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Derivation of the Lee-Yang term via stochastic quantization
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We derive the so called Lee-Yang term for velocity-dependent potentials via stochastic quantization. The
derivation shows that there is a subtlety in choosing the appropriate Langevin equation, i.e., the Langevin
equation must have a positive-definite Fokker-Planck Hamiltonian. In the derivation, we also make use of
the Stratonovic calculus to transform a stochastic equation with an additive white noise to a stochastic equa-

tion with multiplicative white noise.

Consider the Lagrangian with a velocity-dependent poten-
tial given by

L = ,' q;A„(q—)q, "V(q)—

Then, Eq. (4) is proved by showing that
—s tq(t)l

lim P[q(t);r] —eT~ OO
(8)

where the dot represents differentiation with respect to t.
We will assume for simplicity that A~ is symmetric and that
detA ~0, i.e., the Lagrangian is nonsingular.

The Euclideanized effective action for (1) was first'
shown to be

S,ff[q] = t dt[ 2 q, A»q&+ V(q) ] —
2 5(0)tr lnA (2)

BSE +q, (t, r)
~e (3)

where SE is the Euclidean action given by the first term in
(2). Euclidean quantum theory is given by the prescription

lim (qt(t(, r,v]) . q„(t„,r,v)))„

= (ol T(qt(ti) q (t.) ) lo), (4)

where q(t, r;q) represents a solution of (3) and ( )~ means
averaging over the white noise q.

In practice, Eq. (4) is verified perturbatively. To prove
(4) nonperturbatively, one relies on the Fokker-Planck
equation for the distribution function P[q(t);r], corre-
sponding to the Langevin equation (3). The distribution
P[q(t);r] satisfies the boundary condition P[q(t);v=0]
=5[q(t)], and

QI' = HFpi q]P [q (t);~]
() 'T

5SE
(6)

The relation with the Langevin formulation is given by

(qt(ti &'n) ' q (t. & n))g'
I

= Jl [dq(t)]q&(t&) q, (t, )P[q(t);r] . (7)

via canonical quantization. Later on, the same effective ac-
tion was derived via the path-integral approach to quantiza-
tion. We would like to derive in this paper this effective
action via the stochastic approach to quantization.

In the stochastic approach to quantization, one introduces
an extra "time" r and a random white noise q(t, r). Then
one solves the Langevin equation

However, if we naively apply the above procedure to the
theory given by the Lagrangian (1), we get into trouble.
Writing

P[q(t);r] = g C„y„[q(t)]e
n

we find that @„[q(t) l satisfies

HFp[qly„[q] = E.y. [ql (lo)

with S,rr[q) given by (2). So, where is the problem'? The
problem lies in the fact that the HFp for (1) is not positive
semidefinite,

HFp[q) = dt
( ) ( )

+ Aqqi

~~1k . . Q V
qgqk+

~

(12)

The third term in the brackets is the source of the nonposi-
tive definiteness of Hpp.

Because of the above problem, we want to argue in this
paper that the Langevin equation (3) is not the correct start-
ing point for the stochastic quantization. We will derive
another Langevin equation and show that it is the correct
starting point for stochastically quantizing (1) by deriving
(ll) from it.

Let us define a new coordinate x by q;= q&(x) such that
(1) becomes

L = ~x,x; —V'(x) (13)

The prescription given by Eqs. (3)—(8) only works if the
Hpp[q] given by (6) is positive semidefinite (E„~0), and
the ground state Po[q] (with energy Eo=o) is unique. If
these assumptions are valid, then it follows from (9) and

-sE'ql
the fact that e e satisfies (10) with E=o that (8) is
valid. But for the Lagrangian (1), we know that (8) is the
wrong answer, because the canonical and path-integral
methods have shown that the correct answer is

—S [q]
lim P [q (t);r ] —e
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and V'(x) = V(q(x)). This means that

Ir lk (q) ~p ( q) ~ij (q) = 8 ki

~here
Qgg

hg=
Qxg

(15)

~here

SSE
+q, (r. ~)

XI
(16)

Note that we can always do the above transformation be-
cause the theory is nonsingular.

The Lagrangian given by (13) is now in a regular form.
The Langevin equation for x is

$0[q] —exp] —&Elq]+ ~5(0) tr in' (q)}

This satisfies

HFp[q]40[q] = o

To complete the proof that

limp f q (r), 7 ] —yo[q]

(23)

(24)

time 7+hz in two ways, i.e.,

(g[q(t)], ,) = dq(t)P[q(t);r+Ar)g[q(r)]

=
(& dq(r)g[q„(r)], +g,P[q(r), r])„, (22)

and Eq. (22) will give the Fokker-Planck Hamiltonian HFp.
Now consider

Se[x]= dr[~x, x;+ V'(x)] (17)

The corresponding Fokker-Planck equation for the distribu-
tion P'[x(r), r] is

(18)

Since SSE/Sx, = x, + 8 V'/Bx&, then the Fokker-Planck Hamil-
tonian HFp[x] given by (18) is positive semidefinite. Be-
cause of this, we know that

—exp( —SE[q]+ ~5(0) tr InA (q)}, (25)

we only have to show that HFp[q] is a positive-semidefinite
operator.

We know that HFp [x] given by (18) is a positive-
semidefinite operator. If we can show that Hpp[q] is a simi-
larity transform of Hpp [x], then HFp[q] and HFp [x] have
the same set of eigenvalues, and their eigenfunctions are
also related by the similarity transformation. This means

I

lim P'[x(t);71 —
q 0[x]= e (19)

H„,[q] = UH„', [x(q) ] U-',
P„[ql = Uy„'[x(q) ]

(26a)

(26b)

~4 5SF
+ hg, hgk

=
hyped

5qg
(20)

We claim that the Langevin equation given by (20) is the
correct starting point. This Langevin equation has a multi-
plicative white noise, or, in the language of Namiki, Ohba,
and Okano, 7 a distorted random noise.

We would like to emphasize that (20) reduces to the usu-
al Langevin equation for velocity™independent potentials,
because in this case the h&'s are constants.

The Fokker-Planck Hamiltonian corresponding to the
Langevin equation (20) is

5SE
Hpp[ql = J dr A(k '(q) +

~qk ~qk

(21)

To prove that (21) is the Fokker-Planck Hamiltonian corre-
sponding to the Langevin equation (20), one can start from
(7), take its derivative with respect to r, use (21), and one
will get the Langevin equation (20). Or, one can start from
(7), evaluate g [q„(t,7)]= q~(t~, r;q) q„(t„,r",q) at

The correct starting point for stochastically quantizing (1)
is starting from (16) and using x, =x;(q). From (16), and
using the Stratonovic calculus, ' we derive the Langcvin
equation for q; given by

One can easily verify that

U = exp[+ ~S(0)tr in' (q) ] (27)

—exp{—SE[q]+

&&(0)trinal

(q)} . (28)

Or a more general statement is that

P [q(r), rl= UJ"[x(r)r] . (29)

This completes the derivation of the Lee-Yang term via
stochastic quantization.
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will satisfy (26a). And, therefore, from (26b) and (19) we
find that

limP [q(r), r] —yo[q]
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5Sg (jhg
+ h]kh~k

— hg = hik
QV' 5$~ 6Q~

However, as argued by Hunt et al. (see Ref. 4) the choice of the

calculus is equivalent to choosing the parameter n in deriving the
path-integral representation for the distribution function. This
parameter n eventually drops out in the final expression for the
distribution function; i.e., the distribution function is eventually
independent of the calculus used.
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