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The generation of gravitational radiation in the nonsymmetric gravitational theory (NGT} of
Moffat is analyzed. It is shown that the theory predicts the emission of dipole gravitational radia-
tion from a binary system. The source of the dipole radiation is a vector density S postulated to be
proportional to the number density of fermion particles in the components of the system. This radi-
ation is shown to result in a secular decrease in the orbital period of a binary system in addition to

that predicted by general relativity. The size of the effect is proportional to the reduced mass of the
system and to the square of the difference in l'/[m ass] between the two components of the system,
where l is a parameter having units of [length] that is related to the number of fermion particles in

each component. As part of the analysis, the stress-energy pseudotensor of the NGT, expanded to
quadratic order in the gravitational fields, and the NGT gravitational-wave luminosity formula are
derived for the first time. With a perfect-fluid model of matter, results are also given for the post-
Newtonian expansions of the source densities of the gravitational fields. The results of this analysis
are then applied to the binary pulsar system PSR 1913+16which contains a pulsar orbiting an
unobserved companion. With gravitational radiation attributed as the cause of the observed secular
decrease in the orbital period, this system provides a test of the prediction by the NOT of dipole
gravitational radiation. It is shown that the NGT can only fit the observations of this system pro-
vided the I parameter of the unseen companion is (350 km.

I. INTRODUCTION AND SUMMARY

After presenting his theory of general relativity in its
definitive form in 1915,' Einstein devoted much of the
rest of his life to searching for a theory that would unify
the gravitational and electromagnetic fields. The basic
approach of Einstein and many other authors who have
pursued a "geometrical" unification of the two long-range
forces of Nature has been to introduce a nonsymmetric
metric with electromagnetism coupling to the antisym-
metric part. Einstein's unified field theory met with
discouraging results, and today such an approach is re-
garded as highly questionable in view of the successes of
gauge theories in describing fundamental physical interac-
tions.

With a different physical interpretation, a nonsym-
metric metric may be used as the basis of a purely gravita-
tional theory. In 1979, Moffat proposed a new theory of
gravitation called the nonsymmetric gravitational theory
(NGT) in which the geometry of spacetime is non-
Riemannian, being fully described by a nonsymmetric
metric and a nonsymmetric affine connection. In ad-
dition to a nonsymmetric stress-energy tensor, there
occurs a new source in the form of a conserved "fermion-
number current" that couples directly to the antisym-

metric part of the metric. This current plays a major role
in determining the geometry of spacetime. The theory
has been further developed and studied extensively by
Moffat and collaborators. ' " A variety of theoretical
and experimental consequences of the theory have been
studied, including the post-Newtonian limit and observ-
able solar-system effects, neutron-star and black-
hole structure, cosmological models, ' '3 and gravi-
tational radiation. ' ' In addition to a real field struc-
ture for the theory, complex, hypercomplex, quater-
nion, and octonion algebras have recently been investi-
gated by using a technique of algebraic extension. The
theory has been reported to be in agreement with solar-
system relativity experiments if a parameter / that is pro-
portional to the number density of fermion particles in a
body has the value for the Sun lo(3)& l0 km. Most
recently, the theory has been used to explain the observa-
tions of anomalously small apsidal motions in stellar
binary systems.

This paper is concerned with the predictions that the
NGT makes for the generation of gravitational waves
from physical systems. Mann and Moffat ' have
analyzed the way in which gravitational waves are gen-
erated by physical sources in the NCxT and have deter-
mined the power output in gravitational waves in the
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linear approximation to the field equations. They ob-
tained the result of general relativity, finding that only
quadrupole and higher poles of the source distribution
contribute to the power output in gravitational waves. We
will show that when the field equations are expanded to
second order in the fields, NGT predicts the emission of di
pole gravitational radiation from systems containing gravi
tationally bound objects. The source of the dipole radia-
tion is a vector density S postulated to be proportional to
the number density of fermion particles in the objects.
More precisely, S =f nu, where f is a fundamental cou-
pling constant with units of [length] measuring how
strongly a given type of fermion particle couples to the
antisymmetric part of the metric, n is the number density
of fermion particles, and u is their four-velocity. If we
represent the gravitational fields of NGT that are generat-

ed by S generically by P, it can be shown that in the radi-
ation zone the fields that contribute to the energy flux
have the form

P(x, t) ~R '(d Idt ) f S„„x'd x',

where the subscript "ret" means that S is to be evaluated
at the retarded spacetime point ( t —R,x') with R =—

~

x
~

.
We say that NGT predicts the emission of "dipole" gravi-
tational radiation, since the integral in Eq. (1.1) is the di-

pole moment of S .
For a binary system, the dipole contribution to the loss

of energy from the system by its emission of gravitational
waves is proportional to the square of the difference in
l /[mass] between the two components of the system.
Our result for the energy loss-rate formula is

(dE/dt)Nor ——(dE/dt)oR+(dE/dt)z;~, j,+(post-Newtonian quadrupole and higher-order corrections), (1.2)

where (dE/dt)oR is the, general-relativistic result that

(dE/dt)ore —((p m ——Ir )—„(12v —1 lr )), (1.3)

where m and p are, respectively, the total mass and the
reduced mass of the system, v is the relative orbital velo-

city, r =dr/dt for the orbital separation r, and the angu-
lar brackets denote an average over an orbital period.
(dE/dt)q, ~,~, is the NGT dipole contribution,

(dE/dt)q;p, „—((p m ——d Ir )
"
, (v +3r ~)), —('1.4)

where the dipole parameter d is defined by

I m] —l2 ~m2 ~

2 2

with

l~ = Sdx, (1.6)
body A

where S is the time component of S.
In 1975, Hulse and Taylor ' reported the discovery of a

pulsar in a binary system: PSR 1913+ 16. Their obser-
vations showed that the pulsar is moving in a highly ec-
centric orbit (e-0.62) about some unseen companion.
An analysis of the orbital parameters of the system and
possible evolutionary histories indicate that most probably
the companion is another neutron star of approximately
the same mass as the pulsar, although the possibility of a
white-dwarf or a black-hole companion is not excluded.
With an accurate clock of well-defined period moving in a
precessing Keplerian orbit, the system has proved to be an
ideal astrophysical laboratory for testing gravitational
theory (see Ref. 43, Chap. 12). General relativity predicts
that the orbital period of the system should decrease as
the system loses energy by emitting gravitational radia-
tion. " From their most recent observations of the system,
Weisberg and Taylor have shown that general relativity
provides an excellent fit to the observed orbital period
derivative.

Moffat' has considered the binary pulsar as a test of
NGT, assuming that the energy loss-rate formula for
gravitational-wave emission is the same for NGT as for
general relativity (i.e., no dipole radiation). With this as-

(PIP)Nm = ——(EIE)Nm

= (P/P)oR+ (P /P)g;p, ), ,

where (PIP)oR is the general relativistic result that

(PIP)op —, pm~ —(2—v—r,/P) ~ foR(e),

foR(e) =(1—e )
~ (1+,4 e +—„e ),

and (PIP)q;„,~, is the dipole contribution given by

(PIP)g;p, i, ———88pd (2m/P) fg;p, i,(e),

(1.7)

(1.8a)

(1.8b)

(1.9a)

(1.9b)

where e is the orbital eccentricity. To the necessary order,
the Keplerian relations

(P/2') =a /m, E= ——,'(pm/a), (1.10)

where a is the semimajor axis of the orbit, were used, and
an average was taken over one Keplerian orbit. Using Eq.
(1.7), one finds that NGT can only fit the observations of
the binary pulsar provided l, (350 km, where l, is the l
parameter of the unseen companion of the pulsar.

These results for the generation of dipole gravitational
radiation in NGT were obtained by making use of the
post-Newtonian gravitational-radiation methods develop-
ed within general relativity by Epstein and Wagoner, "
Wagoner and Will, and adapted by Will to analyze the
generation of gravitational radiation in alternative theories
of gravitation. In the following sections, the details of the
calculation are presented. The field equations of NGT are
reviewed in the Appendix. A weak-field expansion of
these equations is made in Sec. II, yielding gravitational-

I

sumption, he argued that NGT is in agreement with the
observations of the system. We find that dipole gravita
tional radiation in iVGT results in a secular decrease in the
orbital period of a binary system in addition to that
predicted by general relati Utty.

The predicted decrease in the period of a binary system
in NGT is given by
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wave equations and the NOT stress-energy pseudotensor
expanded to quadratic order in the fields. The NGT
gravitational-wave luminosity formula is derived in Sec.
III. From a post-Newtonian analysis, the energy loss-rate
formula (total energy lost to gravitational radiation) for a
binary system is derived in Sec. IV. In Sec. V, the binary
pulsar is considered as a test of NGT. Concluding re-
marks are made in Sec. VI.

The notations and conventions used in this paper are as
follows: greek indices run over the range 0, 1,2,3; latin in-
dices run over the range 1,2,3; parentheses and square
brackets around indices denote symmetrization and an-
tisymmetrization, respectively; commas denote ordinary
partial derivatives. In keeping with the usage by Moffat
and his collaborators, the signature (+———) is adopted
for the metric. "Geometrized units" with G =c =1 will
be used throughout.

II. WEAK-FIELD EXPANSION
OF THE NCi T FIELD EQUATIONS

and

g(""]=A["'1+h ["h 1 +0(h ), (2.5)

g = —1 —h —
2

(h~ —hp h "p)+0( (2.6)

(pv)= (pv) 9 ( (An) A(vp)+ [pA, ] A[vn]
p 1 p po 1 8, 1

+h(x„]'A(np])+0(h ) (2.8)

where indices on h& are raised and lowered using g"',
i.e., h =—g "h„and where h—=h

Permuting indices three times in the metric compatibili-
ty equation (A37) and subtracting the resulting equations
yields

wp '( ~pg(po)'~pv p &gov, p+gpo, v g vp, cr & I[@pl'~vo g[pv]+op

(2.7)

By iteration, one obtains from Eq. (2.7)

In this section, wave equations for the gravitational
fields of NGT are obtained. These equations will result
from certain gauge conditions. These gauge conditions
will also furnish the conserved stress-energy pseudotensor
of NGT.

We begin by expanding gp, about a flat background
spacetime,

Atpv] —A[pv] Yi (A(xn) A[pv]+ A[pg] A(vn)
1 p po 1

+h(g, j'A( p))+0(h ),
where

1 p & pa
A(pv) Y ] (h(pa), v+ (av), p h(vp), a) ~

1 1 pa
Afpv] 2 Vf (h [av],p +h [pal v h [vp], a )

(2.9)

(2.10)

(2.11)

A similar procedure applied to Eq. (A16) yields
(2. 1)gp, v= Ipv+hpv ~

p 4' g ]
D(p )

= — S ( 2 Ch[«j+ 2 &[p~j

h[ x])+0(SA )

where gp„ is the Minkowski metric diag( + 1,—1, —1,
—1) and where

~
hp

~

&&1. The symmetric and antisym-
metric parts of gz are then, respectively, given by (2.12)

g(pv) Ipv+~(pv) ~

&tave ~tVvl .

(2.2)

g(Pv) +Pv h (Pv)+h (Ph v)a+ 0 (h 3) (2.4.)

Using the raising and lowering convention established in
Eq. (Al), it follows that

4m.
D[p ]

= S (&p'9A, —@')lpk+&ph()j, )+&A(xp) )
3

(2.13)+0(SA ) .

With the previous results, the NGT field equations can
be expanded to quadratic order in the fields. Using Eqs.
(2.8)—(2.13) in Eqs. (A23) and (A25) gives

R(pv)(A)= —
2 (-]h(pv)+7[(h(pa) 2 h p) v+(A(va) z h v) p] —

p (h p
—

2
A' )(A(pa) v+h(av) p h(vp) a)

(aP) aP (aP)—
2 h (h(pa) vp+h(av) pp

—h(vp) ap —h(ap) pv) —
2 g h(pa)' (h(gv) p

—h(„p) x)+ ~ h ph(ap) v

[pal( (vPl+ (P] v+ [«j P)+ [va]( [pPl+ [P ] p+ [p 1 P
1 aP , A

+"[pa] ("[vp],)( h(~vj, p)+(h(paj h[p~], v+ [val (p)(1 p)~

4 h ph [ap] v
—

2 h h [ap],pv+0 (h ) (2.14a)

R(„„](A)= —, h(„v]+ , (h(pa], A[va—] p) —
z (A— p

—
2 h )(A[av] p+A[pa], v h[vpj, a)

(aP) (h [av],p+ h [pa], v h [vp], a )p

[A [pa]( h(vp) + h(pk) v h(vA) p) h [va]( h(pp) + h(PA) p h(pk) p)
A

+A[pa] ( (vp), A, +h(PA), v h(xv), p) h[va] (h(pp), A, + (PA, ),p (Ap), p)

+(h(pa) h[px], v+h(av) h[xp]p+h[pa] h(PA), v+A[av] h(xp)p)j+0(h 3 (2.14b)
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16
R („)(D) = 2—vrrjp, (S h [gp] )'~— SpS, +O (Sh ), (2.14c)

&[p ](D)= [2S[p „]—S ph(g )+S P(gp) —S (h(g, ) „h(—g„),)]+O(Sh2), (2.14d)

&(p )(&D)= (Sph[ p]'~+S h[pp]'~)+O(Sh ),

R[p„](AD)=O(Sh ),

(2.14e)

(2.14f)

where indices have been raised and lowered with g&,.
In order to obtain wave equations for the fields in NGT, we will exploit the coordinate freedom embodied in general

covariance and specify the condition that

(2.15)

where we have introduced the symmetric "gravitational potential" 0"' defined by

0" =—h(" ' ——,
' g]" h .

Let us also define

ypv=h tpv]

and

&p = 8 p+8mgpg'" .

Using Eqs. (2.4)—(2.6) and (2.15)—(2.17) in Eq. (A36c) one then finds that the divergence of pp satisfies

PP, =4~(SP+0PQ" 0S")+PP—'pg~, +$~ 0Pp, ,'PP'0„+—O—(0$,0$ ),
where 0—:0 =q PO p.

From the symmetric field equation (A36a) follows the resulting wave equation for 0"'.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

where:—gp'() /(lx pox', and where terms that are nonlinear in the fields have been transferred to the right-hand side of
Eq. (2.20). To quadratic order in the fields, r(p ' is given by

( ) T( )+~( )+,( )

&'P '= —,
' (3P '"S ' —2vrSPS' 2~—rjP'S S )—,

t(pv) ) ( g, pgaP, v g (gaP pv+gpv, aP gap, vP gavpp)+ ) gg, pv+ ) g,pg, v
exp exp

(2.21a)

(2.21b)

+-'e e~ +e O~"—O 6'&rv) —e e~'P —e e»' —e (derv)Pap aP '
P

+ ( gpvgg gp ggav gv gap+ 3 y, pyaP, v+y paPpv+yv @pa,P+yv ppi3, a

.(pyv)a, P+ ~ yp g [a,v]+ ~
y vg [p,a]

+ ( pv( 3
g gaP, cr 3

g g, sr+20 ggap g gaaP0~0+, gaP0 ~

y yaP, a

0p 4' ~+0 P,A—'~+ 34' ~~[,p])l

From the antisymmetric field equation (A36b) follows the wave equation for pp:

where, to quadratic order in the fields,

(2.21c)

(2.22)

~fpv) & gfp, v]+ Tfpv]+ g fp, v]+ yfpv]+ )[lMV]

12m
(2.23a)

—'( —'ga[PSv] +2Sa [Pgv] +gS[P vl+ ' g IPSv] 'Sag [P, ]) (2.23b)
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t[pv]= [(2g P'[pyv] —g ppv' P+ 3
g ypv+ ~ ypvgg+0'aypv —2y[p gv] 'P1

+2y[p gv]Pa+ 2' pa[p, v]P gpa y v+ gvagy p) & (+pagpv+ +Pvgpa +pa+Pvg)A ] (2.23c)

At this point, we use the additional gauge freedom of Wp, and specify the condition that

which from the definition of A p, Eq. (2.18), means that

(2.24)

(2.25)

Taking the divergence of Eq. (2.22) and using Eqs. (2.15), (2.19), and (2.25) then yields the following wave equation for
Ap.

——16m' (2.26)

where, to quadratic order in the fields,

~p ———,q~ T P+X„+t„,[aPl

~p Bpa ~,P 2 ga, p~, p 2 0 p, a+ l6 g,a~,p 16 g,pa~ 2 0 P,pa+ 2 gpa

(2.27a)

(2.27b)

t„= [3(B„Prp P r+0 P pr(br P+ , O' Clpp —+p P B„P)

2(0 PA[„—]P+B„PA[ P]
—0 A[„]+—,'B„A ——,0 A„)] . (2.27c)

To appropriate order, the matter response equation (A38) expanded in terms of 0"', pp", and Ap is given by

(
' g, p gp )T~ Pl+0 -T~ap~ ' gpT+yp T[aP] +( 'y, p+yp )T[aPl+ ~ g[plg , 'Alp, a]g

(2.28)

From Eq. (A6), the expansions of the symmetric and antisymmetric components of T" are, respectively, given by

T'"'=p [(o1+II)+p/po]uPu pgP (1+——,
' 0)+pg""+0 (pgp),

T[pv] &ypv+ p(&gy)

(2.29)

(2.30)

The gauge conditions (2.15) and (2.24) automatically
supply the conservation laws

(]MV) O, V (2.31)

where ~'p ' is given by Eq. (2.21). Equation (2.31) can be
verified directly. The conserved quantities

(2.32)
X

J" —= [x" ' ' —x ~'P ']d'X (2.33)
X

where X is a three-dimensional spacelike hypersurface,
can then be defined. In a coordinate system (t,x) in
which X is a constant-time hypersurface that extends in-
finitely far in all spatial directions, these integrals become

P"= ~'" 'd x, (2.34)

Jp = f [xp~'~' x"r'p"]d'x— (2.35)

From the past-Newtonian expansion of v'p ' (see Sec. V),
it can be shown that the ~'" ' are energy-momentum den-
sities modulo perfect divergence terms. Therefore, the
components of P" and J" can be interpreted in the fol-

X'= (P't +J ')/P (2.36)

it follows from the constancy of J ' that

dX'/dt =P'/P (2.37)

Therefore, constancy of P and P' ensures that the center
of mass of a system in NGT is unaccelerated.

III. THE NGrT LUMINOSITY FORMULA

In Sec. II, we found that the stress-energy pseudotensor
v'" ' defines, among other quantities, the total energy P
of a system in NGT, where

P'= f r'~'d'x . (3.1)

Using Eq. (2.31), one finds that for localized sources, P
is conserved up to a flux of energy carried to infinity by
gravitational waves. In other words,

[

lowing way: P is the total energy, P is the total momen-
tum, J'J is the angular momentum, and J J determines the
motion of the center of mass. With the components of
the center of mass X defined by



334 TIMOTHY P. KRISHER 32

0dI 2 (Oj)

dt
i nj (3.2)

where the integration is over a sphere of radius R —=
~

x
~

in the wave zone far from the source, nJ =xJ/R is the
unit normal vector, and t' J' is given by Eq. (2.21c).

With the fields 9"",P", and A„represented generically

by Iti, their wave equations are seen to be of the form

g = —16vrr, (3.3)

where the appropriate sources ~ are, respectively, given by
Eqs. (2.21), (2.23), and (2.27). With an outgoing-wave
boundary condition, the solution to Eq. (3.3) is

r(t —
~

x —x' ~,x') d1x, t = —4 X
f

x —x'
/

(3.4)

If the motions of the source are sufficiently slow (source
within wave zone, r &1,/2w—:wavelength/2' «R), then

For field points far from the source (R ~~r:—"size" of
source,

~

ItJ
~

&&1),

ItJ(x, t) = ——f r(t —R +n x', x')d'x'+O((r/R)') .
R

(3.5)

Eq. (3.5) may be expanded in the form

4 1
ItJ(x, t) = ——gR 0 m! Bt f r(t —R,x')(n x') d x'

+O((r/R) ) . (3.6)

For further use, note that

g J =nJQ 0+O((v/R) ), (3.7)

(3.8)

and discarding the terms involving source densities (that
vanish in the radiation zone if the sources are localized),
one finds that Eq. (3.2) becomes

dI' 0
= —R f t'J'ndQ

dt
(3.9)

where P =P (modulo boundary terms vanishing as R
for R ~ oo ), and t ' J' is given by

where, because of the signature of the metric being used,
R =( —xJxJ)', so R J= —nJ.

Carrying out the summation over indices in Eq. (2.21c)
for t' J' and simplifying, using

p JJ
——Ii'J po+ (material sources) +0 (g ),

(Oj) r 3 g00 g00 gOk gOk + ~ gik gik + & g00 gii & gii g00 & gii gii
L 4,0,j,O,j 2,0,j 4,0,J 4,0,J' 4,0,J6w

+2g00 gOj + & gOj gii + & g00 gOk & gii gOk & g00 gij
,0,0 2,k, k T,k,j 2,k, j 2,i,O

+ 2 9,k9,0+29,k9, 0 79,k9, k 2 0,04',J W, k4, k Nv, kd, i

2yok ypj +yak y&J + y&k yo& + (yiJ g +yoJ g yo&g ) ] (3.10)

In the far zone, the gauge conditions on 9",Eq. (2.15), and the divergence of P"', Eq. (2.19), assume the respective forms

9"',= —nJ9ko, 9000=nJnkeko, (3.11)

kO ~ 'k

,o nJW, o J —0 ) (3.12)

where Eq. (3.7) has been used. With these equations, along with Eq. (3.7), t ' J' can be written in terms of only single
time derivatives of the purely spatial components of the fields:

-(Oj)
[ 4 IIJllkllill 11„9 p9 p

—11JIlklli9 09™p+ 2 11J9 p9 0+ 2 11Jllklli9 09 0

—
4 nJ9",o9",o —

2 nJiti', pity'", 0+2nky'", 04"Jo nJnkniy'", oy—',0+ 3 (y' o~l +p" o~lnink —y '~ionJ )] ~

(3.13)

For any Euclidean tensor Q'J, the "transverse-traceless"
part, QJI(T, is given by

dJO f (9)T,OAT, O 06,04&,0—
Q)T PkPjQ" , P' PkiQ—— ——

where I',J- is the projection operator defined by

(3.14)
+4/' & ——P'A 0)dQ. (3.16)

I IJ.
—6ij —D) Ilj (3.15)

When Eq. (3.13) for t ' J' is inserted into Eq. (3.9), it then
follows that

i

Since 9)r——h TJr' and PgT ——h T'Jr, we have the result that the
NGT gravitational-wave "luminosity distribution" (energy
radiated per unit time per unit solid angle) is given by
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8
( h TT ph r'r' p

—h T'r, h T'r 0

(3.17)

T"~'=p,(1+II+v +2U)v j+pv j+O(p,~'),
T'"'=po(1+II+v'+2U+I /p )v'v'

+p5'j(1 —2U)+0 (ppe ),

(4.5b)

(4.5c)

where the brackets denote an average over several charac-
teristic wavelengths.

IV. GRAVITATIONAL %'AVES
FROM BINARY SYSTEMS

To determine the total energy lost by a binary system to
gravitational waves, solutions for the fields generated by
the system must be obtained for insertion into Eq. (3.17).
A post-Newtonian system of two stars that are small com-
pared to their separation will be assumed, thus allowing
all tidal interactions between them to be ignored. Each
body's structure may then be treated as static and spheri-
cal in its own rest frame.

In order to obtain solutions for g~", P"', and A&, a
post-Newtonian expansion of their respective source den-
sities is made. (See Ref. 43 for background information
on the post-Newtonian approximation. ) In the post-
Newtonian approximation, the level of accuracy is mea-
sured by the expansion parameter e defined as

while for S"given by Eq. (A7),

S =f n (1+U+ —,
'

v )+0(f ne ),
Sj=f n(1+U+ —,v )vj+0(f ne ) .

(4.6a)

(4.6b)

0 = —4U,
O'J= —4VJ,

(4.7)

(4.8)

where

v vJ = —4~p UJ,

pp(x't) v'j
V'(x, t)=f, d'x' .

/x —x'/

(4.9)

It can be shown that

Using Eqs. (4.5a) and (4.5b) in Eq. (2.20), one finds that
the lowest-order solutions for g and g j are, in the near
zone ( r «R «1(,/2m ),

e —= (maximum value of U) ) U, v, II,p/pp, (4.1) VJ,-= —U, . (4.10)
where U is the Newtonian potential produced by rest-
mass density po according to

pp(x', t)
V U= —4npp, U(x, t)= d x', (4.2)

/

x—x'
f

where V =8 /Bx'Bx'. The sources of the fields in NGT,
T'" ', T ",and S" are expected to have the following
post-Newtonian orders:

Using Eq. (4.6) in Eq. (2.22), we find that the lowest-order
solutions for p j and p'j are in the near zone, respectively,
given by

(4.11)

where

TOO 0 ( &2s) T(pj) 0 ( e2s+1)

T(ij) g ( e2s+2)

T[oj]=0(f2
~

Vn
~

e2s+4)

T('jl=0(f Vn
i

e '+
)

S =0(f ne'), Sj=g(f ne'+'),

(4.3a)

(4.3b)

(4.3c)

SoV'X= —4m.S, A, (x,t)= f " ', d'x',
/x —x'

f

S =f n,

P' = —2a(; j)

(4.12)

(4.13)
where s =0, 1,2, 3, . . . (positive integer) determines the or-
der. Then from Eqs. (2.20)—(2.21), (2.22)—(2.23), and
(2.26)—(2.27), the fields g"", P"", and A& are, respectively,
expected to have post-Newtonian solutions whose orders
are

where

V a;= —41rS', a;(x, t)= ', d x',2; S'(x', t)

/

x —x'
f

(4.14)
gpp 0 (~2s+2) gpj g (~2s+3)

gij 0 (e2s+4)

=0(~~ Ve'+
~
), P' =0(1~~ Ve'+

~
),

Ap 0(icVZE2s+2) g g (irV2e2s+3)

(4.4a)

(4.4b)

(4.4c)

S'=,f nv' .

From Eqs. (4.12) and (4.14), it follows that

CXJ J k 0 0 (4.15)

where ~=f n /pp.
For T'1'"' given by Eq. (2.29),

T =pp(1+II+v -+2U)+0(ppe ), (4.5a)

With the previous results, the source densities ~ can be
expanded to post-Newtonian order. With w'" ', ~" ~, and
r&, respectively, given by Eqs. (2.21), (2.23), and (2.27),
their post-Newtonian expansions are
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=po(1+II+u +4U) — U 1 U 1
—, —Aj,S j+ SoSo, (4.16a)

'=po(1+II+v +4U)u +pv + UoU& UkVk&+ VkUk&+2poVj

+ (A, k~ koj —2cz(;,j)ki(, , ;k)+ —,'X,jS o —, k;Sj;—+a(;)S;+ S Sj, (4.16b)
r

r po—v v — U iUj — UUij — (k, ik~jk+~, k~, kij )+5;, P+ U kU „2po—U+ A, k, A, kt ——,A, kS k
1 ) 0

(4.16c)

where p =p —(2~/3)S S,

rl ')= ——S('l — 2 + —(S U) + —US + —p A, — A. U"
7T (4.17a)

g[i,j]+ ~ [&,J]+p Ug[~,J]+ 2 U, [i+j]+ z +0 [;+j]

1 1 k 1
Jlo+ ~,[ ~,j]k U, k f ',j lk + ~,k[ ~j],k + ~ k +[ j]k2m ' ' 2m ' ' 2m ' ' 2' ' '

2m
(4.17b)

ro= 3Po zA, z
—7rtPoS' . + —,S z U &+ ~ UV S — A, zk U Jk (4.18a)

+ —,'SjUij+2US, ;o+2VjS;j 2V'V S +—7rtPoS'+ —,
'

UV S' —3(Pov') j~ j — U, ;jA, ,jo

3 yg 3 J+ 4,jk~,jk 4 Vik~jk, , (4.18b)

6 =p'(1+ —,
'

u ——,U+II) — S S
3

(4.19a)

8 =p* U 1+II+—, +3U+
po

27T 0
3

(4.19b)

From the components of r'""~, given by Eq. (4.16), fol-
lows the symmetric post-Newtonian energy-momentum
complex 8",whose components are

p* +puj j =O(e5
~ Vpo

~
),dt

(4.24)

(4.23)

(i.e., 6""is equivalent to r'"' modulo perfect divergences
at post-Newtonian order). Through the (S ) terms ap-
pearing in 8", the number density of fermion particles is
seen to contribute to the energy and momentum of a sys-
tem in NGT at post-Newtonian order.

At post-Newtonian order, the matter response equation
(2.28) splits up in the following manner: the time equa-
tion is the energy conservation equation,

6' =p* 'u +@5'+ (U'U'j ——,5'ji VU
~

),4~

where

8 J =g
OJ + Vj

with the "superpotential" 7 defined according to

V'X = —2U, g = —I po i
x —x'

i
d'x',

and from Eq. (A46),

p*=po(1+ —,'v +3U)

(4.19c)

(4.20)

(4.21)

(4.22)

while the spatial equations are the Newton-Euler equa-
tions of motion,

1

p* P*U;+p;+O(e po;)—, ( .25)

where the comoving derivative d/dt=a/at+u'a/i)x".
The previous post-Newtonian results are now applied to

the assumed binary system. From Eq. (4.19a), the mass of
body A is given by

m„= I 6 d'x

to post-Newtonian order. The e" define conserved
energy-momentum and angular momentum to post-
Newtonian order:

= J p*(1+II——,
'

U) — S S d x,

where

(4.26)
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U—= f p(x')
i
x —x'

i

'd x,
body A

while its center of mass is given by

2' SQSQ 3

body A 3

(4.27) X=(mixi+m, x~)/(m, +m2), (4.36)

r dvI =X)—X2,
dt dt

is unaccelerated, the relative orbital motion may be
separated from the center-of-mass motion. To analyze the
relative orbital motion, a coordinate frame can be chosen
whose origin coincides with the center of mass. The rela-
tive orbital variables are

The full Newtonian potential U is given by

U„+ y mg
~

x—xg
~

' (x inside body A),
U(x)=, (4.29)'g m~

~

x —x~
~

' (x outside body 3) .
B

dr v.rv—= /r/, i=
dt r

From Eq. (4.25) follows the equations of motion

a] ———m2r/r, a2 ——m ]r/r3 3

(4.37)

(4.38)

Then the total energy of the system P is, from Eq. (4.23),
given by

0 1
' 2 . 1P = g mz+ , mzu—q ——, g m~mti/vq~

B&A
(4.30)

where v„z =
~
x~ —xz

~

and higher-order corrections aris-
ing from expanding

~

x—xz
~

' about x =x~ have been
dropped. The orbital terms in Eq. (4.30) may be evaluated
to the required order using the equations for a Keplerian
orbit

v =v„ti ——a (1—e )(1+e cosg)

t//=de/dt =[ma (1 e)]'~ /v—
(4.31)

(4.32)

where g is the angle between the periastron direction and
the direction of r. The result is

h TT
———(4'., /R)(u'uj mv'vj/v —)TT,

h T('$) = —(2@md/R)(v('n J)lv )TT,

h (u', ) = (pmd/Rv )(—7v'+n'n r),
2; = —(12@md/Rv )(u' —3v'v/v),

'where d is the dipole parameter defined as

(4.39a)

(4.39b)

(4.39c)

(4.39d)

With the assumption of static structure, the moment in-
tegrals in Eq. (4.35) when evaluated for the appropriate
source densities given by Eqs. (4.16)—(4.18) lead to the
following results for the fields generated by the binary
system (fields evaluated in the radiation zone to lowest
post-Newtonian order):

P =m+E, E= ——,m&m&/a, (4.33)
d =li Imi —l2 Im2,2 2 (4.40)

where m =m
& +m2. The rate at which the system loses

energy due to gravitational waves generated by the orbital
motions is then given by

with

(4.41)

(dE Id )gravitational waves (4.34)

g(x, t)= ——f rd x+n'. 4 3;d
R dt

(where mi and mq are constant as long as tidal interac-
tions are ign6red).

From Eq. (3.6), it can be seen that in the radiation zone
the fields are determined by moments of their source den-
sities: d2 f S x'd x = —(pm dv'/v )[1+0(e )],

dt
(4.42)

where use has been made of the fact that (at lowest post-
Newtonian order)

The result that the fields given by Eqs. (4.39b)—(4.39d)
are generated by dipole moments of S arises from
evaluating terms involving f S x d x that occur in the
moment expansions of the fields. With the assumption of
static structure, it can be shown that

2

7X Xjd x+
dt dt ' ' dtf S'(x, t)xd'x = f S'(x, t)

" d'x, (4.43)

(4.35)

where the first integral is the monopole moment of ~, the
second is the dipole moment, and the third is the quadru-
pole moment. Using the post-Newtonian source densities
given by Eqs. (4.16)—(4.18) and the Newtonian equations
of motion (4.25), we have evaluated these integrals to ap-
propriate order for the case of the assumed binary system.

Since the center of mass of the binary system, defined
by

f n;njdQ= 5J,tJ (4.44)

one finds that the energy loss-rate dE/dt for the binary
system is given by

where d Idt = r3/ rjt + u "r3 IBx" [from Eq.' (A41)].
Inserting the gravitational waveforms as given by Eq.

(4.39) into Eq. (3.17) and integrating over solid angle us-
ing the identity



338 TIMOTHY P. KRISHER

(dE/dt)Nor = (dE/dt) oR+ (dE/dt)~;~, &, + ( post-Newtonian quadrupole and higher-order corrections), (4.45)

where (dE/dt)oR and (dE/dT)z;„, &, are, respectively,
given by Eqs. (1.3) and (14). With the orbital period
given by Kepler's third law

I

the red-shift —Doppler parameter. The mean rate of
periastron precession for a binary system in NGT has
been reported by Moffat and Woolgar to be given by

(P/2~) =a /m, (4.46) (ai)NGr=(ct))oR[1 —1 (1+e /4)/m a (1—e ) j, (5.1)
and after evaluating the orbital terms in Eqs. (1.3) and
(1.4) using Eqs. (4.31) and (4.32), it follows that
(dE/dt)oR is the Peters and Mathews result that

where 1 =1& +12 and (ai)oR is the general relativistic
result

(dE/dt)(yR ——, (p'm '/a ')fQR(e),

foR(e)=(1 —e ) (1+—,", e +—„'e ),
while (dE/dt)~;~, ~, is given by

(dE/dt)g; p, ~,
——", ——(p'm 'd'/a') fop,„(e),

(4.47a)

(4.47b)

(4.48a)

(ai)GR ——6~6m/a(1 e)P .— (5.2)

The red-shift —Doppler parameter y is derived by compar-
ing proper time at the pulsar s point of emission to coor-
dinate time. The ratio of the NGT to GR contribution
to y is of order Ip„~„„"/ma . For PSR 1913+ 16, one ex-
pects that m & 3Mo and a -Ro, giving

f~;,~, (e)=(1—e )
"~ (1+—", e + —,'e +—„e ) . (4.48b) 4 3 —18 4 —4

lp„~», /ma & 10 Ipufsar (5.3)

(PIP) = ——,(EIE) . (4.49)

From Eqs. (4.33) and (4.46), it follows that the loss of
energy from the binary system results in a secular change
in the orbital period given by

It has been reported -that the interior solution for a neu-
tron star in NGT yields an upper bound for the I parame-
ter of —10 km (Ref. 40). With this value for l~„~„„,NGT
makes a negligible correction to the general relativistic re-
sult for y:

Equations (4.47)—(4.48) then give the result of NGT that
7 =m2(m~+2m2)m (P/2~)'~ e . (5.4)

( P/P)Nor (P/P)oR+ (——P/P)g;„,„,
(P/P)oR ——', pm (—2—vr/P) foR(e),

(P/P)q;p, „———88pd (2~/P) fg;po„(e) .

(4.50a)

(4.50b)

(4.50c)

Using the measured values of P and e (see Table I) in
Eqs. (4.50), (5.1), and (5.4), one finds that the masses and
the 1 parameters of the pulsar and its companion are con-
strained by the relations

The relative size of (P/P)z;„~, to (P/P)oR is of order

(PIP)~ poi.(P/P)oR -(d/a)' . (4.51)

Hence, NGT makes corrections of order (d/a) to the
predictions of general relativity for gravitational radiation
from binary systems. For a system consisting of two solar
mass stars orbiting each other at a minimum distance of
one solar radius, the correction is of order
( l~ —l~ ) X 10 ', where lz is in kilometers.

V. THE BINARY PULSAR PSR 1913+ 16
AS A TEST OF NGT

For a system such as the binary pulsar in which there is
a neutron star with a highly relativistic interior, one can
no longer apply the assumptions of the post-Newtonian
limit everywhere, except possibly in the interbody region
between the relativistic bodies. Even so, it can be assumed
that the previous results carry over unchanged. It is ex-
pected that the worst that can happen is for there to arise
complications due to Einstein-Enfeld-Hoffman effects of
the Will-Eardley type, i.e., self-gravitational corrections in
the sources of the fields (see Ref. 43, Sec. 11.3, for a com-
plete discussion of these effects).

In addition to the observed secular decrease in the orbi-
tal period of the binary pulsar, two additional orbital pa-
rameters of the system that are relevant to testing NGT
are the mean rate of the precession of the periastron and

~

p
~

=1.7X1Q '2pm 3(1+7.7X1Q d m )

(ai) =2. 113m (1—6.9X10 ' 1 m ),
7 =2.9X10 m, m

j'
(m~+2m, ),

(5.5a)

(5.5b)

(5.5c)

and

~

P
~

=4.25X10 ' m' (1+2X10 c7 m ), (5.7)

where a =—a/100.
F« ~», NGT is seen to increase the mass inferred

where m& and m, are the respective masses of the pulsar
and its companions measured in solar mass units, and
where their corresponding l parameters are measured in
kilometers.

The observed value of (ai) constrains the total mass of
the system to be m & 2.8mo, depending upon the value of
1 =1~ +1, appearing in Eq. (5.5b), where l~ and 1, are

' the l parameters of the pulsar and its companion, respec-
tively. If one starts by assuming that m -2.8m ~, i.e.,
that 1 makes a small correction to (ai), then the con-
straint imposed by the observed value of y is that
m& —-m, . If it is then assumed that, phenomenologically,
l, varies linearly with mass over the mass region of in-
terest according to l, =- m, =——,

' am, and neglecting I~,
since it is expected that l& & 10 km, it follows that

(e))=2.113m ~ (1—4.3X10 cY m ~
) (5.6)
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TABLE I. The measured orbital parameters of PSR 1913+ 16 that are relevant to testing NGT. '

339

Orbital period

Orbital period derivative
Eccentricity
Mean rate of periastron advance
Redshift-Doppler parameter

'From %'eisberg and Taylor, Ref. 45.

P =27906.981 63+0.00002 s

P =( —2.40+0.09) )& 10 ' ss
e =0.617 127+0.000003

(ai) =4.2263+0.0003 deg yr

y =0.00438+0.000 12 s

from (~) and to decrease the mass inferred from P. The
measured values of (6) and P imply that the largest
value of a that Eqs. (5.6) and (5.7) can accommodate is
cY-2.5. This then constrains I, (350 km. With such
small l parameters, the results for the masses do not differ
significantly from those obtained within general relativi-
ty: mz ——(1.42+0.03)mo and me =(1 40+0.03)mo.

VI. CONCLUSIONS

The binary pulsar provides a stringent test of alterna-
tive gravitational theories that predict dipole gravitational
radiation (see also Ref. 43, Sec. 12.3). For the case of
NGT, we found that binary pulsar observations impose
tight constraints upon the l parameters of the pulsar and
its companion: Iz & 10 km, l, (350 km, respectively. If
the companion is a neutron star, for which l, is expected
to be ( 10 km, the effects of dipole radiation in NGT are
negligible, however, and the theory is not constrained by
binary pulsar observations. Whether this conclusion will
hold in other close binary systems containing, say, white
dwarfs, is a question currently under study.
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APPENDIX A: THE NGT FIELD EQUATIONS

The fundamental field variables of NGT are the non-
symmetric metric g& and the nonsymmetric connection
8'~z . Covariant and contravariant components of gz are
related by

ger+ =g gvo. = o (Al)

where the order of the indices is important. Field equa-
tions are obtained from an action principle with the La-
grangian

~NGT ~G +~NG ~

where WG is the gravitational part given by

T~ = [po(1+ II)+p]u "u' pg"', — (A6)

where po is the fluid rest-mass density, II is the rest
specific internal energy density, and p is the pressure.
Note that T""is nonsymmetric because of the presence of
g"'. In addition to T, there occurs a new source for the
fields in the form of a number-density current of fermion
particles, S, having components

S"=f nu" . (A7)

With this perfect-Auid model of matter, WzG has the
phenomenological form

~~G ——&~& gg„„&"'+— &—g W„S",
3

where T"' and S" are, respectively, given by Eqs. (A6)
and (A7), and W„—:W(„z&.

The primary field equation of NGT is obtained by
varying W~G+ with respect to g&„, giving

6" ( W) =8rrT"',

where

G" ( W) =R""(W) ——,
' g" R ( W),

R"'(W)=g"Pg R p(W),

R ( W)—:g PR p( W)

(A9)

(A10a)

(A lob)

(A10c)

The metric compatibility equation and secondary field
equation for g (~ } is obtained by varying W&G~ with
respect to 8'&, giving

,a g aX g Xa
w py gpA. (pa) +w ay+@ +w pa ~p

(A 1 1)

(A5)

and W&G is the nongravitational or matter Lagrangian.
Using a form of W~G appropriate for perfect fluids, Vin-
cent ' has derived a perfect-fluid stress-energy tensor
within NGT that has the same structure as for general re-
lativity:

WG —— & gg"'R„( W)—, —

where

(A3)
where for any variable X, X—:v' —gX. Contracting on p
and 1, in Eq. (Al 1) yields the secondary field equation for
g [pv]

R„(W) —= W„p ——,( W„p „+W„p „)P I P P

P a P a—8 a 8'pP+ 8'aP8'p (A4') while contracting on v and A. in Eq. (Al 1) yields

(A12)
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, v g ap 3g a{pv) r ap+p 2 ~pa ~ (A13) R[„,)(I ) =R [p,)(A) —R [„)(D)—R[„,)(AD), (A24)

Substituting Eq. (A13) back into Eq. (A 1 1) puts the
metric compatibility equation into the form

, A, +g ~aA, +8 ~A,a g ~A.a+ 3 ~AS ~a

where

p a P P a 8 aR[pv)(A) —A[pv] P+A[pv]A(aP) A(pa)A[)7v] A[pa]A(Pv)

(A25a)

3
&—g (S"5)(,—S"5)() . (A14)

The metric compatibility equation (A14), can be written
in a more conventional form by introducing three addi-
tional connection fields: I &, D~&, and A&, defined,
respectively, from 8 ~& and Sl' by the relations

(A15a)

R [pv) (D)=D [p„) p D[pv—)D(ai3) +D (pa)D [pv)
P a P P a

p a+D tea]D(pv»

R [pv] ( AD) =A[pv)D(ap) +A(ap)D [pv] A(pa)D [pv]
a p p a p a

a p a 8 a
AIpa]D (Pv) +A(va)D [Pp] +Alva]D (Pp)

(A25b)

(A25c)

(A15b)

P
4m.

pgpvDpo +gpp ov (gpogpv gppg vo+gp gv[ po] )
3

(A16)

and

G"'( 8') can be written in terms of I pp, by using Eq. (A20)
in Eq. (A10):

GP'(8')=GP (I )+ , (gP~g —,g"'g—[ ~—))W[

(A26)

where

A~ =I~ +D~p

Using these definitions in Eq. (A14) gives the results

a a

&—g, ~ —&—g r(~p)=
3

&—gS"g[p~) .4~

(A17)

(A18)

(A19)

Gp (r)=Rp (r) ——,'gp"R(r),
R"'(I )=gP~g R ]s(r),
R (I ) =g ~R p(I ) .

Symmetrizing and antisymmetrizing,

G p ( ~)=G p (r)+ ', (2sppav g-(p )g[ap]) p

(A27a)

(A27b)

(A27c)

If the definition of I p, Eq. (A15), is put into the defi-
nition of Rp, ( W), Eq. (A4), one obtains

Rp„( W) =R„,(I ) + —, W[p,),
with

R„.(r) =r„,~
——,

'
(r(„~).+ r(„~„)+r,,r(.~)

—r„.r~„.P 1 P P a P P a

(A21)

In terms of APp, and DPp, Rp, (I ) can then be written in
terms of its symmetric and antisymmetric parts, respec-
tively, given by

where

G'" '( I ) =R '"'(I ) —, g (""'R (I ),—

(I )=sP] R( ~)(I

sp~ '=s'Is "= '(gp~g '+g—'—~g p)

while

(A28)

(A29)

(A30)

(A31)

R(p )(I ) =R(„„)(A)—R(„)(D)—R(„)(AD),
where

(A22)
G lpvl( gr) G lpv)(r)+ —(2&pPav g [pv]g [aP])pi

(A32)

R(p, )(A) =A(„„)13 2(A(pp) v+A(vp—) p)
P l P P

a p p a p a+A(pv)A(ap) A(pa)A(pv) A[pa]AI pv] 7

(A23a)

R(„v)(D)=D(„„)p , (D(pp) v+D(vp) —„—)p 1 p p

a p P a P a
D(pv)D(aP) +D(pa) (Pv) +D[pa] [Pv] 7

(A23b)

where

and

Glp l(r) R [p ](r) ' glp )R (I )

R [""](I) =aP~ vR[ap)(r),

gpPav vt3ap ) (gpPgav gvPgap)

(A33)

(A34)

(A35)

R (pv)(AD) A(pv) (ap) +A(ap) (pv)
a p p a

p a p a
A(JMa)D (pv) A(va)D (pp)

p a a
A[pa]D [pv) [8v) )pa) r

while

(A23c)

With the previous results, the field equations of NCiT
can now be summarized. They are

G'" '(I ) =8rrT'P' ,
' (2sP~ g'" 'g[ @—)—&-lap] 7

(A36a)
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G["v)(I ) =8~T[& 1 —'(—2tt "& g—["")g[ P)) W

(A36b)

where tb is some scalar field. This results in the conserva-
tion law for S:

g [~"l „=4~+'—gS&,

and the metric compatibility equation

a a
gp, ~ —S &p~ —Spa&~ =Q

(A36c)

(A37)

sp„=o. (A40)

With S" given by Eq. (A7), Eq. (A40) can be written in
a (t,x) coordinate system in the form of a continuity
equation for the proper fermion-particle number density
n*:

The matter response equations in a gravitational theory
determine how matter responds to the gravitational fields
that are present. The matter response equations for T re-
sult from general coordinate invariance of the nongravita-
tional action under the coordinate transformation
x (P)=x (P)+P(P) characterized by the four infini-
tesimal generators P (Ref. 51). In NGT, these equations
are

g(pp) ~ g[pp] v g (op) (pv)
(pv) [p~] (pv)

+2g [po l T +[vp]+g(o'p) T +[p&]
(pv) [p~]

+2g(p ) T +[ pl+ 3 ~[p[p~] (A38)

The gravitational action for NGT is invariant under the
gauge transformation of W„given by

Bn*/Bt+V n*v=Q, (A41)

n =nuv—' —g,0

u'= u'/u' .

Conservation of rest mass, expressed by

(&—g pou") @
——0,

(A42)

(A43)

(A44)

is built into T"' given by Eq. (A6). Similarly, Eq. (A44)
can be written in the form of a continuity equation for the
proper rest-mass density p*:

Bp*/Bt+V p'v=0,
where

W~ = W~+&,~ (A39) p:po" v —g. — (A46)
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