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We derive the so called Lee-Yang term for velocity-dependent potentials via stochastic quantization. The
derivation shows that there is a subtlety in choosing the appropriate Langevin equation, i.e., the Langevin
equation must have a positive-definite Fokker-Planck Hamiltonian. In the derivation, we also make use of
the Stratonovic calculus to transform a stochastic equation with an additive white noise to a stochastic equa-

tion with multiplicative white noise.

Consider the Lagrangian with a velocity-dependent poten-
tial given by

L=%¢,4;(9aq;,— V(g , (6))

where the dot represents differentiation with respect to
We will assume for simplicity that 4; is symmetric and that
det4 =0, i.e., the Lagrangian is nonsingular.

The Euclideanized effective action for (1) was first!
shown to be

Sef,»[q]=f dtl5q,450,+ V(91— 38(0)trind , (2)

via canonical quantization. Later on, the same effective ac-
tion was derived via the path-integral approach to quantiza-
tion.2 We would like to derive in this paper this effective
action via the stochastic approach to quantization.?

In the stochastic approach to quantization, one introduces
an extra ‘‘time” 7 and a random white noise n(t,7). Then
one solves the Langevin equation

0g; 8Sg

a—T=— 54, +7)1(t,7') , (3)

where Sg is the Euclidean action given by the first term in
(2). Euclidean quantum theory is given by the prescription

Tl_Lm <q1(t1r7;7’) ce qn(tm‘rln)>1:
=(0|T(q:(ty) -+ - g (£,))]0) , (4

where ¢ (#,7;m) represents a solution of (3) and ( ), means
averaging over the white noise 7.

In practice, Eq. (4) is verified perturbatively. To prove
(4) nonperturbatively, one relies on the Fokker-Planck
equation for the distribution function Plq(#);r], corre-
sponding to the Langevin equation (3). The distribution
Plq(0;7] satisfies the boundary condition Plq(#);r=0]
=8[q(»1], and

—_?)—11=HFPIII]P[‘1(’);T] ’ ®
T

B 5 s LAY
HFP[q]_fdtﬁq,(t) [Sq,(t) + 3¢q; ] ©

The relation with the Langevin formulation is given by
(ql(tl:'r;'n) T q,.(tn."f;")))n
= [1da(D1a(r) - @) PLa(Dsr] . (D)

Then, Eq. (4) is proved by showing that
~5glg(0]

lim Plg(n);r]~e 8)
T=* o0

However, if we naively apply the above procedure to the
theory given by the Lagrangian (1), we get into trouble.
Writing

Plg(D;r]=3 Curalg(nle " ©)

we find that y,[q (#)] satisfies
Heplqly,lql=Ep,lq] . (10)

The prescription given by Egs. (3)-(8) only works if the
Hgplql given by (6) is positive semidefinite (E,=0), and
the ground state Wolg] (with energy Eo=0) is unique. If
these assumptions are valid, then it follows from (9) and
the fact that e “E' satisfies (10) with E=0 that (8) is
valid. But for the Lagrangian (1), we know that (8) is the
wrong answer, because the canonical and path-integral
methods have shown that the correct answer is

lim Plg(8);r]~ ¢ Ser® an

with Serl gl given by (2). So, where is the problem? The
problem lies in the fact that the Hgp for (1) is not positive
semidefinite,

_ 5 5
HFP[q]—fdth,(t) s | Auds
: 1 BAU aAjk . . aV
: + 2L - + 22
2[ da  oa )T Bg,

(12)

The third term in the brackets is the source of the nonposi-
tive definiteness of Hgp.

Because of the above problem, we want to argue in this
paper that the Langevin equation (3) is not the correct start-
ing point for the stochastic quantization. We will derive
another Langevin equation and show that it is the correct
starting point for stochastically quantizing (1) by deriving
(11) from it.

Let us define a new coordinate x by* g;= ¢;(x) such that
(1) becomes

L=3%3%—V'(x) , a13)
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and V'(x) =V (q(x)). This means that

h,k(q)h,,(q)Au(q)=8k, 5 (14)
where '
9q;

Note that we can always do the above transformation be-
cause the theory is nonsingular.

The Lagrangian given by (13) is now in a regular form.
The Langevin equation for x is

ox__ 08¢

o~ ox +m,(t,7) , \ (16)
where

silxl= [ atl ki + Vo) an

The corresponding Fokker-Planck equation for the distribu-
tion P'[x(p,7]is

_ 8P _ 5 [ 5 55§

ar —J Yo% (0 |3 T ox(0

Plx(n;7] . (18)

Since 8Sg/8x;=%,;+ 0 V'/9x;, then the Fokker-Planck Hamil-
tonian Hygp[x] given by (18) is positive semidefinite. Be-
cause of this, we know that

—SE’.[x]

lim P'lx(8);7]1 —yolxl=e (19)
T~ o0

The correct starting point for stochastically quantizing (1)
is starting from (16) and using x;=x;(¢g). From (16), and
using the Stratonovic calculus,>® we derive the Langevin
equation for g; given by

Bq, 8Sg
v + h]khjk'—a';j— =hmy . 20)

We claim that the Langevin equation given by (20) is the
correct starting point. This Langevin equation has a multi-
plicative white noise, or, in the language of Namiki, Ohba,
and Okano,’ a distorted random noise.

We would like to emphasize that (20) reduces to the usu-
al Langevin equation for velocity-independent potentials,
because in this case the hy’s are constants.

The Fokker-Planck Hamiltonian corresponding to the
Langevin equation (20) is

88k 5

2E
dqr g

7 ) -
HFP[q]=fdtm Aiic 1(‘1)[

A
_1 _1 94m
58(0) A 0. ” . @D

To prove that (21) is the Fokker-Planck Hamiltonian corre-
sponding to the Langevin equation (20), one can start from
(7), take its derivative with respect to 7, use (21), and one
will get the Langevin equation (20). Or, one can start from
(D), evaluate glg,(,7)1=q,(s,Tim) - - - gu(1,,7m) at

time 7+ A7 in two ways, i.e.,
(2la(D]ar) = [ da(DPLg(D;7+Arlglg (D]

= (J da(Dgla, (D), 4arPLa (D, 7)), , 22)

and Eq. (22) will give the Fokker-Planck Hamiltonian A gp.
Now consider

Bolgl ~ exp{— Sglql+ +8(0)trind (g)) . (23)
This satisfies :
Hyplgliolgl=0 . | 24)
To complete the proof that
fl_i‘rr;“f’[q(t),'r] ~ golql
~exp(—Selgl+ +8(0)trind (g)} , 25)

we only have to show that Hgplgl is a positive-semidefinite
operator.

We know that Hgplx] given by (18) is a positive-
semidefinite operator. If we can show that Hgplgl is a simi-
larity transform of Hygp[x], then Hpplq]l and Hip[x] have
the same set of eigenvalues, and their eigenfunctions are
also related by the similarity transformation. This means

Hrelgl= UHip [x()1U! (262)

balql=Uy,lx (] . (26b)
One can easily verify that

U=expl+ +8(0)trind (g)) "N

will satisfy (26a). And, therefore, from (26b) and (19) we
find that

lim Plq(n),71~1olql
~exp{— Sglgl+ +8(0)trind (¢)} .  (28)
Or a more general statement is that

Plqg(0),r1=UP'Ix(N7] . « (29)

This completes the derivation of the Lee-Yang term via
stochastic quantization.
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