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It has been established that the Minkowski vacuum observed by a uniformly accelerating detector
can be equivalently described by a canonical ensemble of states. However, recent calculations have
revealed that in a spacetime of odd dimensions free massless scalar particles are detected with the
Fermi-Dirac distribution instead of the Planck one. The purpose of this paper is to solve this ap-
parent puzzle. It is concluded that the cause of this phenomenon is the lack of the Huygens princi-
ple in odd dimensions: the expectation value of the commutator of massless fields does not vanish
in the timelike region. The case of a spinor field is treated equally. Other spacetimes, de Sitter

space and Schwarzschild space, are also discussed.

I. INTRODUCTION

It was discovered by Hawking' that particles obeying
thermal distributions are created near a black hole under
the influence of its strong gravitational field. Subsequent-
ly, quantum field theories in a variety of background
geometries have been studied.” Among others the usual
Minkowski vacuum observed by a uniformly accelerating
detector® is recognized as a convenient laboratory which
contains the essential feature of this phenomenon.

For a long time most of these discussions had been re-
stricted to the case of free field theories in two or four di-
mensions. It was proven by Sewell* on a rigorous ax-
iomatic basis that, in arbitrary dimensions independently
of whether or not particles are interacting, a uniformly ac-
celerating detector observes the Minkowski vacuum as if
it were in the Kubo-Martin-Schwinger (KMS) state.’
This means that the state observed can be equivalently
described by a canonical ensemble of states.

Since the detector sees the “thermal” state in the sense
described above, one might naively expect that the ob-
served spectrum is characterized by the standard Planck
distribution or the Fermi-Dirac distribution depending on
whether the particle is bosonic or fermionic.

Recently Takagi® has shown by explicit calculations
that, contrary to this naive expectation, free massless sca-
lar particles in odd dimensions are found to be in the
Fermi-Dirac distribution instead of the Planck one. The
purpose of this paper is to clarify the physical meaning of
his result by reproducing it on more general grounds in-
cluding the case of a spinor field and to answer the ques-
tion of what happens in odd dimensions.

In Sec. II the quantum field theory at finite tempera-
ture is briefly reviewed focusing on the analytical proper-
ties of two-point functions. The intuitive explanation of
Sewell’s theorem is given in Sec. IIl. In Sec. IV it is
shown that, in the case of the accelerating observer, the
Huygens principle should be satisfied for the detector
response function to give the standard thermal spectrum
in the short-wavelength limit. The massless field theories
in odd dimensions do not satisfy the Huygens principle.
The final section is devoted to understanding the physical
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origin of this phenomenon.

When revising this manuscript, the author was in-
formed by S. A. Fulling that, independently of Takagi,
Stephens’ has also noticed the interchanging of the Planck
and the Fermi-Dirac spectra in odd dimensions.

II. PROPERTIES OF TWO-POINT FUNCTIONS
AT FINITE TEMPERATURE

To begin with, let us recapitulate the properties of two-
point functions at zero temperature in a curved space. In
the following we will consider cases where there exist a
timelike Killing vector field and spacelike sections orthog-
onal to it. In this case the notions of temperature, energy,
and the vacuum state are well defined. At this stage it
does not matter whether fields are interacting or not.

Given a complex quantum field ¢(x), we can define the
following two types of functions:

G, (x,y)=(0]d(x)$'(»)|0), (2.1a)
G_(x,p)=(0]¢'(»)g(x)|0) . (2.1b)

Here |0) denotes the vacuum state of the theory. When
¢(x) is a spinor field, G (x,y) and G _(x,y) in the above
carry spinorial indices with respect to the local Lorentz
frames at x and y. Since the spacetime has a timelike
Killing vector, these two-point functions depend on the
corresponding Killing coordinates x, and y, only through
their difference t =x¢—y:

G, =G, (t;xy),
G_=G_(t;x,y) .

(2.2)

Here x and y are spacelike coordinates.
The vacuum expectation value of the (anti)commutator
between ¢ and ¢', [¢,6']_ ([(i),(i)’k]+ ), is given by

Gcl(t;x,y) +
=(0|[¢(x),6"(»)]+|0)
G, (t:x5,y) ( [[#(x), 0 (¥)]5 |

=G, (6;x,y)FG_(t;x,y) . (2.3)

When x is in the spacelike direction from y, G¢(x,y) or
G 4(x,y) vanishes depending on whether ¢(x) is bosonic or
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fermionic and

+G_(t;x,y) (¢: boson),

G, (t;x,y)=
+(rxy —G_(t;x,y) (¢: fermion) 2.4

(x,y: spacelike) .

The dependence of the field ¢(¢,x) on ¢ can be factor-
ized as

#(1,x)=eHP(t =0,x)e ~H* 2.5

where H is the generator of the translation corresponding
to the timelike Killing vector. Thus, if the spectrum of H
is bounded from below, the timelike variable ¢ in
G, (t;%,y)=(0] ¢(xo=0,x)e ~H¢7(y,=0,y) |0) can be
continued analytically to the lower half of a complex
plane and so can ¢ in G_(¢;x,y) to the upper half of a
plane. Because of Eq. (2.4), these analytic continuations
give the same function ¥ (z;x,y) satisfying

G(z=t—iex,y)=G (t;x,y), (2.6a)

+G_(t;x,y) (boson),

G(z=t+iex,y)=
y —G_(t;x,y) (fermion) ,

(2.6b)

where € is positive and infinitesimal.

Let us examine the analytical property of & (z;x,y) in
z. The distance between x and y must be a monotonic
function of t =xy—y, for fixed x and y. Thus there ex-
ists a function #jg(x,y) such that, when f =1, (x,y), x
is on the light cone of y, and x is in the spacelike (time-
like) direction from y when |t | <tjgn (|2 | > tiign) (Fig.
D.

From Eq. (2.3) and Egs. (2.6a) and (2.6b) we have

G(z=t—ie;x,y)— G (z=t +i€x,y)
_|Gc(t;x,y) (boson) ,

N G4(t;x,y) (fermion) . 2.7)

The right-hand side (RHS) of this equation vanishes for
| t| <tign(x,y), and in general it is nonvanishing for
[t | > tign(x,y). Therefore ¥(z;x,y) has branch cuts for
Re(z) > tyg and Re(z) < —tyigne. The discontinuity across
the cut is given by the (anti)commutator, G¢ (G4). Fig-
ure 2 shows the situation of these branch cuts.

v tyignt /
b= Yignt

1t ttht

v Yight

t <o Yignt

FIG. 1. The function tjg(X,y) showing the light-cone struc-
ture of the spacetime.
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FIG. 2. The situation of the branch cuts of the function
% (z;x,y) on the complex-z plane.

Propagators are given as the boundary values of
% (z;x,y). For example G, and G_ are given by Egs.
(2.6a) and (2.6b), respectively, and Eq. (2.7) gives G¢ or
G,. The Feynman propagator, G(t;x,y), is also ob-
tained from ¥ as

Gp(t;x,y)
G, (t;x,y)0(t)+G _(t;x,y)0(—t) (boson),
= |G, (t;x,y)8(t)—G _(2;x,y)8( —t) (fermion) ,

=Y (z=(1—ie)kt;x,y) (2.8)

(Fig. 3).
It is straightforward to extend the definitions of G,
G¢, G4, and Gp to the case of finite temperature:

Gg_(x,y)E%Tr[e“ﬁH¢(x)¢+(y)] , (2.92)
GE(x,y)-:—'—;—Tr[e”BH:ﬁf(y)d)(x)] , (2.9b)
with Z =Tr(e ~#H) and
G&x,y)
=GB (x,y)TGB (x,y) .
Gf(x,y) + y (2.9¢)

In the above, if ¢(x) carries a spinor, the sum over the spi-
norial indices is not included in the trace, and Gf (x,y)
(*=+4, —, C, A) carry spinorial indices. These func-
tions can be continued analytically to complex ¢ giving
%P(z;x,y) which satisfies

GPz=t—ie;x,y)=Gh (¢;x,y) , (2.10a)
+G#B (t;x,y) (boson) ,
GBz=1t—iex,y)=
—GA (t;x,y) (fermion) , (2.100)

for positive and infinitesimal e.

Let us show that the function ¥# is (anti)periodic in
the imaginary direction of z. Combining Egs. (2.9a) and
(2.9b) with Eq. (2.5) gives

GB (t+iBx,y)= %Tr[e —BH(y)e —PHp(x)ePH]

Tr[e ~PHg(x)¢'(1)]

_1
Tz
2.11)

FIG. 3.
G(z;x,y).

Propagators given as the boundary values of
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This equation, which is called the KMS condition’ of the
two-point function, holds whether ¢ is bosonic or fer-
mionic. It sometimes happens that the operator e ~PH
does not belong to the trace class, i.e., the trace over e —BH
does not converge. In such a case, the KMS condition is
recognized as the criterion for the “thermality” of the
state in consideration since its Fourier transform is noth-
ing but the fluctuation-dissipation relation as given below
and, thus, it assures that the response of the detector is de-
tailed balancing. From the KMS condition, Eq. (2.11),
and the definition of %%, Egs. (2.10a) and (2.10b), the
(anti)periodicity of ¥ follows:

+ %8(z;x,y) (boson) ,

Y8z +iB;x,y)=
y —98(z;x,y) (fermion) .

(2.12)

In terms of these two-point functions, the response of
the detector mounted at x in a thermal bath is given as
follows. First we define the Fourier transforms of the
propagators with respect to the timelike variable ¢ as

FE(a;;x)E fj:dte““"G’.’(t;x,x) («=+,—,C,A4).
(2.13)

The Fourier transform of the KMS condition, Eq. (2.11),
is

FB (w;x)=e ~P°FB (w;x) . (2.14)

This is the fluctuation-dissipation relation characteristic
to thermal states.

In the following, we shall consider the response of the
monopole-type detector coupled to the field ¢(x) as

1
Lim=m(z)72[¢(t;x>+¢*<z;x>] (2.15a)
when ¢(x) is a scalar and
Line=m ()g(t;x)¢(2;x) (2.15b)

with ¢ =¢T'y° when ¢(x) is a spinor. The probability
R(E —E +o) per unit time for the detector to make a
transition from |E) to | E+w®) (E and E +o denote

the internal energies of the detector) is given by
R(E—E +w)=|(E+w|m(0)|E)|*FB (0;x) (2.16a)

when ¢(x) is a scalar. On the other hand, when ¢(x) is a
spinor, the transition rate becomes

R(E—E +w)=|(E +w|m(0)|E) |*FP(w;x) ,
(2.16b)
where

FBlw;x)= f_hc dt e —io* tr[Gﬁ.(t;x,x)yOGE( —1;x,x)7°]
= fjw -42-9; tr[ F2 (0 +0";x)y°F8 (0';x)7°] .

(2.17

Thus, except for the factor (E +w |m (0) | E ) intrinsic to
the property of the detector, the transition rate is charac-
terized by F& (0,x) and F? (w,x).

From Eq. (2.14) and the definition of F£ and F4,

F8(w;x)
=FB (0;x)3F8 (w;x) ,
Ff(w;x) + + (2.18)
we obtain
FA (00 = —g— [~ Fé(@ix)] (2.192)
_ 1 B(,..
= B 1 Fi(w;x) . (2.19b)

So far we have only made use of the KMS condition, Eq.
(2.11). Thus Eqgs. (2.19a) and (2.19b) hold irrespectively of
whether ¢ is bosonic or fermionic. However, these equa-
tions alone are not enough to determine F# and F? com-
pletely and, thus, the response of the detector, since the
dependence of neither F£ nor F£ on the temperature 8!
is known.

It is at this point that the statistical property of the
field ¢ becomes relevant. First we consider the case when
the field is free. When the field ¢ is bosonic (fermionic),
the (anti)commutator between ¢’s is a ¢ number and Gg
( Gf ) is independent of the temperature,

Gg(x,y>=%Trge-ﬂﬂ[cﬁ(x),w(y)]_}

=[¢(x),8"»]_
= Gc(x,y) (boson), (2.20a)
GB(x,y)=G 4(x,y) (fermion), (2.20b)

and so are their Fourier transforms, Fg(a);x) and
F8(w;x). Thus we obtain

1
Bo_ 1

[—Fclw;x)] (boson) ,

(3]

Fi (03%)= @.21)

eﬁml+1 F 4(w;x) (fermion) .

When the field is interacting, Eqgs. (2.20a) and (2.20b)
do not hold since the (anti)commutator of ¢’s is no more a
c number. This is natural since it is the response function
of the Lehmann-Symanzik-Zimmermann (LSZ) asymptot-
ic field that should satisfy Eq. (2.21).

III. SEWELL’S THEOREM

In this section the intuitive explanation of Sewell’s
theorem* is given by extending the argument in Ref. 8. It
does not matter whether the particles are interacting or
free. For simplicity the KMS condition of the two-point
function is discussed, although extension of the proof to
n-point functions is straightforward.

To describe the motion of a uniformly accelerating
detector in the d-dimensional Minkowski space, it is con-
venient to employ the so-called Rindler coordinates

(1,0,%2,X3, - . . ,X4_1), satisfying
xo=psinhan, x,=pcoshan, (3.1)
where (xg,Xy, . . . ,X4_) are the usual Minkowski coordi-
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nates. In these coordinates the trajectory of the observer
moving in the x, direction with a uniform acceleration a
is given by p=1/a, x,=x3= -+ =x4_;=0. The Min-
kowski metric written in terms of the Rindler coordinates
is

ds*=a’p*dn*—dp*—dx® . (3.2)

Thus 7 is the Killing coordinate.

Since we want to know the response of the detector to
the Minkowski vacuum, the propagator to be considered
is

GR [(0,0,%);(0',0',x)]1=4, (0| 6(x)$T(x") | 0) 4 , (3.3)

where |0),, is the usual Minkowski vacuum and x
represents the coordinates (x,,...,xy_;) transverse to
the detector motion. Propagators G®, G&, and G% are
defined in the same way.

Since the dependence of the propagators G, on p and 7
is only through the Minkowski coordinates x,, x;, X,
and x} as in Eq. (3.3), their analytic continuation
YRz2,2';(p,x),(p',x')] is periodic in z and z":

IRz 4+ —%Ei,z’;(p,x),(p’,x’)

=GR

22+ 255, 3),(p',x)
=GR(2,2'5(0,%),(p’,x)] . (3.4)

Since we are concerned only with the detection by the
accelerating observer, the propagator will be evaluated on
its trajectory, p=p’=1/a and x=x'=0. In this case the
local Lorentz frame natural to the observer is the one Fer-
mi transported’ along its trajectory. To take this local
Lorentz rotation into account, we define propagators

A

G R(n,m";a) from GR(n,7m';a) by pulling their spinorial
indices with respect to the local frame at % and 5’ back
along the trajectory to that at some reference point 7, as

G Rm,m';a) =A(n,no;a)Gf(n,n’;a)AT(n‘,no;a) , (3.5)

where A(7,,7,;a) is the matrix representing the rotation
of the local Lorentz frame induced by the Fermi transpor-
tation along 7;— 1, on the trajectory.

The rotation matrix A(7,,1,;a) can also be continued
analytically to complex 7, and 7,. As can be seen from
Eq. (3.1) or Eq. (3.2), the translation n—%+(27/a)i cor-
responds to 27 rotation in Euclidean (ixy,x;) plane.
Therefore

A 17+2—:-i,17’;a =A 17,77'+—2::Li;a

=(—)5A(n,m5a), (3.6)

where S is the spin of the field ¢.
Combining this equation with Eq. (3.4) gives

GR|z +2£i,z’;a =9k z,z’+2—7ri;a
a a
_ +%R(z,2";a) (integral spin) ,
—%R(z,2";a) (half-integral spin) ,
(3.7)
where

g R(z,2";a) EA(z,zo;a)9R(z,z’;a)Af(z’,zo;a) . (3.8)

Let us elaborate more on the  and 7’ dependence of
GR(x=+,—,C,4) and the z and 2z’ dependence of GR
The global translation n—m+8n,7'—n'+8n corre-
sponds to the Lorentz boost in the rest frame since the ob-
server is uniformly accelerating. The Minkowski vacuum,
on which two-point functions are evaluated, is invariant
under the Lorentz boost, and the rotation in spinor indices
caused by this transformation is compensated by the ma-
trix A(n,m5a) in Eq. (3.5). Therefore G X(7,7;a) de-
pends on 1 and %' only through their difference,
T=n—7"

G f=6 Rr=n—n%a),
GR_GRE=770),

Now & R given by Eq. (3.8) is the analytic continuation
of G% in 7, and Eq. (3.7) becomes

(3.9)

+ % R(&a) (integral spin) ,
-8 R(&;a) (half-integral spin) .

ZR

21 .
~—ia
§+ 2

(3.10

Provided the relation between spin and statistic holds, this
equation just gives the KMS condition, Eq. (2.12). Exten-
sion of this result to n-point functions is straightfor-
ward. Thus the accelerating detector finds itself in the
“thermal” state.

IV. PARTICLE SPECTRA AND THE HUYGENS
PRINCIPLE

As we have seen in Sec. II, the KMS condition itself is
not enough to determine the temperature dependence of
the detector response function. The observed spectrum is
not the direct consequence of the “thermality” of the
state.

Following the derivation of Egs. (2.19a) and (2.19b), the
Fourier transforms FR(w;a,d) of the propagators GR
(* =+,—,C,A) in d dimensions satisfy

FR (w;a,d)= [—F&(w;a,d)] (4.1a)
ex 2—”:0 —1
P a
= PRad (4.1b)
ex 2—7Ta) +1
P a
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because of the KMS property of G and G ®. Since the
dependence of neither F&(w;a,d) nor FX(w;a,d) on the
acceleration a is given so far, these equations alone tell
nothing about the shape of the observed particle spectrum.
Before discussing the general case, let us consider free
massless particles in d spacetime dimensions. Since the
theory contams no dimensionful parameter, the two-point
function G® should be proportional to (L'P)1=4/2 for a
bosonic ﬁeld where L? is the square distance between
the two points. Therefore GX analytlcally continued to
complex 7 has a branch cut at L ) <0 (timelike distance,
i.e., 70 along the observer’s trajectory) when d is odd,

G R(ryiea)=—F K

and when d is even, this cut reduces to a pole at L'?’=0
(lightlike distance, i.e., 7=0 on the trajectory):

G Rrtiea)=% Rr—iea) (d

(r—ie;a) (d: odd, 750) (4.2a)

: even, 740) . (4.2b)

The two-point function of a spinor field must have the
same analytical properties as that of a scalar field since
the former is given by differentiating the latter.

Combining these equations with Egs. (2.6a) and (2.6b),
we find

A R (—)G R(r;a) (scalar) ,
Gi(na)= 4.3)

(—)¥+'G R (r;a) (spinor)
for 720, or equivalently
G Ié(r;a)zo (d: even, scalar; d: odd, spinor) ,
(4.42)
G ﬁ('r;a)=0 (d: odd, scalar; d:* even, spinor)
(4.4b)

for 740 (Figs. 4 and 5).
In general, if a function f(x) has its support only at

even odd

even odd

FIG. 4. Supports of the propagators of a massless scalar; G¢
in even dimensions and G, in odd dimensions are nonvanishing
only on the light cones while the support of G¢ in odd dimen-
sions extends to the timelike regions and that of G, in even di-
mensions to the whole Minkowski spacetime.

even odd

even odd

FIG. 5. Supports of propagators of a massless spinor; G4 in
even dimensions and G¢ in odd dimensions are nonvanishing
only on the light cones while the support of G, in odd dimen-
sions extends to the timelike regions and that of G¢ in even di-
mensions to the whole Minkowski spacetime.

x =0, f(x) is given as a finite sum of derivatives of
the delta functlon 8(x), and its Fourier transform

® dx e~*f(x) is a finite polynomial in k. Thus we
can expect that FE (F%) for a massless scalar in even
(odd) dimensions and for a massless spinor in odd (even)
dimensions is a finite polynomial in . In fact, it is prov-
en in the Appendix that, in the above-mentioned situa-
tions, F& (F%) for a scalar is a polynomial of degree
(d —3) in w and, especially when d =2, 3, and 4, it is a
monomial in  and independent of the acceleration a.
Therefore, in two or four dimensions, F& is independent
of a and FX shows the standard Planck spectrum with
temperature B~ '=a /2w, whereas, in three dlmensmns, it
is FR that becomes independent of a and FR 1 gives the
Fermi-Dirac distribution reproducing the results in Refs.
6 and 7. For d >S5, depending on whether d is even or
odd, FR deviates from the Planck or the Fermi-Dirac
spectrum by a factor of an even polynomial of degree
(d —4) or (d —3) in a. It is also shown in the Appendix
that, when d is even [odd], F{(w;a,d) [ F&(w;a,d)] for a
massless spinor is proportional to FR(w;a,d +1)
[ F&(w;a,d 4 1)] for a massless scalar. Combining this re-
sult with Egs. (4.1a) and (4.1b), one can see that F} for a
massless spinor in d dimensions is proportional to that for a
massless scalar in (d+1) dimensions. This means that,
especially in two dimensions, FR for a massless spinor is
the standard Fermi-Dirac distribution while, in three di-
mensions, it is the Planck type. Although F ﬁ deviates
from both the Planck and the Fermi-Dirac spectra for
d >S5 when ¢ is a scalar and for d >4 when ¢ is a spinor,
the above italicized statement suggests that the inter-
change of the two types of the spectra is the persisting
feature in arbitrary odd dimensions.

These results do not contradict the general theorem by
Sewell explained in the preceding section. On the con-
trary, as we have seen so far, they are derived from this
theorem combined with the value of the commutator and
the anticommutator of ¢’s in the timelike regions. The
cause of the interchanging of the two types of spectra in
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odd dimensions is that the expectation values of the
anticommutator of a massless scalar and the commutator
of a massless spinor vanish if the two points are in the
timelike distance. On the other hand, in even dimensions
particles obey the standard thermal distributions: the ex-
pectation value of the commutator of a scalar (the an-
ticommutator of a spinor) vanishes in the timelike regions.

The significance of the Huygens principle is the follow-
ing. In ordinary quantum field theories at finite tempera-
ture, the response of the detector is characterized by the
standard Planck or Fermi-Dirac distribution irrespectively
of the Huygens ;Jrinciple as explained in Sec. II. The
point is that G (G%) is independent of B when the
(anti)commutator between fields is a ¢ number.

In the case of the accelerating detector, the situation is
different since, even if the (anti)commutator is a ¢ num-
ber, the propagator G& (GZX), which has originally been a
function of (xy,x,x) and (x4,x,x’), depends on the ac-
celeration a through the coordinate transformation, Eq.
(3.1), when expressed in terms of the Rindler coordinates.
This a dependence of 6’5 (G R) or equivalently that of
FB (F%) in general changes the shape of the spectrum.
When the Huygens principle holds, the dependence of F&
(FR) on a is at most polynomial and, especially when
d <428, this dependence vanishes.

It is also pointed out in Ref. 6 that the response func-
tion of a massive field also deviates significantly from the
standard thermal spectrum. This phenomenon can be ex-
plained in just the same way as the above. The reason for
this deviation is that the propagator of a massive field has
its support on timelike regions as well as on a light cone,
and the Huygens principle fails to hold.

Thus it is concluded that, although the “thermality” of
the state is guaranteed by the general theorem, this does
not mean that the accelerating observer detects particles in
their standard thermal distributions unless the Huygens
principle holds.'®

V. PHYSICAL INTERPRETATIONS

In the preceding section the response function of the ac-
celerating detector is evaluated in the usual Minkowski
vacuum. On the other hand, it is possible to consider the
same detector embedded in the thermal bath with a tem-
perature 8~ !. In this case the thermal bath itself must be
accelerated along with the detector. This means that the
density matrix describing the system should be e H",
where H, is the generator of the translation along the
observer’s trajectory, rather than e~ 7t with H, being the
ordinary Hamiltonian of the rest frame.

Following the arguments in Sec. II, the response func-
tion of the detector in the thermal bath, F fcﬂ(a);a), is ob-
tained as

eBwl_l [—F&(w;a)] (boson) ,

1 (5.1)
Ao ] FX(w;a) (fermion) ,

FRB(w;a)=
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since 7 is a timelike Killing coordinate as well as the
proper time of the observer [see Eq. (2.21)]. Comparing
this equation with Egs. (4.1a) and (4.1b), we find

FR (0;a)=FRB=2"/3(y;q) , (5.2)
which means that the observer cannot tell whether it is in
the Minkowski vacuum or in the thermal bath with
B=2m/a. This relation holds irrespectively of dimension
of the spacetime, spin and mass of the particle, and type
of interactions. Of course this has been assured from the
outset by the general theorem of Sewell.

The apparent discrepancy between the “thermality” of
the state and the shape of the spectrum can be resolved if
one carefully discriminates the two different components
of the spectrum both of which depend on the acceleration
a. The first one is the prefactor of the RHS of Eq. (4.1a)
[Eq. (4.1b)], which results from the thermal nature of the
state of a bosonic [fermionic] field, and the second one is
the Fourier transform of the [antilcommutator, F&(w;a)
[ FR(w;a)], which gives the density of modes at the fre-
quency.

As we have seen, the response of the accelerating detec-
tor is, in general, not that of the detector at rest in a
thermal bath. This is because the density of modes at the
freﬁuency and at the position of the detector, F&(w;a)
[F4(w;a)], is different from that of the system at rest,
FY(») [F¥(w)]. Under the uniform acceleration, the rate
of the red-shift and the blue-shift are continuously in-
creasing. This causes the shift of energy levels and the
density of modes suffers a change.

Evaluation of the response function in de Sitter space
and Schwarzschild space is parallel to that described in
Sec. IV. When the field is massless and its coupling to the
gravitational field is conformally invariant, these calcula-
tions become especially simple since the dimensional argu-
ment can be employed. The apparent interchanging of
statistics is observed'' in the maximally symmetric vacu-
um similarly to the case of the accelerating observer in the
Minkowski vacuum.

In these cases the presence of the gravitational field af-
fects the distribution of the thermalized particles. For ex-
ample, in the case of Schwarzschild space, there is a
strong potential barrier near the horizon. Particles with
high energies can easily penetrate this barrier, while those
with low energies are reflected there. Thus, the spectrum
of particles radiated from the black hole is multiplied by
the transmission coefficient depending on the energy of
the observed particle. This factor causes the deviation of
the spectrum from the standard thermal one.

This does not contradict the thermal property of the
black hole. Since the transmission coefficient is recipro-
cal, the equilibrium would be attained if the black hole
were embedded in the thermal bath.

We could have explained the phenomenon seen from
the accelerating detector in the same way. This detector is
equivalent to the one in the constant gravitational field.
In this case the thermalized particles created near the ap-
parent horizon lose their energies while climbing up the
slope of the gravitational potential. This process, in gen-
eral, changes the shape of the spectrum.
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APPENDIX

Here we evaluate the Fourier transforms of propagators
whose support is only on the light cones, i.e., G& (G§)
when the field ¢(x) is a massless scalar and d is even
(odd) or when ¢(x) is a massless spinor and d is odd
(even). Let us first consider the case when ¢(x) is a scalar.
Since the square distance L‘? between the two points on
the detector’s trajectory is given by
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L= %sinh( lan| (A1)

it readily follows from the dimension counting that a sca-
lar propagator with its support on the light cones is pro-
portional to 8¢ ~3)((2/a) sinh(3a7)) with the convention

8~ V(x)=5[0(x)—6(—x)] . (A2)
Noticing that

(n) — 1 __d_ ! 1 s A

8'"(f(x)) llf’<x>'l i ] (x)| (A3

and sinh(x) is odd in x, one can see that
8'9=3((2/a) sinh(5a7)) can be expanded as

(A4)

8'~V(r) (d=2),
(d—3)/2 d—3—2na(2n)
Cina? 3282 (1) (d: odd >3),
84— 3sinh(%a'r) = ,,§0 n
a (d—4)/2
Cyna? 4=+ (r) (d: even >4),
n=0

where the expansion coefficients C,, are numerical constants independent of a and 7. Thus their Fourier transforms

with respect to T are

1
— (d=2),
lw
(d—3)/2
T —iorg(d —3) 2 . 1 C, d
f dre L3} =sinh(7ar7) | = d,nd
— o a n=0
(d—4)/2
n=0

They are polynomials of degree (d —3) in w and, especial-
ly when d =2, 3, and 4, they reduce to monomials
(iw)? 3 and independent of a.

In Minkowski spacetime, the propagators G, and G _
for a massless spinor is given by operating iy#d, on the
corresponding scalar propagators. Taking into account
the local Lorentz rotation along the trajectory, one can see
that, for a massless spinor, GX (G&) in even (odd) dimen-
sions are proportional to 8¢ ~2)((2/a)sinh(+a7)) times a
unit matrix for spinorial indices.

To summarize, we have obtained the following results

=3y (d: odd >3),

(A5)

Cyna? 41— iw™+! (d: even >4).

[

concerning the Fourier transforms FZ and F{ of G& and
G% in d dimensions.

(1) When d is even [odd], FX(w;a,d) [ FA(w;a,d)] for
a massless spinor is proportional to FX(w;a,d +1)
[ FR(w;a,d +1)] for a massless scalar.

(2) For a massless scalar, F& (F£) in even (odd) dimen-
sions is a polynomial of degree (d —3) in and, especially
when d <4, it is independent of a. Thus, for a massless
spinor, F& (F&) in even (odd) dimension is independent of
a for d <3.

*Present address: Department of Physics, Faculty of Science,
University of Tokyo, Bunkyo-ku, Tokyo 113, Japan.

1S. W. Hawking, Nature (London) 248, 30 (1974).

2For reviews, see D. W. Sciama, P. Candelas, and D. Deutsch,
Adv. Phys. 30, 327 (1981); N. D. Birrell and P. C. W. Davies,
Quantum Fields in Curved Space (Cambridge University
Press, Cambridge, England, 1982); S. A. Fulling and S. N. M.
Ruijsenaars, Phys. Rep. (to be published), and references
therein.

3W. G. Unruh, Phys. Rev. D 14, 870 (1976).

4G. L. Sewell, Ann. Phys. (N.Y.) 141, 201 (1982); see also W. G.
Unruh and N. Weiss, Phys. Rev. D 29, 1656 (1984).

50. Bratteli and D. W. Robinson, Operator Algebras and Quan-
tum Statistical Mechanics I, II (Springer, New York, 1981).

6S. Takagi, Prog. Theor. Phys. 74, 142 (1985).

7C. R. Stephens, University of Maryland report, 1985 (unpub-
lished).

8G. W. Gibbons and M. J. Perry, Proc. R. Soc. London A358,
467 (1978); S. M. Christensen and M. J. Duff, Nucl. Phys.
B146, 11 (1978).



3580 HIROSI OOGURI 33

9See, for example, S. W. Hawking and G. F. R. Ellis, The Large emitted particle. This approximation, however, is not applic-
Scale Structure of Spacetime (Cambridge University Press, able in odd dimensions because of the lack of the Huygens
Cambridge, England, 1973). principle.

101t would be worthwhile to note here that, in the original paper The author is informed by S. Takagi that he has also found
of the black-hole radiation, Hawking has made use of the op- this phenomenon in de Sitter space. See S. Takagi, Prog.

tical approximation to derive the Planck spectrum of the Theor. Phys. 47, 501 (1985); 47, 1219 (1985).



even odd

even odd

FIG. 4. Supports of the propagators of a massless scalar; G¢
in even dimensions and G, in odd dimensions are nonvanishing
only on the light cones while the support of G¢ in odd dimen-
sions extends to the timelike regions and that of G, in even di-
mensions to the whole Minkowski spacetime.
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even odd

FIG. 5. Supports of propagators of a massless spinor; G4 in
even dimensions and G¢ in odd dimensions are nonvanishing
only on the light cones while the support of G4 in odd dimen-
sions extends to the timelike regions and that of G in even di-
mensions to the whole Minkowski spacetime.



