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Dimensional reduction and theories with massive gauge fields
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We generalize the three-dimensional (Abelian) model of Deser, Jackiw, and Templeton with a
gauge-invariant mass term to higher odd dimensions using antisymmetric tensor gauge fields. We
show that this mass-generation mechanism for gauge fields is related through dimensional reduction
to the gauge-mixing mechanism of Aurilia and Takahashi. We comment on possible scenarios for
non-Abelian generalization.

I. INTRODUCTION

Recently, there has been a lot of interest in three-
dimensional gauge theories. These theories have interest-
ing properties. One of these is the possibility of introduc-
ing a gauge-invariant mass term, which in the non-
Abelian case can be identified with a topological quantity
related to the Chem-Simons secondary class. In the
Abelian theory, this additional term is responsible for the
existence of a long-range potential whose field strength is
short ranged, reminiscent of the Nielsen-01esen string.
These investigations have led the authors of Ref. 1 to sug-
gest that this might be an alternative to the Higgs mecha-
nism for the generation of mass for gauge particles. An
interesting question is whether it is possible to generalize
such theories to higher odd dimensions. The next higher
odd dimension, five, is of particular importance from the
point of view of Kaluza-Klein type of theories.

There is another mechanism for the generation of mass
for gauge particles in even dimensions, called the gauge-
mixing mechanism and has also been suggested as an al-
ternative to the Higgs mechanism. In four dimensions,
for example, the vector gauge field A& and a second-rank
antisymmetric tensor gauge field A„„are included in the
Lagrangian in a gauge-invariant way, leading to a massive
particle, with spin 1. It has been pointed out that mass
arises out of the presence of a gauge-invariant current
whose divergence contains an "anomaly" similar to the
axial anomaly.

Can these two mechanisms for the mass of gauge parti-
cles in odd and even dimensions be related to each other?

In this paper we attempt to answer the two questions
posed above. We obtain a generalization of the Deser-
Jackiw-Templeton (DJT) model for gauge-invariant mass
to odd dimensions higher than three by using antisym-
metric tensor fields. We also obtain through dimensional
reduction of these generalized DJT models the even-
dimensional Aurilia-Takahashi models with gauge mix-
ing, thus relating the two different mechanisms for
gauge-invariant masses of gauge particles.

As mentioned above, we need antisymmetric tensor
gauge fields to generalize the DJT model to higher odd di-

mensions. For 4n —1 dimensions ( n = 1,2, . . . ) we need a
tensor field of rank 2n —1, whereas in 4n + 1 dimensions
( n = 1,2, . . . ) we need a complex tensor field of rank 2n,
as will be'discussed below.

The technique of dimensional reduction was first used
in dual models and later also exploited in supergravity. "
Usually what is done is that the action in a higher-
dimensional theory is reduced to lower dimensions by ex-
panding the fields in normal modes corresponding to the
compactified extra dimensions, and integrating out the ex-
tra dimensions. "' This forms the basis of the modern
Kaluza-Klein type of theories. However, in the dimen-
sional reduction used in this paper we consider the fields
in higher dimensions to be independent of the extra di-
mensions to achieve our purpose.

At first sight it may not seem surprising, in view of the
relation between Chem-Simons secondary invariants in
odd dimensions and chiral anomalies in even dimensions,
that the mass term in generalized DJT mode1s in odd di-
mensions is related to the mass term in gauge-mixing
models in even dimensions. However, the Chem-Simons
secondary invariant is related to the chiral anomaly in one
dimension higher, whereas we related the gauge-invariant
mass term in odd dimensions to an anomaly-like term in
one dimension lower, through dimensional reduction.

The contents of the rest of the paper are organized as
follows. In Sec. II we generalize the DJT model to higher
odd dimensions. In Sec. III we reduce the generalized
DJT models to even dimensions and relate them to models
using the gauge-mixing mechanism. We analyze in Sec.
IV both the cases, and relate the "anomaly" in the gauge-
mixing mechanism to the stringlike long-range potential
of the generalized DJT models. In the last section, Sec. V,
we present a discussion of our results and point out fur-
ther interesting possibilities, especially in non-Abelian
theories.

II. GENERALIZATION OF THE DJT MODEL

The three-dimensional, Abelian DJT model is

4.
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where the second term in L is the gauge-invariant (apart
from surface terms) mass term. This term, apart from
the kinetic energy term, is the only one which is gauge in-
variant and quadratic in the field. If we wish to general-
ize this to the next odd dimension (five), we need to use an
antisymmetric tensor gauge field 2& . The corresponding
mass term, by analogy with (1), is

I.M —— e "'~ 'F„g„Ap, ,
X 3!4!

where

The Lagrangian is invariant (up to surface terms) under
the gauge transformation

Lr~ —— 6 " FgpvApg2X2!3! (2)

where Fx&„——8~A& +.8@A„~+BQ~„. However there is a
difficulty, since IM in Eq. (2) is a five-divergence, and
does not contribute. In seven dimensions, however, this
generalization works, and we can write a mass term using
a third-rank antisymmetric tensor A~&

..

The particle content of the model can be worked out easi-
ly. It describes a particle of mass P in seven dimensions.
It is thus possible to generalize the DJT model easily to
4n —1 dimensions (n =1,2, . . . ) using an antisymmetric
tensor of rank 2n —1. The mass term is of the form

I. P»I'2 ''&4n —1F
2 X (2n)!(2n —1)! ! 1~2 !2n ! 2n+1 I4n —1

L =—F*..X'" +
3t

P ApvpoF
A,P,V PO' (5)

can be considered as a generalization of the DJT model.
The equations of motion following from (5) are

g FaPy P XI VPyF 0
6

together with the Bianchi identities

(6)

where F& z . . .„——0& Az . . .„+cyclic permutations~ll2 )2n ! 1 l2 l2n
of pl . p2„. LM is invariant under the gauge transfor-
mation 9„.. . p, ,

—+Op A„.. .„+cyclic permuta-

tlons of pl ' ' p2„
A generalization to 4n + 1 dimensions is not possible

using a real antisymmetric tensor of rank 2n since this
leads to a term like (2), which is a divergence. We can
avoid this problem by using complex fields. For example,
in five dimensions, the Lagrangian

variance and attempts to construct non-Abelian theories
have not been successful so far. '

Having described the generalization of the DJT model,
we shall now consider the dimensional reduction of these
models in the next section.

III. DIMENSIONAL REDUCTION
OF THE DJT MODELS

As explained in Sec. I, dimensional reduction is usually
done by considering the normal-mode expansion of the
fields in extra dimensions. However, we consider a re-
stricted class of reduction, viz. , the one in which the fields
are independent of the extra dimensions.

First, we shall consider the original DJT Lagrangian
for the Abelian theory, viz. , the Lagrangian in Eq. (1).
This Lagrangian has the gauge invariance

where

Using (6) and (7) one can arrive at

which establishes the mass of the particle as p. However,
since Az„ is complex, the Lagrangian (5) would represent
two particles, each of mass P. It is not difficult to see
that the same trick works in an arbitrary dimension
4n + I, with complex antisymmetric tensor field of rank
2n.

In three dimensions, DJT have also generalized their
model to the non-Abelian case. It is natural to ask if this
non-Abelian model can be generalized to higher dimen-
sions. Unfortunately, we do not have Lagrangians for an-
tisymmetric tensors with genuinely non-Abelian gauge in-

To perform a dimensional reduction to two dimensions we
split A„as (A„P) (a=0, 1), with P=A2. We assume A,
and P to be independent of X2. Then

F~2 F2~ ——B~p . ———

The Lagrangian then reduces to

L= —4F bF + 2(B,Q) PFp, — (10)

where F= —
2 e F,b, and where surface terms have been

dropped. The latin indices go over 0 and 1. This La-
grangian is indeed the gauge-mixed model in two dimen-
sions considered by Aurilia and Takahashi. It is also the
familiar Lagrangian corresponding to the bosonized ver-
sion of the Schwinger model, " following the bosonization
prescription of Coleman and Mandelstam. ' Note that
the bosonized Schwinger model incorporates the anomaly
of the fermionic axial-vector current. We will consider
this aspect in the next section.
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Now let us take up the generalized DJT model in five
dimensions whose Lagrangian is given by (5). The La-
grangian has the gauge invariance

L = Tr(F,bF' ) —2Tr(D, @)(D'q&)
2g g

Tr(F,q p)e'

To go over to four dimensions we treat the fields to be in-
dependent of the extra coordinate x5. With the definition

A, q
———A5, ——A, (a =0, 1,2, 3)

we get the Lagrangian (on dropping surface terms)

I. = —,F*b F' '——,F,*bF + e b dF' 'A"*+H.c.

where, as before, y=A2. The Lagrangian (16) coincides
with the small-fluctuation limit of the Lagrangian of the
bosonized version of QCD in two dimensions, as given by
D'Adda, Davis, and Di Vecchia. ' Our Lagrangian does,
however, incorporate the correct non-Abelian anomaly, as
seen from an infinitesimal non-Abelian transformation of
the third term in L of Eq. (16) by q&(x) —+y(x)+8(x), 8(x)
being an arbitrary matrix-valued function of space-time.

(12)

where F,b
——B,Ab —BbA„and the latin indices go over

0,1,2,3. If we rewrite in terms of real and imaginary parts
of the various fields appearing in (12), we can obtain the
gauge-mixing model, mixing the real part of A,b with
the imaginary part of A„and the imaginary part of A,b

with the real part of A, .
To see the particle content of the Lagrangian (12), we

write the field equations and the Bianchi identities

IV. ANOMALIES AND LONG-RANGE POTENTIALS

B„F"+pF =j (17)

It is known that the DJT (Abelian) model contains
"stringlike" solutions' and the Aurilia-Takahashi gauge-
mixed model has "anomalies. "

In the DJT model the existence of long-range potentials
can be inferred from considering the equations of motion
with external sources, viz. ,

8,F'b'+i pF b'=0

BF +ipF =0,

B~F =0,

(13a)

(13b)

(13c)

For v=0, we get

V' E+pH =j
Integrating over two-dimensional space one gets

p f H d'x =p f A dx&0

(17a)

where

(13d)
showing thereby that A is a long-ranged potential, whose
field strength is short ranged. As pointed out by DJT,
this resembles the Nielsen-Olesen string. Now in the
gauge-mixing mechanism, it is easy to check that the La-
grangian has a global invariance

These could of course, have been obtained by dimensional
reduction of (6) and (7). Using the above equations, we
can arrive at

(8 +p )F b
——0. (14)

L = Tr(F„F" ) — O'""Tr(F„A~——,A„A A~),

(15)

where A,F are now matrices. On performing dimensional
reduction as described above, we get in two dimensions

We also get a similar equation for F' *. In contrast to
the model of Ref. 3 which describes a self-conjugate parti-
cle, wet get a gauge-invariant description of a pair of con-
jugate massive particles.

Having obtained an interesting connection between the
Abelian DJT model in three dimensions and the bosonized
version of the two-dimensional Schwinger model by di-
mensional, reduction, it is natural to wonder what one ob-
tains on dimensional reduction of the non-Abelian DJT
model. The Lagrangian for the non-Abelian DJT model
in three dimensions is

up to a two-divergence. The Noether current is

jp =Bpg +p Ep~A

and is conserved. However this current is not gauge in-
variant because of the second term. If one defines

Jp =Jp p~pvA =dp0— —
then

pA (19)

reminding us of the anomaly of the chiral current. ' Ob-
viously the topological mass which is responsible for the
long-range potential in the DJT mode1 is also responsible
for the anomaly, in the dimensionally reduced model. Ex-
istence of long-range potentials can be shown in higher-
dimensional DJT models also. However it is of interest to
see the long-range potentials in the dimensionally reduced
model itself. Now we shall take up the five-dimensional
generalization of the DJT model and see the existence of
anomaly and long-range potential in the lower-
dimensional model itself.

The Lagrangian density
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] 2 1 2 P vap~= —4' + Fp„p + O' Fq Aap2)c', 3! 4
(20)

Ap —+Ap+Cp .

The corresponding "current"

(21)

is not gauge invariant. However, the current

&rpv:pv + tivapA FpvaP=

is gauge invariant, but not conserved. This gives rise to
the "anomaly equation"

g~&pv pF v (22)

We have the situation analogous to bosonized Schwinger
model. Note that the same Lagrangian is invariant under
A~p~A~p+C~p, but the "current" j " =I' "
+pe " A is not gauge invariant. But we have a
"current" j' & =I' "" which is gauge invariant but not
conserved.

Now, if we consider the equations of motion with exter-
nal source, we have the equation

~ ~—8 E' — e'J B.A k ——Jp .1 2 1 J (23)

When integrated over volume V, we find the potential
should be nonzero at infinity. The behavior resembles the
DJT model though it is an even-dimensional theory.

V. CONCLUSIONS

has a global symmetry corresponding to the transforma-
tions

How does one define the topological quantities analogous
to the Chem-Simons secondary invariants or Pontryagin
index using higher-rank tensor gauge fields? On the other
hand, there does exist a gauge-mixing type of model in
four dimensions with non-Abelian fields A& and 3 due
to Freedman and Townsend. ' Could this give a clue to a
five-dimensional non-Abelian model of the DJT type? We
have not found a satisfactory answer to these questions.

(ii) It is interesting to note that though the DJT theory
is not invariant under parity (P) and time reversal ( T),
the bosonized Schwinger model obtained from it on di-
mensional reduction does respect P and T provided the
intrinsic P and T of the scalar field are defined to be op-
posite to those of the vector field. This freedom exists in
two dimensions because the three-dimensional Poincare
invariance is broken on dimensional reduction. A similar
remark would be true of higher-dimensional, generalized
DJT models.

(iii) We have shown that dimensional reduction of the
Abelian DJT model in three dimensions leads to the bo-
sonized Schwinger model in two dimensions. However,
the non-Abelian DJT model does not lead to the complete
bosonized version of two-dimensional QCD, but only a
small-fluctuation limit of it. It would be interesting to
know if a modification of the dimensional-reduction tech-
nique employed here could give a complete bosonized ver-
sion of two-dimensional QCD. Work on this is in pro-
gress. Recently, different "prescriptions" for bosonization
have been given in two-dimensional non-Abelian
theories' leading to different symmetries for bosonic
theories in the presence of interaction. If dimensional
reduction could indeed be used as an approach to bosoni-
zation, it would be another way of understanding this
problem.

In conclusion we present a discussion of our results and
other interesting possibilities suggested by them.

(i) We have generalized the DJT model to higher di-
mensions and this automatically brings in higher-rank
tensors in order for the additional term to give rise to
mass. It is natural to wonder how a non-Abelian version
of the generalized DJT model in higher dimensions would
look like. We would then have to answer the question:
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