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We prove Ward-type identities which are needed in the proof of factorization of the Drell-Yan
process. Previous treatments prove them only for an axial gauge, and the proofs are diagrammatic
in nature. We, on the other hand, establish the identities for the Feynman gauge and through sym-

metry considerations at the Lagrangian level. Our strategy is to first'derive exact results in a back-
ground field gauge and then to show that to leading order in the mass divergences the background-
field-gauge results can be used in the Feynman gauge.

I. INTRODUCTION

The purpose of this paper is to generalize the following
QED result to non-Abelian gauge theories.

Consider a Feynman graph 9 with a subgraph 9'' such
that all the internal propagators of S' are jet+ or hard.
By a jet+ line (or collinear+ propagator) we mean one
such that its momentum p satisfies

~ p +
~

—Q,
~p -5 Q, ~ T ~

-5Q, where 5-m/Q and p-
=(p +p }/ 2. Here m is the mass of the electron, Q is
a typical external momentum, and we consider the limit
5—+0. By a soft (hard) line p we mean one such that

I

~ p„~ -5~Q (
~ p„~ -Q) for all p. Suppose the external

lines of 8' are an incoming and an outgoing jet + elec-
tron plus N soft photons. Our motivation for studying9' is that in QCD jets are represented by similar graphs.
Indeed the amplitude for a quark to break up into an arbi-
trary intermediate state times the complex conjugate of
this amplitude gives diagrams with the S' topology.
(However, for simplicity we have omitted the cut in this
paper. Jets without cuts running through them occur in
the graphs for the process y ~~qq considered 1n the paper
companion to this one, Ref. 1.)

The sum of graphs S' is given by

N

where

Z'[J, rl, g]= f &(Agg)exp f — F&„(A—)+if(iel m)P ——'
(r}&AI')

I',e +g' + J~A"+ (1.2)

U a (1.3)

In Z', it is understood that the integration is only over
those functions A(x), f(x), and P(x) such that their
Fourier transforms A(k), g(k), and g(k) vanish in the
soft region

~ k& ~
&5 Q. This and the fact that the exter-

nal lines of F are either jet+ or soft implies that the
internal lines of F are either jet+ or hard. By power
counting (Ref. 1), we know that in lTt(x)u(x)f(x) we may
replace ' by

[

except the minus one. The index p in a" labels the dif-
ferent polarizations of the soft photon cloud so the jet is
blind to all but one polarization of the cloud. This is a
type of spin' selection rule. Second, notice that the in-
teraction of the soft cloud and the jet is longitudinal.
Since longitudinal interactions are unphysical in the sense
that they can be gauged away, we expect to be able to
sweep them out of the interior of the jet. We do this next.

Defining P(x)=[1/(u. B)](u.a), one can change vari-
ables in Eq. (1.2) as follows: g(x}~P'(x}=e "~'"'f(x),
g~g'= e+"~g, but A is kept fixed. We find that

where u"= (u+, vz, u ) = (1,0,0). The operator I/(u. B)
is defined carefully in Appendix A. We recognize Eq.
(1.3) as the Grammer-Yennie approximation. ' Equation
(1.3) has two important features that should be noted.
First notice that the jet is blind to all components of a"

Z'[J, rl, T)]=Z'= [J,rl', rl '],

where g'=e "~rl and Tl '= e "~g. Thus if

(1.4)
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—' zp~~]Z'[o] 5g(x, ) 5n(xi)

then

J=g=g=o
= (g(x, )g{x,) )' (1.5)

(1.6)
—ie p(,x2 j

All the a dependence has been factored into e
iep(x )and e ' and the functional derivatives with respect to

a@ in Y act only on these exponentials.
The natural generalization of the above QED result to

QCD has been presented by Collins and Soper in Ref. 4
and reexamined by the author in Ref. 5. However, both
of the latter treatments are for QCD in an axial gauge. It
is not clear from these references which results carry over
to a Feynman gauge, or even how to derive corresponding
results in a Feynman gauge. Furthermore Refs. 4 and 5
prove identities like Eq. (1.6) diagrammatically. One
would like to know how to derive them through symmetry
considerations at the Lagrangian level (as we did in the
QED example above). In this paper we generalize the
above example to QCD in a Feynman gauge, and we
prove our results at the Lagrangian level.

The generalization of Eq. (1.6) to QCD in a Feynman
gauge is a basic ingredient of the proof of factorization of
the Drell-Yan process. ' For this process, it is convenient
to prove factorization in a Feynman gauge. In fact, no-
body has succeeded in proving Drell-Yan factorization in
any other gauge. The problem with an axial gauge is that
it has extra singularities in the propagator which compli-
cate contour deformation arguments. Furthermore, it is
very difficult to calculate Feynman integrals in the axial
gauge, even at the one-loop level.

The strategy of this paper is to first derive exact results
in a background field gauge and then to show that to lead-
ing order in the mass divergences these results can be used
in the Feynman gauge. We. would like to stress this
feature of our paper (which we believe to be new), namely,
that we use the background-field-gauge formalism as an
aid in proving factorization. These two fields hitherto
have existed separately in the literature but we feel that
they are intimately connected and consider this paper an
illustration of this.

The paper is organized as follows. Section II is a re-
view of QCD in a background field gauge. Section III de-
fines a special gauge transformation which is obtained by
performing a sequence of infinitesimal displacements of a
jet with respect to its background cloud of soft gluons.
Section IV derives the QCD analog of the QED Eq. (1.6).
Finally Sec. V clarifies the connection of preceding sec-
tions with previous papers. It derives for the Feynman
gauge the "tree" Ward identities that have been presented
in Refs. 4 and 5 for the axial gauge.

II. @CD IN BACKGROUND FIELD GAUGE

As in the QED example, the soft gluon cloud traversed
by the jet will be represented by a background field (BF)
a&(x). Whereas in QED it is simple to introduce a BF
into the action [Pgg~g(g+ir)g], it is a more compli-

&p(A) =Ii d&+igA&, Ii ——3 X 3 ide'ntity matrix

&~(A) =IsBp+igA~ .

(2.1)

We refer to the latter definitions as exceptions because
T'e'= g, iT'~Is. . In fact detIi ——1 but

det( g, iT') =0. Likewise T'e'&Is.
It is convenient to define a QCD generating function

with an external field az by
r

Z' [g ]= f &~exp i f jeff+ f g ~ (2.2)

with

Wgff=W;„„(3 +a)+ —,
' F» (a)+Wsf+ W~

In the above, g =(J&,—g, ii, —Ã, 4+ W=(A&, 1(,g, c,c)
so gP =J„A"+ gr.i+iiP+c 0'+Ã.c. (Note we use
purely imaginary sources to avoid factors of i )Also.

W;„„(A)= —,' Fq„(A)—+/[i Q'(A) m]g, —

Fp (A) =8~A„d„Ap+i—g AqX A„,

Cx (A, a), W, =c.G(&(A +a)c,a),
2g

Cx(A, a)=B„A"+iga„X A"=W„(a)A& .

When a& ——0, Z' [g ] reduces to the usual generating
function for QCD in a covariant gauge. Clearly there is
no unique way of introducing a& into the usual QCD ac-
tion. One important reason for choosing the above way is
that W,ff is invariant under two types of transformations.

Type I:

5a„=O,
5A„=&„(A+a)Ac,

5$= —ig(Ae )P,
5$=pig ( A,c),

(2.4)

5C=A, — c+c,lg
2

5c= A,Cx

cated matter to do so in a symmetric way for QCD.
Luckily this is a well-developed subject. In this section
we review the BF gauge formalism and introduce our can-
ventions in the process.

Below we will use [T', T ]=if' 'T' and
(T')b, —— if'—(check that [T',T ]=if' 'T'). g and

will represent 3X1 matrices; A&, c, and c are 8X I
matrices; A& =A &T', c, and c are 3 &(3 matrices;

Az ——A& T', c, and c are 8 X 8 matrices. For any 8-tuples
A' and 8', a =1, . . . , 8, we define (A X8)'=if ' '2 8'.
The vector notation is convenient because Jacobi's identity
becomes simply AX{BXC)=(AXB)XC+BX(AXC)
for non-Grassmann 8-tuples A, B,C. Another useful
identity is AB= AXB. We will allow the following ex-
ceptions to the above notation:

&„(A)=eB„+igA„, e=(1,1, . . . , 1)
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c.G(W„(A +a)c,a }=c.W„(a)W "(A +a)c . (2.6)

(A, =x-independent Grassmann number. ) Type-I transfor-
mations act only on the quantum fields and they are just a
trivial generalization of the Becchi-Rouet-Stora transfor-
mations for the usual @CD.

Type II:

5a~ =&„(a)P,

5'—— i—gPX A„,
5$= ig—pg,
5$= fig p,
5c= —EgPXC,

5c= —igpxc .

(P=arbitrary x-dependent 8-tuple. ) Type-II transforma-
tions change both the quantum fields and the BF. Prov-
ing that 5W,rf=0 under type-II transformations sheds
some light onto why very few other choices of W,ff would
be invariant under gauge transformations of the external
field. The proof goes as follows. Since 5(a&+ A&)

„(a+A)P, it is clear the 5W;„,(A +a) =0.
5a& ——&&(a)P in turn gives 5F& (a)=0. Finally, the in-
variance of Wsf and W, is a consequence of the next
theorem.

Theorem 2.1. Suppose V„and W are arbitrary 8-
vectors in color space such that 5V& ——&„(V)P and
5W= igP—XW The. n 5(M„(V)W) = igPX—&&( V)W.
The proof is left to the reader.

According to Theorem 2.1, 5G(A, a) = i pXG —Since.
G undergoes a simple rotation under the gauge transfor-
mation, 5(G G) =0;

(2.8)

r

H abed ~ 2 frabf rcd +fracf rbd
a P CX

aPyS = —~g
y 5 P 5

r

a 5
+fradf rbc

13
(2.9)

a P
=gang pS

—gpygaS (2.10)

We call (y Ps) a toroid. It is symmetric under exchanges of
two rows or two columns and antisymmetric under ex-
changes within a row. We also use the functions

~ 2 /

gps+f" 'f"' gp,g.s), (2.11)

Ey '(k)) = gf'b'k, y, —
Elabe( k ) fabck

I( (ac)(bd) ~ 2 rracf rbd
y&

= —~g gysJ

In terms of the above functions

(2.12)

(2.13)

(2.14)

By the theorem, 5(&"{2 +a )c)= —igp XS' ~( A +a)c.
Again, according to the theorem &„(a)&&(A +a)c is ro-
tated. Since c is rotated by the same amount, their dot
product is invariant.

In order to find out what kind of vertices iWcff im-
plies, we next expand iWcff. It is convenient to express
i W,fr in terms of the following functions:

I apy(kiik2&k3 ) gf [(kl k3 )pgay +(k2 kl )ygpa

+ (k3 —k2)~yp], (2.7)

r

i9 m— 0 —1 2 3iW,rf= f—p igit)af + ——c —. c+(E+E')123c c a
l

12aa3 4

+(K(14)(23)+K(13)(24) )C C +[—ig4~4]

+ [E123c c A +I( (14)(23)c c A a ]+ — ((}&A~—(}&A&) — (B&A~)

A 'a2a' AAaa+(&+ Y')123 + (H +H')1234

AHA A'A Aa
Y»3 +H»34

L

Z'&2~'a4
+ H 1234 (2.15)

In the above, 1 is shorthand for xiaa, 2 for x2pb, and
so forth. In Eqs. (2.7) to (2.14) wherever a momentum k„
appears, it should be replaced by i(}/(}x„before substitut-
ing into Eq. (2.15). Also, all x, should be set equal to x
but only after the derivatives i(}/(}x„have acted on the
fields. For example,

E,2,C 'C2A'=[Ey'(i(}„,)c'(xi)c (x2)~'y(x3)]x„x

(2.16)

l

A final comment on Eq. (2.15) is that any vertices with
one A&, any number of a&, and no other fields have been
ignored. This is justified in our particular application be-
cause a&(x) is restricted to be soft and Az(x) to be jet+
or hard so such vertices are zero by momentum conserva-
tion.

The Feynman rules corresponding to i W,ff are given in
Fig. 1. One sees from this figure that most vertices with
a's have the same analytical expressions assigned to them
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bp aa

b

= 0(k)=IDF{k)=-I [g i k kS(i () ]S
k

k~

= S(k}= iSF(k) = i

P-m

h(k) = -i &

p ab

Y+Y

=H =H+H

1(q,o) =I-'(O, q) =I'(O, q)
one finds

so

d [1(0,~)a„(~)]=1(O,~)a„~(~)
de

a&(x, g) = —I dg'I(g, g')B„f(x+ri'u)

with
I

I(g,g')=T* exp J dgiigf(x+g, u)
'll

(3.5)

(3.6)

(3.7)

(3.8)

b

= -igT 3b

= E2

P . b= —lg T )'p

0

I 2 = E+E'

Theorem 3.1. a&(x, g) = a&(x+ gu, O).
Proof. Write right- and left-hand sides in terms of Eq.

(3.7).
Theorem 3.2. u a(

.xg)=f(x+gu).
Proof:

OO

v.a(x, g) = — dpi'I(g, g'), f(x+g'u) .
'9 d'g

(3.9)
K (14)(23) = K(14)(23) (lg)(P4)

FIG. 1. Feynman rules in the background field gauge.

Now integrate by parts, assuming f(x+vao)=0, and use
the fact that ff= f &( f=0.

It is clear from Theorem 3.2 that

f(x+gu) =u a(x+gu, O) . (3.10)

as those with the a's replaced by A' s. The exceptions
have been labeled by a primed letter or by a E. From here
on, these contributions to iW, ff will be referred to as aux-
iliary vertices.

III. A SEQUENCE OF GAUCHE TRANSFORMATIONS

Recall that in the QED example we changed variables

5p(x, g) =dq f(x+gv) =dg co(g) (3.2)

for an arbitrary function f. Equations (3.1) and (3.2) im-
ply the differential equation

d a„(g)
=Deco(g) —igni(g)a„(g) (3.3)

d'g

(x dependence suppressed until further notice) which we
propose to solve subject to the condition a„(x,oo)=0.
Define

I(O,g)=T exp I igloo(gi)dpi for g&0, (3 4)

where T* represents anti-time ordering. Letting

1i'(x) =e "~'"'it (x)

with

P(x)= —f dgu. a(x+gu) .

This prompts us to investigate for the non-Abelian case a
sequence of infinitesimal gauge transformations
parametrized by g&[0, oo] of the form

5a„(x,g) =B„5p(x,g)+iga~(x, g) X5p(x, g) . (3.1)

We choose to investigate 5p(x, g) of the special type

d V~(x, g)
d'g

=B„[u V(x+gv)],

V„(x,~) = —f"d~ a„[u V(x+~'. )],
V„(x)=—J' "dq a„[u V(x+q'u)]

(3.12)

1
Bp

v 8—6
v. V(x)

We recognize the Grammer-Yennie (GY) substitution.
Hence V& is a non-Abelian generalization of the GY ap-
proximation for the coupling of a soft gluon to a jet. It is
more complicated than the GY expression because it takes
into account soft gluon radiation by the gluon in question
before it couples to the jet. In general V„ is pure gauge
but it is only longitudinal in the Abelian case. However,
in Appendix 0 we show that even in the non-Abelian case

If we introduce the notation az(x) for a&(x, O) then

a„(x)= —I dpi'I(O, g'. )d„u a(x+g'v) . (3.11)

Equation (3.11) has many important consequences. To
begin it implies that a+(x) and a(x), i=1,2 are deter-
mined once a (y) is known for all y. Furthermore, if we
choose a (y) real then a+(x) and a'(x) will be too since
(iu.a) '=f" 'u. a and f" ' is real. (Indeed
[T',T ]=if' 'T' and the T' are Hermitian. ) From here
on we will use az(x) to refer to an arbitrary BF whereas
V&(x) will represent those special BF's which are pure
gauge (produced by gauge transformations starting from
0), i.e., those which satisfy Eq. (3.11). While a„has four
arbitrary Lorentz components, Vz only has one. Feyn-
man rules for Vz are given in Appendix C.

In @ED Eqs. (3.3), (3.7), and (3.11) reduce, respectively,
to
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only the longitudinal part of V„ is seen by the jet.
According to Theorem 3.1 and Eq. (3.10),

V„(x,g)= V„(x+rtv) and 5p(x, ri)=derv V(x+gv).
The physical picture suggested by these equations is that
the differential gauge transformations 5p we are consider-
ing represent translations of the jet by an amount dg in
the direction v relative to the cloud of soft gluons. Figure
2 illustrates this point. In this figure, the x frame is at-
tached to the jet, the y frame to the soft gluon cloud
(y =x +gv) and the shaded region represents the support
of V„(y).

Our use for the sequence of gauge transformations
which we have just defined is the following. Recall

IV. FACTORIZATION OF SOFT
AND COLLINEAR DIVERGENCES

Consider a subgraph S' of a graph 8 such that all
internal propagators of P' are jet+ or hard. For defin-
iteness suppose 9" has as external propagators incoming
and outgoing jet+ quarks and N soft gluons. The gen-
eralization of the QED example to QCD in the Feynman
gauge can be done in three steps.

Step l: Show X= Y*. The sum of 8' is given by

1 ~ 5 5 —5
Z'[0];, 5J„.(y;) 5'(x, ) 5'(x )

5P(x,g) =driv V(x+gv), +ZO, G(A,O)[~]
~

(4.1)

p(x) = —J 5p(x, rt) .

From

(3.13)

We define the special color rotation matrices

U (x)=T*[e 'g@"']

Ut( ) Te[e —Igg(x)]

(3.16)

(3.17)

(Feynman rules for UF and UG are given in Appendix C.}
Setting g =UFO' p =gUF A„= UGA„, c = UGc andf

c'= UGc, me have shown

jeff(W', V~) =jeff(W, O) . (3.18)

It is instructive to show Eq. (3.18) directly from the defi-
nitions (3.16), (3.17), and (3.11) of UF, UG, and V„. We
do so in Appendix B.

jeff( f(x,g), V~(x, ri) )

=~,ff(e 'g ~""'f(x,rt), V„(x,ri+d7(l)) (3.14)

(the dependence on quantum fields other than g is analo-
gous and has been suppressed) one gets

ff(f(x,0},V„(x,O})=W,ff( T[e +'g~(")]f(x,O),0)

(3.15)

where, as before, we integrate only over fields which van-
ish in the soft region. We would like to show that X= Y,
where

X Z, G(A, )[g ]
5q(x, ) 5g(xi)

(4.2)

The statement X= Y is clearly true in QED since the dia-
grams in X and Y are in 1-1 correspondence. However, in
QCD Y contains all the diagrams of X plus new diagrams
possible because of the auxiliary vertices. In the remain-
ing portion of this step we will show that the auxiliary
vertices can be pulled from the interior of a diagram out
to its external fermion legs.

It is convenient to define Wff and the correspondjng
moment generator Z' where 8F is an arbitrary gauge-
f»ing «nction not necessarily equal to G. We
&=~tuA" for some ~ independent of A. To obtainPjeff we replace the gauge-fixing and ghost Lagrangians

ff by Wgf = —(1/2g')9' and We =c~ N ~(p)c.
In the BF gauge case 9'=G=~p(a)AP and
~„=N„=&„(a}.

One observes that auxiliary vertices arise only in Wgf
and W, . In fact

(Wgf+ W, )G=— (N„A") +c Nq& "(2+a)c

,' (a„A )'+.—.a„u (~+.}.+~.„„.
(4.3)

Therefore if we define b.G= ig a„&(A"=b—N„A" then

(~,f+W, )G=(W„+W, ) +'G+~.„„,
6+KG Gjeff =jeff ~aux ~

(4.4)

'@/~
5- Y We conclude that

, D .„.(y;,y )

FIG. 2. Interpretation of V„{x,g}=V„(x+gv). The x frame
is attached to the jet and the y frame to the soft gluon cloud.
The shaded region represents the support of V„{y}.

X Z'G+"[~]
5&(x, ) 5g(x, )

(4.5)
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Next we shall try to relate Z' + to Z' (Ref. 10).
A consequence of type-I symmetry for an arbitrary
gauge-fixing function 9' is that

~ (f gi )=(c„f di' +i'c,). (4.7)

Sr~ =0 ~

where by ( Q ) we mean

J N~Qexp i f W,tt+ f g~
It follows that

Thus
(4 6)

(4.8)

We want to relate Z at 9t =G+ b,G to Z at 9' =G where
hG is finite. We start by relating Z at 9t and 9'+d9'
for infinitesimal d 9'. Since

Z' +" [g]= J&~exp i f ~m„(A+a)+ f F—»(a)+i J c (~&+d~&)S'+(A+a)c

+ '+ (4.9)

it follows that

dZ = f icd~c&c(d+c)c ——S did).
zo[0]
But by Eq. (4.8),

dZ = J (ic d~ &t'(A)c)
z'[()] x

(4.10)

+ f —id~» (c~ f d'M
)

Cyd y (4.11)

We define g~ to be g with all sources except the fer-
mion ones (p, ri) set equal to zero. Equation (4.11) implies
that Z'++ ~r]=z' [g „"]where

g =q 1+gc f c, du„ (4.12a)
d

'Q = 1 —gc cy y
(4.12b)

3'

It follows that Z' + [g~]=Z' [g~] where now g F
is given by Eqs. (4.12) with d 9' replaced by bG. Replac-
ing Z' + [gr] by Z' [gF'] in Eq. (4,5), we see that
X=F" where F" is obtained from Fby replacing g with

go

tep 2: Only a matters. Recall in @ED the jet is blind

to all but the minus polarization of the soft photon cloud,
i.e., (5/5')(5/5il)z of Eq. (1.1) is independent of a",
p=+, 1,2, and only the minus component of a" matters.
For QCD we will argue that in (5/5g)(5/5g)z of Eq.
(4.1) for X, only J matters. Therefore since X=F~ by
step 1, in (5/bq)(5/5') of E'~, only a matters.

The proof that only the minus component of J& matters
is based on results from Ref. 1. In the language of Ref. 1,
if we follow the I.orentz index of a soft gluon into the jet
it may or may not cap inside the jet. If it caps inside the
jet, it may do so with either a wedge or a cross. In both
wedge and cross cases, only the minus component of J"
contracted with the cap is leading by power counting.

Reference 1 also shows that soft gluons that do not cap
inside the jet are disallowed by power counting.

Step 3: Use Eq. (3.18). By virtue of step 2, we may re-
place a„by V„everywhere in F~ Ind.eed, since the jet
does not see a", p =+,1,2 we can rearrange them to make
a" pure gauge. Our next task is to establish the analog of
Eq. (1.4), i.e., that

{za, G(A, a)[g d']
I

ZO, G(A, O)[g '
] (4.13)

where g F will be defined in the proof below.
One can change variables in the path integral on the

left-hand side of Eq. (4.13) so that W~W'. Equation
(3.18) can be applied immediately to W,tt(P ', V). After
the change of integration variables on the left-hand side of
Eq. (4.13), it gets new source terms given by

'g 1+gc cy —lgVyp X A y

R (x)=g'f"'c„ f c,'(U, a„P),'A;&,

Tl '=ri UJ(1+R),
g'=(1 R)Urri . —

Then we have shown that

(4.15)

r

+ ' l —gc' cy. —igVy„xA'y"
c

(4.14)
The right-hand side of Eq. (4.14) can be written in more
convenient form as follows. By definition rig'=qUzp.
Using the identity UF T'Uz ——T UG', one can show
ric'p' =71Urc |(i.

Theorem 4.1. c' V&&(A'&=if' c'(Uod+) A' t'

Proof. Show c' V„)&A'"= c' (Uo V„Uo)AI'.
Now use the result of Appendix D to replace V& by B&P'
where, as always,

1p= U. V
U 8—6'

Finally use UGT UG ——T UG to establish the theorem.
Define
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F~ g + g s (4.16)

Fquation (4.13) follows from Eqs. (3.18) and (4.16).
If we define

order g~ of

Za, G+ag[~]
z'[0] baal(x, ) &7)(xl) /=0

(4.17}

= U~(x2)([1+R(x2)]p(x2)g(x()[1—R (xl)])'=
X U~(xi), (4.18) FIG. 4. Order-g part of Fig. 3.

where by a =0 we mean that a is set to zero everywhere
except in R. In Fig. 3 we illustrate Eq. (4.18) in the case
of a single soft gluon (analytic expressions for pencil and
ruler symbols given in Appendix C). Figure 4 gives the g
part of Fig. 3. Defining

R2(x2&x 2 } (4(x2 } (x2 }( C)~ (x 2 W'(x 2 })

R l (x 'l, x l ) = ( f( '
x)((ig)g—(x l )R (x l )g(x ( ) )' =

(4.19)

it is clear from Figs. 3 and 4 that one can rewrite Eq.
(4.18) in the alternative form

((t((x2)y(x())'

F(x2) I, , [@x2 x2 )+R2(x2~x2 }]x )X2

x&y(,')q( ', ))'='

X [6(x l
—xi )+R l(x l,xi )]Up(xl ) .

eralizes Eq. (1.6) to QCD. The exponentials of Eq. (1.6)
have become time-, ordered exponentials. En addition, the
R terms have appeared. (It can be shown that the sum of
the last two diagrains on the right side of Fig. 4 is leading
by power counting. Hence, at least at order g, the 8
terms produce leading contributions and must be includ-
ed. )

V. TREE %'ARD IDENTITIES

Equations (2.1S) and (3.18) together imply useful exact
identities connecting UF, Ug, and V&. To obtain these
identities one sets independently to zero the part of
W,rr(P", Vz) —W,r/W, O) with a given number of g, 1t,
A, c, c fields. The identities are of two types: those which
contain inverse propagators and those which do not. The
ones that do not are

(4.20)
Y g &lg &2g &3+~ g stlg s2g I3 V4 Y g lg 2g 3

(5 1)

(We require Rl and R2 to be one particle irreducible in
the x l and x2 legs, respectively. )

Equation (4.20) is the main result of this paper. It gen-

H A'A'A'A'"=H (5.3)

E(23c c A +If( (4)(23)c c A V =E(23c c r4 . (5.4)

One can cancel the field factors out of Eqs. (5.1) to (5.4).
What remains are identities satisfied by Uz, Ug, V„, and
the vertices. For example, Eq. (5.2) becomes

Y'p (iB„,, B„i, B„,)[Ug'"( x)Uig (x2)Ug"( 3)

xe ]
—ik&x

&

—ik&x2 —ik3x3

+H~pysUg"(x )U (x }U '~(x )V (x }

a gf ahC

FIG. 3. Equation (4.18) for the case of one soft gluon.

which is an identity first proposed in Ref. 5.
In addition to Eqs. (S.l) to (5.4), one finds three other

identities, each one with a different inverse propagator:

+ig~ 0'=0
L
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——'(BRA„' —B„AP)2— ' (BRA'p)2

~'~'v'+(I +I ))23 +(~+~ )12342

W'W'V3V4
4

It follows that the electron propagator
S(z —y) =[i/(if, —m)]5(z —y) equals (z

~

S ~y ) where

S=i/(if m—). In the convenient hat notation, Eq. (5.10)
becomes

= ——(B~A„—B„A~)— (a~ A~), (5.7)

—c ' —.c'+ (Z +E') )23c 'c' V
l

C
1 2V3V4

+ (+( i4)(23) ++(13)(24) ) = —C . C.
l

(5.8)

Equations (5.6) to (5.8) are most useful after taking
their inverse (which makes them nonlocal). For example,
consider Eq. (5.6). I.et I ~x) ~XE:K I be a vector space
with linear functionals (y

~

acting on it such that
(y

~

x ) =5(x —y). We define UF to be a matrix (in color
and Dirac space) of operators acting on

~
x ) with matrix

elements
A Aa, BP AB(x i UE; iy) =UE; (x)5(x —y)5 E3, (5.9)

(z
[ UF ] x ) +igP"(x) (x j U F ~ y )

where 3 =1,2, 3 and a=1, . . . , 4. Replacing P(x) by
5(z —x) and EtE(x) by 5(x —y) in Eq. (5.6) yields

(z
~

fT~ ix) x —„+igF(x) r') y)S
1=(z ~x) x —ylj.
5

(5.13)

Integrating over x and taking the inverse of both sides
yields

1/S+ ig P"(x )
=UFS UF . (5.14)

Equation (5.14) can be used in conjunction with

1/(3 —8)=1/A+(1/A)B(1/2)+ . , where A =1/S.
Figure 5 illustrates the order-g part of Eq. (5.14). Equa-
tion (5.14) is very similar to an identity proposed by Col-
lins and Soper (CS) in Ref. 4. However, note that V is not
just the wedge (GY substitution) as in the CS identity but
the sum of all pencils (which equals the wedge at lowest
order in g). Whereas the CS identity is approximate, Eq.
(5.14) is exact. Combining Eq. (5.14) with Appendix D,
one easily arrives at the CS identity.

Defining
s „—m

5(x —y) . (5.10) (x
~

UG ' ~~y) =UG '"~(x)5(x —y)g ~, (5.15)

(5.12)
I

At this point it is convenient to define operators x„and
B„on the space f ~x) (X~I I

Xp= X X~ X (5.11)

a„=I [
&(a"„(

] ) .

L = J„„„„&(x—x) )&(x —x2)5(x —X3)5(x —X4),

(5.16)

Eq. (5.7) can be written as

p3
L. ——'a"„'a"'"g.~s.,+ —'a",'a".'n.,— ' a".'a",'n.,+(I'+ I")»3

y3 y4+(~+H )„,. (. [ U -~,&(, [
U'.""~y&

=I. ——a )a"'"g i+ —a "' ' — '
a 'a ' 5,))5(z —x))5(y —X2) . (517)

At this point it is convenient to introduce the following
operators,

A i g),b)s= ——& s a g p+ —1+—
BEEB

((x ~D ~y) is the gluon propagator), (5.18)

~aa, bP = &(x —x, )5(x —x, )5(x —x, )xJc )xgx3

V'r(x )X(I + I ),bp r(EB Ea Ea ) (xi )(X2
~

(5.19)

+ l~2

+ l
~ ~ P

FIG. 5. Order-g pa& of Eq. (5.14).
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H, bP=(H +H'), bP, r ps V'r(x ) V (x ) .
In terms of the above operators, (5.17) becomes

j =UGD Ug .
1/D —Y H—

(5.20)

(5.21)

(E),b = 5(x —x i )5(x —x2)5(x —x3)xx)x2x3

&&(E+E'), , (i B„,,id„, )

XV r(x, ) ~x, )(x, ~,

+ab [+(14)(23)++(13)(24)]

(5.24)

(5.25)

The identities Eqs. (5.1) to (5.4), (5.14), (5.21), and (5.22)
which we have just derived are in 1-1 correspondence with
the diagrammatic identities used by 't Hooft" to show the
renorrnalizability of non-Abelian gauge theories. In fact,
the order-g part of our identities are exactly 't Hooft's
identities. Thus 't Hooft's identities can be understood as
describing a jet under an infinitesimal (first order in g)
soft background, whereas ours describe the more general
situation of a jet under a finite (arbitrarily high order in g)
soft background.

The final identity [Eq. (5.8)] is inverted by the same
techniques employed above. The result is

=U AU (5.22)
(Z)-' —E—rC

').b=,. 5.b (5.23)

[(x
~

4 ~y) is the ghost propagator (+i/CI) 5(x —y). We
put a dash over the b, because we reserve b, (x —y) for
(—i/Cl)5(x —y), the scalar propagator],

By substituting (Al) [or (A2)] and f(k)= f d x e' f(x)
into (A3) one can show that

I
u 8+5

1

U 8—6'

d+ e —g(v 8+«)
0

dye"& a —«~

0

(A4)

(A5)

APPENDIX 8: PROOF OF EQ. (3.18)

In this appendix we prove Eq. (3.18) directly using Eqs.
(3.16), (3.17), and (3.11) for Uz, Ug, and V„, respectively.

Theorem Bl. d„UF= ig V„UF—
Proof Expr.ess Uz and Vz . in terms of u a(x+ilu)

Then use e Ye = e( lY (Baker-Campbell-Hausdorff
formula).

Theorem B2. Ub &&(V) UF d& and U——g &( V) Ug ——8&.
Proof. This follows trivially from Theorem 81.
Theorem B3. Ub&z(A'+ V)Ub ——&&(A) and

Ug&„(A'+ V)Ug ——W „(A).
Proof. Use Theorem 82 and g'A 'P'=PA/.
The proof of Eq. (3.18) is an almost immediate conse-

quence of the above theorems:

F)'"(A'+ V) = ——[&)'(A'+ V),&"(A'+ V)]

= UFFi' (A)UF

[e""'f(x)=f (x + iiu )] .

Identity (A4) may be obtained nonrigorously by replacing
k by i 8 in (Al). (A5) follows from (A4) if we let x~ —x.

So far we have kept e finite. As e~0,
1/(u ()+e)&1/(u. ()—e) so it is important to write the e
and not just 1/(u. 8 ).
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APPENDIX A: DEFINITION OF {v.B)

by Theorem B3. Thus

Tr[F""(A'+V)F„„(A'+V)]=Tr[F""(A)F„„(A)].

Similarly

F" (V)= (i/g)[&"(—V), &"(V)]=U [(P,B"]U =0

k.U+ie
&g(k U+ie)

0
(A 1)

Letting k ~—k in (Al) yields

For finite e&0 one can show by contour integration
that by Theorem 82. The fact that F&"(V) =0 is not a surprise

since F""(V) is gauge covariant and V& can be gauge
transformed to zero. By Theorein 83

@'[i@'(A'+V) m]g'=/[i —g'(A) m]g—
—l

k.U —ie

We define

—i g(k-u —i «)d'g e
~

~
~

0
(A2) Also by Theorem 83,

Cx( A ', V) =W„(V) A')' = Ug ()qA"

'k'"f(k) . (A3)

4 —(kxf ( k)
u.B+e u.B+e (2~)

d'k
(2~)~ iu k+e-~

~

so

G(A ', V) =(B„A")

Finally, c '4'~( V)M "(A'+ V)c'= cB„W"(A)c.
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APPENDIX C: FEYNMAN RULES FOR PENCILS AND RULERS

From Eq. (3.16) one gets

UF(x)= g f dA, , f dA~( i—g)v V(x+u(A&+ +I&))
N=O

&(( i—g)u V(x+u(A2+ +A~)) . ( t—g)v V(x+uA~) . (Cl)

Next we use

= f dA;ex, pfik;[(q, + . . +q;) v+ie)I,
(q~+ +q;).u+ie

V(x)= g V( —q;)e
q;

to get

(C2)

(C3)

UF(0)= g g ( ig)u —V( —q~)
N=O q( - ~ ~ q~

l
( —ig)u V( —q2)

q~ U+ie

l l
X . ( ig)—v V( —q~)

(q i +q2 ) 'u + l E (q)+ . +q~) u+ie (C4)

dO b'b
U,"(0)= g g ( g)v. , v. ,

'(-q, )f '- . ( —g)u. V. '( —q2)f ' ' '
q( U+lPN=O q& q~

[Whenever we write g we mean a discrete sum over four-momenta and thus (1/V4) g is identical to f d q/(2m)
and V45x-(q)=(2m) 5' '(q), where 5x is the Kronecker delta. For convenience, we set the volume of four-dimensional
space-time V4 to 1. This is all right since no physical result may depend on it.]

Replacing Vby Vabove, one gets

(qi+qz+ ' ' ' +&')'u+'eX . . ( —g)u „V.„"( q~)f""—
(q, +q, ) v+ie

By similar techniques, one shows

00

Vd(0) g g [
~ 15 1 "1

V I( )]
~

[ f 2"1"2 2V 2( )]
N=l q) . q~ ) 'U+l5

. [ gf '''u 'V—.', ( q3)l. . [ g—f " '"u "—V",( q~)]-
(q)+q2). u+ie

l ~r&dX
(q&+q2+ +q~) u E'E

(C6)

Equations (C4), (C5), and (C6) can be represented diagrammatically by introducing pencil and ruler symbols to be used

in conjunction with the usual Feynman rules. Reading off the g term of Eq. (C4) yields

Fig. 6(a)=( —igv ')(& ');„.( igu ')(T—')„J
q&.u+ie (q&+q ). 2+iue

(C7)

~ m

(o) (b)

FIG. 6. Diagrammatic representation of order-g parts of (a)
Up, (b) Ug.

(a) (b)

FIG. 7. Same as Fig. 6but for UG.
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ds
o {12 ."N)

0 for N&I

FIG. 9. A pencil couples N &1 soft gluons to a jet+ fer-
mion. If we sum over all permutations of the soft gluons, we

get zero.

I g

FIG. 8. Diagrammatic representation of order-g part of V~.

From the Hermitian transpose of Eq. (C5), one gets

Fig. 6(b)= . igv '(T ');, . igv '(T ')„J .
qi+qz 'v+lE " —qj.v+ie

(C8)

The analytic expressions corresponding to Figs. 7(a) and 7(b) can be obtained from Eqs. (C7) and (C8) by replacing T' by
T'. Finally, reading off from Eq. (C6) we get

qi u+ie (qi+qi) v+ie (q i+qq+q)3. v+ie
(C9}

APPENDIX D: V" EFFECTIVELY LONGITUDINAL

If Vi'(x) is coupled to a jet, then according to step 2 of
Sec. IV only the minus component of V" is seen by the

jet. Define the longitudinal BF a~& by

a&z(x}=—f dry'8"u. V(x+r)'v) .

Note that

aL (x)= — dg', v V(x+g'u )=V (x) .
dq'

Since aL and V" have the same minus components, me
can replace V& by a~L. Thus the jet sees only the longitu-
dinal part of V& [i.e., the N = I term or zeroth order in g
term of Eq. (C6)]. A direct consequence of this observa-
tion is the diagrammatic identity' given in Fig. 9. In this
figure, a pencil couples N soft gluons to a jet+ fermion.
If N & I and we sum over all permutations of the soft
gluons, the result is zero to leading order in m/Q.
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