributions are

d k 1
U(z )= 2g J cos aJ 2 2 4 2 2 2k"T(z )2(k},—m w (2w} (k —mz )

(A7)

U( )
—— e g 2 2 4 2 2 2

[2k "T(Y)J (k)+2i&p'
~
J~(w;), )(0)

l p &]
q2 —mw2 (2~) k (k —mw)

Combining V&w;ij ~&z ], and U[z ] we get
J j

(AS)

N d4k ~
1 1

N

~(w;))+ p (~(z )+U(z ))=ig 2
", —f, g f,'cos'a, » — » "" (z )2 " + X (J)J i q2 —mw2 2 (2~)4 J )

J J k2 —mw k' —mz i j=l

where

4

I(,)
= ifJ'cos'aJ &—p'—

I J(w, ~)(0)
I p & f (2n) (k —mw)(k2 —mz2 )

(A9)

and we have used Eq. (10a).
Similarly

i 2 L„dk em' g sine, e+ — k('T" k +I)'(Y'))
2 2 2 (2 )4 k2(k2 m2 )2 (k2 2 )2 k2 k2 m2 (Y)~

(A 10)

where

d k 1I"=»e'& p'
I I( w;h) (0)

1 p & f (2~) k (k —mw)

The contributions from I~~& and I" are absorbed into a
universal renormalization factor of the weak coupling
constant g. To evaluate Eqs. (A9) and (A10) we proceed
as after Eq. (14}. The Bjorken-Johnson-Low asymptotic
limit of T( Y)2 (k) is given by

T('Y)~(k)=,k). & p'
I J(w;), )(o}

l p &

where we have used Eq. (1 la). Thus, we can perform the
integrations in (A9) and (A10). The result is

(A9)= —Mo g 2 f, cos a,
327T

&& [2+(1+cos a )csc ai ln cos ai ]
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and

2

{A10)=Mo 1 —— 1 — sin u
2~ 2

2m gr
1+ ln

A

In Eq. (A10) we have introduced an ultraviolet cutoff A.
These results show that both contributions are multiples
of Qo, independent of the nature of the initial and final

hadrons. As is pointed out in Ref. 4 the results for (A9)
and (A10) must be multiplied by a factor 1 —g, (k )/4tr,
which for four Aavors is approximately —5% relative to
the above results.

As in the standard model the corrections to the W
propagator and those involving the Higgs scalars are of
O(GF). In the last case it is assumed that the couplings
of the Higgs scalars to quarks and leptons are proportion-
al to the mass of the elementary fermions.
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