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I present a set of simple prescriptions for calculating the dimensions of the irreducible representations of
E¢ and for reducing Kronecker products, using diagrams in parallel to the Young-tableau method for SU(n)

groups.

The exceptional group E¢ has been considered by many
authors as a candidate for the grand-unifying gauge group.'
It has many attractive features such as no anomaly, left-
right symmetry, and more room for explaining the mass re-
lations between fermions.? Recently, it looks as if Eg is
‘‘the grand-unifying group’’ if one believes in superstring
theories,” whose attractive features include anomaly cancel-
lation, finiteness, and incorporation of quantum gravity. In
any case, E¢ is currently of great interest. But finding out
the irreducible representations and carrying out the reduc-
tion of the Kronecker products, which is most required for
model building, is not easy. Although there are tables*
which one can refer to, our motivation here is not to
depend on the tables, but to be able to do calculations from
a given set of simple rules and to go beyond the limit of the
tables. There have been discussions in the literature’ about
different methods of calculations, but all of them are diffi-
cult and time consuming. In Eg there are six independent
Casimir invariants, and obviously to establish a set of sys-
tematic Young-tableau rules like the ones for SU(n) groups
is exceptionally difficult. What we would like to present
here is a set of simple rules which might make this task
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E¢ is a rank-6 group with 78 generators. Its Dynkin dia-
gram is given in Fig. 1. The 36 positive roots are listed in
Table 1. In the Dynkin basis each irreducible representation
(irrep) can be represented by a set of six non-negative in-
tegers A = (a,a,a3a4asas) called the highest weight of the
irrep, and the dimension of the irrep is given by the rela-
tion®

NA)= TI

all the
positive roots

where 8= (111111), the brackets denote scalar products,
and the metric which goes into the scalar product is given in
Table II. The actual calculation by hand is cumbersome.
Even for simple irreps like Ay;= (100000) one has to first
calculate 36 factors and then multiply them together.

What we propose here is to replace each irrep by a dia-
gram similar to a Young tableau; namely, we will put an q;
number of i-box columns with numbers of boxes in a
column decreasing to the right. We will then find out the
number of boxes in row j=1/'. Add (7—) to the number
of boxes in the row j. Let us call that quantity /;. Then in
terms of /; the expression for the dimension of irrep A is
given by

(A +8,(1,‘)

(8, a;) ’ (1)

(I;+Ij+[k—l4—[5)x(11+/2+l3+16_14—15)

i<j<k=12136 (2)

(the same factors with //=0)

A critical reader would immediately ask: What good is such
a formula? After all, it is the same equation written in a
different form. But a little thought will convince him that
once one does some practice with Eq. (2) one will not need
to calculate all the 36 factors. Equation (2) is much nicer to
handle than Eq. (1). We will give an example here to clari-
fy our point.

Consider the evaluation of N for the irrep (100000). For
this irrep /s and /’s are given as (100000) and (754 321),

o

FIG. 1. Dynkin diagram for Eg.
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(the same factors with //=0)

—
respectively. To calculate the dimension of this irrep one
has to find out only the factors which contain /; because
other factors will cancel both in the numerator and denomi-
nator. And one notices that for the factors containing /;,
the numerator is one more than the denominator. So one

TABLE 1. Positive roots of E¢ in dynamic basis.

(000001)
(00100-1)
(01-1100)
(1-10100) (010-110)
(=100100) (1-11-110) (0100—10)

(=101-110) (10-1011) (1-110—10)
(=11-1011)(-1010-10) (10—11-11) (10001—-1)
(0-10011) (=11-11-11) (~11001-1) (100—101) (1001—1-1)
(0-101-11)(0-1101-1)(—110—101) (—=1101—-1-1) (101—10-1)
(0—11-101) (0~111-1-1) (00—1110) (~111-10—1) (11—1000)
(00-1002) (0—12-10-1) (00—12-10) (000—120) (—12—1000) (2—10000)
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TABLE II. The metric tensor for the weight space of Eg.

4 5 6 4 2 3
5 10 12 8 4 6
1 6 12 18 12 6 9
4 8 12 10 5 6
2 4 6 5 4 3
3 6 9 6 3 6
can immediately write down

_ 7, 2x3x4x5x6 9 10 8

N (100000) = < x PINEPTET X i X 9 X 7
xg—xixﬁx—!ix-gxlx—l—z-=27 .

8 4 5 10 7 6 1

We hope that the reader will appreciate the simplicity of this
method over the other ones.

Before we proceed to do the decomposition of the
Kronecker products, let us discuss two quantities: namely,
the triality and the Dynkin index. The triality of E¢ has to
do with the congruency classes. All irreps in the product of
two irreps have the same triality which is the sum of the tri-
alities of the initial irreps modulo 3. For Eg the triality is
given by

triality = (@, —a, +a4— as)modulo 3 . 3)

The index is the quantity related to the second Casimir in-
variant. The second Casimir invariant C (A) and the index
I(A) are defined as

C(A)=(A,A+25)

and

Ny

1a)= N (adjoint)

4)
Because of the reflection symmetry of the Dynkin diagram
about the 3-6 root direction, the reality and complexity can
be seen very easily. If the highest weight (a,a,a3a4asa¢) is
invariant under a,= as and a,—— a, then it is a real
representation; if not, it is complex and its conjugate is
given by a;~ a5 and a; a4 and is denoted with a bar on
the top of it.

Now we turn our attention to Kronecker products. No at-
tempt is made here to give a rigorous derivation of the rules
starting from the Casimir invariants. What I would like to
do is to give a set of prescriptions which work for low
dimensions and that is what we need in model building any-
way. Let us consider the following set of rules to multiply
different irreducible representations.

(1) Adding one box: Attach a single box onto the end of
any row (including a row of length zero) in all possible ways
so as to leave an allowed tableau (no column having more
than six boxes and the number of boxes decreasing to the
right).

(2) Adding more than one box: Label the boxes in the
top row a, the next row b, etc. Add each box one by one,
always in a one-box-permissible way, the top row first, then
the second, etc., such that reading from right to left and
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then up to down, the numbers of a boxes encountered =
the number of b boxes = - - -, etc. Two representations
are distinct if a,b,c, . .. labelings differ. No two or more
a’s, b’s, etc. may appear in the same column.

Because we have not explored all the independent Casimir
invariants, it is obvious that we will not get the full story by
these two rules. We further look at the general rule
N X Ny=3N,. If we fall short we look for other irreps as
the outcome of the product. For this we should first try
three ways to find out the candidates for missing irreps: (i)
by taking off a 6-box column altogether from any of the ir-
reps in the product, (ii) by adding a 6-box column to the
left of any irrep in the product, and (iii) by taking off two
boxes by a box being added to any irrep to give allowed tab-
leau. If ambiguity arises, and to find out whether we need
N; or N;, we take advantage of the following rules.

(1) The representation with highest weight A = (a;+ b,
ay+b,, ...,a¢+ bg) must be in the product.

(2) The dimension sum rule

N(RIXR2)=N(R1)N(R2)=EN(R,)
(3) The index sum rule
I(R]XR2)=1(R1)N(R2)+N(R1)[(R2)=EI(Ri) .

At this stage one can do the calculations in two steps. Be-
cause calculation of the index is the most difficult thing in
our scheme, one might like to try satisfying the index rule
approximately to get an approximate idea about what the
representations could be and then do the exact calculation
of the indices to verify. To do the rough calculation one
might use the following approximate empirical relation:

a

N(A)

1(A)~ 27

where a decreases from 1.306 for 78 to 1.176 for 112320
almost monotonically.

(4) Complexity. If two representations are real then all
the products on the right-hand side must be real or will oc-
cur in conjugate pairs. If two are complex then all the out-
comes are complex unless they are conjugates of each other
in which case we get all scalar or conjugate pairs. Complex
and real will always give complex.

(5) Triality. All the irreps in the product must have triali-
ty equal to the sum of the trialities of the initial irreps
modulo 3.

(6) If Ryx R, contains R; exactly p times, then R, X R
contains R, exactly p times.

We will, in what follows, give two examples to explain
some of the things.

(i) Adding one box. Let us take, for example, 27 x 27:

27x27= TIx I — T + H =37'+351 .

The dimension does not add up to 27x27=729. We fall
short of 27. Now the question is whether it is 27 or 27.
Since triality of 27 is 1 we have to have triality 2 or —1 on
the right-hand side so the missing one is 27.

(ii) Adding more than one box: We will look for example
at the two-box cases, first for the symmetric case and then
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for the antisymmetric case.

aj
27x351 = L1
x Tt
41
alal 7l
T + IO =1728+7122 .
T Taf

We see that 1728 +7722 does not equal 27x351=9477.
We fall short of 27. Here again the triality consideration
will solve the ambiguity between 27 and 27. Triality of the
left-hand side = —1+2=1, which implies that the missing
irrep in the Kronecker product is, in fact, 27. 78 x 351 will
yield 17550 by our prescription. We differ by 9828. If we
take off a 6-box column from 17550 we will get 351 and it
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goes with all the requirements.

If we take off two boxes from the 6-box column by the
first box being added that will result in a 4-box column.
The second box being added can go either to the right, giv-
ing 7371, or to the bottom, giving 27. These two satisfy all
the requirements.

A little struggle with all the combinations satisfying the
triality, complexity, and index rules will give, uniquely,

78x 351 =27 +351+351 +1728 + 7371 +17550 .

In summary, we have presented in this paper a set of sim-
ple rules, easy to remember and to work with, to do calcula-
tions in E¢ which might save a lot of time for people work-
ing in the field.

I would like to thank P. Frampton, T. Hubsch, R. N.
Mohapatra, A. Mukherjee, P. B. Pal, and J. Sucher for
many helpful discussions. This work was supported in part
by the National Science Foundation.

IF. Gursey, P. Ramond, and P. Sikivie, Phys. Lett. 60B, 177 (1976);
Y. Achiman and B. Stech, ibid. 77B, 389 (1978); Q. Shafi, ibid.
798, 301 (1979).

2F. Gursey and M. Serdaroglu, Lett. Nuovo Cimento 21, 28 (1978);
H. Ruegg and T. Schucker, Nucl. Phys. B161, 385 (1979); P. K.
Mohapatra, R. N. Mohapatra, and P. B. Pal, Phys. Rev. D 33,
2010 (1986).

3E. Witten, Nucl. Phys. B258, 75 (1985); J. Breit, B. Ovrut, and

G. Segre, Phys. Lett. 158B, 33 (1985); M. Dine et al., Nucl. Phys.
B259, 549 (1985), and references therein.

4R. Slansky, Phys. Rep. 79, 1 (1981).

5B. G. Wybourne and M. J. Bowick, Aust. J. Phys. 30, 259 (1978);
T. W. Kephart and M. T. Vaughn, Ann. Phys. (N.Y.) 145, 162
(1983).

SHere we follow the notations of Ref. 4.



