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Variational quantum-field-theoretical approach to the chiral bag
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A variational quantum-field-theoretical approach to the chiral bag is presented in which the pion
field is described by a quantum-mechanical coherent state coupled to the bag by the interaction
Hamiltonian of the linearized cloudy-bag model. States with good spin and isospin quantum num-
bers are projected from variationally stable solutions. Techniques are explained in detail. The nu-
cleon is stabilized against collapse by incorporating the finite extension of the pions in the field. The
dependence of nucleon masses, bag radii, average pion numbers, and self-energies on the various pa-
rameters is investigated. The free parameters of the system are fixed by requiring the variational
solutions to have the proper nucleon energy and the proper pion-nucleon vertex. Bag radii of -0.5
fm are obtained for certain parameter sets if 6 degrees of freedom are considered in the bag's wave
function. For this and other features quantum fluctuations are shown to be important.

I. INTRODUCTION

There is at present a considerable interest in the study
of a variety of phenomenological models for baryons in
which quarks are coupled to meson fields. ' ' This in-
terest. is motivated by the belief that such models may
bridge the gap between the fundamental theory of strong
interactions, i.e., quantum chromodynamics, and the
best-known manifestation of these forces, i.e., the realm of
nuclear physics. There is hope that from the study of
these phenomenological models one can acquire a better
understanding of hadron properties at low and intermedi-
ate energies.

One of the most successful classes of chiral-invariant
models consists of chiral bag theories, in which the quarks
are, from the start, confined to a certain domain in
space. ' Other examples are given, e.g., by the o.

models in which the binding of the valence quarks is to be
obtained as a result of the theory. ' ' In these and other
chiral-invariant approaches extensive use is made of clas-
sical or mean-field approximations for the meson fields
which usually violate spin and isospin symmetries. Only
in perturbational approaches of low order fully
symmetry-conserving treatments seem to be possible at
present. This is very unsatisfactory if one is interested,
for instance, in exploring the possibility of having solu-
tions for the nucleon with bag radii of 0.5 fm or smaller.
For these studies there is a need for nonperturbative and
symmetry-conserving theories, which are thus able to treat
strong meson fields. The purpose of the present paper is
to present such a theory. For this purpose the quark
structure of the mesons is suppressed in favor of treating
them as a separate field described by a coherent state. We
make use of well-established projection techniques in or-
der to extract quantum states with good angular momen-
tum and isospin quantum numbers. This quantum-
mechanical treatment involving the semiclassical coherent
states is motivated, on the one hand, by some success of
classical descriptions and, on the other hand, by the

obvious need for the inclusion of quantum fluctuations. '

It has the interesting feature that the classical fields can
be extracted as expectation values of the proper
quantum-field operators between a variational solution of
a suitable quantum-field-theoretical Hamiltonian for the
whole system. This is in contrast to many recent ap-
proaches where the mesons are described from the start by
c-number fields ' for which one does not know how to
quantize properly.

The present approach is formulated by investigating as
a practical example some nucleon properties. We work in
the conceptual frame of chiral-bag models ' and adopt
the quantized Hamiltonian of the linearized cloudy-bag
model. ' The formalism stabilizes the bag against the col-
lapse' caused by the increasing pressure of the pion field
with decreasing bag radius. This is done by assuming
pions to have a finite size, in a way similar to the one re-
cently suggested by Kam and Pirner. ' We evaluate the
effect of quantum fluctuations of the pion field by projec-
tions on good angular momentum and isospin quantum
numbers. It turns out that they are indeed quite impor-
tant and that they smooth the dependence of the nucleon
energy on the bag radius. Solutions with small bag radii
seem to be possible for certain choices of parameters and
after the inclusion of b, degrees of freedom. These solu-
tions are self-consistent since they are obtained with a
proper vertex renormalization.

The paper is constructed as follows. In Sec. II the
Hamiltonian for the system consisting of a bag and a pion
field is derived and the finite size of the pions is incor-
porated in the interaction Hamiltonian. The variational
principle with a suitable trial wave function is presented
in Sec. III and the intrinsic self-energy of the nucleon bag
is evaluated. The angular momentum and isospin projec-
tions are performed in Sec. IV and the vertex renormaliza-
tion in Sec. V. The possible existence of "little-bag" solu-
tions is discussed in Sec. VI. Parts of this section have al-
ready been published in a Letter. ' A summary and some.
conclusions are given in Sec. VII. There are several ap-
pendices to present the technical details of the approach.
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II. THE HAMILTONIAN

A. The formalism with elementary pions

with

fjt (k) =pj's (k) [2~(k)(2~)'] (2.9)

MIT+~m+~coupl &

where HM&T is the Hamiltonian of the MIT bag model, '

I

H~,~= f d r —'gq, (r)B0q, (r)+8 8„,a

(2.1)

(2.2)

The Hamiltonian of the bag interacting with the ele-
mentary pion field is written

j1(kR)
pj's(k) =3

kR
(2.10)

which will in the following always be approximated' by

(k) —0. 106R 2k2
(2.11)

where p~(k) plays the role of the Fourier transform of the
density of the pion source. For a bag with radius R one
has

with 8„=1 inside and 0, =0 outside the bag. The H
denotes the energy operator of the free pion field,

H = g f d kto(k)ai. (k)aj(k), (2.3)

and the quark-pion coupling term reads, in the linearized
version of the cloudy-bag model, '

f d rgq, (r)y5T, P(r)q, (r)h, . (2.4)

The Hermitian operators Xj(k) depend on the actual
choice of

I
N) and

I
6). For a nucleon with spin and

isospin components s, t =+—,
' and a 5 with corresponding

components S,T =+—,', + —, one obtains

XJ(k) =XJNN(k)+X jN~(k)+X J""(k)+Xi~~(k),

(2.12)

with

Here the pion field is given by its usual expansion

3/2 f d3k[2t0(k)] —1/2[a (k)eik r

+aj(k)e ' ']

1/2 1/2
XJ (k)=g NN y y (tr'k), '(&j)t, t'v tv 't'

st s', t'

1/2 3/2

Xi (k) =g Nb, y y (S'k)s, s(&J)T t5sTvst i
st ST

(2.13R)

(2.13b)

with

Co(k) =(k +m )' (2.5)

In Eq. (2.4) the sum extends over the three quark colors,
and 6, is a surface 5 function at the bag's surface. The
aj (k) create a pion with momentum k and Cartesian iso-
spin component j. In the representation of the complete
set of colorless baryonic bag states'

I
8„) the HM&r can

be written as

a„„=gE, IB„)(8„I
(2.6)

~b„ IB )(8
I

. (2.7)

In the present paper we restrict the
I
8„) to the nucleon

ground state
I
JV) and the b, isobar

I
b. ). This choice

takes into account to some extent the spin-isospin-Aip de-
grees of freedom and has in addition the technical advan-
tage that the radial quark wave functions all correspond
to the lowest s state. In such a case one obtains (see Ap-
pendix A)

„1—t' f d3k f~(k) g [Xj(k)aj(k)—Xj(k)ai (k)]

(2.8)

with Ejt being the energy of the states
I
8„). The in-

teraction H„„pl has nondiagonal terms

H-"1=, X IB.)(8.
I

n, nt

X f d rgq, (r)y57. ,q, (r) P(r}

3/2 1/2

Xj "«)=g ~jig+(S k).,s('r, )t, Tv.t5sT
ST st

3/2 3/2
Xj (k) g hh g g (~ k)s, s'(~j )T, T'5ST5S'T'

ST S'T

Here the coupling constants are related through
4
5 gmNN ~

g ivy =g t ji=( ) 8 xiv
.72 1/2

1 0 5

2fQ —19'

(2.13c)

(2.13d)

(2.14a)

(2.14b)

(2.14c)

E&(R)=Ez(R) = + BR3Q 4m 3 Z
(2.15)

with B being the volume energy parameters. The term
Z/R accounts for the corrections to the quark kinetic en-
ergy from spurious center-of-mass contributions and con-
tributions from the quantization of the gluon field in a
cavity. As yet the coefficient Z cannot be reliably deter-
mined from more fundamental considerations. The total

with Q, =2.04. If there were no pions the g„NN should be
equal to g jtz (4m )'/ f ~~lm =——7.25 GeV ' withf i1tiv =0.082. In the present theory, however, the g ~~
is not known a priori. It has to be determined by a proper
renormalization as described in Sec. V. The matrices o.,
S, etc., are spin matrices and are explicitly given in
Appendix A. The operators v„(v„)and 5sT (5sT) create
(annihilate) nucleons and b, 's with spin and isospin com-
ponents s, t and S, T, respectively. With Eqs. (2.3), (2.6),
and (2.8) the Hamiltonian of the syst'e m is specified. In
the following we assume
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found in eR f. 15 d are listed here for completeness,
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e ends on the bag radius R bemuse of this
choice of E~ and of &coup] Iil t e mo

g
whole mass difference. ince

e ion cloud we as-in the mass difference coming from the pion c ou we as-
rder to avoid another free parameter.sume E~ ——E& in or er o

This does not a ec,ff t however our main conclusions
cerning the nucleon ground state.

B. Pions with finite size

wn' —and this will come out quite clear-
1' —h 11 from the present variational forma ism —e oy rom e

of the bag coup e a1 d t the surface to the elementary
~ ~ble. %'ith decreasing bag radius R,ion cloud is not sta e. i

'
1 in-

p
ain oint the strength of the pion fie d in-after a certain point e

a colla se for
'

hout limit, leading eventually to a co pcreases wit ou
been su estedR —+0. Recently several mechanisms have een gg

to revent this ' ' In the resent approach we follow

d f the interaction Lagrangian ensi y y
in

' ' ' of the ions. For a real pioninto account the finite size o e pi
corn onents, relevant or ethe extension g of the qq comp, e

p ', '
1 t d to the pion decay constant ycoupling, is re a e

~oes not'=0.17 fm. This relation, however, oes
tl a 1 to the virtual pions constituting t p'

cou . , h safe side, we consider acloud. Therefore, to be on t e sa e si e,
range of i) values

T

Qr
jo —= exp —C3

Qrji — -= exp —C3R

2

I —C)
R

rC
R

(2.20a)

(2.20b)

A co'up&(r) =M( i)~,R, r )Pl coupi(

with

(2.21)

717rM(iI, R, r) = 1+2C&
2 —3/2

X.1—
'gm.

2 1+2C3 1 —Ci R

2

(2.22)

C =0.80, and C =0.59. Inserting this
'1 )into Eq. (2.17) one obtains (see Appendix 8 or e ai

modified interaction Hamiltonian density

0. 12&g &0.4 fm. (2.16)

its are to a large extent independent of the actual

which descri es eb th pion-quark interaction —see q.
(2.4)—is then modified to the nonlocal form

Finite Size of Pions

(r)= g f d'rlq, (r+g)y, 7,q, (r rl ~(|-coupl 2f a 0.8

X &(r R)P (q), — (2.17)
0.6

Coupling

'
h P(rl) being the probability of finding a quark and

at a relative distance 2g in the extended pion.
We take it as a Gaussian, o owing

22Lepage,
0,4

x., r) = 0.23 fm

x., r) = 0.17 fm

0.17fm, r= R

0.17 fm, r = 0)

P(g) =(~rl )
~ exp (2.18)

0.2

'
n of the modified interactionFor the technical evaluation o

essel and j&Lagrangian it is conv't '
onvenient to replace the Bessel j0 an ji

functions in the quark wave function

N
q, (r)= &

rQ
Jo

rQ
Ji o'

Qa (2.19)

Q=2.04 these expressions can beby Gaussians. For

0.5

Radius of the Hag (tm)

R, r) of the pion-nucleonFICx. I. The correction factor M(g,
ou lin constant due to the fimte size o p' . dof the ion. Plotted are

. (2.22) and the approximations to it inthe exact expression of Eq. . an
(2.23). Thus the curves correspond geffnd to ff(R)/g~~~.
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For rl —&0 the M(g~, R,r)~l and the elementary pion-
field approximation is recovered. For finite g~ the
M(rI, R, r) is r dependent. This dependence, however, is
so weak that on Fig. 1 the difference between the curves
with r=0 and r =R is not visible. In addition, for com-
putational reasons we simplify M(rI, R, r) by ignoring the
second term in Eq. (2.22). This approximation is a rather
good one as one can see at Fig. 1 as well.

Hence the effect of the finite extension of the pion
amounts altogether to a renormalized and R-dependent
coupling constant gcff(R) to replace the g in the coupling
Hamiltonian (2.8) and (2.13),

g~wv~gerr(R) =g~xx 1+2C3
R

(2.23)

As one sees immediately, this coupling constant goes to
zero for R ~0, which prevents the collapse of the nu-
cleon.

III. THE VARIATIONAL PRINCIPLE

A. The trial wave function

The nucleon model consists of a bag of quarks and a
pion field. The bag state

I
BN) is assumed to have spin

and isospin z components both equal to —,. Since it is
coupled to the pion field, which also carries angular
momentum and isospin, it is not necessary for

I
BN) to

carry the quantum numbers of the nucleon itself, i.e., spin
and isospin —,

' . We assume the
I
BN ) to be a mixture be-

tween states with total nucleon and 5 quantum numbers
to be consistent with the vertices used in the interaction
Hamiltonian:

whose details will be described in Sec. IIIB. The ap-
propriate variational procedure would be now to vary,
with respect to g, R, and a, the energy of the physical
baryon

P

(g,a,R
I
PqPr

I g, a,R )
(3.6)

into its minimum. The variable R at the energy indicates
that it depends on the radius R of the bag chosen. Actu-
ally, because of technical reasons, we do perform such a
projection before the variation only with respect to R and
a, but will do a projection after the variation with respect
to

B. The intrinsic energy

The intrinsic energy E;„„(g,a,R) is given by

)
(g,a,R

I
I

I g, a,R ) (3.7)
(g,a,R

I
g', a,R )

Since in this expression the fluctuations of the fields due
to spin and isospin are neglected the evaluation of the in-
trinsic energy corresponds to calculating the energy of the
system in a mean-field approximation. This is a point
worth noticing. Inserting Eq. (2.1) into Eq. (3.7) one ob-
tains

E;„„,(g, a,R) =E'BN'(g, a,R)+E'""(g,a,R)

I
q'Jz zr (k a R)&

sz,Pre, I g, a,R)
(3.5)g (g a R

I PgxPrL, I g a R )

I
BN(a) & =cosa

I
N i+re &+sina

I ~l/2& . (3.1) +E',",'„' )(g,a,R) . (3.8)

Here
I N +~2) and

I
b. &+~2) correspond to a nucleon and 6

with one elementary charge and spin component —,'. They
are normalized to unity. The pion field is described as a
coherent state

Irr(g))=N ' exp g f d kgj(k)aj. (k) IO), (3.2a)

with

Inserting Eqs. (3.4), (3.1), and (2.6) into Eq. (3.8) one ob-
tains immediately

E~~'(g, a,R) =Ez cos a+E~ sin a . (3.9)

Inserting now Eqs. (2.3) and (3.2) into Eq. (3.8) and using
Eq. (3.3) yields

E'""'(g,a,R) = g f d eke( )kg (Jk)gj(k) . (3.10)

N = exp g f d k gz(k)gJ(k) (3.2b) The interaction energy is similarly evaluated by using Eqs.
(2.8) and (3.2)—(3.4). It yields immediately

and g(k) being the pion field amplitude (expansion coeffi-
cient) to be determined variationally. The coherent state
has the important property

(3.3)

The product state

E pO(gt, ,aR)

=i f d k fg(k)

x g [(BN(a)
I
X)(k)

I
BN(a) )gj(k)

—(BN(a)
I
Xjt(k)

I
BN(a) &g,

*. (k)]

I

g', a,R ) =
I
~(g) )

I
BN(a) ) (3.4) (3.1 1)

does not possess the spin and isospin quantum numbers of
a nucleon or of its isobars. These, however, can be ex-
tracted by means of the Peierls-Yoccoz projection tech-
niques' '

with f~ (k) given by Eq. (2.9). The intrinsic state
I g,a,R ) is now obtained by Ritz s variation of
E;„„(g,a,R) with respect to g, a, and R. The variation of
the pion field corresponds to
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5
5gj'(k)

E;„„(g,a,R)=0

or equivalently

(3.12)

2
G'(a) dk

]2~2 0 k2+ m
(3.20)

co( k)gj(k) —if»f (k) &8%(a)
I X,(k)

I
BK(a) & =0 .

Since Xz(k) is Hermitian, one hence obtains for the varia-
tional solution, indicated by an overbar,

.fz(k)
gj(k)=f &&&(fz) Ih'J(k)

I
&~(~) & .

The gj(k) depends on R, although it is not indicated. In-
serting this into Eq. (3.8) we have

(3.14)

(3.15)

with the total intrinsic energy of the system

Ei„«(a,R) =EN cos a+E~ sin a+E;„t,(a,R)

and the intrinsic self-energy given by

(3.16)

, fz'«)= —f dsk g I
&azv(a) Ix (k)

I
sX(a) &

I

J

(3.17)

The explicit evaluation of the matrix element in Eq. (3.14)
yields, with Eq. (2.12) and the matrices of Appendix A,

.f»t(k)
g~(k) =i g NNG(a)k, 5J3 (3.18)

co k)

with

.fR«)
g~NN(&)&&t+/2

I

o' «»
I
&t+/2 &

o» k)

where g NN(a)=g NNG(o, ') is the renormalized coupling
constant. In our formalism the classical pion field pj(r) is
given by the expectation value of the quantized field
operator pj(r) of Eq. (2.5) between the coherent states
(3.2):

yj( )=& (g) lftj( )
I (g)& .

This gives with Eqs. (3.3), (3.21), and (2.9)

p»t (k)
Pj(r)=g NN(tr) f 3/ &&t/2 I

o"krj I&t/2&[2'(k)] /

eik. r e
—ik r d3kx'

[2'(k) ]' 8m.

(3.22)

(3.23)

which can be simplified to

This is the intrinsic self-energy of the bag which the wave
function (3.1) acquires due to the coupling to the pion
field.

Before we show some numerical results for the intrinsic
nucleon energy we discuss the properties of the pion field,
which arise from our variational procedure. The special
structure of the amplitude (3.18) is due to our special
choice of the bare nucleon configuration being aligned
along the z direction in both spin and isospin spaces. It
can equivalently be written as

8vZ . 2G(a)=cos a+ sinacosa+ —sin a .
5 5 (3.19) Pj(r) fg NN(~)& jt t/2 I

o «J I
& t&/2Y(r)

with

(3.24)

The function G(a) can be considered as a renormalization
of the coupling constant g NN due to the inclusion of the
b, degrees of freedom in the bare nucleon configuration.
A graph of G (a) is given in Fig. 2. For the evaluation of
E;„„(a,R) it now remains to perform the integration over
k. This yields, using Eq. (B4) of Appendix B,

—m„/r —r'[

Y(r)= f d r'pR(r')
4frl r —r'

I

(intrinsic)

(3.25)

MIT bog

rj = 0.25 fm

rj = 0.17 fm

= 0.12 fm

point pions

0.5 1.5

-60 30

Mixing Angle a (deg)

FIG. 2. The mixing function 6 (a) [cf. Eq. (3.19)] determin-
ing the admixture of 6 degrees of freedom to the nucleon
ground state.

Radius of the Bag (fm)

FIG. 3. The nucleon energy vs the bag radius R is plotted for
the MIT bag model of Eq. (2.15) and for the intrinsic (nonpro-
jected) variational solutions (assuming a=0) using various pion
radii g . The dotted curve, corresponding to point pions, shows
the collapse as R ~0. The calculations are done with
8' =0.125 GeV, g~~~ ——14 GeV ', Z=1.75, and assuming
a=0.
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C/1

Cl-
Number of pions (intrinsic}

E
point pions

= 0. 1Z fm

= 017 fm

= OZ5 fm

o4'
CP

a- 0'

a = 30'

- a= 60'

0.5 1.5

Radius of the Bag (fm)

FIG. 4. The average number of pions in the pion cloud of the
intrinsic (nonprojected} state as a function of the bag radius for
various pion size parameters g . See caption to Fig. 3 for the
parameter values.

Radius of the Bag (fmj

FIG. 6. The total intrinsic energy of bag plus pion cloud is
plotted vs the bag radius E for various mixing angles a. The
calculations are performed for g =0.17 fm, 8' =0.125 GeV,
Z=1.75, and g ~~——14 GeV

where ii(r) is the Fourier transform of p~(k). This is the
usual expression for the classical Yukawa field produced
by a source of density distribution pii (r)

For the evaluation of the intrinsic energy the integra-
tions in Eq (3.20. ) are performed numerically by means of
Gauss-Hermite quadrature. Assuming a pure nucleon
configuration of the bag, Fig. 3 shows some of our intrin-
sic energies for several pion radii in comparison to the
MIT-bag energy. For pointlike pions there is a local
minimum at R =1.2 fm but the system collapses at small
bag radii. This collapse is avoided if one takes into ac-
count the finite pion size by using i)~&0.

The effect of the finite size of the pions can also be
demonstrated by considering the average number of pions
in the cloud. This is given by

this yields immediately
3

N;„„(a)= g f d kgj'(k)gj(k) (3.28)

or

N;„„(a)= G (a) dk
SmNN pa (k)k"
12~' (k+m )~ (3.29)

For a=O the X~" is plotted versus R in Fig. 4. In the
case of point pions one realizes that N'"'" diverges for
R~O. However, for finite i1 the N~" tends to zero in
this limit. This feature is caused by the vanishing effec-
tive pion-nucleon coupling constant g,rf(R) (see, e.g., Fig.
1).

With

(g', a,R
l
N i(',a,R )

(g,a,R
l g, a,R )

N = g J d'k a, (k)a;(k)

(3.26)

(3.27)

Actually all results of those calculations depend on the
bare pion-nucleon coupling constant g &~. Figure 5
shows that the dependence of the intrinsic self-energies on
g~z& is highly nonlinear. Figure 6 displays the effect of
the b, admixture on the intrinsic energy: Apparently for
small R this is very pronounced showing the largest effect
for a=30' in accordance with the behavior of G (a) in
Fig. 2.

IV. ANGULAR MOMENTUM
AND ISOSPIN PROJECTIONS

0.5

Self- energy (intrinsic)

g = 7 GeV
'

g = 14 GeY

g = 21 GeV
'

1.5

The states
l

g', a,R) of the bag plus pion field do not
have angular momentum and isospin as good quantum
numbers both because of the general form for the bag
states and the pion cloud. Using the techniques of Peierls
and Yoccoz one can extract' ' from these states the com-
ponents with good spin and isospin quantum numbers, as
indicated already in Eq. (3.5). For the present choice of

l
BN(a) ), having a good z component of J and a good 3

component of T, the total state has the properties

Radius of the Bag (fm)

FIG. 5. The self-energy of the system, see Eqs. (3.16} and
(3.17), for various values of the pion-bag coupling constant

g ~~. The calculations are done with g =0.17 fm, 8'~ =0.125
GeV, Z=1.75, and assuming a=0.

T,
l g, a,R ) =r

l g, a,R ), t = —,
' .

(4.1a)

(4.1b)

Referring to Eq. (3.20) one sees this easily for the isospin,
since the Cartesian third component corresponds to an un-
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charged pion. In the case of the angular momentum one
has to remember that pions have no intrinsic spin, and to
notice that the z component of the orbital angular
momentum can be written in k-space as proportional to
k d/dk» —k»d/dk». Therefore the pion cloud associated
with the variational solution g of Eq. (3.20) carries no an-
gular momentum along the z axis. Taking this into ac-
count the energy of the projected state (3.5) simplifies to

f sin/3dP f sin/3dPd„(P)d„(P)h (a;PP)

f sinP dP f sinP dP d„(/3)d„(P)n (a;PP)
(4.2)

with

g/(k;p, p)= g [R2(p)]JJ'g~'[R '(p)k] . (4.9)

&& ( —5&1sinp+513 cosp)(1 —512) . (4.10)

Using the expressions (3.18) and Eq. (Cl) of Appendix C
one obtains explicitly by first applying R„ to k and
then taking the z component

fz(k)
gj(k;pp)=&'g 1v~ G(a)( —k sin/3+k, cosp)

with the overlap kernels

h (a;P,P) = (g,a, R
l
HRy(P)R2(P)

l g, a, R ),
n (a;P,P) = (g,a,R

l
R„(P)R2(P)

l g, a, R ) .

(4.3a)

(4.3b) (4.11)

With Eqs. (4.5) and (4.8)—(4.10) the rotated bag-plus-field
state is now defined. It remains to evaluate the norm and
Hamiltonian kernels. The norm overlap is very simple:

n(a;P, /3) =n (a;/3P)nI1~(a;PP)

A. Norm overlap

Since we perform a projection after the variation of g
the pion field is assumed to be fixed by Eq. (3.20). The
operators Ry(p) and R2(p) are given by

Ry(P):Ry s(P)Ry (P):exP[iP(Jy s+ Jy )] (4,4a)

R2(p) R 2 (p)R 2 (p) =exp[iP(T2" + T2 )] (4.4b)

and they act on the entire system, i.e., bag plus meson
cloud. Their action on the state

l
BN(a)) is easy to

evaluate:

l
BN(a;PP) ) =By' (P)R 2' (P)

l
BN(a) )

1/2
=cosa g d,

'
1/2(/3) d,

'
1/2( p)

l
N„)

st

1/2
+stna gds 1/2(p)dT1/2(p) I ~sT ~ (4 5)

ST

Since R» (P)R2(P)
l
0) =

l
0) the action of the rotational

operator on the coherent state vr(g) ) can be written as

l
~(a;PP) ) =Ry"(P)R 2 (P)

l
~(g) )

=N '/2exp g f d k gJ(k)R»(P)

with

n231v (a;pp) = cos a d 1/2»2(p)d1/21/2(p)
1/2 1/2

+sin a d1/21/2 (p)d 1/21/2 (p)
2' 3/2 3/2

and

n (a,PP) = exp[N;„„(a)cosPcosP],

(4.12)

(4.13)

N (a,R;PP)=(g, a,R
l
N R (P)R2(P)

l g,a, R )

=N;„„(a,R)cosP cosPn(a;/3P) . (4.14)

This can be used to calculate the number of pions

with N;„„(a)being the average pion number of Eq. (3.30).
Altogether Eqs. (4.11)—(4.13) give the norm overlap. Fig-
ure 7 displays some norm overlaps at representative values
of R and a. Since the intrinsic wave function does not
show good positive parity the overlaps are not symmetric
around m/2. For larger values of a they can become neg-
ative. The slope of the overlap shows that approximations
of Gaussian type are bound to fail. This sheds some un-
favorable light on semiclassical quantization procedures,
which all work in the small amplitude and therefore
Gaussian limit. By similar techniques one obtains the
overlap function for the particle number in the pion field:

&&R2(p)aJ (k)
l
0) . (4..6)

1.0
Norm Overlap

The rotation around the y axis yields then

y f d kg (k)R (p)a (k) l0)

= g f d k gj[R» '(p)k]aj(k)
l
0) (4.7)

0.8

0.6

0.4

0.2

0.0

since it amounts to a change of the integration coordinates
from k to R»k. If one denotes with [R2(p)]/J. the rota-
tional matrix in a Cartesian vector space, we obtain for
the pion field finally

-0.2

—7r
1

4
—77
1

2
—7r
3
4

rotational angle P

R, (p)R2(p)
l
~(g))

=N ' exp g f d kgj. (k;p, p)aj(k) l0), (48)

FKx. 7. The norm overlap n(a, /3, P=O) is plotted vs P for
the cases R =0.5 and 1.0 fm and a=0' and 60'. The parameters
used are B' =0.125 GeV, Z=1.75, g ~~——14 GeV ', and

g =0.2 fm.
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N/T(a, R) in the cloud, which is associated to a projected
total state with angular momentum and isospin J and T,
respectively. Illustrative numbers will be shown in Fig.
11.

h (a,R;/3, P)= g I d'k co(k)gj*(k)g, (k;P/3)

&&n (a;P/3)n~~(a;/3/3) (4.16)

B. Hamiltonian overlap

The Hamiltonian overlap can be written as
h =h~~+h +h„„„~.Using Eqs. (4.5) and (2.6) one gets

hg~ (a,R;Pf3)

= [E~(R)cos ad I /zz, /2(P)d I/~~, /2(/3)

+Ea(R)»n'a d ]/2 f/2(P)d 1/z 1/2(/3)]n (a;/3/3)

(4.15)

and with Eqs. (2.3), (4.8), and the properties (3.3) of
coherent states

or by a straightforward calculation, inserting Eqs. (3.18)
and (4.10)

h~(a, R;/3, /3) =E;„„(a,R)cos/3cos/3n(a;/3/3) . (4.17)

The coupling term is obtained by inserting Eq. (2.8) into
(4.15) yielding

h„„i(a, R;/3P)

=i f d k f~(k)g (BN(a) XJ(k) BN(a;/3/3)&
J

X [gz(k, /3/3) —g~'(k)]n (a;Pf3) .
(4.18)

The explicit evaluation yields

h«„~~(a, R;PP) =E t, (a,R)n (a;P/3)[As, (a;/3/3)(1+cos/3cos/3) As—( a/3/3)si /n3c so/3

—A»(a; /3/3)cos/3 sinp+ A ~x(a;/3/3)sinp sin/3] . (4.19)

The derivation and the functions A3,(a;P,P), etc. , are
given in Appendix C. Figure 8 shows some Hamiltonian
overlaps as representative examples. They have qualita-
tively a structure similar to the norm overlaps. In both
cases one realizes a strong dependence on the value of a, a
feature which will have a pronounced effect on the pro-
jected energies.

The evaluation of the integrals over P and P is per-
formed by means of a Gauss-Laguerre quadrature'with 48
points in the range of 0&/3(m. Some results of the pro-
jections are displayed in Fig. 9 for the lowest three states
with I = T. There the quantity

l aJT l
is plotted which is

with Eq. (3.5) defined as

(4.20)

where
l

t//JT & are the normalized projected states. Ap-
parently for a =0 the intrinsic state consists predominant-
ly of a nucleon, only 15% and less of a b, , and all other
components are negligible. For a =60' the strongest com-
ponent is the b, and the nucleon is about 20% only. The
curves show some variation with R.

Figure 10 shows the corresponding energies. The in-
trinsic energy is always surrounded on both sides by pro-
jected ones due to the sum rules

(4.21)

1.0

0.8

0.4

0.2

0.0

-0.2

Harl)iftonian Overlap

1.0fm a = 0'
0.5fm a = 0'

0.5 fm a = 60'

1.0 fm a = 60'

20 X

percentage of projected

components

a = 0'

(3/2, 5/2)
r (5/2, 5/2)

- 60X
(3/2, I/2)

12, 12

(5/2, 5/2)

20 X

percentage ot projected components

a = 60'

—7T
4

71
1

2
7r

3
4

Radius of the Bag (fm) Radius af the Bag (fm)

rotational angle P

FICx. 8. The Hamiltoniau overlap h(a, p, p=o) is plotted vs

P for the cases R=0.5 fm and 1.0 fm and a=o and 60'. The
overlap is normalized to h (a,P=O, P=O) =1. The parameters
used are those of Fig. 7.

FIG. 9. The percentage of the projected components con-
tained in the intrinsic wave function, i.e., l aJr l

of Eq. (4.23) is

plotted for various ( J,T) values in dependence on the bag radius
R. The left figure corresponds to a=0' and the right one to
e =60'. The parameters used are those of Fig. 7.
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projected energies

a= 60'

0
C

a = 60'

2j a = -60'

a = 30'

Ratio of pion numbers

Radius of the Bag (fm)

0.5

Radius of the Bag (fm)

FIG. 10. The projected energies EJT{a,A) are plotted for
a=0' (left figure) and a=60' {right figure) vs the bag radius R.
The intrinsic energy (dashed-dotted-dotted) is given for compar-
ison. Only {J, T) states with J=T are selected. The parameters
used are those of Fig. 7.

2 I
aJT I

'FJT =&;.», .
JT

(4.22)

Since in the present examples there is always one clearly
dominating component the intrinsic energy is closest to
the nucleon energy for a =0 and closest to the b, energy at
a=60. In both cases these energies basically agree at
larger R values where the influence of the pion field is
weaker. All numbers apparently are strongly dependent
on the value of u. In any case, however, the projected nu-
cleon state is the lowest one and is lower than the intrinsic
energy. This shows that the projection cannot provide a
mechanism against collapse, a fact which is confirmed by
the calculations. One should not be disturbed by the neg-
ative energy at small R and a=60' in Fig. 10. The values
of the free parameters are not yet fitted to experimental
data and no vertex renormalization has been performed.

Actually the average pion number in the projected nu-
cleon state is noticeably larger than in the intrinsic state.
This can be seen at Fig. 11 where the ratio of the project-
ed and nonprojected pion numbers is plotted. This ratio is
always larger than 1 and shows a strong dependence on a
and a somewhat weaker one on R. Thus the effect of the
pion cloud is largest in the projected nucleon.

1 1.5

Radius of the Bag (fm)

FIG. 11. The ratio of average pion numbers in the projected
and intrinsic state. The values are given for various mixing an-
gles a in dependence on R. The curves show that the effect of
the projection is strongly o. dependent. The parameters used are
8' "=0.125 GeV, g=17 GeV ', Z=1.75, and g =0.17 fm.
The projection is performed on J= T =—.

2 '

0.5

V. VERTEX RENORMALIZATION

The coupling constant g NN of the previous sections
has not yet been fixed. Owing to the incorporation of the
finite size of the pions in the cloud and due to the angular
momentum and isospin projections the g ~~ should not
be equal to the experimental

——7.25 GeV (5.1)

expt
g ttNN P (+)gttNN

with

(5.3)

For elementary pions and if no b, states are assumed in
the intrinsic bag state the connection is given by

g~NN(model
I
o"krj

I
model)

=g'gN (expt
I
tr lrTJ

I

e.xpt), (5.2)

where Imodel) means the projected model wave functions
used in this paper and Iexpt) means the structureless nu-

I 1clean state
I

—, —, ) used for the experimental analysis.
This can be written down explicitly, also in the case for
intrinsic 5 components, as

p ct
&k ~

I
I'J'I I'TMp ~jr'~~ I'TM,

I & ~&&&

(SMJ, TMT
I
~,Tj I

~M, , TMT )
(5.4)

where J=T =MJ ——MT ———,
' and

1/2 1/2

st s't'

72+
25

' 1/2 1/2 3/2
+ y y (s' ) s(Tj )tTvst~sT

st ST

3/2 1/2
4+ 4 y y (~')ss'(~j )TT'~sT~s'T'

ST st
(5.5)

We will restrict ourselves to i =z and j=3 since the ratio
p (a) is independent of the actual choice of indices i and j.
The operators of Eq. (5.5) are all tensor operators of first
rank. In case of axial symmetry the general formula for
the matrix elements of a tensor operator T„& between pro-
jected states is with J, I P) =Ko

I P) given by

(5 6)

with
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I

f dp»ups, „—,x, (p)&@IT,~y (5.7)

If one applies this to spin and isospin one obtains after some algebra

p (a) — f dpslnp f dp Slllpn~(aypp)[d $/2 '[/2 (p)d f/2 j/2(p) &BN(a)
i X@3

i
BN(a pp) &9NJ

+d —1/2 1/2 (p )d I /2 1/2 (» & BN«)
I X+3 I

BN ( ~»» &

+dl/2$/p(P)d q/2$/2(P)&BN(a) X + i
BN(cx, PP)&

+d —~1/21/2(p)d —1/2 I/2(p) &BN(~)
i X++ i BN(~~up ) & ] (5.8)

Inserting in Eq. (5.8) the
i
BN(a, pp) & from Eq. (4.5) and

using the matrices from Appendix A yields the final ex-
pression for p (a) given in Appendix D.

One has to take into account that g &~ has been modi-
fied into an effective g,ff(R) due to the finite pion size
and that the p(a) depends on the g,rf(R) since this enters
in the evaluation of n (a;p/3). [See Eqs. (4.15) and (3.31),
with g ~~ replaced by g,ff. ] Thus the equation for the
vertex renormalization reads explicitly

2 —3/2

p(a, )=g'g .model Pl 1T

S ~x =S x~ 1+2C3
Ro

(5.10)

Here, for example, the X+3 means that in Eq. (5.5)
for X,J- the matrices a.;, S;, S;, X; are to be replaced by
o.+, S+, S+, X+ with, e.g., X+——X +iX~. The normali-
zation Nz in Eq. (5.8) is given as

NJ f dps——inpf0 dpsinpd', /2)/2(p)d )/2)/2(p)n (a;pp).

(5.9)

ergy of 0.938 CxeV. In practice the search is done by the
computer which looks for the zeros of the function

2 IIIOdel
' 2+I/2 1/2 ( ~0~+0 ) gnNX'f(g m»»)=

The results of this procedure are described in this section
as an application of the present formalism. Since the size
of the pions in the cloud is unknown, we perform the
searching for all values of n between 0.17 and 0.3 fm.
The interesting feature which comes out is that for each
n there exist two sorts of solutions: one corresponding
to the MIT bag with a rather weak pion field, i.e., some
sort of cloudy bag, and the other corresponding to a small
bag of 8=0.3—0.5 fm surrounded by a strong pion field.
The latter solution bears some similarity to the so-called
little bag.

For g~=0.24 fm the properties of these two solutions
are presented in detail in Figs. 12—14. As shown in Fig.
12 in both cases the (

—', , —,
'

) component is the largest one in

This is a nonlinear equation which has to be fulfilled for
the model state of the nucleon, i.e., at a bag radius Ro and
a mixing factor ao where both correspond to the
minimum of the projected energy valley EJT'(a) with

1J=T=—
80

60C)

80

VI. SELF-CONSISTENT SOLUTIONS
OF THE NUCLEON

In the preceding section we described how to perform a
proper renormalization of the pion-nucleon vertex in or-
der to obtain the g ~&. There are, however, two other un-
known parameters in the present model: the volume ener-
gy B and the center-of-mass and cavity correction Z, both
in Eq. (2.15). There are no reliable QCD calculations
which give precise values for these quantities and there-
fore they are here considered as adjustable parameters in
order to obtain a proper mass of the proton ground state.
Hence in the three-dimensional parameter space (i.e.,
g &~,B,Z) values varied such that the corresponding
minima ao and R o of the projected energy curve
E,/z&/2(a, R), yield the proper g'"g and the nucleon en-

40
EV

L

20

MIT Bag

40

20

0.2 0.4 0.6 0.8 1.0 1.2

Radius of the Hag (fm)

0.2 0.4 0.6 0,8 1.0 'l. 2

Radius of the Bag (fm)

FIG. 12. The percentage of the projected components is plot-
ted for the little-bag solution and MIT-bag (cloudy-bag) solution
vs the bag radius R. The radius of the pion is assumed to be

q =0.24 fm. The self-consistently determined parameters are
g~~& ——13.59 GeV ', 8' =0.233 GeV, Z=0.587, ap ——55.44',
Rp ——0.412 fm for the little bag, and g» ——7.871 GeV
B =0.124 GeV Z=' 1.404 (xp=55. 8 Rp = 1.185 fm.
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various solutions can be extracted from Fig. 16. Since
little-bag solutions are associated with small R they are
not very sensitive to a variation of B. Thus from the pure
minimization of Eq. (6.1) one would obtain in certain q
regions even negative values of B. In the present calcula-
tion they are suppressed by allowing only variations of B
with B' ")0.1 GeV. For small R, where it is applied,
this restriction has only little effect on the volume energy
(4m. /3)BR . The little-bag solutions require for larger g
a B' around 0.22 GeV, a' value which is also given by
Carlson, Hansen, and Peterson . The MIT bag shows a
B' around 0.125 GeV close to the MIT value of De-
Grand, Jaffe, Johnson, and Kiskis of 8' =0.145 GeV.

The little-bag solutions require a strong renormalization
of the coupling constant as one can see at Fig. 17.
Whereas for the MIT solution the g ~~ is close to the ex-
perimental value of 7.25 GeV ' the corresponding value
for the little-bag solution is about twice that much. This
effect comes only to 20% from the projection and to 80%
from the finite size of the pion, as is demonstrated in Fig.
18, where the p (a) is plotted. Actually the self-consistent
a values are about 66' for the large bag and between 50'
and 60' for the little-bag solution.

The values of Z of Eq. (2.15), corresponding to center-
of-mass and cavity corrections, are given for the self-
consistent solutions in Fig. 19. For smaller pion radii q
one needs negative values of Z for the little bag in order
to reach self-consistency. Here the two coexisting solu-
tions for the little bag show noticeably different values for
Z. As long as there does not exist a firm theory for Z one
has to accept it.

The average pion numbers for the self-consistent solu-
tions are shown in Fig. 20. The MIT bag has about 0.15
pions in the cloud, more or less independent of the pion
radius q . The little-bag solutions, on the contrary, show
a noticeable q dependence with values between 2 and 4.
A similar trend is seen from the self-energy given in Fig.
21, which for the MIT bag is rather small, about —0.3

14 Little Bag

12

10

Bare nucleon-pion

coupling constant

MIT Bag

0.18 0.2 0.22 0.24 0.26 0.28

Size of the pion g (fm)

0.3

GeV, whereas it varies for the little bag between —1 and
—6 GeV. The pion number and the self-energy demon-
strate that the solutions obtained have indeed some
features presently frequently discussed One corre-
sponds to the MIT bag with little pion-field correc-
tions, "" and the other to a little bag with strong pion-
field corrections. '

It remains to discuss the physical relevance of our re-
sults. From fundamental points of view there are prob-
ably no basic objections against the parameters emerging
from our self-consistent procedure in case of the little bag.
However, the fact that we use a linearized Lagrangian is
inconsistent with the appearance of rather strong pion
fields. Thus one should take our results as a hint for the
possible existence of little-bag solutions but by no means
as a proof. If, furthermore, the mechanism to stabilize
the nucleon against collapse is not given by the finite size
of the pion, as it is assumed here, the behavior of the solu-

FIG. 17. The pion —bare-nucleon coupling constant g ~~ for
the self-consistent solutions as a function of the pion radius g .
The dashed parts of the little-bag solutions indicate regions
where the self-consistency condition cannot be fulfilled exactly
but up to 5%%uo. All curves incorporate angular momentum and
isospin projection on the proton ground state.
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FIG. 16. For a range of pion radii g the fitted volume ener-

gy parameter 8' is plotted for the little-bag solutions and the
MIT-bag (cloudy-bag) solution. The variation of B' has been
limited to values of 8' )0.1 GeV. The dashed part of the
little-bag curve indicates a region where the self-consistency
condition cannot be fulfilled exactly but only to (5%. All
curves incorporate angular momentum and isospin projection on
the proton ground state.

Size of the pion q (fm)

FICx. 18. The renormalization factor of the pion —bare-
nucleon coupling constant due to the angular momentum and
isospin projection. The values are given for the self-consistent
solutions as a function of the pion radius g . Dashed parts indi-
cate regions where the self-consistency condition can be satisfied
only up to 5%.
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FIG. 19. The center-of-mass and cavity correction Z of the
MIT-bag and little-bag energy is given for the self-consistent
solutions as a function of the pion radius q . Dashed parts indi-
cate regions of g where the self-consistency condition can only
be satisfied up to 5%.

FIG. 21. The self-energy of the self-consistent little-bag and
MIT-bag (cloudy-bag) solutions as a function of the pion radius

Dashed regions indicate where the self-consistency condi-
tion can be satisfied only up to 5%.

E

C)
CL

Little Bag

M IT Bag ( x 5)

0.18 0.2 0.22 0.24 0.26 0.28 0.3

Size of the pion q~ (fm)

FIG. 20. The average pion number of the self-consistent
little-'bag and MIT-bag (cloudy-bag) solutions in dependence on
the pion radius g . Dashed regions indicate where the self-
consistency condition can be satisfied only up to 5%. The
values of the MIT bag (cloudy bag) are enlarged by a factor 5.
There are in reality about 0.15 pions per nucleon.

tions at small R may be quite different.
One could obtain some more insight into the properties

of both sorts of solutions, if one calculated observable
quantities as electromagnetic rms radii, charge distribu-
tions, magnetic moments, etc. However, even in the case
of the MIT bag solution we did not do it because of the
following reason: The present theory is a variational
theory and hence its results are as good as its trial func-
tion. In order to investigate the projection techniques we
restricted ourselves to trial wave functions axially sym-
metric in both spin and isospin space. The use of a more
general trial function, having, e.g., a hedgehog structure,
would result in a noticeably larger self-energy and hence,
in a variational sense, a better solution: a hedgehog corre-
sponds to assuming the three quarks in the spin-flavor
state given by (

~

u & ) —
~

d & ) ) . Written in terms of
colorless baryonic states this yields the intrinsic bare nu-
cleon wave function:

1,2, 3/2
1

i
BN(hh)) = )1—x

x [&(2J+1)l'"

J,K;T=J,T, = —K

A comparison of the intrinsic self-energy (3.20) at the
maximum of G (a) with the corresponding hedgehog
self-energy of Ref. 30 shows that one gains exactly a fac-
tor of 3 by using the hedgehog. [For a comparison one
should take into account that the pion source pz(k) in
Ref. 30 differ by a factor of 3.) Furthermore it has been
shown that without projections the hedgehog configura-
tion minimizes the energy of the cloudy-bag Hamiltonian
and is therefore a much better trial wave function than
the present one, in which, for example, only neutral pions
are coupled to th6 quarks. . This is the reason why observ-
ables like rms radii, etc., have not been evaluated and why
we did not improve the approach by one-gluon exchanges.
This is also the reason why a comparison with the results
of other models is of limited value. However, the use of a
hedgehog configuration will complicate the projection
procedure, a problem which will be studied separately.

There is, however, one firm conclusion which can be
drawn from the present investigation and which is illus-
trated by Fig. 13 and particularly Fig. 22. Whereas for
the energy of the MIT-bag solution the effect of the pro-
jection is rather small this is not so for the little-bag solu-
tion. There the gain in energy is of the order of 1 GeV or
more. Thus an investigation of little-bag solutions
without projection on the proper quantum numbers, for
example, in a purely classical picture or using the
hedgehog ansatz, can lead to wrong results. Furthermore
the minima of the intrinsic and projected solutions are at
quite different 8 values from which one must conclude
that even a projection before the variation, i.e., a variation
with wave functions already projected on good J and T
quantum numbers, is required for a proper description of
little-bag solutions.
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VII. SUMMARY, CONCLUSION, AND OUTLOOK

The present paper suggests a variational quantum-
field-theoretical approach (VQF) to the chiral bag which
is characterized by two properties. First, it is a variation-
al model working with field operators and assuming the
boson field wave functions to be coherent states. The
state of the quark-core (bag) is properly parametrized, in
the present case as a mixture between a bare nucleon state
and a bare b, -isobaric state. Second, the approach is fully
quantum mechanical since the total object, quark core
plus pion cloud, is projected on good total spin and iso-
spin. The collapse of the nucleon is prevented by the fin-
ite extension of the pions.

The VQF approach is formulated here with the pion
field coupled to the quark core on its surface. It can be
extended, however, to include other interaction mecha-
nisms and other boson fields, e.g., the co- and p-meson,
which, if necessary, can also be treated with a finite exten-
sion. The theory can also be applied to the chiral-soliton
models. It only requires, in addition, to approximate the
o. field, which replaces the bag confinement, by a coherent
state and to parametrize the quark wave functions in a
way suitable for a variational treatment. Compared to the
usual treatments this would have the advantage that one
can introduce quantum corrections in a clear way. (While
this paper was revised, a paper by M. C. Birse [University
of Washington report, 1985 (unpublished)] came to our at-
tention, in which this projection formalism has been ap-

FIG. 22. The energy of the little-bag solution and the MIT-
bag (cloudy-bag) solution is given for the pion radius q =0.185
fm vs the bag radius R. Actually only the minima of the ~, 2

projected curves are self-consistent. The self-consistently deter-
mined parameters are g ~~——15.605 GeV ', B' =0.1 GeV,
Z = —3.00, a0 ——50.89, R0 ——0.309 fm, and g~~~ ——7.67 GeV
B ' =0.125 GeV, Z= 1.473, a0 ——66.55, and R0 ——1.157 fm for
the little-bag and the MIT-bag solution, respectively.

plied to the linear chiral cr model. )
In this paper the VQF approach has been applied to the

energy of the nucleon ground state. For other properties
and for excited states as, e.g. , the physical 6 or the Roper
resonance it might be advisable to use an intrinsic bare
nucleon state which is better suited and has more degrees
of freedom. A frequently discussed candidate for that is
the so-called "hedgehog" solution which implies a partic-
ularly structured pion field. It is actually no problem to
incorporate these sorts of states into the present formal-
ism. The theory can even be used to give a foundation for
the hedgehog, which has been investigated more in detail
in a separate publication. The use of such states intro-
duces triaxial components to the total wave function in
spin and isospln space. However the ensuring complica-
tions in the projection procedure are only of a technical
nature.

With a rather simple trial wave function the VQF
model has been applied to the ground state of the nucleon
with the result that two sorts of solutions exist, one corre-
sponding to the MIT bag with a weak pion field, i.e.,
some sort of cloudy bag, the other corresponding to a bag
with a radius of 8=0.3—0.5 fm and a strong pion field.
Both solutions have in the present model the same right of
existence insofar as they yield the same nucleon energy
and the same pion-nucleon vertex. They do correspond,
however, to different values of the parameters 8, g &&,
and Z, which are treated as fitting parameters. Subject to
these parameters the present numbers should be taken as a
hint for the possible existence of little-bag solutions no
matter which radius of the pion is assumed. Of course, a
more conclusive theoretical evidence for little bags re-
quires aside from additional information on these parame-
ters a fully nonlinear treatment of the pion-bag interac-
tion. Furthermore, some more properties of the nucleon
such as rms radii and magnetic moments should be inves-
tigated using a better trial wave function. However one
point should be stressed about the present results. The lit-
tle bag appears as a self-consistent solution of our La-
grangian only if one takes properly into account quantum
corrections to the mean-field approximation by the
Peierls- Yoccoz projection technique. The present num-
bers suggest even the use of a projection procedure before
the variation.

In conclusion it is evident that basic and challenging
problems remain in the application of the present varia-
tional quantum-field-theoretical approach to chiral-bag
and soliton models. However the potentiality of the
model and the success of the first calculations justify con-
tinuing effort on both the conceptual and technical as-
pects of the theory.
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APPENDIX A: ELIMINATION OF QUARK
DEGREES OF FREEDOM

This appendix derives Eq. (2.8), which to some extent
can already be found in Ref. 6. Because some of the for-
mulas are needed in another context in the present paper
the derivation will be given in detail.

Since we deal with nucleon and 6 states, which all have
the same orbital wave functions g

2
d5 cos5 sin@ exp(ikr cos5) =j~ (kr) (A5)

2' Ar . Qr
r dr sin@.d8 de 0 j&

4m

X (cr„' sin@ cosy+ o'~ sin@ sinqr+cr, ' cos4 )

&& rj exp(ikr cos@)5(r —R) (A4)

if one performs the integration over r in a coordinate sys-
tem with the z axis aligned along k. The prime at the
spin matrices indicates that they refer to this coordinate
system.

Since we have

Qr
jo

q(r)=
&4m . . Qr

ijl R
o' r

(A 1)

n jl(k»
J (A6)

one obtains with jo (Q)=jl (II) and jo(Q)j&(Q)
sin Q together with the N of Eq. (A2) an expres-

sion identical to (A4) being

the integration over r in Eq. (2.7) can be done separately.
Here A =2.04 and R is the bag radius. The normalization

30
2R (0—1)sin 0

The yo and y5 are taken in the representation

(A2)

1 0
0 —1

0 1

1 0
(A3)

Then the part of Eq. (2.7) proportional to aj(k) of the
pion field can explicitly be written as

where we have used ko,'=o. k. Thus the interaction
Hamiltonian can be written in the form of Eq. (2.8) and
Eq. (2.12) with, e.g. ,

3Ij (k)=(kl/2 g K 'kTj Xl/2)5 1/21/2V1/21/2 .

(A7)

Here
~

Xt+/q ) means a nucleon wave function with spin z
component equal to —, and isospin 3 component equal to

in a quark representation as, for example, given in Eqs.
(B5) and (B7) of Appendix B of Ref. 27:

~
XI/~ ) = Iutu Td T+u Tu Ld T+d Tu gu T+u Ld Tu T+d Tu Tu t+u Td Tu t —2dtu Tu T

—2u Tdtu T —2u Tu Td LI,
18

~
b)gp) = —, Idiu Tu T+u td Tu T+u tu Td T+d Tu tu T+u Td tu T+u Tu td T+d Tu Tu l+u Td Tu l+u Tu Td 1 I .

To transform Eq. (A7) to nucleon and b, degrees of freedom, i.e., eliminating their quark structure, requires the spin and

isospin matrices in representations associated to total t,j = —, states and in mixed representations. They are explicitly

given here since they are used several times in this paper: With j= 1,2,3 or j =X, Y,Z we have

1

2

1

5J3

5J )+i5J P

3
2

1

2

5 I
—i5JP

—5.3J

1

2

0

1

2

1

2

(s;)T, =(T, )r, ——

2

3
2

(
& )1/25
3 J3

( —,
' )' (5J I+i5jq)

0
3
2

—( —,
' )' (5i, i5J~)—

(
& )1/25
3 J3

( —,
' )' (5i(+i5Jz)

1

2
1

2

3
2

3
2

3
—,5J3 —,

' v'3(5J, i 5~z)—0

—,
' v 3(5J, +i5J~)

(~')TT' TT'l J
0

3
2

1—53

(5J (+i 5J z)

0

(5~ I i5J.z)—
1——532 J

—,
' v'3(5~ I+ i5J q)

—,
' V'3(5J I

—i5j))
3——5.32 J
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g m'NX
(jV1/2

I go rj I&1/2)
0 5

( jV 1/2 o' rJ 'I jV 1/2 )
(A8a)

Inserting these matrix elements and the explicit quark
wave functions one obtains the well-known formulas
[there should be a minus sign in front of the right-hand
side of Eq. (812) of Ref. 27]:

with g z
——0/[6f(Q —1)]. These ratios are independent

of the particular choice of i and j. Inserting Eqs. (A8)
and (A7), and its analogs for the other 3-quark configura-
tions considered, into Eq. (2.8) gives immediately Eqs.
(2.13) and (2.14). Thus the coupling Hamiltonian with
bag degrees of freedom is known.

As one can see from Eq. (2.13) we will always need in
the following the matrices o. k, S k, etc. They can be
easily obtained from the above matrices by replacing

(51/2
I y 0;1;

I
jV1/2 )

=2v'2,
( ~1/2 I

~'?j I
jV1/2 )

(A8b)
6J1 k, 6J2~k, 6 3 k, .

APPENDIX 8: PIONS WITH FINITE SIZE

(A9)

( ~1/2 I g ~ rj I ~1/2)
a 4

( ~1/2
I

&i ~j I
~1/2)

(A8c)

If one inserts the approximations Eq. (2.20) into the
Hamiltonian density A „„~1(r) of Eq. (2.4) with point
pions one obtains with g z

——i /(2f)

X C2 I"
A «„&1(r)=— g &exp

—2C3

'2

g u, cr'rrju, gj(r)5(r R) . — (81)

Inserting now Eq. (2.20) into the interaction Hamiltonian density with finite-sized pions, Eq. (2.17) yields after some cal-
culations

C2 N~'„~1(r)= g~ (—~2) )
/ g u, d )e2px— [(r—2I) +(r—2I) ]

C1 2X cr .(r+n) 1 — (r —g)a R

C1+ tr, .(r ri) 1—,—(r+2I ) ~,'p/(r)u, 5(r R)— (82)

which can be simplified to

A „„1(r)=—g (~2) ) g u, d 2) exp —2) +2 —3/2 3 2

R

r2 2C1 C1 2I Cl 2 ua r+ 2 nr~u —
2 ar

2C3
&& rj'P j(r)u, 5(r —R) exp — r (83)

For the integration one needs now some symmetry proper-
ties which are frequently used also in other places in this
paper:

f d rjf(rj )2)„=f d rjf (n )rj„re ——0,
(84)

f d rif (rj )ri„=—,
' f d rjf(rj )q

will be used often we list them here for completeness
(i,j =x,y, z or 1,2,3)

cosP 0 —sinP

Ry(P)= 0 1 0
sinP 0 cosP

The explicit evaluation of the integrals yields then

A „'„~1(r)=M(2),R, r)A «„~,(r)

with M(2),R, r) given in Eq. (2.22).

(85)
Ry '(P) =

cosP 0 sinP
0 1 0

—sinP 0 cosP

(Cl)

APPENDIX C: ANGULAR MOMENTUM
AND ISOSPIN PROJECTIONS

This appendix derives Eq. (4.13). Since the matrices for
a rotation of the ordinary vector space around the y axis

This gives immediately Eq. (4.10) if one inserts (Cl) into
Eq. (4.9) and selects due to the term k, 5j3 of Eq. (3.20)
the proper components. For the evaluation of Eq. (4.19)
one needs
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1/2

Xd,'I/2(p)d, ']'/'2(/3)(a k) I/2, «j)„„
st

3/2
+cosa sinag~~xi, g ds]/2(/3)dT~ I/2(p)(S .k)1/2s(TJ ), /2T

ST

j/2
+sinacosag„a& gd, 'I/2(/3)d, ']/2(/3)(S k)]/2, (Tj)]/2,

st

3/2
+Sin ag aa QdS1/2(/3)dT1/2(/3)(~ k)1/2S(gj)1/2T

ST
(C2)

If one multiplies this with gj (k) or gj(k;/3P) one should keep in mind that afterwards one has to perform an integration
over d k according to Eq. (4.19). However, both gz(k) and gj(k;/3/3) are zero for j=2 and do not depend on k». Hence
all terms of Eq. (C2) being proportional to k» and 5&2 do not contribute to the integral and need not be evaluated. Using
the matrices of Appendix A the rest can be written as

(Bj]/(a)
i
X~(k)

i
Bj]/(a;/3/3)) =g Ivtv[A3, (a;/3/3)5j3k, +A3 (a;/3p)5j3k„+A], (a;p/3)5j]k, +AI (a;/3p)52]k ]

with

(C3)

A 3 (a /3p) —(cos a+ —", v 2 sllllx cosa )d I /2 I /2 (/3)d I/2 I/2(P) + ( —,v 2 sina cosa+ —,
' sin a)d I /2 ]/2(/3)d I/2 I/2 (P), (C4a)

A 3~(a;pp) = (cos a ——,
' W2 sina cosa)d '

I /2»2 (/3)d I /2 I /2 (p)

+(——', v 6cosasina+ —,3/3sin a)d3/2]/2(p)d]/2]/2(/3)

+(—', l/2 cosa»na+ —', »n'a)d' I/21/2(P)d 1/21/2(/3)

A ],(a;p/3) = (cos a ——,
' M2 sina cosa)d I/2]/2(p)d

'
I/2]/2(p)

+(——', v 6sina cosa+ —,v 3 sin a)d] /2]/(2P) d3/ 2] /2P()
+(—,

' v 2 sina cosa+ —,
' sin a)d]/2]/2(p)d 1/21/2(/3)

(C4b)

(C4c)

A]„(a;pp)=(cos a+ —,'v2sin a)d' I/2]/2(p)d I/2]/2(/3)+( ——,'W6sinacosa+ —,3 3sin'a)d3/21/2(P)d —~l/21/2(/3)

+( —,
' V 2sina cosa+ —, sin a)d I/21/2(/3)d —I/21/2(P)

+(——,V 6sina cosa+ —,W3 sin a)d —1/21/2(P)d 3/21/2(P)

+( &
v 2 slna cosa+

&
sill a)d 3/~21/2(p)d3/~2]/2(/3) ~

Inserting Eqs. (C3) and (C4) into Eq. (4.19) yields

, f]I'«)
h„„p](a,R;/3/3)=n (a;/3/3) d k

(C4d)

[A 3 (a /3/3)k cosp cosp A 3~ ( a, /3/3 )k„sin/3 cosp

—A „(a;/3/3)k, 2 cos/3 sinp+ A»(a; pp)k„sinp sinp+ A 3,(a;pp)k, ] . (CS)

The integration over k with Eq. (B4) yields then Eq. (4.20).

APPENDIX D: VERTEX RENGRMALIZATION DUE TO PROJECTION

The final expression for p (a) is

p(a)= f dPsinP I dPsinPn (a;PP)

X I (cos a+ —,icosa sina)[d]/21/2(P)]'[d 1/21/2(P) l

+ ( 2 cos a ——,v 2 cosa sina )[d '
]/2 ]/2 (/3) ] [d I/2 ] /2 (/3) )
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+(2 cos a —,—icosaslna)[d ~/~p, /p(P)] [d ~jyp, /p(P)]

+(4cos a+ —,V2cosasina)[d' &/q&/z(p)] [d' &/z&/z(p)]

+ ( —,W2cosa sina+ —,
'

sin a)[d I/21/2(p)d 1/21/2(p)1[d I/21/2(p)d 1/2&/2(p)]

+(—', icosa sina+ —, sin a)[d' 1/21/2(p)d —1/21/2(p)][d 1/&I/&(p)d 1/21/2(p)1

+( 5 ~ c a + 5 s n a)[d 1/21/2(p)d I/21/2(p)][d 1/21/2(P)d —1/21/2(p)]

+(—, 2 cosa sina+ —, sin a) [d &/z ~ jz(p)d 1/21/2(p)][d —1/21/2(p)d —1/21/2(»]] .
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