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'

A new theorem about the interference between particle beams is established. The Collela-
Overhauser-Werner and Marton experiments are theoretically explained with a theorem established
by Chiu and Stodolsky. The Feynman theory is applied to obtaining the propagator for a particle
beam in a gravitational field, and the Collela-Overhauser-Werner experiment is further analyzed.
Another theorem, established by Chiu and Stodolsky, and our new theorem are proved with the

method of Feynman’s path integrals.

I. INTRODUCTION

It is a well-known fact that interferometers have been
widely applied to optics. The x-ray interferometer! and
neutron interferometer,” based on Bragg reflection and
Laue diffraction, were made long ago. The former was
reviewed in detail by Bonse,»* Hart,>% etc. Since the first
neutron interferometer was made, scientific researchers
working in the areas of solid-state physics, nuclear phys-
ics, particle physics, gravitation theory, etc., have been
very interested in it.” However, it should be mentioned
that Rauch® first worked on the theory of the neutron in-
terferometer.

Until now a lot of research on the interference of parti-
cles, e.g., electrons and neutrons, was based on amplitude
coherence, mainly using scattering theory.®~!' Some
physicists discussed the interference of particle beams
from the viewpoint of the relative phase difference be-
tween coherent particle beams. Overhauser and Collela'?
and Collela, Overhauser, and Werner!? (COW) experimen-
tally studied the interference of the relative phase differ-
ence between two coherent beams caused by the gravita-
tional effect. Werner'* and Rauch'® independently point-
ed out that a 360-degree rotation of a neutron interferom-
eter in the magnetic field changed the sign of the neutron
wave function. In 1976 Werner'® designed a new experi-
ment and made theoretical analyses. Greenberger!’ also
did important work. However, all their analyses are re-
stricted by the requirement that particles are considered as
plane waves.

Using the principle of least action and the concept of
phase coherence, Chiu and Stodolsky'® established two
general theorems about the interference of particle beams.
In this paper, we establish a new theorem which further
discusses the influence of the disturbance at the initial
points of coherent particle beams on “coherent fringe
shifts.” Then the famous COW and Marton experi-
ments'*~3! are theoretically interpreted using the Chiu-
Stodolsky Theorem II. The results agree with these exper-
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iments. The Feynman theory is applied to obtaining the
propagator for particles in the gravitational field, and the
COW experiment is analyzed further. Our results agree
the experimental results. Finally, the Chiu-
Stodolsky Theorem I and our new theorem are proved
with the method of Feynman’s path integrals.

II. SEVERAL THEOREMS
ABOUT THE INTERFERENCE .
OF PARTICLE BEAMS

Dirac® pointed out the following: “For any dynamical
system with a classical analog, a state for which the clas-
sical description is valid as an approximation is represent-
ed in quantum mechanics by a wave packet, all the coor-
dinates and momenta having approximate values, whose
accuracy is limited by Heisenberg’s principle of uncertain-
ty. Now Schrodinger’s wave equation fixes how such a
wave packet varies with time, so in order that the classical
description may remain valid, the wave packet should
remain a wave packet and should move according to the
laws of classical dynamics.”

The above-mentioned ideas of Dirac are applied to par-
ticle beams. The states of a particle can be described by
wave functions. Each wave function is a superposition of
many plane waves with the form

¢(X,t) :aoei(p‘x-—Ht)/ﬁ

(the plane waves describe the states of free particles in
quantum mechanics). Therefore such a wave function is a
wave packet representing a state of a particle.
We can assume that the wave function of a particle is
¥=Ae"/% in which 4 and S are functions of ¢ and .
The action is defined as®?

S(xz,xF):fxlFL dt=fx]Fp#dxyzfxlF(p'dx—Edt).
2.1)

The path of the packet motion is just the path of the par-
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FIG. 1. Changes of classical paths after disturbing the in-
cident particles.

ticle motion in accordance with the classical laws. Such a
path is called a “classical path.” In this “semiclassical
limit,” the size of the wave packet is large compared to
the wavelength.

Consider the condition in which energy remains con-
stant. The phase of the wave packet representing the state
of a particle is

1
¢=— [ (pdx—Ean. (2.2)
If two coherent particle beams starting from point  move
along their classical paths, respectively, and meet at point
F, then the phase difference between the two packets is

Ap=¢\3 — o . (2.3)

Generally, the particles do not move along their classical
paths from I to F. If the final point F is not at the classi-
cal path and the phase at some point, e.g., 4, in the neigh-
borhood of the point F is known, then
1

brr=br4+ ”gP'SKAF . (2.4)
Assume in Fig. 1 that the solid curves represent the
original paths and the dashed curves represent the classi-

cal paths after disturbing the incident particles. Chiu and
Stodolsky'? established two theorems as follows:
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FIG. 2. Because of disturbance, the end point moves from F
to A.

Theorem I. In the neighborhood of the ideal configura-
tion the effect on A¢ of changing the incident beam van-
ishes to first order in the variation.

Theorem II. For two paths in the neighborhood of
classically crossing paths the variation of the phase differ-
ence due to a change in the applied fields 88; is given by
the explicit change only:

(a) _ai_
aB;

b
@ OL 5541,

Bt — [ 3 5

Adrp—Adrr+ f

(2.5)

where the integral is along the classical crossing paths.

We can deduce from Theorem I that the diffusion of
wave packets cannot cause changes of the interference
fringes but only affects the clearness of the interference
fringes. This deduction can be strictly proved by the
path-integral method in our later work. Of course, it is
true to first order in the variation. Now we establish a
new theorem as follows:

Theorem III. In the neighborhood of the ideal configu-
ration the change of the incident particle beam affects A¢
for the second-order variation.

Under the condition that the particles are free and ener-
gy remains constant, the wave function of a free particle
. i(p-x—Eyt)/fi
is =Ae

Pli=0x=x,=Po - (2.6)

i(px—Ent

Then for states Pp=e )M, p has the definite value

Po, shown in Fig. 2. Thus
F
fipor = —Eot + fo p'dx=—Eot +PorXor
= —-Eot +p0X0 . (27)

Because of disturbance, the end point moves from F to 4.
Then

4
Hipog = —Eot + fo pdx=—Eot +PosXoa = —Eot +po | Xor +8x |

= —Eot +pol (Xop +8%)*(Xor +8x)]'/>= — Eot +poxo

2Xop 86X+ 8x2 12

sz

1+

1
~—Egt +PpoXo+Por 8X+Po8x?/2x0 — ;’T;POWXOZSXZ
0

= —Eot +poXo~+Por*8X+(po/2Xo—npo/2x0)8x>

= —Eot +poXo+Por 8% +(po/2rg)édx? ,

(2.8)
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where 7 is a constant whose value is determined by the angle between xor and 8x, and §=1—7. From (2.7) and (2.8), we
have

or=Po4 — % Por X 4p + %é’&cﬁz 2.9
If O is replaced by I’ in the above expression, then we obtain with Fig. 1

#ihpr=Sif —SiF (2.10)

(a) (b)
#ibGpp=Tidy 4 —PF 8K 4p — 2p (a)§(a)5xAF —#iprp+ PR SXpp + 2p (b)§ '6xpr?
=Si%4 —Si7— |pF-dx4p+ p(")) £8x 45—y 8% pr — ZPB )) EP6xpp? | . .11

According to the variational principle and considering second-order effects,

5% =Sp1+SiF +8Sif +8S/f” 2.12)
and

ssig?= [ (0ox? 4 RopAM +kpr? |~ DL g2 213

1 oxdp png o0xdp :::1

where

Q—l 8L d L _1.aL

0x0x dt 9x0p 2 dpdp

Since 8p2=0, L =p?/2u, then 3L /3x*=0, 3°L /3xdp=0. Thus 8S{#?=0 and

St =Sr1+SiF +8SiF, 881 =pi" 8% ar , (2.14)

S =S, +S12 4852, 8518 =p-5xsp . (2.15)
We conclude that

(a) (b)
Appp=A2dir— pr(a) E9%8r 45+ 21;0617) EP8rpp? (2.16)

i.e., considering the second-order variation, we have obtained the effect of the change of the incident particle beam.

III. INTERPRETATION OF COLLELA-OVERHAUSER-WERNER AND MARTON EXPERIMENTS

Now we interpret theoretically the Collela-Overhauser-Werner and Marton experiments by means of Theorem II in
Sec. II.

A. Collela-Overhauser-Werner (COW) experiment

Overhauser and others made similar experiments independently in 1974 (Ref. 12) and 1975.* The principle of these
experiments is shown in Fig. 3. A neutron beam A is divided into two neutron beams (I) and (II), at the point B of sil-
icon crystal sheet BE, which are reflected at silicon crystal sheets C and D and meet at E. The apparatus is placed in the
gravitational field. Let the apparatus rotate through 180 degrees about BD and fringe shifts will be found at F. For ex-
ample, if A=1.42 A and the area of parallelogram BCED is 6 cm?, then a shift of 10.5 fringes will occur.

From Theorem IL'3

(D
55*”):_[1 gé‘ 8B;dt +(p; Foxf—pPoxf), 3.1
SS“”zfm 95, —=8B;dt +(p/x[ —p{ex?) . 6.2

In the gravitational field,>*

8S = —mec f 8(ds)= —mc f gir ds +mcegi %*—Sx (3.3)

d3x! dx' dx*
SILANE
dsz + Lik ™5 ds d }
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In our problem, the velocity is small compared with the velocity of light and the apparatus belongs to a small scale. The
Lagrangian of a particle in the gravitational field can be written as
2

L=—mc+ ’"2” —m¢ . (3.4)
Thus
(1) (1)
5V _gsID_ _ [f m8¢dt—f m8¢dt] , : : (3.5)

t t
L —— fmm&j)dt =mg [fol [(vsin@)t — 5 gt2]dt + f,lz i—3g -tl)Z]d’]
=mg[vsin6t,>— gt > +y (1, — 1)) — g (1, —1,)°], 3.6)

(1 1] !
8SW=— [ mbpdt=mg fol(—%gtz)dt—kft,z(vlsineit—%gtz)dt]
1

=mg[5v,sinf)(t, —t] P —+g(t,—11 ) —+gt}’], (3.7)

88V —8S ™M =mg[7vsindt,>— v sin®'(t,—11) +y (1, — 1)) — gt + 5811’ — 58 (L, — 11 + 58 (5, —11 )],

(3.8)
where
yi=r=vsinft; —5gt;?, (3.9)
f=—" - (3.10)
Uy
/ 2
vil=vi4(gt) P =024+ | = (3.11)
The solution of Eq. (3.9) is
t1=+[2vsin0/g —2(v?sin’0—2rg)' 2 /g]
=vsinf/g —(v?sin®0—2rg)'"? /g
:é-[v sinf— (v?sin%0 —2rg)' 2] . (3.12)
Making an approximate calculation, only terms less than second order in 1/v remain:
ti=l/v,
v=v,, =6,
(3.13)
ty=r/vsinf ,
ty=Il/v +r/vsinb .
Thus
88V -85 =mg[svsinbt,>— v, sin6'(t; — 1) +r(ty— 1)) — 58t + 5811 — 58 (1 — 1P+ 5g (1, —17)°]
l 2 1 2 A
mer (6t =mgr--=m’gr: - =m’rl} | (
f
ie., After rotating the apparatus through 180 degrees about
A AD, we have
Ap=2mm’grl— , (3.15)
& AN =222 _omginsn? (3.16)
where £ is Planck’s constant. 27 -
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FIG. 3. Sketch of COW experiment.

Inserting A=1.42 A and 7/ =6 cm?in (3.16), we obtain
AN =10.7 . (3.17)

This result corresponds quite closely to the COW experi-
ment. However, according to the interpretation of the
Marton experiment by Werner in 1960, the fringe shifts
cannot occur because the phase difference due to the slid-
ing effect, i.e., the slide of end points caused by the ap-
plied field, balances the phase difference due to the bend-
ing effect, i.e., the bend of paths caused by the applied
field. It is apparent that Werner’s interpretation conflicts
with the result of the COW experiment. However, the
COW experiment can be interpreted by Theorem II.

B. Marton experiment

The principle of Marton’s experiment is sketched in
Fig. 4. The apparatus is placed in a static electric field or
a static magnetic field and the fringes can be observed at
C. If the apparatus is placed in a slowly changing electric
field or a slowly changing magnetic field, the fringe shift
can be observed at C. For example, if the apparatus is
placed in a slowly changing electric field, then we have
5V _ss— _o {f(”&b di — f(n)éqﬁdtJ , (3.18)
where ¢ is the potential of the field.

In the Marton experiment, Marton and others canceled
coherent fringes caused by nonparallelism of these thin
copper sheets. However, as Marton informed us, the stray
60-cycle magnetic fields were present in his electron inter-

& A d B
i
Bs < T
l..._l————-—F—l —d’

FIG. 4. Sketch of Marton experiment.

This is what caused Werner to make a wrong interpreta-
tion. An explanation for this experiment is given in Ref.
17. The mistake in Werner’s “interpretation” was pointed
out in Refs. 17, 18, and 38.

IV. PROPAGATOR OF PARTICLE BEAM
IN GRAVITATIONAL FIELD
AND COW EXPERIMENT

In Sec. III the COW experiment was explained by
Theorem II. In this section the COW experiment will be
discussed strictly by means of the path integration of
quantum mechanics. The propagator of the particle beam
in the gravitational field will be derived and the wave
function will be obtained. )

From quantum mechanics,>~3" the propagator of a
particle beam, which moves from r’ to r’’ in time interval
T=t"—t', is

K(r'r',7)
. 2 N N-—-1
:,}l_r,nm AN fexp -—7 EIS(rj,rj_‘l) II] drj 5
Jj= J=

4.1)

where [ =2i#/u, u is the mass of a particle, Ay is a nor-
malizing factor satisfying the condition

ferometer. The interference fringes would have been fK(r”,l",T)dI‘”II. 4.2)
shifted back and forth sixty times each second by such
large amounts that they could not possibly have been seen. The action is
J
. 2 y 2
€ | Xji—Xj—1 € | Vi Vi1
S(r;,r_{)=— S| A= | ey,
(rj,r;_1) > " 5 . €gy;
S S N IR WU W ER
=5¢ Xi +x; 1" —=2x;x; 1)+ 2 Vi +Yi 1" =2yyj_1)—e€gy; . 4.3)

€ is the time interval in which the particle moves from r;_; to r; and the equal-time interval e=7/N is adopted. Thus

we have
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exp (xj2+xj;12—2xjxj_l) exp

1 2e
—%S(r,-,rj_l)]:exp —;l'(yj2+yj-12—2yjyj—1)+—l“gyj . (4.4)

el

Let

Il=fexp §,
i=

=1

N —1
| § 7 (4.5)

j=1

1 2 2 2 2€
- E(}’j +yi_17)+ E}’jJ’j—1+ _l‘gJ’j

i.e.,

1 2 2e
I={ exp =W rol)+ oty + lgyl I(y22+y12)+7gyz

1 2 ~
+ - l(}’N +yn—1 )+l yN.VN—-l"‘ ] gJ’N H dy; . (4.6)

The integral (4.6) is a multiple integral. First, it can be integrated over y,

- 2 2 2¢ =
S e =i Sty + e dyi= [T exp

1
2 =04y €T+ = (v +vo+€8) |dyy
€l 2el

-I—(yz +yo+€g)? %))

=(eml /2)"% exp el

Then it is integrated over y, and the terms of €* are neglected,

172
o | elm 1 202 22, 2 2e d
f_w ) ] exp 261()’2+J’o+€g) Y Tyt Ty |dn
1 | |y v yo2 3 2
- | &7 20 | 8¢ ® 22 0y2 | o8€ 2 “
=173 exp | S g T Yo S e 2 T g T l.Vz+ )W |2
' 172 .2 3 ‘ 3 5
— | &7 20 5_ _ 2 28€
> exp 21+ 7Y f_weXp 21yz+ l+ ;T || P
1w |7 2etw |7 (90?26 ! e 2 |
_ | &7 £€lm 20 | <€g8 _€ (Yo 28 2
2 2 2t LY |y [ty | | e
By means of mathematical induction we can obtain
(elm)N/? Yo’ yo’ yo® yn’
I J— e, P R 1 o - i
=T P Rataaa T T v DNe | o fexp | =g
(elm)V —Yo N g€
= - N-1&= 49
‘ N Nel ~ Nel [P |V D50 @9
Let
Izzfexp — 2 —xJ_l) H dx; ; (4.10)
i j=i
(4.10) can then be easily calculated:
(xy—x0)?
I, =(wleN X 1rNe)—172 _ (4.11)
2=(mle)" ' {(ITNe) exp Nel

Substituting g, ¥y, and Nein I, and I, by #’, r", and 7, respectively, we can obtain from (4.1)
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K(r”,r',r)leim ANIIIZ:NIim Ay (7le)N(Nlmr)~=172

exp

8T

)]+l

1 ’ " "
— Dy P (7 v’
It

Let Ay=N'"?/(srle)", then the above expression becomes
K(r'r',r)=rr)"12exp —%[y’2+y”2+(x” )2]+g7y’ (4.12)
Thus the wave function at ¢ =¢"" and r=r"' can be found from the wave function at ¢t =¢' and r=r’
1!1(r”,t")=fK(r”,r’,T)lﬁ(r’,t’)dr’
1 1
=—— [exp|— D" 24y 2+ (x"—x"P1+EDy’ |y(r,t)dr . (4.13)
lorr Ir
Since the path of a particle in the gravitational field is a complicated curve, it is difficult to calculate (4.13). However,

we are able to estimate that the phase of wave function (4.13) depends on the path of mtegratlon This result is in accor-

dance with the conclusion in Sec. III.

V. QUANTUM PROOFS OF THEOREMS I AND III

Chiu and Stodolsky established Theorems I and II with
the semiclassical method. In Sec. II we have established
Theorem III with the same method. Now we prove
Theorems I and III with the method of Feynman’s path
integrals.

Figure 5 shows that a particle beam I incident to the
crystal sheet M, at t=T is divided into the particle
beams II' and II” by reflection and refraction, respective-
ly. Then II' and II" are reflected at the crystal sheets M,
and M, into the particle beams III' and III”. Finally III'
and III"" are superposed at D.

Now the phase and amplitude at D along the paths
II'—III' and II""—III"" will be calculated by the method of
path integration. We consider that the incident beam is
reflected and refracted at the slit of which the breadth is
2b (or at the lattice of which the spacing is 2b).

From quantum mechanics, the wave functions in the
beams II' and I1"” are, respectively,

W)= [ K(r{ +16,7+ T,r0+1,T)

XK (rg+r,7,0,0)dr , (5.1)

My B(XuY)

C(xe,n)
FIG. 5. Interference of particle beams.

P(ry)= f K(ry+r1o,7+T,r9+r1,T)

XK (rg+r,7,0,0)dr . (5.2)

It should be stated that the particles in the beam are emit-
ted at t =0, r=0.

From Fig. 5, we can find particles only in the position
xE€[xg—b,xq+b], y =y, at the instant T. The propaga-
tor of free particles is

K(r''r)=

im(r'’—r')?
2H(¢"—1t') |’

2t —1') |
m

(5.3)

where m is the mass of a particle, r' and r” the coordi-
nates of the initial and final points, ¢’ and ¢" the initial
and final times, respectively. In the two-dimensional case

2
' m 1
Vix"y) 2mih T
fb im[(x'—x)?+ (' —yo)]
AR 247
im [(xo+x)+o+¥0)*] x
X eXp 24T ’

where 7' =t""—t'. Let

Glx)= 1, x€[—b,b] (5.5)
: 0 elsewhere .

The function exp(— x2/2b?) satisfies approximately (5.5),
ie.,
G (x)=exp(—x2/2b?), (5.6)

(5.4) can be written in the form
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2

. " 2 ” 2 . 2 2
- m L™ im[(x{ —=x)"4+{—=yo)] | | im[(xo+x)"+(2y0)]
= |2 (T
vxiyi= |50 | (T [ Goexp 2717 24T ax
3/2 —1/2 ” 2 2
m i# dm | Wi —=yo)® 4o
o T ’ T ’ T !
2miti T e P\ o 7 T
v i xo* 4 xi? (m? /2827 x| —xo7' /T)* 5.7)
exp|—0 |——+— .
Plos |17 7 (m /#)i /T +i/7")—1/b*
Similarly, the amplitude function of particles in beam II" is
372 —1/2 ” 2 2
- m " " , i# im | 02 =yo)® 4y
Yix,,y, )= 27”,%] T |\ T +7"+T7 b7 exp | — 7 + T
2 "2 2 2 12 " " 2
i x X (m =727 “) (x4 —xo7"'/T)
xexp |2 | 2+ 2 |+ | (5.8)
26| T T (m/#)i/T+i/")—1/b

where ¥(r{') and ¥(r;) represent the amplitude functions of particles passing through the paths II' and II"’, respectively,
t1, t{ and t), t5 the initial and final instants of beams II' and 11", 7' =¢{ —¢t}, 7' =1, —15.
The probability density of finding particles on the crystal sheet M, at the instant t =T + 7' is

P(r{)=y¢*(r{(r{)

3 172 d
S ry—1 ’ , 1A ' , it (xl—xo'r /T)
= [277% (T7') TAH+7+TT b7 T+7—-T7 b2 exp | — P , (5.9)
where
' 1252 + 22
2_ 32 T TR, T h
A=b 1+7 + TS =b"+ b2 (5.10)

The semibreadth of the wave function at the initial point is b and the semibreadth at r{’ is b, so wave packets diffuse
when moving.

The wave functions ¥(r3) and ¥(ry) of the particles in the beams III' and III” are calculated as

Y = [ K(rf,r)we)dr] (5.11)
W)= [ K(xj,r0(es)drs (5.12)
3/2 " —172
m 1
D= |- 7 |T 4+ +Tr—
VD= i [ AR H
" 2 2 2 5 42 —1/72
ex im i —yo) 4y + im (pl—pr)? mV'r m*/2%°T) _im i_{_ 1
PloA | s T | T2 T e | (0 ] AT A
AT
X 1|im m? XoT) ? im im m? /247 - (5.13)
ex — | 7X -+ ; 7 - s .
SRt P P R I R E ) PR
AT 1| b? AT 7| b2
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3/2 - —172
m i
2= Tro | T T
P(ry) it T |\ T+1+T7 b2
. " 2 2 2 ym g2 12 —172
Lim |03 —p0” 4y im . o| mV7 m’ /277 im [1 1
Xexp |~ , + 5, Wad —y2) 7 T T
2ﬁ T T 2‘ﬁ7' 27Tlﬁ7' 1 m i i ﬁ T1 T
by w | T
. ) " 20, 2 g2 2 =1
wexp | L | yay | _m XoTi Climof 11 m/2H T
R e et N U U U U I L Ty TN RS O U I
AT 7| b2 AT 7 b?
(5.14)
where 7} and 1 are time differences between the initial and final instants of the paths III' and III”, i.e., 7y =1t{"—17,

T =ty —1t;5.

Supposing the particle beams III' and III" meet at the point D at the instant t =T +7,. From the superposition prin-.
ciple of wave functions, the wave function at the point D and the instant ¢t =T 47, is ¥(rp)=1(ri)+¥(r;), where
rp =13 =r. The phase difference between ¥(r3) and ¢(r;) at D is

iAgy— im W=yl W3—yol | im |Wp—y1)? Gp—yi)?
P on 7 T 24 7 e
‘ 2 2 g2 12 -1
_i|im o m? xo7i im (11 m? /297,
4 |7 P TR | im (1 SO0 S VU U U O A B O O S B DS
A | T 1} b? A | T 7 b?
" 2 2 2 12 -1
1] m? X0T] im |1 1 m*/2h°T
+_ IIxD+ 2 n2 x| */7
4| e fim (1L 1| | 2|7 [ 1] 1
l A | T | b2 A T | b2
(5.15)
Making the substitution xy—xo+8x¢ in (5.15) and letting 7 +7'=7{ +7" =7, the coefficient of 6x is
T i # 7 i #
=imxp [ TH|— +itg | =+ —— —imx /Tﬁ —+itg |+ ——
" D/ 7! 0 T 7 mb? b T °lr 7 mb?
i # 7 i #
+mx 'r"/ﬁsz'r" —=+— - — +HiTo |+ —
0 "N T mb? ||y NT T T mb?
L # T i #
—mxor [ BT, | &=+ —— — it | =+ ——
0 / "|'T 7, mb? 71 °lT T, mb?
s i i oo i i R
=im|———+4iTog— —iTo— |X /T‘h — it |t — — ity | 5+ ——
T 07'1 07'1" P T ol T ' mb? 1 °olr " mb?
mxo ol # R N #
N P AN ST EZSN P
ar? |/ | T T mb? } lﬂ" T T mb? ”
i # : i #
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For brevity, let xo—0 and T—0, then the first term on the right-hand side of (5.16) is
L i ] # T, i i #
=1 —_—— ——4+— |x /Tfi it —_—— —tity | ==+ — ——=
M= lim, im = + D T T T [73 YNT T mb?
xq—0
=0 (5.17)
and the second term is
li mxg 1
= lim
" G SRCRN (s U PPN S o il A U SR
xg—> —_— — —4ity | =+ —
0 7 i+ ” mbz Ti’ 0 T {, mbz
. 1
7 iT?  #T? || 7 i #
— |iT+—— + iTo | = +—
T mb? °Ir i, mb?
mx
—fim oL 1 —0 (5.18)
70 # T 270 Ty 1T
xg—0 —iTi"— —_
T T 7 T
SO
N=m+1=0. (5.19)

The phase difference between the wave functions of two particle beams is not affected by the variation of the initial point
in the first-order approximation. Further calculation shows that the coefficient of 6x,> does not vanish. Therefore we
have proved Theorems I and III by the method of path integrals of quantum mechanics.

In the semiclassical limit, Chiu and Stodolsky had proved Theorem I in Ref. 18, and we have proved Theorem III in
Sec. II. We have extended the scope of application of Theorem I and Theorem III from the semiclassical limit into the

quantum area in this section.
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