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We show that a Rayleigh-Schrédinger-type perturbation theory for an anharmonic oscillator can be de-
veloped by suitable modification of the results of Hsue and Chern. Energy eigenvalues up to third order
are calculated. The results show a distinct improvement over the results of standard perturbation theory.

Recently, Hsue and Chern' have developed an elegant
method to determine accurate energy eigenvalues for an
anharmonic oscillator. Unfortunately, their final results can
only be obtained numerically. Here we show that with suit-
able manipulation their results can be used to develop a
Rayleigh-Schrodinger-type perturbation theory.

Hsue and Chern start with the Hamiltonian given by

H=%p*+5x*+ax* §))

which, in terms of creation and annihilation operators a’
and a, becomes

H=a'a+5+4xa+a")* . (2a)
By defining a new ground state
[wo) =exp(F1a')|0) , (2b)

and a new set of creation and annihilation operators 5" and
b given by

(a'—ta)

b = 3)
(a—1')

b= @

TABLE 1. Energy levels of an anharmonic oscillator. The first
line of entry is our results. The other two lines are reproduced

with

blyo) =0 Q)
and

bo'1=1, (6)
the Hamiltonian was rewritten in terms of b and 4’ and the

ground-state energy was obtained by taking the variation of
t. The final results are

2

EO=_li_3.W__ ) (7

8w
+ A 4.
H=Eo+wbb+—5:(b+b)" , ®
4w

where : : stands for normal ordering and w is given by the
equation

w—wl+61=0 . 9

TABLE II. Contributions to energy levels from different orders
of perturbation theory. The last line of entry is the results of a nor-
mal perturbation calculation for the ground-state energy.

! h Zeroth First Second Third
from Table I of Ref. 1 and represent the results from the diagonali- order order order order Total
zation of a 19x 19 Hamiltonian matrix and the exact values, respec-
tively. W, 05603075 0.0 -0.0011071 0.0 0.5592003
W, 1.7815041 0.0 —0.0137469 0.0024918 1.770249
Wo i w2 s W W, 32038646 0.0 —0.0757267 0.0132561  3.1413940
0.5592003  1.7702490 3.1413940 4.6503533  6.2776700 W, 48273889 00 02304041 0.0533698 46303533
: : : : : W, 6.6520770 0.0 —0.4944862 0.1200792 6.277670
0.55914633 1.7695026  3.138624 4.628 83 6.22030 Wy 0.50 0.075  —0.02625 0.02081 0.569 56
0.55914633 1.7695026  3.138624 4.628 833 6.22030 (Ref. 2)
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Hsue and Chern constructed excited states as
o'
() =—n-,|dlo> (10)

and constructed H,,, the matrix elements of the Hamiltoni-
an. By truncating the matrix, n,m <N for different N
values and diagonalizing by numerical methods they ob-
tained the energy eigenvalues.

To develop a Rayleigh-Schrédinger-type perturbation
theory we rewrite Eq. (8) as

H=H,+H' |, (11)
with
Ho=Eo+wb'd +—23wi2b*2b2 , (12)
H’=4—)‘7(b“+b4+4b”b +4b'0%) . (13)
w

It happens that |y,) are exact eigenfunctions of Hy:

Holyn) = E, W) . (14)

E,,=Eo+nw+3—)‘zn(n—l) . 15)
2w
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The matrix elements of H' are

(n=2|H'|n) = (n|H'|n-2) =%[n(n—l)]”2(n—2) ,

(16)

(n—41H|n) = (n H'|n = 4)
=4;2[n(n—1)(n—2)(,,_3)]1/2 ‘ an
with all other matrix elements being zero. With E, and

|@n) as unperturbed energy eigenvalues and eigenfunctions,
respectively, we carry out the perturbation calculation.
Results for A=0.1 up to third order are given in Table I and
are compared with the results of Hsue and Chern.
Although the results are not as good as those of Hsue and
Chern we have the advantage that the results are obtained
in analytic form and can be used in actual cases of physical
interest.

In Table II the contributions to the energy levels are
given separately up to third order. The convergence seems
to be good. The last line of entry is the results of a normal
perturbation calculation® and is given for comparison.
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