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A new theorem about the interference between particle beams is established. The Collela-
Overhauser-Werner and Marton experiments are theoretically explained with a theorem established
by Chiu and Stodolsky. The Feynman theory is applied to obtaining the propagator for a particle
beam in a gravitational field, and the Collela Ove-rhauser Wer-ner experiment is further analyzed.
Another theorem, established by Chiu and Stodolsky, and our new theorem are proved yvith the
method of Feynman's path integrals.

I. INTRODUCTION

It is a well-known fact that interferometers have been
widely applied to optics. The x-ray interferometer' and
neutron interferometer, based on Bragg reflection and
Laue diffraction, were made long ago. The former was
reviewed in detail by Bonse, ' Hart, ' etc. Since the first
neutron interferometer was made, scientific researchers
working in the areas of solid-state physics, . nuclear phys-
ics, particle physics, gravitation theory, etc., have been
very interested in it. However, it should be mentioned
that Rauch first worked on the theory of the neutron in-
terferometer.

Until now a lot of research on the interference of parti-
cles, e.g. , electrons and neutrons, was based on amplitude
coherence, mainly using scattering theory. " Some
physicists discussed the interference of particle beams
from the viewpoint of the relative phase difference be-
tween coherent particle beams. Overhauser and Collela'
and Collela, Overhauser, and Werner' (COW) experimen-
tally studied the interference of the relative phase differ-
ence between two coherent beams caused by the gravita-
tional effect. Werner' and Rauch' independently point-
ed out that a 360-degree rotation of a neutron interferom-
eter in the magnetic field changed the sign of the neutron
wave function. In 1976 Werner' designed a new experi-
ment and made theoretical analyses. Greenberger' also
did important work. However, all their analyses are re-
stricted by the requirement that particles are considered as
plane waves.

Using the principle of least action and the concept of
phase coherence, Chiu and Stodolsky' established two
general theorems about the interference of particle beams.
In this paper, we establish a new theorem which further
discusses the influence of the disturbance at the initial
points of coherent particle beams on "coherent fringe
shifts. " Then the famous COW and Marton experi-
ments' ' are theoretically interpreted using the Chiu-
Stodolsky Theorem II. The results agree with these exper-

iments. The Feynman theory is applied to obtaining the
propagator for particles in the gravitational field, and the
COW experiment is analyzed further. Our results agree
with the experimental results. Finally, the Chiu-
Stodolsky Theorem I and our new theorem are proved
with the method of Feynman's path integrals.

II. SEVERAL THEOREMS
ABOUT THE INTERFERENCE

OF PARTICLE BEAMS

Dirac pointed out the following: "For any dynamical
system with a classical analog, a state for which the clas-
sical description is valid as an approximation is represent-
ed in quantum mechanics by a wave packet, a11 the coor-
dinates and momenta having approximate values, whose
accuracy is limited by Heisenberg s principle of uncertain-
ty. Now Schrodinger's wave equation fixes how such a
wave packet varies with time, so in order that the classical
description may remain valid, the wave packet should
remain a wave packet and should move according to the
laws of classical dynamics. "

The above-mentioned ideas of Dirac are applied to par-
ticle beams. The states of a particle can be described by
wave functions. Each wave function is a superposition of
many plane waves with the form

ei i p x Ht)/R-—
(the plane waves describe the states of free particles in
quantum mechanics). Therefore such a wave function is a
wave packet representing a state of a particle.

We can assume that the wave function of a particle is
Q=Ae' ~", in which A and S are functions of q and t.

The action is defined as
X~ XF X~

S(x x ) —f Ldt= f p dx„=f (pdx —F. dt).

(2.1)

The path of the packet motion is just the path of the par-
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D

FIG. 2. Because of disturbance, the end point moves from F
to A.

FIG. 1. Changes of classical paths after disturbing the in-
cident particles.

If two coherent particle beams starting from point I move
along their classical paths, respectively, and meet at point
F, then the phase difference between the two packets is

~4'=%IF NIF . — (2.3)

Generally, the particles do not move along their classical
paths from I to F. If the final point F is not at the classi-
cal path and the phase at some point, e.g., 3, in the neigh-
borhood of the point F is known, then

1
NIF NIA + P 5xAF . (2.4)

Assume in Fig. 1 that the solid curves represent the
original paths and the dashed curves represent the classi-
cal paths after disturbing the incident particles. Chiu and
Stodolsky' established two theorems as follows:

ticle motion in accordance with the classical laws. Such a
path is called a "classical path. " In this "semiclassical
limit, " the size of the wave packet is large compared to
the wavelength.

Consider the condition in which energy remains con-
stant. The phase of the wave packet representing the state
of a particle is

P= —f (p dx —Edt) .
1

where the integral is along the classical crossing paths.
We can deduce from Theorem I that the diffusion of

wave packets cannot cause changes of the interference
fringes but only affects the clearness of the interference
fringes. This deduction can be strictly proved by the
path-integral method in our later work. Of course, it is
true to first order in the variation. Now we establish a
new theorem as follows:

Theorem III. In the neighborhood of the ideal configu-
ration the change of the incident particle beam affects b.P
for the second-order variation.

Under the condition that the particles are free and ener-

gy remains constant, the wave function of a free particle
i ( p.x —Eot)/A

is =Ae . Let

P I t =p, x=xp Po (2.6)

i(p.x—Eot)/A
Then for states g=e
pp, shown in Fig. 2. Thus

F
flgpF = —Ept + f P dx= Ept +PoF —xoF

, p has the definite value

= —&pt +ao&p . (2.7)

Because of disturbance, the end point moves from F to A.
Then

Theorem I. In the neighborhood of the ideal configura-
tion the effect on b.P of changing the incident beam van-

ishes to first order in the variation.
Theorem II. For two paths in the neighborhood of

classically crossing paths the variation of the phase differ-
ence due to a change in the applied fields 5pI is given by
the explicit change only:

(u) QL, ~b) QLf 5' dt —f 5/3I dt
I 8

(2.5)

ANOA = Eot + f P'dx= —Eot+Po„xp—A
—— Ept +Po I

xoF+5—x
I

~ 1/2
2xpF &x+5

Ept +pp[(xoF+5—x)'(xpF+5x)] = Eot+ppxp 1+—
Xp

=—Ept +ppxp+ppF. 5x+pp $x /2xp — ppqzp $z2

2l"p

Eot+poxo+PoF'5x+(po~2xo '9poI2xo)5x

= —Eot +pox o+ PoF '5x+ (po ~2ro) k dx (2.8)
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where g is a constant whose value is determined by the angle between xoF and 5x, and g= 1 —g. From (2.7) and (2.8), we
have

r

1 Po
4'oF =(t'0A PoF 5xAF + PXAF

2P'o

If 0 is replaced by I in the above expression, then we obtain with Fig. 1

I~PIF =SIF SIF—(a) (b)

(a) (b)

AAI|I F =A/I A
—PF '5xAF —

(g) g 5xAF —API B +PF '5XBF+ (b) g 5xBF(a). (a) 2 . (b). PO

2Xb

(a) (b)

=SI A SI B —— PF '5xAF + ~ 4 5xAF —PF '5xBF — k 5xBF(a) (b) (a) (a) 2 (b). ~O (b) 2
(a) 2X"'XO XO

According to the variational principle and considering second-order effects,

SI g ——SI I+SIF +6SIF +5SIF(a) (a) (a) (a)2

and

(2.9)

(2.10)

(2.11)

(2.12)

a'1. 8 I.
5SIF' =f (Q5x +R5p )dt+ 5r2 „„— 5r2

x p xBp
P=P0

where

X=X)
P=P)

(2.13)

r

1 51
2 BxBx

d BI.
dt BXBp

1 BIR=—
2 BpBp

Since' =0, L =p /2p, then d L/Bx =0, d L/BxBp=0. Thus 5SIF' =0 and

SI'g =SI'I +SIF +6SIF ~ 6SIF =pF '6X&F(a) {a) (a) (a) (a).

SI'B SI'I +SIF +~SIF ~ ~SIF PF ~XBF(b) (b) (b) (b) (b).

%'e conclude that
(a) (b)I 0 (a) 2 PO (b)~4'I'F ~%IF ( ) 4 5rAF + (b) 4 5rBF

2X0 2xp

i.e., considering the second-order variation, we have obtained the effect of the change of the incident particle beam.

III. INTERPRETATION OF COLI.EI.A-OVERHAUSER-WERNER AND MARTON EXPERIMENTS

(2.14)

(2.15)

(2.16)

Now we interpret theoretically the Collela-Overhauser-Werner and Marton experiments by means of Theorem II in
Sec. II.

A. Collela-Overhauser-Werner (COW) experiment

Overhauser and others made similar experiments independently in 1974 (Ref. 12) and 1975.' The principle of these
experiments is shown in Fig. 3. A neutron beam A is divided into two neutron beams (I) and (II), at the point B of sil-
icon crystal sheet BE, which are reflected at silicon crystal sheets C and D and meet at E. The apparatus is placed in the
gravitational field. I.et the apparatus rotate through 180 degrees about BD and fringe shifts will be found at F. For ex-
ample, if A, = 1.42 A and the area of parallelogram BCED is 6 cm, then a shift of 10.5 fringes will occur.

From Theorem II, '

(I) {I) BL5S'"=f 5PIdt+(p; 5x; —p; 5x; ), (3.1)

(~I)5S("'=f — 5p, dt+(~,F5xF p,B5,B) . —
j

In the gravitational field,

(3.2)

5S = —mc f 5(ds) = —mc f d'X' dx' dX' dX
gI.I + I I gk ds +Plcggk 5x

ds s- $ ds
(3.3)
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In our problem, the velocity is small compared with the velocity of light and the apparatus belongs to a small scale. The
Lagrangian of a particle in the gravitational field can be written as

PlUL = —mc + —mP.
2

(3.4)

Thus

5S"'—5S'"'= — f m5ydt f— m5ydt

tl5S"'=—f m5$dt =mg f [(u sinO)t —,'gt ]—dt+f, [y& ——,'g(t t—~) ]dt

(3.5)

=mg [—,
' v»nOti' ——,'Rti'+Xi(t2 tl) 6R(t2 tl) ] (3.6)

E25S'"'= —f m5gdt=mg f ( —,'gt )dt+—f (u~ sinO&t —,'gt )dt—
1

—mg [ 2 u ) lsI18) ( t2—t ) ) —
6 g (t2 —t ) ) —

6 gt ) ] (3.7)

5S —5S =mg [Tu slBOtl —Tv ) slnO (tq t) ) +—3'& (t2 t, )——, Rt) —+, Rt (
———,g (t2 t) ) —+ —,g (t2 t ) ) ]—

where

2
y ~

——r =U ssn6t ~
—

2 gt &

(3.8)

(3.9)

(3.10)

'2

u~
——u +(gt& ) =u +

U
(3.11)

The solution of Eq. (3.9) is

t&
———,[2u sinO/g —2(u sin 8—2rg)' /g]

=u sinO/g —(u sin 8—2rg)' /g

= —[usinO —(v sin 8—2rg)' ] . (3.12)

Making an approximate calculation, only terms less than second order in 1/u remain:

t
&

-—l/U,

t

t2 ——I/v+r/u sinO .

Thus

5S'"—5S'"'=mg[ —,usinOt, ——,u~ sinO'(tz tI ) +r(t2 t~) ——,'gt, + 6g—tI —,'g—(tq t~—) —+—,'g(t2 tI—)]—
=mgr(tz t&)=mgr =m g—r =m gr—l-l 2 I q A,

p

(3.13)

(3.14)

1.e.,

b,/=2'. m grl2

I 2 (3.15)

After rotating the apparatus through 180 degrees about
AD, we have

where h is PIanck's constant.
b, N =2 =2m grlA. /h

2m'
(3.16)
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FIG. 3. Sketch of COW experiment.

0

Inserting A. = 1.42 A and rl =6 cm in (3.16), we obtain

5N =10.7 . (3.17) FIG. 4. Sketch of Marton experiment.

This result corresponds quite closely to the COW experi-
ment. However, according to the interpretation of the
Marton experiment by Werner in 1960, the fringe shifts
cannot occur because the phase difference due to the slid-

ing effect, i.e., the slide of end points caused by the ap-
plied field, balances the phase difference due to the bend-

ing effect, i.e., the bend of paths caused by the applied
field. It is apparent that Werner's interpretation conflicts
with the result of the COW experiment. However, the
COW experiment can be interpreted by Theorem II.

B. Marton experiment

The principle of Marton's experiment is sketched in

Fig. 4. The apparatus is placed in a static electric field or
a static magnetic field and the fringes can be observed at
C. If the apparatus is placed in a slowly changing electric
field or a slowly changing magnetic field, the fringe shift
can be observed at C. For example, if the apparatus is
placed in a slowly changing electric field, then we have

5S' ' —6S' '= —e f 6$dt —f Stadt, (3.18)

where P is the potential of the field.
In the Marton experiment, Marton and others canceled

coherent fringes caused by nonparallelism of these thin
copper sheets. However, as Marton informed us, the stray
60-cycle magnetic fields were present in his electron inter-
ferometer. The interference fringes would have been
shifted back and forth sixty times each second by such
large amounts that they could not possibly have been seen.

This is what caused Werner to make a wrong interpreta-
tion. An explanation for this experiment is given in Ref.
17. The mistake in Werner's "interpretation" was pointed
out in Refs. 17, 18, and 38.

IV. PROPAGATOR OF PARTICLE BEAM
IN GRAVITATIONAL FIELD

AND COW EXPERIMENT

In Sec. III the COW experiment was explained by
Theorem II. In this section the COW experiment will be
discussed strictly by means of the path integration of
quantum mechanics. The propagator of the particle beam
in the gravitational field will be derived and the wave
function wi11 be obtained.

From quantum mechanics, the propagator of a
particle beam, which moves from r' to r" in time interval
~=t"—t', is

K(r",r', r)

= lim AN- exp
N —+ oa

N N —1—g S(rj, rj .&) Q drj,
j=1 j=1

(4.1)

where l =2ih/p, p is the mass of a particle, AN is a nor-
malizing factor satisfying the condition

f K(r",r', r)dr"=1 . (4.2)

The action is

2

+—
2 E

2

2 2(xj +xj —
& 2xjxj —t)+ (3' +3' —t

—23'p —&)—egJj (4.3)

e is the time interval in which the particle moves from rj &
to rj and the equal-time interval e=r/X is adopted. Thus

we have



SEVERAL THEOREMS ABOUT THE INTERFERENCE OF. . . 373

exp ——S(rJ, rJ &) =exp (xj +xJ ~
—2xjxj. &)

l

1 2 2 2E
exp ——

1(yJ +yJ 1
—2yJyJ I)+

1
gyJel

(4.4)

1.e.,

——,yj +yj- + —, yjyj- +, gyj
N —1

II dy
j=1

(4.5)

1 2 2 2 2e 1 2 2 2e
I1 —— exp ——y1 +yo +—yo+y2 y1+ gy1 ——y2 +y1 + gy2el le l el l

1 2 2 2 X —1

+ ' ' —
I (yx +ye i )+

I yxyx i+
I gyxel le l j=1

The integral (4.6) is a multiple integral. First, it can be integrated over y&,

2 2 2 2E QO 2 2 1 2 2

el el
exp ——yi + (y2+yo)yi+ gyi dye= f exp ——[yi —

z (y2+yo+& g)l + (y2+yo+e g) dy&
l 2@i

(4.6)

=(earl/2)' exp (y2+yo+e g)
2@i

(4.7)

Then it is integrated over y2 and the terms of e2 are neglected,

1/2
1 2 2 2 2 2 26

exp (y2+yo+e g) ——y2 +—y3y2+ gy2 dy2
2el el el l

1/2 2 2
yo ge Qo y2 yoy2 3ge 2 2 2
2@i l —Qo 2@i el l el el

1/2
el~ 2

yo ge QO

exp + yo exp
2@i l QO

3 2 yo 3ge 2

2@i el l el

1/2 1/2
2@i~ 2

yo 2' et yo 2ge 2
P 2l+ l

y P, 2 3 l+ l
+

2

(4.8)

By means of mathematical induction we can obtain

2 2 2

1/2

N

2—yo
exp

2yx g6
exp (X —1) yo (4.9)

Let

I2 —— exp
X —1

g (xJ —XJ )) + dxjle .
(4.10)

(4.10) can then be easily calculated:

(x~ —xo)I,=(~u)""(l~~e) '"exp--
%el

Substituting ro, r&, and Xe in I& and I2 by r', r", and r, respectively, we can obtain from (4.1)

(4.1 1)
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1 2K(r",r', r)= lim A&I, Iz ——lim A&(~lE) (Nl~r) ' exp — [y' +y" +(x"—x') ]+ y'
N~ oo N~oo Iz l

Let A~ N——' /(~le), then the above expression becomes

1K(r",r', r)=(lvrr) ' exp — [y' +y" +(x"—x') ]+ y'
l~ l

(4.12)

Thus the wave function at t =t" and r=r" can be found from the wave function at t =t' and r=r':

g(r", t")=f K(r",r', r)g(r', t')dr'

1

l~~ f exp — [y" +y' +(x"—x') ]+ y' P(r', t')dr' .
l~ l

(4.13)

Since the path of a particle in the gravitational field is a complicated curve, it is difficult to calculate (4.13). However,
we are able to estimate that the phase of wave function (4.13) depends on the path of integration. This result is in accor-
dance with the conclusion in Sec. III.

V. QUANTUM PROOFS OF THEOREMS I AND III 1l(rz') = f K(rz'+rp, r+ T, rp+r, T)

Chiu and Stodolsky established Theorems I and II with
the semiclassical method. In Sec. II we have established
Theorem III with the same method. Now we prove
Theorems I and III with the method of Feynman's path
integrals.

Figure 5 shows that a particle beam I incident to the
crystal sheet Mo at t = T is divided into the particle
beams II' and II" by reflection and refraction, respective-
ly. Then II' and II" are reflected at the crystal sheets M]
and M2 into the particl, e beams III' and III". Finally III'
and III" are superposed at D.

Now the phase and amplitude at D along the paths
II'—III' and II"—III" will be calculated by the method of
path integration. We consider that the incident beam is
reflected and refracted at the slit of which the breadth is
2b (or at the lattice of which the spacing is 2b).

From quantum mechanics, the wave functions in the
beams II' and II" are, respectively,

P(r)') = f K(rI'+ro, r+ T,ro+r, T)

XK (ro+ r, T,O, O)d r . (5.2)

K(r",r') = 2~i'(t" —t')
—3/2

im (r"—r')
2A(t" —t')

(5.3)

where m is the mass of a particle, r' and r" the coordi-
nates of the initial and final points, t' and t" the initial
and final times, respectively. In the two-dimensional case

g(x', y') =
2mih

2

It should be stated that the particles in the beam are emit-
ted at t =0, r=0.

From Fig. 5, we can find particles only in the position
x H [xp —b xp +b], y =yp at the instant T. The propaga-
tor of free particles is

X K (rp+ r, T,O, O)dr, (5.1)
b im [(x'—x)'+(y' —yp)']

exp

im [(xo+x)'+ (yo+yo)']
Q exp

2AT

8, (x,, y

where ~'= t"—t'. Let
(5.4)

(x,yg

G( )
1, xc[ bb]—
0 elsewhere .

(5.5)

The function exp( —x /2b2) satisfies approximately (5.5),
1.e.)

FICx. 5. Interference of particle beams.

G (x)—=exp( —x2/2b~),

(5.4) can be written in the form

(5.6)
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2

(Tr') ' f G(x) exp
2m'A OO

im [(x,"—x)'+(y,"—y, )']
2&'

im [(xo+x) +(2yo) ]
2AT

2mik

3/2

T7T+T+TT
mb

—1/2
, lm (3 1

—3'o ) 43'oexp, +

xp xi' (m /2A' r' )(xi' xone—'/T)
Xexp + ~ +

(m I&)(iIT+i Ir") 1 l—b' (5.7)

Similarly, the amplitude function of particles in beam II" is

3/2

Tw" T +z"+ Tw"
mb

—1/2
im (3'2 —3'o ) 43'o

P 2~ „+
xp xp' (m /2A r" )(xp —xp'T"IT)

X exp +, +
(m /fi)(i /T +i /r" ) 1/—b

(5.8)

where P(r&') and g(rz') represent the amplitude functions of particles passing through the paths II' and II", respectively,
t'1, t 1' and t2, t2' the initial and final instants of beams II' and II", ~'= t 1' —t'1, ~"——t2' —t'2.

The probability density of finding particles on the crystal sheet M2 at the instant t =T+~ is

P ( r,")= i'*(r,")P(r,")

3

(Ti') ' T+r'+Tr'
2~6 mb

iAT+7 —Tv
mb

—1/2 (x i xpr'/T )—
A,

2
(5.9)

where

I2g2 i2g2
A, =b 1+—+ =b1+

mb mb
(5.10)

The semibreadth of the wave function at the initial point is b and the semibreadth at r1' is b1, so wave packets diffuse
when moving.

The wave functions g(r3') and it (r4') of the particles in the beams III' and III" are calculated as

P(r3') = f K(r3', r'& )itj(r&')dr&', (5.11)

I/r(r4') = f K(r4', r2')ly(r2 )dr2, (5.12)

p(r3') = m
2m.i A

3/2
I I iA

T~1 T +~1+T~1
mb

jm (y i
—3'o) 43'o im „„2m V n-P

2~ 1

2

m /2' rI

m I L—+-
T

im 1 1+
—1/2

1

It'll

„mXexp ——,x3 +
4 AY

XPV1

+T Q1

1

2

2

Lm l,fPl+ i +
m /2A' r',

1

b2

(5.13)
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3/2

g(r4') = Tr," T +~I'+ T~,"
2m% mb

—1/2

im b z
—3'o)

X p
71

4 2
30 lm „„2 mV77+ T +-.-""-~" 2.,&.- 1

I 2

m /2' r,"

Pl l l+T

im 1 1
tt It7

—1/2

1 lm „m+exp —— x& +4
lm 1 1+T

im 1 1

2A' 71 7 lm

m /2A' rl'

1 1+
7

1

b 2

(5.14)

i~Wc =

where r't and ~I' are time differences between the initial and final instants of the paths 1&&' and 111",j.e.,
lt III tl

71 =t2
Supposing the particle beams III' and III" meet at the point 0 at the instant t = T+7p. From the superposition prin-

ciple of wave functions, the wave function at the point D and the instant t =T+~o is g(rD)=ti(r3')+p(r4'), where

rD ——r3 —1$ The phase difference between P(r3') and P(r&') at D is

im. (O' I 3'o) (3'2 3'o) im (3'D 3'I ) (O'D 3'2 )
+

2A 71 2A

1 lm m
, XD+

4 «' Tg27t 2

Xp71

im 1 1

T+-;
1

2

2

lm 1 1—,+, +
m /2A 7'

m l l+
fi T

1

b2

1 im m

4 «" TA 71'
XD+

lm

Xp71

1 1—+T 71

1

b 2

2

im 1 1„+ „+7 7 lm

m 2/t2%27tt2

1 1+T
1

b

Making the substitution xo~xo+6xo in (5.15) and letting rI +r'=r~'+'7 =ro, the coefficient of 6xo is

(5.15)

tt

g =imxD TA
i i+ -

bm

7—lmXD T Il + l 7p —+
71 T 7 mb

+mXp7 fl T 71 +T
g2

mb

7 . l l„+l7p +
71 T

Q2

mb

l l—mXp7 A T71 +T mb

l l
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For brevity, let x&~0 and T~O, then the first term on the right-hand side of (5.16) is

g& ——lim im
T—+0

&o 0

7' 7"
+ 7 . l l

XD TA +11O

TJ T mb

1 l
+l7O +T mb

=0 (5.17)

and the second term is
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T o A

xo~O ITlT+
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mb
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~o O

II
TQ„l Tl7" T

1

7 ) l POT

7' T

=0 (5.18)

so

g=q)+qp ——0 . (5.19)

The phase difference between the wave functions of two particle beams is not affected by the variation of the initial point
in the first-order approximation. Further calculation shows that the coefficient of 5xo does not vanish. Therefore we
have proved Theorems I and III by the method of path integrals of quantum mechanics.

In the semiclassical limit, Chiu and Stodolsky had proved Theorem I in Ref. 18, and we have proved Theorem III in
Sec. II. We have extended the scope of application of Theorem I and Theorem III from the semiclassical limit into the
quantum area in this section.

ACKNOWLEDGMENTS

The authors would like to thank Professor J. P. Davidson and Professor K. W. %'ong for their help;

U. Bonse and M. Hart, Appl. Phys. Lett. 6, 155 (1965).
2S. Kikuta, I. Ishikawa, K. Kohra, and S. Hishino, J. Phys. Soc.

Jpn. 39, 471 (1975).
3U. Bonse, Proceedings of the 5th International Congress on X-

ray Optics and Microanaiysis, 2969, Part I (Springer, New
York, 1970).

~U. Bonse and W. Graeff, X-Ray Optics Applications to Solids,
Vol. 22 of Topics in Applied Physics (Springer, New York,
1977), p. 93.

5M. Hart, Rep. Prog. Phys. 34, 435 (1971).
M. Hart, Proc. R. Soc. London A346, 1 (1975).

7U. Bonse and H. Rauch, Proceedings of the First International
Workshop on Neutron Interferometry, Institut Laue Langeuin-
Grendote, 1978 (Oxford University Press, New York, 1979).

H. Rauch, W. Treimer, and U. Bonse, Phys. Lett. 47A, 369
(1974)

R. P. Ozerov and I. D. Datt, At. Energy Rev. 13, 651 (1971).
~oJ. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949).

C. G. Shull, Phys. Rev. Lett. 21, 1585 (1968).
A. M. Overhauser and R. Collela, Phys. Rev. Lett. 33, 1237
(1974).

'~R. Collela, A. M. Overhauser, and S. A. Werner, Phys. Rev.
Lett. 34, 1472 (1975).

~S. A. Werner, R. Collela, A. W. Overhauser, and C. F. Eagen,
Phys. Rev. Lett. 35, 1053 (1975).

'5H. Rauch, A. Zeilinger, G. Badurek, A. Wilfing, W.
Bauspiess, and U. Bonse, Phys. Lett. 54A, 425 (1975).
S. A. Werner, R. Collela, A. W. Overhauser, and S. F. Eagen,
in Proceedings of the Conference on Neutron Scattering,
Gatlinberg, Tennessee, edited by R. Moon (ERDA Conf-
760601-P2 Oak Ridge, Tennessee, 1976).

~7D. M. Greenberger and A. W. Overhauser, Rev. Mod. Phys.
51, 43 (1979).
C. Chiu and Leo Stodolsky, Phys. Rev. D 22, 1337 (1980).
L. Marton, Phys. Rev. 85, 1057 (1952).
Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959).
L. Marton, J. A. Simpson, and J. A. Suddeth, Phys. Rev. 90,
490 (1953).

22L. Marton, J. A. Simpson, and J. A. Suddeth, J. Sci. Instrum.
25, 1099 (1954).
W. H. Furry and N. F. Ramsey, Phys. Rev. 118, 623 (1960).

24L. J. Tassie and M. Peshkin, Ann. Phys. (N.Y.) 16, 177 (1961).



PEI YU ZHU, ZHONG JUN SHEN, AND YOU SHI WU 32

&5B. S. DeWitt, Phys. Rev. 125, 2189 (1962).
F. J. Belinfante, Phys. Rev. 128, 2832 (1962).
Y. Aharonov and D. Bohm, Phys. Rev. 123, 1151 (1961).

28Y. Aharonov and D. Bohm, Phys. Rev. 125, 2192 (1962).
29Y. Aharonov and D. Bohm, Phys. Rev. 130, 1625 (1963).
oT. Boyer, Phys. Rev. D 8, 1679 (1973).
B. Liebowitz, Nuovo Cimento 38, 932 (1965).

-'2P. A. M. Dirac, The Principles of Quantum Mechanics (Ox-
ford University Press, Oxford, 1958).
L. D. Landau and E. M. Lifshitz, Mechanics (Pergamon, New

York, 1960).
L. Stodolsky, Gen. Relativ. Gravit. 11, 391 (1979); J. Anan-
dan, Phys. Rev. D 15, 1448 (1977); F. G. Werner and D. R.
Brill, Phys. Rev. Lett. 4, 344 (1960).

3sR. P. Feynman and A. R. Hibbs, Quantum Mechanics and
Path Integrals (McGraw-Hill, New York, 1965).

3 S. F. Edwards, Proc. Phys. Soc. London 91, 513 (1967).
D. Peak and A. Inornata, J. Math. Phys. 10, 1422 (1967).

3~J. Anandan, Nuovo Cimento 53A, 221 (1979).


