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Gauging of Dirac-Kahler fermions on the cubic lattice
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We propose a new method of gauging of Dirac-Kahler fermions on the cubic lattice. Instead of
gauging the finite-difference operators we gauge the incidence numbers of the cell complex in terms
of which the cubic lattice is defined.

I. INTRODUCTION X~~C~ Xf3qCq =2~~13~.

Dirac-Kahler fermions on the lattice are a geometrical-
ly natural reinterpretation of Susskind fermions. ' They
provide an alternative to Dirac fermions even in the con-
tinuum. For example, unlike the usual Dirac spinors in
the continuum they can be defined on all pseudo-
Riemannian manifolds. On the lattice the Dirac-Kahler
fermions permit one to use a natural geometrical language
of cell complexes and thus have an additional appeal.
Their gauging, however, has not achieved the same degree
of elegance and naturalness on the lattice as has the free-
fermion formalism.

In this paper we present some results in this direction.
For background information and more on the subject of
the geometrical meaning of Dirac-Kahler fermions, the
reader should consult an excellent exposition by Becher
and Joos. '

II. GAUGING

The usual gauging with Wilson factors' consists of
gauging finite-difference operators c)—,

tj„+f(x ) =f(x +e„) f(x ), —
"oq f(x)=f(x) f(x —e„), —

by substitutions 8—+~D+—,

D~+f(x)=U '. (x,eq)f(x+e~) —f(x) .

Unfortunately t)
+—do not have the nice direct geometrical

meaning. In contrast, our formalism can be extended on
any cubic and simplicial cell complexes where the
prescription just described will certainly not work. This
will be considered elsewhere.

Let d be exterior differentiation, 8 its adjoint with
respect to the scalar product on forms (tv, w')

w h e w' h is the wedge product and e is the

Hodge star operator). Then the Dirac-Kahler equation'
1S

i(d 8)tv =0 . —
On the Euclidean lattice Eq. (1) takes the form

(d+t))f =0,
where d is the boundary operator, and 8 is its adjoint with
respect to the scalar product on cochains (C~ is a p-cube)

The boundary operator d is defined by

df =d g ct~C~ = g I(Cp, C~+))ctpC~+(, (4)
p P, C +l

~ g ]&l. . . g i —ll i —lg i~i+i. . . g pl"p+l

x,H
In the notation used d ' ~ is a unit p-cube built at the

site x with p unit vectors e„, . . . , e& . (p&, . . . , pz)
—:Hp, p&« - . . pp. The most important property of
the boundary operator is d =0.

The cup product U on cochains is defined through the
cup product on p-cubes,

d 'H U dy'L = &x+eH yd H UL,
=PH, L

where pH L is the sign of the permutation that puts the se-
quence of numbers H UL (when dealing with number se-
quences, H UL means the set theoretical union of H and
L, while HgL means the complement of L in H) in in-
creasing order. The cup product is associative. On coho-
mology classes the cup product is the lattice analog of the
wedge product on forms.

The left and the right cap products A L and A R are de-
fined by

PL iK, K

d z, L d x, H gz, xdx+ eH, LXH+R PH, LXH

They are dual with respect to the cup product, i.e.,

( Cq (l „C~,C„)= ( Cq, C~ U C„), q )p

( C„,Cq (l L C~ ) = (C„U Cq, Cq ), q &p .

When q=p, in general, (lz~flL. This is the source of
the problems encountered with the definition of a lattice
analog of the Clifford product on differential forms. The

where I(C~, Cz+I ) =+ 1,0 are the incidence numbers, with
I(C~, C&+&)&0 only when Cz is a face of C~+& (denoted
by Cz & Cz+~). For the cubic lattice one can take

I(d ' ~,d ' ~+')

p+ l x,y+e
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left cap product is similar to the operation of contraction
used by Becher and Joos, ' when the left factor in the
product in Eq. (7) is a constant cochain.

Given a one-cochain U with values in some group rep-
resentation, we define the right gauged boundary operator
as

FU~Fp dw" Adx (14)

The left boundary operator has similar properties.
In order to prove Eqs. (11)—(14) we give an explicit ex-

pression for FU. First, we note that for any C~ and Cz+z,
with C~ & Cz+2, there exist exactly two (p+ 1)-cubes such
that

dUf = g apCp UIU(Cp, Cp+)),
C

where IU is the one-cochain

IU( Cp, Cp + i ) =I( Cp, Cp + ] ) U( Cp + ) n g Cp ) (10)

Cp (Cp+l &Cp+2,

which has the meaning

g I(C~+ ),Cp+2)I(Cp, Cq+) ) =0 .
i=1,2

(15)

(16)

The left gauged boundary operator can be defined similar-
ly by changing the order in the cup product in Eq. (9) and
defining U in Eq. (9) on C~AL C~+~. The operator dU
has the following properties [Eqs. (11)—(14)] with 1 refer-
ring to the unit one-cochain:

For any f-cochain and for some two-cochain FU,

Second, the two-cube (square), which is the cup product of
U(C~'+ ~, Cz+2) and U(Cz, Cz+ ~ ), is the same as
U(cz+„Cz+2) U U(C~, C&+i). Then, using associativity
of the cup product, we arrive at

dU ——UFU,
(17)

FU ——IU UIU,

dU f=fUFp .

Under a gauge transformation

U( [ab ])~4'(a) U([ab ] )@ '(b),

FU~N(a')FU@ '(b'),

(12)

(13)

where IU is the one-cochain of Eq. (10). Calculation of
Eq. (17) is simple. Let

Pl ( (Pp
X,Pd ~ pl ( (pr ( (pp

where [ab] is an oriented link (one-cube) and a, b, a', b'
are some sites (zero cubes). (For the relationship between
a, b and a', b', see below. ) When the lattice spacing a goes
to zero

Pl( ' (Pq ( ' (Ppd, pl ( ' ' (pr ( ' ' (pq ( ' (pp
be the four cubes in Eq. (15). Then

IUUIU ———g I U([y,y+e& ])U([y+e&,y+e& +e& ])—U([y,y+e& ])U([y+e&,y+e& +e& ])Id ' " i,

p
y=x+ g e~

(18)

It follows from Eq. (18) that when U=1, dU ——0 and
therefore d l ——d. Since the points y,y+ ez,y+ e„,p

y+e& +e& lie on the same two-cube d ' "",it is obvi-
q r

ous that each term of the sum in Eq. (18) is the difference
between Wilson phase factors along paths beginning and
ending at the same point. From this follows Eqs. (13) and
(14). The exact meaning of Eq. (14) is

lim (IU U IU, d"'")=F„, ,a~0 CX

where F„ is the field strength of the gauge field
A~:U =exp(iaA~ep ).

It is interesting to compare the usual definition of a
gauged boundary operator given in Ref. 1 by Eq. (3.61)
and ours. The easiest way to see the difference between
the two is to compare the gauge field strengths Fz corre-

sponding to the two operators. One finds from (3.61) of
Ref. 1 and Eqs. (18) and (19) that if the usual field
strength of Ref. 1 is F„,(x ) then ours is shifted in the ar-
gument and is F&,(x+ g;~H e;). Clearly, in general, the

gauged boundary operators cannot be the same.

III. CONCLUSIONS

We presented a new way to gauge Dirac-Kahler fer-
mions on the lattice. This was accomplished by introduc-
tion of right (left) gauged boundary operators in a natural
geometrical manner, using only the notions of the in-
cidence number, the cup, and the cap products. Unlike
the conventional approach, ' our method has extensions on
arbitrary cubic and simplicial cell complexes. This has
significance for inclusion of matter in the Regge calculus
and description of dimensional phase transitions. The
gauged boundary operators have correct gauge covariance
properties and the correct continuum limit.
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