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It is shown that the positive ‘‘bosonic’’ and ‘‘fermionic’’ bound-state spectra in spherically symmetric su-
persymmetric (SUSY) quantum mechanics are degenerate if and only if the superpotential W (r) satisfies
d=lim, . or|W(r)|20.5. Also, if 5 < 0.5, then SUSY is broken.

Recently, Roy and Roychoudhury! constructed two exam-
ples which violate the standard expectation of degeneracy of
bound-state energy levels between two supersymmetric part-
ner potentials ¥ +.%> Both their examples are equivalent to
the consideration of the supersymmetric quantum mechan-
ics of the s-wave reduced radial Schrédinger equation in
three spatial dimensions, where all wave functions are re-
quired to vanish at the origin. The ‘‘bosonic’”’ and ‘‘fer-
mionic>> potentials ¥ +(r) are generated from the su-
perpotential w(r) in the usual manner:
V4(r)=W2(r) W (r). For the choices W(r)=pur and
W(r)= A tanh(r), it was found' that the spectra of V.
and V_ were nondegenerate. In this Comment, we first
give a simple qualitative understanding of these (and simi-
lar) phenomena and then determine precise conditions on
W (r) under which nondegeneracy occurs.

We denote the reduced radial Hamiltonians for the poten-
tials ¥+ (r) by H+. In terms of the operators Qi = Fd/
dr+Ww(r) we have H+=0%¥Q0F=—d¥dr*+V4+(r)
(note that we have taken #=2m=1). The potentials
V +(r) represent the complete effective potentials for the
partner Schrodinger equations: i.e.,

Valr)=I1+U++1)/r+ f/i(r) .

The spectra of H + are positive semidefinite, and if either of
H + possesses a zero-energy bound state then we say that
supersymmetry (SUSY) is unbroken; otherwise SUSY is
spontaneously broken?3 The standard ‘‘degeneracy
theorem”’ states that H + have identical spectra except for
possible zero-energy states. The usual proof goes as fol-
lows. If % is an eigenstate of H, with eigenvalue E, > 0,
ie, Hyy  =Eu,, then O™y, is an eigenstate of H_
with the same eigenvalue:

H—(Q_“‘n+)=Q_Q+Q_'J’n+=Q_H+d’n+=En(Q—¢’n+)

(note that this construction does not work if £, =0 since
Q~ ¢, =0 for this case). This proof implicitly assumes that
if ¢, satisfies the correct ‘‘physical”” boundary conditions at
r=0 (Ref. 4) and r =0, then so does Q~y, . Indeed, if
gt — 0 as r — oo, then Q™ ¢, does also. Moreover, the
fact that ¢, is normalizable implies that Q ~y," is normaliz-
able. However, this is not always true for the vanishing of
the wave function at the origin. That is, the fact that

4 — 0 (in the proper manner*) as » — 0, does not in gen-
eral force O~ ¢,7 to do so. In fact, the examples of Ref. 1
are an illustration of this possibility. They can be simply
understood in the following manner. Dealing with spheri-
cally symmetric partner potentials ¥ +(r) is equivalent to
use of only half of symmetric one-dimensional SUSY partner
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potentials defined by Vai(x)=Vi+(=x)=Vi(r=x).
Any antisymmetric eigenstate of one of these potentials is
paired in energy with a symmetric eigenstate of the other.
For the potentials ¥V +(r) of Ref. 1, the antisymmetric
states of the ‘‘extended potentials’ ¥ + (x) have ¢, (0) =0
while the symmetric states obey ¢ (0) = C=0. By consider-
ing the spectra of ¥V +(r) we are requiring all acceptable
wave functions to vanish at the origin which corresponds to
ruling out the symmetric states of ¥ + (x) as unphysical for
the spherically symmetric case. Clearly this leads to the
nondegeneracy of the energy levels of V' + (r).

The above discussion suggests the following picture for
general V +(r).

(1) If ¥V +(r) contain terms as r — 0 which are ‘‘singular
enough’ so as to force all normalizable solutions of the ex-
tended potentials ¥ +(x) to vanish (fast enough*) at the
origin, then the ‘‘half-potentials’® ¥ + (r) will maintain de-
generacy.

(2) If neither V + (r) contain terms which are sufficiently
singular near r =0 to force all normalizable solutions of ei-
ther V +(x) to vanish at the origin, then all even wave
functions of ¥ + (x) will go to a nonzero constant as x — 0
and hence are unacceptable as physical states of V +(r)
(such as for the potentials of Ref. 1). As a result, the de-
generacy theorem will not hold for the spherically sym-
metric case. Also, since the ground states of V +(x) are
even and we have £20, V+(r) have no physical zero-
energy states (i.e., SUSY is broken).

We will find that these two cases do not exhaust all possi-
bilities for partner potentials ¥ +(r). One more situation
must be considered.

(3) V+(r) are such that two small-x behaviors are al-
lowed for the normalizable solutions of ¥ +(x), both of
which make them vanish as x — 0. However, only one of
these is acceptable for physical states of V + (r).*° Here we
have no way of knowing which behavior belongs to even
states and which to odd states of ¥, (x) and V_(x). Two
situations can occur.

(a) The unacceptable solutions of one potential are paired
in energy with the acceptable solutions of the other. This is
similar to situation (2) above. For V 4+ (r), the degeneracy
theorem does not hold and SUSY is broken.®

(b) The unacceptable solutions of both potentials are
paired in energy. Clearly the degeneracy theorem holds for
V(r).

We now state precise theorems concerning the superpo-
tential W (r) which determine nondegeneracy and SUSY
breaking, i.e., which quantify terms used above, such as
‘‘singular enough.”

Theorem 1. A necessary and sufficient condition for the
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degeneracy theorem to hold in spherically symmetric SUSY
quantum mechanics is

8=lin})r|W(r)|ZO~5

Theorem 2. If 8 < 0.5, then there is no physical zero-
energy state of H, or H_ (SUSY is broken).

A trivial corollary of Theorems 1 and 2 follows.

Corollary. 1If SUSY is unbroken (i.e., there exists a physi-
cal E =0 state), then the degeneracy theorem holds.

The proof of the above theorems is based on examining
the behavior of y," and Q ¢, as r — 0 (since, as previous-
ly mentioned, nothing goes wrong at large r). Since this
proof is rather tedious for general W (r), we illustrate the
ideas for the case where W(r)—~Ar’(1+Br¢+ ---),
e>0,asr— 0.

Proof of Theorem 1.

Part I. Necessity.

5= lirr})r|W(r)!= ]in})|A |rp*t

We want to show that if y," is any physical eigenstate of
H: (Hyy, =E,p,}) and §<0.5, then Q "y, is not a
physical eigenstate of H_. Note that this actually proves
the stronger statement: If § < 0.5, then the spectra of H +
are completely nondegenerate.

Casel. =0 (p > —1).

This case contains an infinite class of problems similar to
those in Ref. 1 [corresponding to situation (2) above]. For
such a problem ," ~Cr as r— 0. Then Q~y, =dy,/
dr + Wy, goes to C as r — 0 and is not an acceptable state
of H_.

Casell. 0<8<05(p=—-1,0<|4]<05,8=]4]).

For this case y," ~ r'*4 as r — 0 and Q ~¢," ~ r4, which
is again unacceptable.* This case corresponds to situation
(3)(a) above.

Part 11. Sufficiency.

Here we want to show that if ¢, is any physical eigen-
state of H, and §20.5, then Q™ y," is a physical eigenstate
of H_.

Casel. 0558<o00 (p=—1,8=|4]).

Here ¢, —r'*4 (r=4) as r— 0 for 420.5 (£ -0.5)
and Q~y,F —r* (r'=1), which is acceptable. [6=0.5 and
8> 1 correspond to situation (1), 0.5 < 8 <1 yields situa-
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tion (3)(b).”]

Casell. 8= (p < —1).

Here both y," and Q~y," go to zero as r — 0 faster than
any power of r.®2 (Situation 1.)

This completes the proof of Theorem 1.

Proof of Theorem 2. The zero-energy solutions of H + are

Vo~ exp[ $f’ W(r)dr}

We wish to show that for & < 0.5, neither of these are
physical solutions.

Casel 0<8<05(p=—-1,8=14]).

Here y#—o~ r ¥4 both of which are not acceptable. [Sit-
uation (3)(a).]

CaseIl. =0 (p > —1).

Both ¢5i=o go to nonzero constants as r — 0 and hence
are unacceptable. (Situation 2.)

This completes the proof of Theorem 2. We can also
show that if §20.5, then one of qhgio is acceptable as
r— 0. However, we cannot conclude from this that there
exists a physical zero-energy state since we do not know
about the behavior of ys— at large r.

It should be noted here that for most problems of interest
one wishes to generate potentials (which we take to be bo-
sonic) of the form

Vi(r)=1+1)/rP+V(r) (I=01,2,...) ,

with ¥ (r) satisfying lim,— o2V (r) =0, and study their fer-
mionic partners. In such cases, the only choices for the
behavior of the superpotential W(r) as r— 0 are
W(r)~—(+1)/ror +!/r. Theorem 1 tells us that we
are assured degeneracy of the bosonic and fermionic spectra
regardless of which choice we make except for the case
! =0, where in order to get degeneracy we must choose the
former behavior.>1°
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physical ground-state wave function g, of a given Hamiltonian such systems, one is assured that the degeneracy theorem holds
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