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Using an extended version of (-function regularization, we derive the one-loop fermion contribution to
the effective potential in the presence of finite temperature and a chemical potential.

During the past few years much attention has been
focused on finite-temperature quantum field theory (QFT),
and a standard algorithm has evolved for calculations in
fmite-temperature QFT. ' However, if a chemical potential
for fermions (which corresponds to a conserved fermion
number) is included, then the calculations are not trivial
generalizations of finite-temperature QFT calculations. ' In
the past, several gauge-theory models have been treated in
the presence of a chemical potential, ' and in all these pa-
pers the contour integration method was used to evaluate
the frequency sums. This method is rather involved and
cumbersome. In this Brief Report we shall use an extended
version of the generalized Riemann zeta-function regulari-
zation to evaluate the one-loop fermion contribution to the
effective potential. Furthermore, in this method we can
directly use the functional-integration formalism, without
taking recourse to either the diagrammatic method or the
real-time formalism.

For our purpose we need only the fermionic part of the
Lagrangian, and this is given by

L~= iQgQ —mQ@

The one-loop effective potential is then given by

d3
Vf = —2TX 1 {n[(2n+1)vr T ip]+2p, 2+—M }

(27r )'
(6)

u(M) = gin(X +E2) (7)

where X= (2n+ I)vr T ip, and E= (p2—+ p, 2)' 2. Then

du(M) ~ I~ X+E2
1
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To evaluate this sum, we first consider the first part:

X I'E 2' T =p~ n+ I pg+ I
(9)

Instead of evaluating (6) by the contour integration method,
we proceed as follows. Let

M= m+g$ (2)

After shifting the scalar fields of the theory by P, the effec-
tive fermion mass is given by

where

.p, +E
2 2 T

(10)

where g is the Yukawa coupling. The one-loop effective po-
tential is

d4p
Vf =2i J

P ln(p2 —M )
(2sr )4

To perform finite-temperature calculations, one has to make
the following replacements:

1 g 1

2' T „= (n+ l)' [~(s,l) —g(s, i)],n+ I)'

and an overbar denotes complex conjugation. The summa-
tion in (9) is clearly divergent. To regularize it, we consider
the following:

14p 2T ~ ~ d'p
(2sr )' ~" (2m)'

po (2n+ I)m T
(4)

where ((s, l) stands for the generalized Riemann zeta func-
tion. Now using the results

and if we incorporate a classical potential p, , then in addition
to (4) we should also have

p, —(2n+ I)sr T ip, —

lim ((s, n)— 1 = —y(~),s~1 s —1
t

Img(~+iy) =
2 vr tanh(vry)

(12)

(13)
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we obtain

1 t h I+E (14)

( )ne — n(p, +E)/T+ 1 (15)
2IT

where = stands for the regularized part. (It is thus seen
that the infinities appear as poles of the zeta function. )
Proceeding similarly we obtain

Co
'I-
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(

1 ~ 1 h P E (16)

(

( )nen(p —E)/T
2IT

(17)
FIG. 1. Integration contour in the complex frequency plane for

zero chemical potential (dashed line) and nonzero chemical poten-
tial (solid line).

Now inserting (15) and (17) in (6) and using the formula7

' v —1/2

(x' —m')" 'e )'"dx= JvK„)/2(mp, )4 m 7r p
(

we finally arrive at

and infinite, while the second integral is nonzero. The gen-
eral formula for such sums is given by

T y(w„) = y(w)
27ri „,„)0 exp(w, /T) + IRew 0 0

+ resp( w, )
„,„&0exp( —w, /T)+1

rMT" ( —)"
h np, K nMcosh E1

n=& pl T T (19) The integration contour with and without chemical potential
at finite temperature is shown in Fig. 2.

This expression agrees with the results obtained in Refs. 4
and 5. Further, on using the formula

we get

z" K„(z) dz= —z"+ K„(z) (20)
I cu. 43

JL Jt

)(

2M3T ~ ( —)"
h np, K nM

( t

(21)

It should be noted that both (19) and (21) are exact expres-
sions, and no approximation has been made in deriving
them. However, in many situations one needs approximate
formulas, and in such cases the following expression is use-
ful:

)

)C

"
d. ( 2-M)t/2

dM 2m2 "~
'(

x + . (22)
e (x+P.)/ T+ 1 e (x —p, )/ T+ 1

[Equation (22) can be obtained through the use of (.14) and
(16).] From this expression, one can obtain results for
various approximations like (p, ~ )M or (p, ( ( M, etc. Fi-
nally, we briefly describe the usual contour integration
method. In this case one chooses the contour shown in Fig.
1. Then f =f +f . The Co integral is p, independent

C Co 8C
FIG. 2. Integration contour in the complex frequency plane with

and without chemical potentia1 at finite temperature.
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DISCUSSION

In this Brief 'Report we have illustrated how one can use the generalized Riemann zeta-function technique in finite-
temperatue QFT (coupled with a chemical potential) calculations. It appears that this method is simpler than the conven-
tional contour integration technique and would likely prove useful in higher-loop calculations and other situations as well.
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