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We sho~ that a Rayleigh-Schrodinger-type perturbation theory for an anharmonic oscillator can be de-

veloped by suitable modification of the results of Hsue and Chem. Energy eigenvalues up to third order

are calculated. The results show a distinct improvement over the results of standard perturbation theory.

Recently, Hsue and Chem' have developed an elegant
method to determine accurate energy eigenvalues for an
anharmonic oscillator. Unfortunately, their final results can
only be obtained numerically. Here we show that with suit-
able manipulation their results can be used to develop a
Rayleigh-Schrodinger-type perturbation theory.

Hsue and Chem start with the Hamiltonian given by

with

and

b lyo) =o

[bb ]=1 (6)

0~ ~P +~X +~X

which, in terms of creation and annihilation operators a
and a, becomes

the Hamiltonian was rewritten in terms of b and b and the
ground-state energy was obtained by taking the variation of
t. The final results are

H= a a +~+7)j(a +a ) (2a)

By defining a new ground state

lyo) = exp(~ta") lo) (2b) H=Eo+wb b+ 2:(b+b ):
4w

(8)

and a new set of creation and annihilation operators b and
b given by

(a' —ta )b () —tl )lt2

(a —ta')
(1—t2) t/2

TABLE I. Energy levels of an anharmonic oscillator. The first
line of entry is our results. The other t~o lines are reproduced
from Table I of Ref. 1 and represent the results from the diagonali-
zation of a 19X19Hamiltonian matrix and the exact values, respec-
tively.

0.559 200 3 1.7 IO 249 0 3.141 394 0 4.650 353 3 6.277 670 0

TABLE II. Contributions to energy levels from different orders
of perturbation theory. The last line of entry is the results of a nor-
mal perturbation calculation for the ground-state energy.
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~here:: stands for normal ordering and w is given by the
equation

~ —~3+6~= 0

0.559 146 33
0.559 146 33

1.769 502 6 3.138 624
1.769 502 6 3.138624
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4.628 833

6.220 30
6.220 30

wo 0.50
(Ref. 2}

0.075 —0.026 25 0.020 81 0.569 56
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Hsue and Chem constructed excited states as

ptn

, 140)

and constructed H„, the matrix elements of the Hamiltoni-
an. By truncating the matrix, n, m «N for different N
values and diagonalizing by numerical methods they ob-
tained the energy eigenvalues.

To develop a Rayleigh-Schrodinger-type perturbation
theory we rewrite Eq. (8) as

The matrix elements of H' are

(n —2IH'In) = (n IH'In —2) = " [n(n —I)]'~ (n —2)
W

(n -4(H'(n) = (n (H'[n —4)

[n (n —I ) (n —2) (n —3)]'i',
4w~

with

H =Ho+H

~b t$ + 3~ Qt2$2
2N

H'- ~ (b"+u'+4it3~+4I't') .
4m~

It happens that ~p„) are exact eigenfunctions of Ho.'

Ho ly. ) -E.le.&,

E„=EO+nw+
z n(n —I)3X

2K

(12)

(i4)

with all other matrix elements being zero. With E„and
~P„) as unperturbed energy eigenvalues and eigenfunctions,
respectively, we carry out the perturbation calculation.
Results for A. = 0.1 up to third order are given in Table I and
are compared with the results of Hsue and Chem.
Although the results are not as good as those of Hsue and
Chem we have the advantage that the results are obtained
in analytic form and can be used in actual cases of physical
interest.

In Table II the contributions to the energy levels are
given separately up to third order. The convergence seems
to be good. The last line of entry is the results of a normal
perturbation calculation and is given for comparison.
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