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The effective chiral Lagrangian for low-energy pion-Skyrmion physics is considered as an expan-
sion in powers of (3®), where ® is the chiral field. The O((3®)?) term is the nonlinear o-model La-
grangian L,. Two theoretical approaches to the higher-order terms are examined. The first in-
volves integration over fermion degrees of freedom. The O((3®)*) terms obtained this way, togeth-
er with L,, are found to be consistent with low-energy = phase shifts—in particular, in the dom-
inant p and o channels. In the second approach, an effective pion Lagrangian is generated by in-
tegrating some simple chiral meson-field Lagrangians over the heavy mesons. At O((3®)*) two
terms are found: a term L, , of Skyrme form, with a model-independent coefficient determined by
the p mass, and a non-Skyrme term L,,, the coefficient of which is more model dependent and
determined by the o mass; both terms are compatible with the fermion integration results. It is con-
cluded that the O((37)*) terms are well established theoretically, and in good qualitative agreement
with pion data. These terms do not, however, stabilize the soliton. Some discussion of the possible
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stabilizing effects of O((37)) terms is given.

I. INTRODUCTION

QCD is the underlying theory of strong interactions,
but it is very difficult to give an account of low-energy
hadronic processes starting ab initio from the QCD La-
grangian. In such a situation it may be valuable to try to
develop an effective theory, framed in terms of observed
hadronic degrees of freedom but incorporating as many
relevant features of QCD as possible (for example, its fla-
vor symmetries). Prior to QCD, effective Lagrangians for
low-energy hadronic processes were introduced during the
current-algebra era. In recent years, considerable progress
has been made in further elaborating such Lagrangians,
and in relating them to QCD. An important new develop-
ment has been the recognition! that, as suggested by the
large- N, limit,>3 baryons can be regarded as solitons of a
meson field theory, in the manner first proposed by
Skyrme.* Thus a new constraint on effective meson La-
grangians is that they should be capable of yielding a
physically reasonable soliton sector.

These ideas find a simple realistic expression in the
two-flavor Lagrangian originally studied by Skyrme*

Ls(‘ﬂ')=L2(1T)+L4,S(1T) 5 (1.1)
where

Ly(m)=5(3,6,)", (1.2)

L.,,S(m:W[(a,,(paam P — (0,801, (1.3)

and ®, =(o,7) with ®*=0?47*=f2. From today’s per-
spective we mterpret L,(m) as the Lagrangian of the non-
linear o model,> which is known to incorporate, up to
0(3?%), the consequences of the spontaneously broken
(two-flavor) chiral symmetry of QCD, realized via the
Goldstone degrees of freedom. This term both describes
aspects of low-energy m-m scattering and also, when re-
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garded as a classical-field Lagrangian, has soliton solu-
tions possessing a topologically conserved quantum num-
ber which can be identified with baryon number.>*

These solitons are, however, not stable against collapse,
and the further term L, in (1.1) was originally intro-
duced “by hand” to stabilize them. Such a term will also
lead, in the 7-7 sector, to O(p“) effective-range correc-
tions to the O (p?) soft-pion results successfully predicted
by L, (Ref. 6). Thus, on the one hand, we should like to
understand the appearance of L,s—or alternative
terms—as arising from some underlying theory and, on
the other, we must subject all such extensions of L, to
phenomenological testing in both the meson and soliton
sectors.

We have investigated two theoretical approaches to the
construction of an effective meson Lagrangian L. In
the first, fermionic degrees of freedom—quarks—are in-
troduced. Terms like L,s are then looked for in the
derivative expansion of the effective action obtained by in-
tegrating (wholly or partially) over the quarks—or in a
similar expansion of the Casimir energy of the quark sea
(which, however, can also be evaluated numerically,
without approximation’). According to this view, terms
like L, s are to be calculated directly from some initial
Lagrangian involving quark dynamics. The terms of or-
der (3¢)* have been much discussed recently.® It turns
out that they are not of Skyrme form L,g; rather, they
are

Li= +fX0¢,)?] .

(1.4)

577 [(3,0,984)’ — 3(3,,)*

48an

It appears quite significant to us that the several different
derivations® all give the same result. However, it seems
clear now that L does not, in fact, stabilize the soliton.”®

At first sight, this seems disappointing. But there is
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also the question of the 7-7 sector to consider. We shall
argue in Sec. II that, indeed, the result (1.4) is actually a
valuable one, since the L§ terms are in qualitative agree-
ment with 7-m data. The dominant features of the data
beyond the threshold region are, of course, the p reso-
nance and the strong I =0 s-wave -7 interaction (which
we identify with the o, the chiral partner of the 7). Re-
cently, Pham and Truong'® have shown very clearly, using
dispersion relations for - scattering, how the p is associ-
ated (at low energies) with a term of L, s form, while the
o corresponds to a different, destabilizing, term of the
form
L4,n

(3u8)* (1.5

S A

2e2 f4
e? in (1.3) and (1.5) is related to the p parameters, and ¥
to the o parameters. In Sec. II we shall see how the pa-
rameters e and y are obtained from LY.

Deferring for the moment further discussion of the sta-
bility problem, we want to emphasize here the importance
of Pham and Truong’s work in relating parameters of
0(3*) terms in an effective Lagrangian to observed meson
parameters. The first attempt to connect these parameters
to - data was made by Donoghue, Golowich, and Hol-
stein,!! but these authors chose to fit the d-wave scatter-
ing lengths (see also the recent work of Blaizot, Chemtob,
and Pasquier'?). However, the d-wave amplitudes are far
smaller than the much better determined s- and p-wave
ones in the energy region of interest: a3 in particular is
very small and poorly determined. Further, the d wave is
not directly related to a low-lying meson state, in the way
that the s and p waves are.

The connection of L4 gs and L, , with the p and the o,
established by Pham and Truong,'® allows us to make
contact with the second theoretical approach to the prob-
lem of constructing an effective Lagrangian, namely, one
based on the 1/N, expansion. It is believed®® that, as-
suming confinement, QCD based on the gauge group
SU(N,) is equivalent to a theory of mesons and glueballs
in which the quartic meson coupling constant is 1/N..
Baryons are then solitons in this meson theory. To the ex-
tent to which 1/N, is small, the meson theory is weakly
interacting and the solitons may be treated semiclassically.
We are therefore led to seek an effective meson Lagrang-
ian, which is to be used at the tree level only.

As Witten has remarked,'® the 1/N, expansion itself in
no way requires us to produce the meson Lagrangian from
an underlying dynamical theory—it can be taken from ex-
periment and analyzed for solitons. (Nevertheless there
are important theoretical requirements which such a La-
grangian should incorporate, for example, chiral symme-
try and, ideally, anomaly-related structure.!*) Although
in principle an infinite number of mesons should presum-
ably be present, this is clearly impractical, and one hopes
that at low energies it should be sufficient to consider an
effective Lagrangian involving only low-lying states with
masses up to, say, the order of 1 GeV, i.e., the 7, o, p, o,
and A, in the two-flavor case.

Even if a plausible Lagrangian L, involving these
meson fields can be constructed, it would still be very
complicated to work with, since the associated field equa-

tions are coupled and nonlinear (note, however, that
Broniowski and Banerjee'> have made a frontal attack on
the problem along these lines). A considerable simplifica-
tion occurs if we exploit an essential physical difference
between the 7 fields on the one hand, and all the other
meson fields on the other: in the chiral limit the 7’s are
massless, but none of the other states are. We may there-
fore write the solutions of the classical-field equations for
the massive states as an expansion in powers of
(derivative/mass), expressing all the heavy fields in terms
of the 7 fields and their derivatives. This procedure pro-
duces an effective action I'(7r) which is one-particle ir-
reducible with respect to the 7 field only, and is the result
of summing up all tree graphs involving the heavy
mesons. The associated density L (7) is then an effective
Lagrangian for the pion sector, expressed as a derivative
expansion, and involving the meson parameters as coeffi-
cients of the various terms. We carry out such a calcula-
tion for the 7,0,p,0,4, system in Sec. III, and show how
Pham and Truong’s result for the coefficients of L, 5 and
L,, (found by phenomenological analysis) can be ob-
tained from the -effective-meson-Lagrangian starting
point.

The results of Secs. II and III can be directly compared,
since each expresses the effective Lagrangian L () as an
expansion in powers of (37). Up to O((3)*), the two ap-
proaches give the same (essentially unique) Skyrme term
L, s, and qualitatively similar L, , terms; these two terms
are related to the p and o, respectively, as first found by
Pham and Truong. We conclude that the calculated
O((3m)*) terms are well established theoretically (there
being a remarkable consistency between the fermion in-
tegration and 1/N, viewpoints), and in good qualitative
agreement with the -7 data.

However, these terms do not stabilize the classical soli-
ton, and consequently the origin of its stability must lie
elsewhere. We offer some comments on this in Sec. IV.

II. L{ AND LOW-ENERGY 7-7 DATA

We wish to calculate the contribution of L,(m)+L§ to
low-energy m-m scattering. To do this, we extract the
O (7*) terms in these expressions.

The field ®, in (1.2) and (1.4) satisfies the constraint
o=(f2—a?)'"? of the nonlinear ¢ model. Thus the
O(#*) term in L, is the well-known soft-pion result®

Lz,f4=*2?1f—2—(1r-8”1r)(1r~a"1r) (2.1

to which we shall also add the explicit pion-mass term®
m,,z
8f2

since it is a poor approximation to set m, =0 near thresh-
old. To O(#*), the Od,00®, term in (1.4) becomes

(m?)? (2.2)

(3,m)*+(m-Om)*+2(8,m)*mw-Om (2.3)

so that the terms we want in L§ are
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Lu="3 72 e ——{ [(3,m-3,m)*—(3,m)*]+ 7(3,m)*
+(m-Om)*+2(3,m)?m-Om} . 2.4)

Before proceeding with the -7 calculation, we first ob-
serve that (2.4) may be compared with the O (*) terms in
the Skyrme form (1.3) and in the non-Skyrme form (1.5).

Expanding each of the latter in powers of the 7 field, we
may identify

(2.5)

(2.6)

The remainder of (2.4) consists of parts which, on shell,
are proportional to pion-mass terms. Bearing in mind the
result of Pham and Truong (see also Sec. III), we shall
want to see if the parameters (2.5) and (2.6) are consistent
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where s,t,u are the Mandelstam variables with

(s —4m,?)

t=———T~(1~cos0) . (2.10)

These amplitudes are, of course, all real. In order to
make contact with phase shifts, we must face the old
problem® of how to unitarize an effective Lagrangian (al-
ternatively, one may use dispersion relations to extrapolate
the data to threshold, as Pham and Truong'® did). One
simple prescription is the “K-matrix unitarization”
scheme. Unitarity forces any partial-wave amplitude ¢/
for two-body scattering to have a branch point at thresh-
old, i.e., at s =4m,? in the present case; the discontinuity
across the associated cut is determined by umtarlty In
the elastic region, these unitarity constraints on ¢/ are ful-
ly satisfied by writing

() '=k)"'—ip; , (2.11)
where k; is free of the branch point at s =4m 2, which is
contained entirely in the phase-space factor p;:

. . . 21 +1
with the observed p and o channels in 7-7 scattering. 1 g =1is—4 212
It is a straightforward matter [see, for instance, Egs. PI="T6r Vs ' a s —4m") 2.12)
(3.1)—(3.3) of Ref. 16, and Egs. (3.20)—(3.23) below] to o of
calculate the contribution of L2(1r)+Lfr.(1r) to m-m am- In terms of the phase shift 8 defined by
plitudes of definite I and /. We find , eif’l’ sind! L
Zv—m,, N, ty =—=(p;cotd;—ip;)~" . (2.13)
Fl=0— = v ~[s+16sm,—dm * pr
f f ki is given by
+(s —4m ,2)?Py(cosh)] , (k{)~'=pj cotd] (2.14)
@7 and is the partial-wave K-matrix element. We shall take
1=1_ t—u 2 the view that expressions (2.7)—(2.10), which are, of
F f? 1+ 4811'2f4 (25 +-8m, )] 2.8) course, free of the normal threshold branch point, are to
2 N be interpreted as K-matrix elements via
[=2_ “Ma —5 c 2 2 4
Fi=t= 7 +48W2f4(2s —16sm,*+24m,%) , F’=§(21+1)P,(cos0)q2’k{. (2.15)
(2.9)  This yields
]
1
8=arctan | -1 2s —m, (s24+16sm,2—am Y | | , (2.16)
o=arctan | 7= s [ 1r2f2 ™
1
83=arctan | - 2m, s (2s2—16sm,2+24m, 4 | | , 2.17)
o {\/‘ 16mf? [ i 48«2f2 i "
8 —arctan | —L. Ne (25 48m,2) (2.18)
25 | 48mf? "
5
o_ _aNe
83=arctan 240775 2.19)

These phase shifts are tabulated in Table I.

We now comment on these results.

The most significant O(s?) corrections are in the
I=1=0 and I =2, [ =0 channels. In the former, the
correction contributes some 10° at 700 MeV, in the direc-
tion of increasing the O(s) (soft-pion) phase shift, and

r

thereby improving agreement with experiment.%!” This is
equivalent to introducing a finite-mass parameter m, in
this channel (the nonlinear limit being m ,— « ); we inter-
pret this as arising from the quark dynamics. In the
I=2, =0 channel, the O(s?) term contributes some
+12° at 700 MeV, usefully correcting the tendency of the
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TABLE L. -7 phase shifts calculated using Egs. (2.16)—(2.19).

E(=Vs)

(MCV) 500 502 511
360 e —-3.6° 1°
440 21° -7 2.7°
520 3r° —10° 5°
600 41° —12° 8.7°
680 50° —12° 13°
760 58° —11° 18.6°

O(s) term to become too large in magnitude, relative to
the (admittedly poorly determined) experimental data.

The p-wave phase shift is small, but rising. Of course,
we see no p resonance explicitly in L{—but this phase
shift can certainly represent the “tail” of the p. We also
note that the d-wave scattering lengths are given (in units
of m,~*) by

a,’=(160m)"Y(m,/f)*=9.9x107%, a,*=0,

which are to be compared with the quoted experimental
values!’

a,°=(17+£3)x 1074 a,2=(1.3+3)x107*,

In summary, integration over fermion degrees of free-
dom seems to provide, at O (p*), qualitatively correct ad-
ditions to the O(p?) soft-pion results in the 7-7 sector.
What about soliton stability? As remarked previously'®
the value (2.5) for the Skyrme coefficient is comparable to
that required in pure-Skyrme models of the nucleon. (We
note that stability is a delicate question of the balance be-
tween L, and higher-order derivative terms, so that the
latter may play an important role for this purpose even if
they are associated with rather small corrections to the
soft-pion phase shifts calculated from L,.) However, the
addition of the non-Skyrme term with coefficient (2.6) re-
moves stability.”* !

We shall come back to the stability problem in Sec. IV.
We now turn to the alternative approach to generating an
effective pion Lagrangian.

III. EFFECTIVE L (#) FROM
MESON FIELD LAGRANGIAN

In the preceding section, we have argued that an effec-
tive Lagrangian of the form [up to O((3$)*)]

L(m)=L,+Lss+L,, (3.1
with
1 _ N (3.2)
e 1277
and
Y=xv (3.3)

appears to be consistent with quark dynamics, and with
low-energy pion phenomenology. The aim of this section
is to see to what extent the form of (3.1) can be justified
starting from an effective meson field Lagrangian
L,,=L(mo,p,0,A;) involving the indicated fields, and
to relate the parameters of (3.1) to masses and coupling
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constants in L,,. These predictions will then be compared
with (3.2) and (3.3).

The view we have been taking throughout this paper is
that the nucleon is a soliton in some effective pion theory.
Thus, while in principle we could imagine setting up, and
solving numerically, the coupled equations of motion for
all the fields in L,,, and then studying the pion-field solu-
tions, we expect that it should be possible to obtain a sa-
tisfactory Lagrangian for soliton studies by “integrating
out” the heavy-meson fields in L,,. More formally, if T,
is the tree-level action associated with L, , we obtain
I, (), the generator of vertices which are one-particle ir-
reducible with respect to the 7 field only, from the rela-
tion

[(7)=T,(7,5,p,a,A,), (3.4)
where
oL 0 (3.5)
So T '

og=0

and similarly for the other fields. That is, the barred
fields are expressed in terms of 7 via the classical equa-
tions of motion. Since we are never going beyond the tree
level, the associated Lagrangian L (7)—which we wish to
calculate—is just L, (w,0,p,&,4,). We approximate the
equations of motion by an expansion in powers of deriva-
tions, the scale being set by the meson masses.

An equivalent, and somewhat more convenient, pro-
cedure is to evaluate all relevant tree graphs which are not
17 irreducible, expand the propagators in powers of mo-
menta, and convert back to an equivalent Lagrangian.

We now have to decide on the form of L,,, which is to
be consistent with low-energy data and chiral symmetry.
Such an effective Lagrangian is not necessarily unique.
We shall study here a number of possibilities, all of which
include (a) a linear o sector (to accommodate the large
I =0=J 77 phase shift) and (b) the A4, as the chiral
partner of the p. We shall not include the o, since [see
Eq. (4.7) below] its leading contribution turns out to be
O((3m)%), and in this section we are concerned with
O((3m)*) terms only.

We begin with the well-known® local SU(2)xSU(2)-
invariant theory, and introduce

D;U=8p0+gA,"-1r s
D,"1r=aﬂ1r+gpﬂ><1r-—gA,;a ,

(3.6
Puv="0,p,—0,p,+8 (P Xp,+ A, XA,
AL,=3,A,—3,A,+8(p, X AL+ A,Xp,) .
The Lagrangian is
LL_ﬁ (D' )2 (D' )2 (m —m""z)( 2 2)2
’"_2[ po) +(Dym) = 857 o+
(m?=3m,%
%‘(02+ﬂ2)+fm,20
m.2
— P+ AL+ 2" (o + AL . 3.7)
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Expanding about the asymmetric ground state by setting
o=0'+f, we find that 4, and D,m are mixed, where
D,=0,+gp,X. The physical (unmixed) 4, field is de-
fined by

A=A, — &fB (3.8)

—2——D
Lad Bg2f2+mp2 H
Demanding that the coefficient of (D,;rr)2 is + leads to
1

l—a’

where a=g*f 2/m,,2 and the A, mass (from the “partial
J

(3.9

B
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Higgs mechanism”) is

myie (3.10)

while (3.8) becomes
A =A’_—&LD . (3.11)
w= Sp m,,z [
We now look at terms which will generate O (7*) terms

via tree graphs, in order to identify the parameters e? and
yin Lysand L, ,. The relevant bits are

m

N 2
LL= %(a”n)z— sm i+ %ﬁ(aua')z— smic’ i~ %p,',ﬁ-l— —;—mpzp,‘zﬁ-ga”'tr'p‘” x4 & f'28 d,0'm-twr
P

452 2 (m*—m,z?) (m*—m,?)? 3f2
+ B8 ra - B L o, L P Lt~ 8L p, (04 xavm)
2mp m, 2f 8f m,
2 4
-£ &L | (@,axa,m). (3.12)
mg
From this we obtain the ¢’'7rm vertex (Fig. 1)
— flm*—m.+aBaia:+45)—2aq:43] (3.13)
and the pmrrr vertex (Fig. 2)
a
—8€k |(g3—q2)u+ m—z-(qrqzqa,,—qrqaqz,.) . (3.14)
P
The on-shell prr coupling constant (related to the p width) is thus
a
8prr =8 1——; (3.15)
We calculate explicitly the tree graphs up to O (p*). Figure 1 contributes
i6,-,8k,l2—2—1——[(mZ—m,2)2—2a,3s(m2-m,,2)+Bza2s2—2a(m2—m,,2)(p1 “P2+D3°Pa)
f° m“—Bs
+4a’p;pap3-pa+2a°Bs(pi-pa+p3ps)]  (3.16)
and Fig. 2 contributes
2 2
(8 — 8By )— = |82t =)+ 5 (0,2 —p )3 —pah) + S5 [s (u =0 —(py 2 —p, D) P32 —peD)) (3.17
s—m, m, f

Expanding to order p*, and crossing Fig. 1 appropriately, gives the following coefficients of i8;;8y: for the o channel

1
2

— Im¥H 1 —x)*+s(1—af—2x +Bx?)—al(l —x)s —t —u)

f

+—”%;[s2(1-a—x —Bx+BxD) 45t +u)(a—a2—an)+a2(p12+p22)(p32+p42)]‘ . (.18

where x =m ,2/m?, and for the p
2
£ o5t —u+ 2122
m
P p
These expressions can be converted to effective vertices via

(8um)t=—2st —2su +2(p1*+p2")p3>+p4?)

)
‘;:‘2}_2"‘[—2[" +s(t +u)——2(p12p22+p32p42)—(p,2+p22)(p32+p42)] .

(3.19)

(3.20)
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(Bumr-8ymr)2 = —2ut —st —su +2(p1 2,2+ 32042 + (01 2+ PP 2 +p4h) 3.21)
(m-O0m)*=2(p,*+p2)(p3> +p4?) , (3.22)
(-O0m)@,mP?=s(s +t +u)—2(p; 2 +p22)p324+ps?) . (3.23)
Including the contact terms from (3.12), we obtain finally
L xa 1 m?
Ly(m)= 3@ m)—5m*m’— z—fz'trz(a,ﬂr)2+ ng-aﬂr)z( 1—2x 4+ Bx?)+ 8—f;(x2—-x)1r‘
a(l—a/2)? 2 4 1 2 Bx? 4
+—r—n—;2—f2——-[(a”1r-av1r) —(3,m*+ —n (1—a) —x +—2—— (d,m)
1 22 2 1 1 B’x’ 2 6
+W[l—a—(l+6)x +B°x°18,m) (m-Om) + ey > —Bx+ 5 (r-Om)*+0(7°) . (3.24)

The same results can also be obtained from the equations
of motion. As expected, the O (3?) pieces reduce to L, ()
when m ,*>—0.

The values of the “gauge” coupling constant g (and the
related quantities a and B) are determined from the p
width via Eq. (3.15). It is convenient to use the

Kawarabayashi-Suzuki-Riazuddin-Fayyazuddin (KSRF)
relation?
mylt=2f7g 0’ (3.25)

which is well obeyed experimentally, and, as has recently
been argued,?! can be obtained as a consequence of regard-
ing the p as a dynamical gauge boson of the hidden local
symmetry of the nonlinear o model. In terms of a, (3.25)
reads

2

(3.26)

a 1
1-£ | ==
S N

If this condition is satisfied, we obtain from (3.24) the
coefficient of the Skyrme term (1.3) as

2
L2 (3.27)
e m
P

We have therefore confirmed Pham and Truong’s result!°
that the Skyrme term is related to the p, and moreover the
value (3.27) agrees with theirs.

However, (3.12) cannot be accepted as it stands, in the
above model. Equation (3.26) has only one real root, at
a=~2.84, and for this value both the o and the A, are

—_——— - — — —

FIG. 1. o'mmr vertex from Eq. (3.13).

[

tachyonic [cf. (3.10) and note that the o pole in (3.16) is at
m /V'B]. The nearest approximate root of (3.26) is a=+
(and B=3). For this value of a, m,*=3m,’ and
8pmn=~0.3(m,?/f?). These values are, respectively, some
50% too high and too low.

The parameter y /e in the L, , term is

2
XL [(1—ar—2x +8%7, (3.28)
e m

where m is the o mass parameter. Thus our effective La-
grangian has again confirmed the Pham and Truong
result—that the L, , term is related to the 0. However,
their dispersion relation analysis yielded the numerical
value

Y __Af?

~

e?” 3m,?

(3.29)

with m,~700 MeV. For a~<, we can fit m,~700
MeV with m?=pBm,>~75m,? but then the value of
y/e? predicted by (3.28) is much smaller than the value
(3.29). Alternatively, we can choose the parameter m in
(3.28) so as to reproduce the numerical value (3.29), but
then the position of our o pole is much too low (~m,).

Thus we conclude that while this locally chiral model
confirms the role of the p and o in the physics of L, ; and
L, ,, the numerical values predicted for the coefficients
are in poor agreement with the phenomenology.

Although the local chiral symmetry is to some extent
appealing, for example, it embodies universal p/4, domi-
nance,22 it does not seem to be sacrosanct, and the above
results appear to rule it out as an accurate theory in the
soliton sector. Consequently we have also investigated a
“minimal” globally chiral-symmetric model, defined by
the Lagrangian

FIG. 2. pmm vertex from Eq. (3.14).
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LS=L,0.7+ (mZ*:m"z) ba7— (ngfrzn"z) (62124 fm 20— Hput+ AL+ +m Hp, 2+ ALY)

+g (0,0 A" w40, mp' XT—3,m A’FO) (3.30)

where now p,,,=0,0,—0,0,, A,,=08,A,—03,A,. Shifting the o field, and diagonalizing via

A=A, m%{;a,ﬂr (3.31)
we require

B=1+ gffT2 ' (3.32)

P

g in (3.31) is now the pmm coupling constant, and the KSRF relation is mp2=2g2f 2 hence we take B=%. Evaluating
the o and p tree graphs and expanding as before, one obtains the effective Lagrangian, up to O (7*):

e T L v aC %fz( 1—2x + $x2)(m-3,m)?+

1
m2f2

+ (3 —3x +7x)@,m)*

2
_'__1}7[(%_%,‘+%x2)(,r.g,,)(a#,r)2+(§—%x +%x2)(1r-D1r)2]+—;—"f2-(x2-—x)fr“ .
m

In this model, therefore,

2
%: 2f ' (3.34)
e m

P
and

2
xr =__43f2 _ (3.35)
e m

Here (3.34) has been obtained by choice of B, to fit g,r,
and (3.35) can be made consistent with (3.29) by choosing
m?~+m,> Note, however, that m >=m,%.

An “intermediate” possibility might be to drop the
pXp, AXp, and 4 X A parts from (3.7)—since these in-
duce the unusual 3,p,(3#mX3"w) coupling in (3.12),
which makes the KSRF relation hard to satisfy. In this
case we again find

1 2f?
2

62 m

(3.36)
p

by choosing a=+ (8=2) to fit the KSRF relation. Then
m42=2m,? and y/e® has the value (3.28) with a=7,
B=2. For m,~700 MeV, we have the same difficulty in
reconciling (3.28) and (3.29) as previously.

It seems fair to conclude from this exercise that the re-
lation (3.36) for the Skyrme coefficient is remarkably
model independent (it is amusing to note that it can also
be written as e =g,,,), while the (3®)* term associated
with the o channel is much more model dependent.
Perhaps this is not surprising. Although ¢ and 7 are
treated here as a chiral multiplet, they are very different
in quark-model terms, as are the 4; and the p. Neither
the o nor the A, looks like a clearly isolated resonance.
Probably strong hadronic corrections (boson loop graphs)

1
————[(3,m-3,m)*—(3,m)*]
mp2f2 [ ]

(3.33)

are important in the o channel.® This suggests that we
should accept (1.5), and use y/e?>=f2/m,* (equivalently
y=m,?/2m,?) where m, is a mass parameter (related to
o dynamics) which is simply to be fitted from experiment.
We now compare these O((37)*) results of the meson
field Lagrangian with the corresponding terms in the
fermion-loop calculation considered in the preceding sec-
tion. There we found e(=g,,,)=27. This implies
8pmn’/4m =1, which is within 10% of the value obtained
from the p width. For the non-Skyrme parameter y, the
fermion loop gave y(~m,?/2m,*)=+, which implies
m az\/im pzl200 MeV, a not unreasonable value. Thus
we believe that the meson field and quark loop approaches
are in remarkably close correspondence, up to O((dm)*)
terms. Furthermore, they are both in accord with the
low-energy phase shifts, or—alternatively—with the
values for e? and y extracted by Pham and Truong.'®

IV. SOLITON STABILITY

This desirable equivalence, at O((dm)*), between the
two approaches to L () leaves one major problem un-
solved: the soliton is unstable for the indicated values of e
and y (Refs. 7, 9, and 16). Because both theory and ex-
periment, as we have argued, support these values, we
must assume that higher-order terms in (37) are respon-
sible for stability.

Terms of order (37)® and higher are, of course, present
in both approaches to L (7). The O((3)°) terms predict-
ed by the fermion-loop approach have been calculated by
Zuk,* and are being studied to see if they lead to stability
(see Ref. 37 below). An alternative possibility has been
suggested by Adkins and Nappi,”> who showed that the
soliton of L, can be satisfactorily stabilized by omitting



33 EFFECTIVE LAGRANGIAN FOR SKYRMION PHYSICS 2001

all L, terms, and coupling the 7’s to the @ meson via the
1nteract10n w,B¥*, where B¥ is the (topological) baryon
current.?® Such a coupling leads naturally, within the
meson Lagrangian approach of Sec. III, to an O((37)%)
term in L (), as we can see as follows.

We introduce the o field tensor

Wy =0y, — 0y, 4.1)

and consider the additional Lagrangian
Lo Me

Ly=—70u + 2 “w +8owuB* 4.2)
where the Goldstone-Wilczek26 current B* is

Bt =— 1217’2¢4 Eyvlpeabcd¢aa d’ba ¢.5dg . (4.3)

J
L 6, a)( 11'6) gw

Wuaﬂv

It is interesting that a term of exactly the form (4.6) has
been proposed by Jackson,?” in connection with studies of
the nucleon-nucleon potential from Skyrmion physics.
The w,B* which led to (4.6) may also appear natural from
some points of view. In the fermion-loop approach, such
a term would arise naturally from a coupling of the form
a)“wy 1, since the expectation value of {{y*¢) in the sol-
iton background is precisely B" (Ref. 28). Alternatively,
following Kaymakcalan et al.,'*? we may consider how
to extend the vector-meson-dominance Lagrangians, of
the type discussed above, to include a representation (in
terms of spin 1, in addition to spin 0, mesons) of the non-
Abelian anomaly structure of QCD (Refs. 30 and 31).
Such “gauged Wess-Zumino actions”'*?%32-35 presum-
ably represent a more faithful representation of QCD in
terms of mesonic degrees of freedom: they certainly in-
clude an w,B* term.

However, they also include an wpm coupling. Such a
term will induce an O((d7)%) contribution via the tree
graph of Fig. 3, which is of order

F,
7

2
(3m)®

, (4.8)
my’m,*

where the combination (F, /i) is the wpm coupling con-
stant f,,, (Ref. 36). Whereas previously f,,, was con-
sidered to be an arbitrary parameter, the considerations of
Kaymakcalan et al.!* indicate that F,/u is of order
g3/f. In this case, Fig. 3 is of order (g2/m,2f%)(dm)S,

T 19

FIG. 3. Tree graph contributing to O((3®)%).

“17)3 —3(#m-9,m)(3d,m-0,m)(3"m 0°mw)+2(3,m0"w) (3,7 3°m) (3, m

The equation of motion for the  field is

[(O+m,>g,,—0,0,]6"=—g,B" (4.4)
which leads to the expansion
5'=—S2 810" @.5)
(l)
and the effective vertex
K
L¢o=——">B,B" . (4.6)

2m

A numerical check shows that the static approximation
used in (4.5) gives very similar results to the exact solution
of (4.4) as given by Adkins and Nappi.?® The leading
term in (4.6) is of order (3)%:

-otr)] . 4.7

using (3.25). This, of course, is of exactly the same form
as the o, B* term (4.7); indeed, Kaymakcalan et al. con-
clude that (4.8) dominates (4.7).

For our present purpose, it is not necessary to investi-
gate further the precise relative magnitudes of (4.7) and
(4.8): their combined effect can be represented by a suit-
ably interpreted g,. A more serious problem is that it
does not seem possible to establish the dominance of a
term of L, form, at O((3m)%). There are, of course,
many other (37)° terms generated by tree graphs of the
L,,’s we have considered in Sec. III. A simple dimension-
al argument indicates their order of magnitude. The ex-
pansion of the solutions of the equations of motion is con-
ducted in powers of (3/M) where M is the o, p, or A,
mass. The O((37)*) terms have coefficients of order
(Mf)~2, and, hence, since each new 7 enters accompanied
by f~!, the coefficients of the (37)® terms are
O((Mf)~*). Thus their ratio to (4.7) or (4.8) is
O(m,*f*/M*), which is certainly small. A detailed ex-
amination of tree graphs confirms this result (M* being
replaced by products of the form M,?M,? in appropriate
cases), but unfortunately also reveals that most contribu-
tions are proportional to g2, where g is the generic
vector-meson coupling constant of the sort introduced in
the previous section. The KSRF relation®® then implies
that the ratio of these contributions to (4.7) or (4.8) is
0(m,*m,?/M*) which is no longer small.

Thus we are not able to justify any particular simple
form for the O((3w)%) terms starting from the meson
viewpoint L,,. Is the situation any different in the
fermion-loop approach? We report on this in more detail
elsewhere,’” but the answer is no. The O((3¢)%) terms in
the fermion-loop expansion have been calculated by Zuk,?
and when evaluated for the specific soliton ansatz used by
Ripka and Kahana,’ they do not match the exact Casimir
energy as calculated by the latter, in the region of soliton
size relevant for nucleon physics. Indeed, the exact energy
does not appear to scale like any simple power in this re-
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gion, indicating that many derivatives may be contribut-
ing. Although it is very interesting that the exact Casimir
energy can provide stability of the chiral soliton at a sensi-
ble nucleon size,’ the calculation—which is lengthy—has
been performed only for a specific ansatz, rather than for
a field shape dynamically determined by the action. Un-
fortunately this seems very difficult to remedy, due to the
nonlocality of the action. That is why we hoped that a lo-
cal truncation, at O((34)®), might prove a reasonable ap-
proximation. In the meson field approach, by contrast,
the field equations are local to begin with, and one is not
obliged to make a derivative expansion.

While this work was being prepared for publication, we
received a paper from Lai-Him Chan,*® in which the
0((3¢)*) fermion-loop result is calculated and discussed
in the Skyrmion context. The “non-Skyrme” contribution
is shown to lead to a correct pion form factor, as given by
p dominance. Thus this work supports our conclusion
that the calculated O((d¢)*) terms are in agreement with
low-energy phenomenology. We thank Dr. Chan for
sending us this paper.

Note added in proof. Professor T. N. Truong (private
communication) agrees with us that the result (3.29) quot-
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ed from Ref. 10 is wrong by a factor of 2, so that (3.29)
should read

x 2
e 3m,?

However, this correction does not significantly alter the
conclusions in the text, after (3.29) and (3.36).
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