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Supersymmetry in a two-dimensional interacting fermionic model
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We discuss supersymmetry in a two-dimensional self-interacting fermionic model using the
path-integral approach. After analyzing the equivalence between the purely fermionic model and
the supersymmetric sine-Gordon model, we show that the supersymmetric transformations, which
are nonlinear in fermionic fields, have an associated supercurrent which is conserved only at the
quantum level: the noninvariance of the purely fermionic action is compensated by the noninvari-
ance of the fermionic measure. The connection between these results and those arising in free fer-
mionic models are also discussed.

I. INTRODUCTION AND RESULTS

One very interesting aspect of two-dimensional mod-
els, relevant in connection with string theories, is the
ability of fermions to provide (nonlinear) realizations of
the supersymmetry algebra. Indeed, in two dimensions
one can hope to represent the full supersymmetry alge-
bra solely in terms of either bosonic or fermionic fields

by means of bosonization (fermionization). '

A first analysis of this property of two-dimensional
purely fermionic models was given by Witten in his dis-
cussion of a Gross-Neveu model with Majorana fermions
and then investigated in some detail by Aratyn and
Dam gaard.

After the discovery of bosonization rules respecting
non-Abelian symmetries, supersymmetry in free fermion
systems (equivalent to nonlinear cr models with a Wess-
Zumino term) was also investigated, particularly in con-
nection with Kac-Moody algebras and superstrings.

In the present work we analyze supersymmetry for
two-dimensional self-interacting fermions [we study pre-
cisely the O(3) Gross-Neveu' model discussed originally
by Witten"' ] employing the path-integral approach to
bosonization. '

Using this method we prove in Sec. II the equivalence
between the purely fermionic model and the supersym-
metric sine-Gordon (SUSY SG) one, showing in a very
simple way that the bosonization recipe is also valid in
the present case in which a certain mass term in the fer-
mionic version of the theory is in fact x dependent [see
Eq. (2.7)].

We then analyze in Sec. III how the supersymmetry
invariance of the SUSY SG model translates in the
equivalent purely fermionic model. Since bosonization
rules do not maintain the same number of bosonic and
fermionic degrees of freedom the supersymmetry trans-
formations cannot be linearly realized in both theories;
in fact, they look more like an internal fermionic sym-
metry rather than a proper supersymmetry. Moreover,
it is very easy to see that these transformations (which
can be guessed by applying the bosonization recipe to
the corresponding transformations in the SUSY SG
model) do not correspond to a classical symmetry of the

II. THE O(3) FERMIONIC MODEL
AND ITS SUSY COUNTERPART

Let us begin by considering the purely fermionic mod-
el in two-dimensional (Minkowski) space-time with dy-
namics defined by the Lagrangian

3
.
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where P is a three-component Majorana-Fermi field.
Our conventions are
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fermionic model.
As we carefully show, it is only at the quantum level

that the supersymmetric current is conserved: the
noninvariance of the fermionic measure cancels out the
"classical anomaly. " This possibility of having a quan-
turn symmetry which does not appear at the classical
level is, in fact, a phenomenon already exploited by Fad-
deev and Shatashvili' ' in their proposal of consistently
quantizing anomalous chiral models and the same behav-
ior is encountered in the quantization of strings. ' (See
also Ref. 14.)

It is interesting to note that we give the explicit ex-
pression for the SUSY quantum conserved current for
arbitrary coupling constant g (it was previously obtained
in Ref. 5 for the particular g =n. /2 case). As we discuss,
this expression can be related to the one derived by An-
toniadis et al. " for N free Majorana-Weyl fermions in
their complete classification of all SUSY theories of free
massless two-dimensional fermions.

We briefly describe in the Appendix the evaluation of
fermionic Jacobians.
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The adjoint f of a Majorana spinor 1i =(& ) is
2

(2.4)

SF ——f d x[fp(i8+2&g A )Qp+ ,'$—3i+

+ —,
' A „A"+cr (x )gp Pp ] . (2.12)

This theory, with an obvious O(3) invariance, is in fact
the O(3} Gross-Neveu model. Witten was the first to
note that this Lagrangian can be shown to be equivalent
to the supersymmetric sine-Gordon one. In his proof,
two Majorana fermions were combined in a Dirac fer-
mion and the (Abelian) Coleman-Mandelstam recipe
was then applied. Now the validity of the bosonization
recipe can be questioned for the case of Dirac fermions
with an x-dependent mass, as turns out to be the case for
the Dirac fermion replacing two of the Majorana fields
in the Lagrangian (2.1), see below.

Using the path-integral approach' we shall prove the
equivalence between the model defined by Lagrangian
(2.1) and the supersymmetric sine-Gordon model, thus
showing the validity of the bosonization recipe also in
the present case (where the Dirac fermion mass depends
on p3|('3).

Let us start by rewriting (2.1) in terms of a Dirac fer-
mion

The vector field A „can be written in terms of two scalar
fields P, ri in the form

(2.13)

and then eliminated from the Dirac operator 8=i8
+2&g A appearing in (2.11) by performing the fermion-
ic transformation

i77+iy5tt) — — —i 77+i y5$
ep e ~D OD ~pe (2.14)

+Ay ~A+0+9 & +WD+PD ~F+~p+D

Concerning 8„ it gives a trivial contribution

(2.15)

detVA 4
(2.16}

We shall consider (2.13) and (2.14) as a change of in-
tegration variables in (2.11):

—(g'+if ) .v'2 (2.5)
The Jacobian cfF is evaluated in the Appendix following
the techniques reviewed in Ref. 14. The answer is

We shall use for that purpose the identities (valid for
Majorana fermions) lncPF ——— fd x(a„ya"y) . (2.17)

&X3P= fr g-

&r„t('= —4r„& .

Using (2.5) and (2.6), the Lagrangian (2.1) becomes

ep~ W D + 2 03i~03

(2.6) As we discuss in the Appendix, there is an ambiguity
in the regularization of d'F due to the fact that A„ is not
a gauge field and hence there is no gauge principle to in-
voke when choosing the regularization prescription.

This ambiguity is reflected in a term of the form'

where

2g(1 DY ep } + ( o)xPDPD (2.7)
a f (A„A")d x

o(x) =4gg3$3 (2.8)

and then uses the identity

exp —»g f (spy"Iflp )'d'x

A„exp — A„Ai"+4 g Dyl' DA„d ~

(2.10)

plays the role of a mass for the Dirac fermion.
In the path-integral approach to bosonization one con-

siders the generating functional
T

Z= fSPD2)gp2)PP)&3exp i f d x X (2.9)

Z =&fBXD2)XD2)$2)QP)$3exp i fX,sd x, (2.18)

where

2i y5$(,x)
g,~=yp[i 8+o (x)e '

]XD

a„4a&y+ ,' y3& aq3 . —(2.19)

with a an arbitrary parameter. However, this arbitrari-
ness can be absorbed in a rescaling of the fields P and ri,
and hence with no loss of generality we set a =0 (Ref.
14).

We then obtain

to rewrite (2.9) in the form

Z= D D 3 3 Ape

where

(2.11)

Note that we have absorbed the g-field integration in a
normalization constant since it has completely decou-
pled, playing no role in the resulting effective theory.

In the path-integral approach to bosonization one now
considers a perturbative expansion (in the o term) in the
generating functional



37 SUPERSYMMETRY IN A TWO-DIMENSIONAL INTERACTING. . . I665
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where

1+r5
X+——XD XD ~

2
(2.22)

+ ,'$—3iBQ3 d x tZF,

ZF= XD XDexp l d x gal JD

(2.20)

Concerning the fermionic part we have

&X,(x)X (y)&,=—fX 2)X «p i fd'x(f ~ir)X )

XX+(x)X (y)
1 2i g(x,. )

X g, dx;o(x;)e ' X+(x, )
i=1

Xg fdyo(y )e 'X (y ),im!

1 1

(2n) Ix —y I3

& X,(x)X,(y) &,= & X (x)X (y) &,=0 .

(2.23)

(2.24)

(2.21) For the bosonic one we shall use

B„QB"P d x rexp i+P;P(x; )2'

=exp ,'gP;PJ—[b—F(p,x, —xj ) —AF(A, x; —x~ )] (2.25)

where A is a large mass introduced to cut oft' the
theory' and

%e then obtain
—(k /477)(y, p,. )

AF(ij, ,x ) = Ko(p, x )
277

with

&2 4gm

m —4g

(2.26)

(2.27)

exp imp, p(x; )
0 M

—(A, /4n)Q, .P,.

X

—(1, /2m)P P

also

pIx, —x I((1, (2.28)

AIx; —xj I
y&1. (2.29)

In order to circumvent the trivial infrared problems
which arise when one performs a mass perturbation ex-
pansion about a massless theory we consider the restrict-
ed region

(2.30)

where c is the Euler constant, c =0.577, and the mass M
is included as a normal order in mass.

Note that if g;p;&0, (2.30) vanishes in the limit
@~0. We thus consider the case g;p, =0.

Using (2.21), (2.24), and (2.30) we get, for the generat-
ing functional (2.20),

k
2

II (M I,—y, I

)""'
k kf g(~'c'

I
x, —x, I Iy; —y, I

)'+' "g o.(x;)o(y, )d'x, d'y,
z= fnqp)q, y1=0(kt)' e~P l d'x —,

'
3l 3

(2.31)

It is easy to see that this generating functional coincides with that arising in the SUSY sine-Gordon model. Indeed,
the generating functional for this last model is given by

M '—
ZsG JVf2)&2——)pp)&3exp i fd x —,'8 pB"p+ ,

' tli3l8$3+2g $3$—3cospf (2.32)

p= v'4~
&1—4g /m.

(2.33)



1666 F. A. SCHAPOSNIK AND M. L. TROBO 37

where M is the same regulating mass as in (2.31). Then,
performing a perturbative expansion for the cosine term
one just gets the same expansion as in (2.31}.

It is convenient to rescale variables in the form

x ~M' 'x, $3~M'

M'~ —M .
3/I —4g /m.

(2.34)

In the rescaled variables, the Lagrangian in (2.32) reads

1 — dF'QB„Q+ ,' $3i 8$—3
1 4g

+2g1i 3I/l3cos23/n p . (2.35)

We then see that the bosonization rules hold as in the
normal sine-Gordon-Thirring case (where instead of
$31(3 playing the role of a mass one has a true mass
term).

Note that the Lagrangian (2.35) does not appear as the
usual supersymmetric sine-Gordon model which is usu-

ally written as

III. THE SUPERCURRENT
IN THE FERMIONIC MODEL

We shall address in this section the question of how
the explicit supersymmetry of the model defined by Eq.
(2.36) is manifested in the equivalent purely fermionic
model with Lagrangian (2.1). Of course the supersym-
metry transformation cannot be linearly realized in both
theories since the bosonization rules do not maintain the
same number of bosonic and fermionic degrees of free-
dom.

It will become clear from our approach that a certain
purely fermionic transformation, which is equivalent to
the SUSY transformation in the sine-Gordon model,
does not correspond to a symmetry of the classical fer-
mionic action; i.e., it has no associated conserved
current. It is at the quantum level (and due to the
nonin variance of the fermionic measure under that
transformation) that the Noether theorem holds and the
symmetry reappears. The same phenomenon already
happens in the path-integral quantization of anomalous
gauge theories' ' and string theory. '

Let us begin by recalling the supersymmetry transfor-
mations, leaving invariant the SUSY sine-Gordon model
with the Lagrangian (2.36):

,'d„/dip+ —,'$3i8—$3+2A cos Bp

+ ABcosB$$3$3 . (2.36) 5$= [ i 8$+—&n. sin(3/4n. P)],
(3.1)

Now, since the cos term can be rewritten as a kinetic
term,

(2.37)

where F is a constant Majorana spinor. (We have spe-
cialized to the case g =n/2, but as we discussed at the
end of Sec. II everything holds for arbitrary g.)

We shall now consider the action of the following
infinitesimal nonlinear transformation on the purely fer-
mionic model:

(this relation can be obtained using bosonization), one
can see that (2.35) and (2.36) coincide at least for

g =sr/2. Now since a renormalization of the kinetic
term in (2.35) is always possible (this being equivalent to
a rescaling of the field p) one can, in fact, easily add just
the Lagrangian (2.35) to the form (2.36) with arbitrary

(4)

So we have proven, using the path-integral bosoniza-
tion scheme, the equivalence between the O(3) purely
fermionic model and the sine-Gordon supersymmetric
one.

PD 4D =CD+& &~&Ar SAD (3.2}

@=A+' r"PDY„YA'DE+ ' t4YSPDe

(3.3)

[these transformations were first considered in Ref. 5 by
naive bosonization of (3.1)].

Under transformations (3.2) and (3.3) the fermionic ac-
tion (2.12) changes as

F F F+ I d [ sr&a (PDY rsPD )ti'3 +~~ [(r PDY rsWD3 + WDrsPD Y }|i'3]I (3.4)

Now, setting

Js PDY rsPD

~(r"PDr„r SPD+24DY SWD }r"6
(3.4) becomes

(3.5)

(3.6)

S, S,'=S,+ f d x[23/m(B„j", )et(, i'„P"] . —

(3.7)

Obviously (3.2) and (3.3) do not correspond to a symme-
try of the fermionic action (2.12) and hence the Noether
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theorem does not hold at the classical level. In order to
study this transformation at the quantum level we con-
sider (3.2) and (3.3) as a change of variables in the gen-
erating function (2.11) and then evaluate the associated
Jacobian'

Since A„ is coupled solely to fD, only transformation
(3.2) (a chiral one) can lead to a nontrivial Jacobian.
The answer is [see the Appendix, Eq. (A12)]

8F =exp i &2 f d x(EQ3e„B"A ") (3.9)

&CD&PD&A&A =~F&4 D&itD&4 '3&A' . (3.8)
In terms of the new variables the generating function

(2.12) reads

Z= f myDXqDSy32)$3XA„exp iSF(QD, QD, $3,$3, A„)+i f d x( if'—,Z" 2&—mej,"3„$3+v'2FQ3e„„d~p'}

(3.10)

Since Z cannot depend on e, Indeed, by considering chiral components for the fer-
mions,

(3.1 1)
(3.15)

Being quadratic, the path integration over A„can be
exactly performed. In particular one gets, for the third
term in (3.11),

(3.12)

This term cancels out the second one in (3.11) and we
thus have

(3.13)

The transformations (3.2) and (3.3) then correspond to
a quantum symmetry of the model defined in (2.11) and
(2.12); cP is the associated conserved current.

As we stated above d" as given by (3.6) corresponds to
the particular case g =n. /2. For the general case (ob-
tained by rescaling the P field) the supersyminetric con-
served current reads

~Y ADER } 54DX 43
' 1/2

it D)'A'D)'"6 .4g —n.—4gl
8g —~2 2

(3.14)

An expression of this kind was estimated in Ref. 4
without giving the explicit g dependence, which we have
calculated in (3.14).

It is clear from our approach that in the purely fer-
mionic version of the SUSY sine-Gordon model the su-
persymmetry is realized at the quantum level as a non-
linear transformation that looks more like an internal
fermionic symmetry rather than a proper supersym-
metry. (It is shown in Ref. 4 that the charges associated
with a current of the kind of 8„satisfy the usual super-
symmetry algebra. )

It is interesting to note that for g=O (free fermion
model) and considering Weyl-Majorana fermions the su-

persymmetry that we have discussed becomes the one in-
vestigated in Refs. 7 —12 in the general O(X) case.

it is easy to see that the SUSY transformation (3.2) and
(3.3} can be rewritten, for positive-chirality components,
in the form

(3.16}

where g'~ is totally antisymmetric in its indices and cor-
responds to the structure constants of O(3) with a partic-
ular normalization. (An analogous expression holds for
negative-chirality components. ) We then see that the re-
sult of Antoniadis et al. " concerning the fact that the
structure constants of semisimple Lie groups exhaust all
possible supersymmetries among two-dimensional free
fermions also holds for the present interacting model.

In summary we have shown how supersymmetry is
manifested in a two-dimensional self-interacting fermion
model. The corresponding transformations are non-
linear and have an associated supercurrent which is re-
lated to the one arising in the free fermion system; con-
trary to this last case, it is only conserved at the quan-
tum level; this being due to the noninvariance of the fer-
mionic measure under transformation (3.2). That is, bo-
sonization makes the eff'ective action (2.12) noninvariant
under the SUSY transformation (due to anomalies), but
the fermionic measure restores this invariance exactly as
it happens in chiral gauge models' ' and string
theories. '

ACKNOW I.KDGMKNTS

F.A.S. was partially supported by Comision de Inves-
tigaciones Cienti'ficas de la Provincia de Buenos Aires,
Buenos Aires, Argentina. M.L.T. was partially support-
ed by Consejo Nacional de Investigaciones Cientl'ficas y
Tecnicas, Argentina.

APPENDIX: THE FERMION JACOBIAN

We shall first compute the Jacobian associated with
the following infinitesimal chiral transformation:
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i64(x)r ~1(jo(x)=e 'Xo,
i 5$(x)r~

go(x) =Xoe
(Al)

i g(x)+i y 5$(x )

—i q(x)+i r5$(x)
0o Xoe

(A13)

+4g 4A'34o&o (A2)

In terms of the new fermions fields XD, XD the Lagrang-
ian defined by (2.12),

&(Wo 4o P3 6 ~ p)=0. o(&r)+2+g" )0o

where P and g are related to A„according to (2.13), one
builds up the transformation (A13) from infinitesimal
ones by introducing a parameter t, 0(t & 1. (See Ref. 14
for details. )

The answer is

becomes

X'(Xo,Xo, p3, $3, &„) with

1

otF ——exp i A (P, ri t)dt
0

(A14)

where 2"4
(A4)

=Xo(irl+2&g A+4gg3$3e ')Xo, (A3)

and hence in terms of the transformed variables the gen-
erating functional reads

Z= f SxonXonq32)$32)~„PF'exp i f L'd x

—D /M
A = lim try 5$e

M ~oo2

where

D„=e ' (iB+2&g A+4gf3$3)e

or

D„=i8+2&g (1 t) A—+4g $3$3e

(A15)

(A16)

(A17)

and

8F =exp i f d xtr(y55$)

tr(y, 5$) = g p„(x)y,gr„(x) .

(A5)

(A6)

Expanding the exponential in (A15) one gets

1 2 —k /MA= lim, try, f yd'xe —" 'M
M ~oo 2'

The expression (A6) is ill defined and has to be evaluated
by using a regularization procedure. Following
Fujikawa ' we consider

x
2

Dreg 1

M2 + M4+0

(A18)

g p„(x)y&y„(x)=—lim g (p„(x)y5e '" y„(x),
n

M~ oo
n

(A7)

In two dimensions it is only the I/M term contribut-
ing in the M ~ao. After rescaling variables and in-
tegrating over k and t we finally get

where

D„=irJ+2&g A +4gg31$3e (A8)

otF =exp — f d'x B„JB"P (A19)

Setting

d F =exp 2vgg
i f d'xe„„a~(fiy)~" (A9)

It is important to stress that A„ is not a gauge field
and hence there is no gauge principle restricting the
choice of the regularization operator D„. In fact, a
more general operator of the form

where we have used

tr(y„y„y5) =2e„„, (A10)

the transformation (A 1) corresponds to the one defined
by Eq. (3.2) if

'(r, 4 —n~f . — 1 —Fs — 1+xs
D„,s ——e ' iB+2Vg A +2&gag

2 2

i(y5$+ q)r
(A20)

5$=&vreg3 . (A 1 1)

Hence the Jacobian associated with the infinitesimal
transformation (3.2) is

with a an arbitrary parameter which can be employed.
As explained in Ref. 14 this amounts to a change in

the Jacobian (A20), which becomes

6"F exp — i——&ere d xe„,(d"P3)& (A12)
d, =d exp — f A A"d x

2~
(A21)

In order to compute the Jacobian associated with the
finite transformation

For the case of the model we are interested in, this a
dependence can be absorbed by a rescaling of the g and

P fields.
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