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A detailed derivation is presented for the fermion-monopole Hamiltonian, paying particular atten-
tion to the physical significance of various surface terms. The version of the s-wave Hamiltonian
given by Callan is found to require amendment for the case of massive fermions. We also note that
the dyon (rotor) degree of freedom cannot be interpreted as a localized charge, but should rather be

regarded as a charge on a capacitor.

I. INTRODUCTION

Interest in the monopole-fermion system has been
greatly revived since the suggestion of Rubakov' and Cal-
lan? that monopoles may catalyze proton decay at strong-
interaction rates.’ In the proposal, the fermions in the
j=0 partial wave were found to play a crucial role; in

particular, Callan has derived a reduced Hamiltonian

which describes the dynamics of this sector.

We have found, however, that the Hamiltonian given in
Ref. 2 actually requires amendment if the fermions are
massive. It turns out that surface terms must be carefully
treated to obtain the correct Hamiltonian in this case, be-
cause the vector potential for a dyon has components
which do not vanish at spatial infinity. Since the point is
relevant to a discrepancy noted for the case of a Higgs
mass between Refs. 2 and 4 on the one hand and Refs. 5
and 6 on the other, we have decided to present the deriva-
tion in some detail, although the general procedure for
treating the dyon (rotor) degree of freedom has already
been given some time ago.”

The paper is organized as follows. In Sec. II we give a
derivation based on the field energy. We also note that
the dyon degree of freedom should be regarded as a
charge on a capacitor, rather than a localized charge. In
Sec. III we rederive the results by a canonical procedure.
Quantum corrections are briefly discussed, although not
treated in full. In Sec. IV we confirm our results in the
bosonic language.'~* The appendix is devoted to a com-
parison of our results with the existing literature. The no-
tation is essentially that of our previous paper (I.> We
received Refs. 6 and 9—11 which deal with related
matters after first submittal of this paper.

II. FIELD ENERGY DERIVATION

Let us choose a gauge in which the spatial components
are static and have the form!13

e Alx,t)=@xn K==L (2.1)
2r

where K(7) is equal to'* 1+7A4(r) in Ref. 2 and behaves as

32

K(r)=140(r? (r—0),

(2.2)
K(r)=0( ™) (row).

The time component then has the form
edo(x,) =& L) 2.3)
2r

@:00) (r—0),

2.4)
1(7’1~const (r— )

as in the Julia-Zee solution.'> As noted by various au-

thors,”1%15 the existence of an electrostatic gradient be-
tween r=0 and r = oo is of considerable physical impor-
tance.

For a path along the radial direction

Pexp lie [ dx-At) =1 . @)

so the fermion field ¢ in this gauge is the gauge-invariant
fermion field. (It may sound strange that a noninvariant
object ¥ in a particular gauge is gauge invariant. Howev-
er, it is the same as saying that the energy in the c.m.
frame is equal to the invariant V's. See also the appen-
dix.)

From (2.1) and (2.3), we may find the field strengths

Ef(x)=— (8, — %%, LKW 25, 4I0 0 h4
er dr er
2
BA(x)= — (8, x,xa)--l— dK(r) g K)—1 = 54
d}‘ er2

Since we are interested in the interaction of the fermions
with the electric field of the dyon, J(r) must be taken to
be a dynamical variable. In the gauge in which we are
working, this simply amounts to replacing (2.4) by”?

J(r)
,

2
. e
~—¢+met (r—>o0), (2.8)

where @ is the dyon degree of freedom, and Q. is the to-
tal charge of the system in units of e (the fermions have

charge *+e/2). On the other hand, if we ignore the back
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32 FERMION-MONOPOLE SYSTEM REEXAMINED. III 1577

reaction of the electric field on the magnetic field,'® K(r)
may be taken to be a fixed ¢ number. Similarly, we also
ignore the Higgs fields.

Then, up to a ¢ number, the field energy is given by

sf:%fdxz(zs;’)z
= [ dx +2 [ax|v

Partial integration and Gauss’s law
2

J(r)K(r)
2

J(r)

] . 29

P () — 2 (K r) = — S—rp(r) (2.10)
4
lead to
E=1¢0um+3 [, ——J rplr) @.11)

where p(r) is the (one-dimensional) charge density of the
fermions including the vacuum contribution.

To solve for J(r) in terms of p(r) and ¢, we introduce
the solutions #(r) and # () of the homogeneous equation

2
r;d—zr/(r)*2/(r)K2(r)=0 (2.12)
r
which have the behavior
J(n=0(r) (r—0),
, (2.13)
/(r>~1—f;r— (r>w),
F(n=0 —17] (r—0) ,
v
(2.14)

7(r)~% (r—o),

with I a positive constant of order ry/e?. In the Prasad-

Sommerfield limit!3

1 — 1
/(r):cotthr—;l;;, /(r)=7cothmwr . (2.15)
The solutions #, # are related by the Wronskian

L F (N —Fr)f(r)= (2.16)
which integrates to

J— © ds 1

(r)=_( — . (2.17)

Fr)=71() fr 2 20
Similarly, we find from Gauss’s law (2.10) that

Quu—Igp= [ dr £rip(r) 2.18)

Identifying I¢ as the charge associated with the dyon de-
gree of freedom, we see that (2.18) is just the law of
charge conservation.

We may riow construct the Green’s function

G(r,r)= (0" —r)f(r')+ F(r0(r—r)f(r')
/ (2.19)

and solve Gauss’s law (2.10) as

J(r) . et e
- € ’ ’ ' . .20
== ANt~ [, drgerpt . (220
Substitution into (2.11) gives
E=Hc+7c , (2.21)
_ 2
TI. 2 1 n 0
= = — - S -— 2-
He=39 =% |27 2. % | @22
e2 ® ® ’ ’ ’
%’C=§; fo dr fo dr'p(r)& (r,r')p(r’)
~ dr 2, (2.23)
Y F(r)
where we have introduced
= [ldr firp(r), Q=0 (w) (224
and set
' n @
_n_0 2.25
Q=55 229)
“valid for massive fermions.!”
As a check on our results, we note that #-=0 in the
absence of fermions p(r)=0, and
Qui=I¢, (2.26)
1
= EQMZ . 2.27

as expected.”® We may also mention that dropping ¢
for p(r)s£0 would correspond to the approximation

edy(x,t)~—+(R7) 7 (r) (2.28)

used by Besson,!® the author,’ and Polchinski.'° As in or-
dinary electrodynamics, the total Hamiltonian 5% is the
sum of the electrostatic energy (2.21) and the kinetic ener-
gy of the fermions!® in the magnetic part of the field

wr=["arx'(nHX(™) (2.29)

K(r)

, d
H=—175T3:17+BM——7’57‘2 (2.30)

The physical significance of 57 - may be understood as
follows. From (2.8) and (2.18) we find that a transfer of
charge to the fermions will be accompanied by a lowering
of the potential difference between r=0 and r= oo
Therefore, the constant I may be interpreted as the capa-
citance of the dyon,?® and 57 is just what we would ex-
pect for the energy of a capacitor.

On the other hand, 7 is easily seen to be the self-
energy of the fermions. The fact that there is no cross
term between I@ and the fermion charge density p(7) also
indicates that it is quite wrong to think of I¢ as a local-
ized charge. This point is discussed in more detail in Ref.
21; here, we shall only remark that although the situation
may seem surprising at first, it is actually quite natural
for a gauge theory.



1578 HIDENAGA YAMAGISHI 32

For the Julia-Zee solution, one finds that the Higgs
field does not contribute to Gauss’s law (2.10). Therefore,
as far as the electric charge is concerned, it arises solely
from the self-interaction of the gauge fields, and cannot
be associated with a unique charge distribution. The situ-
ation is quite similar to the case of gravity, where the
energy-momentum pseudotensor t; of the gravitational
field is also nonlocalizable. In fact, the analogy goes fur-
ther,?? since the total energy of a gravitational system

[ a1 +0) (2.31)

does not contain any cross term between ¢J and the matter
energy density ®). In particular, the Hamiltonians (2.21)
and (2.29) correctly account for the interaction of the
dyon degree of freedom with the fermions, as shown in
the next section.

III. CANONICAL DERIVATION

For a canonical treatment, let us first work in the gauge
of the preceding section. The gauge field part of the La-
grangian is given by

_deZ[Ea)z (Ba 2]+

_ [ax [J(r K(r)]

41 f dx J(r)
3

where we have again ignored a ¢ number. For the fer-
mion part of the Lagrangian we retain only the lowest
partial wave X(7) to obtain

°° 1.0 o T3J()
[, drx [zat H— -
where H is defined as in (2.30).
Variation of the action with respect to J (which is
essentially A,) leads to Gauss’s law (2.10) with

f dsz“B“

O im IR 3.1)

27T R—>w R

X, (3.2)

p=x"2 X 3.3)
Similarly, variation with respect to X 1 gives
d T 73 J(r)
9 20 x. 34
i a:X 2 ]X (3.4)

However, there is a possible ambiguity with the equa-
tions of motion (2.10) and (3.4) since one may add a solu-
tion #(r) of the homogeneous equation (2.12) to Gauss’s
law (2.10). To resolve the ambiguity, the natural pro-
cedure is to consider the surface term left after partial in-
tegration

47TR2LJ(R)_i
e? dR R 21T

8J(R)

I
m R

R—>

(3.5)

If the term is to vanish as required by the action principle,
we must have either

im YR _
Jim o (3.6)
or
2
lim 47R° d JR) _ 6 3.7

Ro% ¢ dR R 2m

The first boundary condition (BC) would be the one
chosen by Ref. 23, according to their general rule that
fields are not to be varied at the boundaries (p. 1187 of
their second paper). Unfortunately, however, it is incom-
patible with the natural dynamical evolution of the sys-

_ tem, since if we start from the Julia-Zee solution at ¢t =0,

the emission of light charged fermions®!®!> implies that

the difference in the electrostatic potential between r =0
and = o must decrease at later times. In other words,
one must make sure that the physical situation is that of
fixed charge, not fixed potential.

This leaves us with the other possibility (3.7), in which
we are restricted to the sector with total charge

Q= — lim ﬂfﬁii.&&:_ﬁ_
ot R, e dR R 27 '

Taking (2.13) into account, we may now uniquely solve
Gauss’s law (2.10) as

J(r) _ FZ(r)
ro I

(3.8)

6

. +Q/

2
e *® ’ ’ ’
+ou= Jy I, (3.9)
where Q , and & (r,r') are defined as in (2.24) a.nd (2.19).
Since the original Lagrangian does not contain J, we may
substitute (3.9) back to obtain the reduced Lagrangian
2
[ arx! [i—a——H L9

ar HX—5r |2, 18

2 o0 -]
— [, ar [T arpong o rper) (3.10)
From (3.10), we may trivially recover the Hamiltonians
(2.21) and (2.29) given previously.

However, the treatment above, although straightfor-
ward, does not shed light on the possible properties of
Q.o as a dynamical variable. To treat all charge sectors
at once, it is necessary to modify the action itself by add-
ing the surface term®

fdtq J(R)

hm -—————Hp
where @ is the dyon degree of freedom as before. Varia-
tion with respect to the Lagrange multiplier g leads to

(3.11)

im LR __ g

and we recover (2.18) and (2.20).
Substituting (2.20) back again, we obtain the reduced
Lagrangian
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L2, 0 . TV - ]
L= g+ [, drx im —H+f(Ng— |X

e2 ® o ’ ’ ’
—g;fo dr fo dr'p(r)% (r,r)p(r’) . (3.13)

Canonical quantization is now standard. The conjugate
momentum of @ is given by

3.7

p¢__‘1¢+~—+ [ dr £l (3.14)
d¢
Comparison with (2.18) gives
0
2l (3.15)

so it is just the total charge up to a constant. Since ¢ is a
cyclic variable (3. /3@ =0), we find that p, and hence
Qo: is a constant of motion. This is to be expected since
the equations of motion which follow from the surface
terms (3.5) and (3.11) are (3.12) and

~ Qo 9 2, T94=0 ¢=0. (3.16)
The Hamiltonian is given by ,
H=pop+ [ erTi%X—j
=fo°°dr)(*HX+.21}. ‘P'Ee;“Q/ 2
+% fow dr [ drpingr,rptr) (3.17)

Since p,, is a constant of motion, it may be taken to be a ¢
number, and we recover our previous results.

We emphasize that a correct treatment of the dyon de-
gree of freedom automatically leads to charge conserva-
tion, independently of any detailed dynamical calculation.
Indeed if total charge were not conserved (or spontaneous-
ly broken as some authors have suggested), there would be
no electromagnetism, and hence no monopoles in the first
place. We also note that an effective BC as in Ref. 23 on
the gauge-invariant fermion field X

X+(0)=—e—%2X—(0) (3.18)

does not commute with p, and is incompatible with
charge conservation. (See the appendix for a more de-
tailed discussion of this point.)

It is also instructive to cons1der a gauge in Wthh Ay
still has the form

o 1 Tr)
=(X- 1
eAo(x,t)=(X-7) 2 (3.19)
but J(r) now obeys the BC
tim 27 — im 2 o (3.20)
r—0 r r— o r

Inspection of the Julia-Zee solution under this condition
indicates that one must allow the spatial components to
rotate in charge space

e AxN=GERxEL=L6"i6v6!, 32

G =exp , (3.22)

%i"'r/(rkp

where the nature of ¢ as a collective coordinate is now

evident. In particular, we note that

=2miTy F(r)

p—@+4m, X—>e X (3.23)

corresponds to a ‘“large” (i.e., proper but topologically
nontrivial) gauge transformation.?*

The gauge field part of the Lagrangian is the same as
before, provided we replace J(r) in (3.1) by
—r #(r)@+J(r). On the other hand, the fermionic piece
of the Lagrangian reads

f ar¥tli Vs J(r) 73 |a

—B—g'(re -SSR
17 e K(r)

r

(3.24)

A= —iysTy - +BM YsT2 (3.25)
Variation with respect to J(r) again leads to Gauss’s law
2
G _2JK =2 3.26
r 4P (3.26)
this time without any worries at r= . Also, (3.26) is
uniquely solved as

J(r

f dr'9 (r,r')p(r’) (3.27)

leadlng to the reduced Lagrangian

Z= i<i)2+ 2

‘ o4 _A
5 <p+fdrx 5 —H-r(g

e? e © o, -
—EEfo dr [ drp(ng (r,rpr) . (3.28)

The canonical treatment is again standard. The conju-
gate of @ is now

p,=3L _rpr L (3.29)
and the Hamiltonian is
2
R P N P € I O
#= 5t Po— +f arX H+ ping— X
2 (-] o«
=5 [, dr [ drpingr,rptry . (3.30)

We find that p, is no longer conserved; however, we still
have

QO=i[#,0]=0,
Q=p,+ fo“’ dr £ (rip(r) .

The significance of (3.31) is twofold. On one hand, it im-
plies that the Hamiltonian is invariant under the “large”
gauge transformation (3.23) generated by e*®. On the
other hand, it guarantees that the total charge

(3.31)
(3.32)
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KA

3.33
Y- (3.33)

Qtot =0
is conserved. In particular, since we have put 6 in the La-
grangian, we may require physical states to be invariant
under “large” transformations®*

et Y= ) (3.34)
which leads to the Witten condition® —2
n 0 .
Qwt| )= "o | ), n=integer . (3.35)

It is also evident that the two Hamiltonians (3 17) and
(3.30) lead to the same physics since (ﬂ PR ) in the
present gauge corresponds to (p,p, in the previous
gauge.

For completeness, let us also briefly mention what hap-
pens in the Weyl gauge where

eAg(x,1)=0 (3.36)
e A =6@xnE0=L¢"_igve', (3.37)
G =exp -—%’i-ﬁ»(r,t) (3.38)

(The details may be found in Goldstein.?) The Lagrangian
is now given by

2T 204 1y2 25290 s
= Jo arlr? AP +2K%02]— o= (e0)

d
+ f drx' { +WST38 —BM

+ ‘}/STzeiAT3'{(—’("i +x'l;i X.  (339)
Again, we may ihvestigate the surface term
. 41'rR 1
Rhm — A(R)+XT(R )—*X(R) SA(R) . (3.40)
—> 0 e

The condition 8A( o0 )=0 is incompatible with the dynam-
ics as before, whereas free variation with respect to 8A( o0 )
leads to

_ 47TR '(R)+XT(R)

e

lim (3.41)

R—> o

X(R)

Unlike (3.7), we find that (3.41) is also unacceptable since
it implies that the total charge is not conserved,

47R?
Qtot = hm 2

R—w e

K(R)=— lim YR LX) .
R—» 2

(3.42)

Furthermore, the situation cannot be remedied by a sur-
face term either of the form
[ dtqlM«)+g] (3.43)

or

J dtqlie)+¢] . (3.44)
The only way out is to split A by hand as

Mr)=—Z(rp+Ar), (3.45)

R0)=A(0)=0 (3.46)

Some work may be saved at this point if we make the
(proper) gauge transformation

iATy/2
)

X —e (3.47)

The situation is then the same as the second gauge except
that the basic dynamical variable is A rather than J=rA.
In particular, we obtain only the time derivative of
Gauss’s law

11; =0 (3.48)
rather than Gauss’s law itself,
__ 47 d? = ”
HX:-e‘T —rﬁrk+2K A —p:o . (3.49)

The canonical treatment is straightforward, and we find
that the resulting Hamiltonian

e H+/(r)zp——

2
Po— 9}+f arx "

2 @ o0
+—8e; [ dr [ ariigrn+p(r)]

X G (r,r [ Mz(r")+p(r)]  (3.50)

is equivalent to the previous one (3.30) in the sector where
Gauss’s law (3.49) holds.

Up to now, all our reasoning has been canonical. For
(3.17) or (3.30) to be acceptable in quantum theory, there
are two further problems to be considered. One is that of
operator ordering and ultraviolet divergences. Fortunate-
ly, this problem is easily resolved, since we have reduced
the theory to 141 dimensions. The solution is most easi-
ly given in the first gauge, where we have (2.5). The
charge density (3.3) should be replaced by the charge-
symmetric form

p(r)= hm - (X, —X(r) (3.51)

whereas 7 should be normal ordered with respect to a
suitable ground state.

The other problem involving quantum effects is the
chiral anomaly, on which a detailed discussion will be
given in another paper.> However, the essential feature is

not hard to see. The commutation relation [p,,p]l=—i
admits the shift ‘
Pp—Py+@ (3.52)

corresponding to the redefinition
0—0+27d . (3.53)

The freedom will not affect the form of the Hamiltonian
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so long as it is written in terms of Q,; however, we are
faced with the question of the appropriate value of Q,,
given the coefficient of E-B and the chiral phase of the
fermion mass term. In particular, we should expect a
discontinuity at M =0.26

IV. BOSONIZATION

In this section, we adopt the conventions of Ref. 2, ex-
cept that we work in the first gauge to avoid complica-
tions associated with Schwinger terms.!® Taking the 7

matrices as
o 0 —i| _ 101
F==1li o V=71 0f>
4.1)
1 O
-5__
y *[0 ___1 ’

i

X(r,t)= [ﬂi
27 iexp [i\/;

where ¢4 (7,t) are free scalar fields on the half line > rg
with an infinitesimal mass u, and ¢=InI""(1). The ¢’s
satisfy the BC

@' (ro,2)=0 (4.6)
and the X’s are found to be free massless fields
d J |~
HO— 4y l— =0 4.7
75 +y ar X(r,t) 4.7

subject to the BC (Ref. 28)
TN 4 lro,t)=—X +(ro,t) . (4.8)

However, with Callan’s prescription (4.5), we find that
the different chiral components X, and X_ commute
rather than anticommute. To obtain proper Fermi fields,

it is necessary to perform in addition a Klein transforma-

29

tion*” such as

X=Xy, X_=(—1)FX_. 4.9)

There are many other choices besides (4.9) which give the
same propagators; a simple example would be the general-
ization

X=Xy, X_=e!m"@Fy_giaF (4.10)
The bosonized version of '
- —1
YEX p=—=0"D+ , (4.11)
X7 X e == (L
X7 0+ =501 0udb+ 4.12)

will remain unaffected by the additional transformation

d+(r,t)+ f,; ds qﬁi(s,t)J J:

we have the kinetic term
Hp=—i ["dr 3 X7 ldixi
0 + r
—m [ dr(X,X_+H.c.) (4.2)
the fermion charge density
p=—5X 7Y, -X_7%_) 4.3)
and fermion number

F= [ "drX, 7% +X 7% . (4.4)

To bosonize the theory, we follow Callan, and take the
fermion-boson correspondence in the interaction picture
as

2 exp [1VE [gatr0)— [ ds guts,0 J]:

’ 4.5)

[

(4.10); in particular, the electric field remains the same.
However, the fermion mass term will become proportional
to

cos(2V7mQ —a)+cos(2Vard —a) , (4.13)

where

O(r,1)=Q(r,t)+ —‘/{EF

= —;'[¢+(r,t)_¢—(r)t)]

-3 f,°° ds[$(s,t)+d_(s,0)], (4.14)

<T><r,z)=<1>(r,t)——‘/2—_’7—1«*

=3¢, (r,1)—¢_(r,0)]

+3 [ dsldils,t)+_(s,00] . (4.15)

Once we insert the correct mass term into the Hamil-
tonian, we find that another term requires amendment in
Ref. 2. Callan gives the electrostatic energy as

e2 rodr

_817-2 Yo ;?Bz(r,t),

(4.16)

-1 |a

1 N 6
‘/Z;B(i‘,t)—— Vo Q(r,t)+<I>(r,t)+‘/1—7_ (4.17)
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is identified as the total charge of the system within the
radius . However, combining the mass term (4.13) with
the Coulomb term (4.16), we find that the form of the
supposed charge distribution (4.17) depends on the un-
physical parameter .3

On the other hand, with our Hamiltonian, no unwanted
a dependence appears after bosonization. For example, it
follows from (2.20) that the total charge inside r may be
taken to be?!

4qr?
e

E,.~Q— frw dr'p(r')

=th+—\/——12:7;—[B(r,t)——B(oo,t)] (4.18)
independent of «.

Actually, the problem is well known in the Schwinger
model.3! To quote the paper by Kogut and Susskind (p.
3596):

w218 ). 2.28)
2w
This gives a mass term in the Lagrangian for a massive
free boson. However, Eq. (2.28) cannot be correct because
it no longer has invariance under ¢—¢+a” (our em-
phasis).

However, even with the correct choice for the fermionic
Hamiltonian, there is still a problem in the bosonic
theory, owing to the fact that the bosonization procedure
(4.5) and (4.6) is poorly adapted for taking the limit
ro—0. As ry—0, we may expect that ¢ will force all
the electric charge to reside with the fermions

Q| =0 | ) (4.19)
or in bosonic language

=B, 0)—Blro0]= 2~ (4.20
However, rewriting (4.6) as

V2A'(ro,t) =4 (ro,t)+¢"_(ro,1)=0, (4.21)

B'(rg,t)=0, (4.22)
we find that (4.22) is not what we would expect from
(4.20) and a finite energy for the mass term

B(w,t)=const. In other words, with a charge-mixing
BC (4.8) for free fermions, the dyon degree of freedom
will be excited, and the perturbation series in the.original
interaction picture (4.5) and (4.6) will diverge as ro—0.3
This implies that the BC for the bosons and/or the fer-
mions must be dynamically modified, an issue which will
be discussed in full elsewhere® (see also the appendix).
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APPENDIX

In this appendix, we deal with some discrepancies be-
tween our work and the existing literature. The first
problem we encounter is the gauge dependence of the fer-
mion BC’s. Although our treatment is in agreement with
the majority of the authors, there seem to be two excep-
tions. One is Callan’s first paper,?® which works in the
Weyl (49=0) gauge. On p. 2142 of Ref. 26 we find the
equation

-
(A1)

and the statement that this leads to the BC 7, X(r()=0.
However, we believe the correct BC (for A a ¢ number)
should read

tiA7,/!
e 2

’

8,471'2‘2— +iT0, +

P!
,

T+ ZXi I r=r0:0 . (A2)
We have also checked Besson’s thesis!® quoted by Callan
on this point. We have found that, in Chap. VI of Ref.
18, Besson imposes BC’s after transforming to the gauge
(2.1) and (2.3), so this seems to be a case of misquotation.

Similarly, the BC of Balachandran and Schechter? [Eq.
(4) of the first paper, Eq. (2.19) of the second paper] in the
limit ro—0

X +(0)=—X ~(0) (A3)

is valid only in the gauge (2.1) and (2.3) of the text. Un-
fortunately, Ref. 23 works in a gauge where A is allowed
to fluctuate [Eq. (2.8) of second paper], so their use of
(A3) is inappropriate. In more detail, we have the follow-
ing.

(1) If the Jackiw-Rebbi formalism3? and the Marciano-
Muzinich solution®* are to be used [Ref. 2 of the first pa-
per in Ref. 23; Eq. (2.17) of the second paper], one must
choose the gauge (2.1) and (2.3) so that A is a fixed ¢
number. Then the correct charge-mixing BC in the limit
ro—0 is given by (A3). However, X T=X* so that
X*(0)=—X"(0) rather than (3.18). Also, in this gauge,
we have seen that 4o must be varied at spatial infinity,
contrary to their general rule [p. 1187 of second paper in
Ref. 23].

(2) If we work in a gauge such as (3.19)—(3.22) so that
Ap—0, charge conservation requires that terms propor-
tional to X(X-7)—7 must be kept in A, even in the point
limit. This is in agreement with Ref. 11, but in disagree-
ment with the statement of Ref. 23 [preceding Eq. (2.8) of
second paper]. Also, with (3.19)—(3.22), the effective BC
must be imposed on the combination e‘/‘m/zﬁ\( (in our no-
tation). Since £ (rg)=1, it follows that the correct BC in
the point limit involves e'*™*"*%(0), not simply X(0).

(3) In the gauge (3.19)—(3.22), there is another problem
of whether the path-ordered phase factor (2.5) should be
taken from r to the origin or from r to infinity, when con-
structing the gauge-invariant fermion field. Both con-
structions are invariant under proper gauge transforma-
tions, and Ref. 23 has chosen the latter. However, only
the former is invariant under the improper gauge
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transformations generated by (), which are the ones con-
sidered by Witten.? Since these transformations still com-
mute with A, and the Higgs fields at infinity and conse-
quently are well defined, the choice of Ref. 23 is also in-
consistent with their own criterion for admissible symme-
try operators [p. 1187 of the second paper].

(4) The last consideration is whether their X rather than
X can be identified as the gauge-invariant fermion field.
The BC (A3) then can be reconciled with our results.
However, we find that the commutation relation with
their charge operator still cannot.

Let us now proceed to the second problem, which is the
correct form of the electrostatic energy. We have already
noted that Callan’s expression (4.16) leads to unacceptable
results in conjunction with the correct mass term (4.13), a
problem well known in the Schwinger model. Actually,
however, even without going through the details of Sec.
IV, we may see that something is peculiar with the results
of Refs. 2 and 4 for a Higgs mass.

According to these authors [cf. Eq: (4.17)], the total
electric charge ¢ is determined by the scalar fields at in-
finity. Since the charge-mixing term K(r) drops off ex-
ponentially, it follows that g is determined by the fermion
mass term after bosonization, regardless of whether the
fermion mass m is greater or smaller than the vector bo-
son mass my.

However, for- my <m, one should be able to apply the
semiclassical approxxmatlon,7 treating the monopole as a
background field. The Jackiw-Rebbi mode®® then obeys
the charge-mixing BC, and one has F=++ but ¢=0 (or
more generally 8=6). Our analysis recovers this result
for my <m, whereas Refs. 2 and 4 do not, Wthh in our
opinion, is already evidence against their results.®

Also, if one is willing to go through the details of
Callan’s derivation, it is not hard to identify the source of
the discrepancy. Let us begin with Eq. (3.6) of the second

paper?

Lyr= 57 [ amriar(in?

6 y New oy v
+o- Jark e [ars o, X yox) .

(A4)
Substituting the next line!*
- _ - _ _1 . .
X+7’0X+—X—7’0X—=_ﬁ(¢+—¢—) (A5)
we find
Lyr= El—z f477r2dr(7.»’)2
+ 2 farir— [art=4, -4 (a6
27 2Vm Tt T
which is invariant under
o+(r,t)—>di(r,t)+as, Alr,t)—Alr,t). (A7)

However, the supposed equation of motion

e?

¢+"¢—+'—%

and the Hamiltonian (4.16) are not invariant, so the source
of the discrepancy must lie in between.
After a partial integration of (A6) in the time variable

L,%,F: — f47rr2dr(X')2

+—~fdrk+fdr (¢+ $_),  (A10)
Callan varies with respect to A’ to obtain (A8). However,
A’ is the radial electric field, so this is an unusual choice
of variation. The usual procedure would be to vary with -
respect to A itself, which leads to the time derivative of
Gauss’s law
47 s, 1 ., .
—2(727\ )+2—‘/;(¢ +—¢_)=0 (A11)

as expected for the Weyl (4,=0) gauge. As shown in the
text, the integration of (A11) then introduces the dyon de-
gree of freedom. Owing to the incorrect variation with
respect to A’, we believe Callan has misidentified B(rg,t)
(which is an artifact of the bosonization procedure) with a
physical quantity. This point (as well as the omission of
the Klein factor) is insignificant if the fermions are mass-
less;?! however, the results are affected for massive fer-
mions.>®

The undesirability of varying with respect to the elec-
tric field is even more apparent in Ref. 36, where no dyon
degree of freedom is involved. Corresponding to Callan’s
(A4) and (A6), one has [Egs. (2.7) and (2.8)]

L= f47T"2d"[ 36,2 —gb, (1 By, — P By,

_'ZZT?'7¢21+J2l?'7¢2l)] ’ (A12)
L= fdr 277r215r2+7g:b,(<i>,+Q'1—<i>2——Q'2) . (A13)

Varying with respect to the electric field —b, after partial
integration gives the analog of (4.16)

2
& [=adr
=& fro FLPN+0I(N =D — BN (A14)
which leads to a dynamical BC
(¢’1+Q1—¢2—Q2)20 at r=rgo . (Als)

However, there is no reason the electrostatic energy of
the fermions in the absence of the dyon degree of freedom
should lead to any modification of BC’s. Indeed elemen-
tary electrostatics gives
—b,=

— L — W+ 05 ))

f d"/.[CD (N+Q1(r)—D53(r)—Q5(r)]

(A16)

477r

and therefore the correct answer should be
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&= fow 2mr2dr b,?
2 -]
-5, %[<I>1(r)+Q1(r)——<D2(r)—Q2(r)—<I>1(O)

—Q1(0)+D,(0)+Q,(0)]? (A17)

which as expected, is invariant under ¢—¢ +c.
In this connection, we may also consider the following
issue. Let us take the Hamiltonian

=% ["ar <¢5)2+<¢')2+—%2—;¢2] (A18)
0 4mr
stal:ting with the BC
$'(0)=0. (A19)

Since (A18) is quadratic, the solution is trivially found to
be

2 172
B ~VEI R, v= | g+ | (A20)
T
which obeys the BC
$(0)=0 (a21)

as well as (A19). In the literature, this is sometimes taken
to be evidence that the charge-mixing BC is compatible
with charge conservation.

However, besides the fact that (A18) again breaks
¢—d +a, there is another reason to regard this argument
as specious. Let us take the approximation (2.28) where

the Hamiltonian is given by #=2/r+ ¢c. Then the
solutions are exponentials rather than Bessel functions,>°
and (A19) and (A21) are no longer compatible. To sum-
marize:

(1) Overall charge conservation is only a matter of
correctly introducing the dyon degree of freedom.

(2) The dynamical conservation of fermion electric

" charge is due to #°c, rather than the fermion self-energy

Ke.

Finally, we may briefly comment on Refs. 6 and 9—11
which deal with related matters. References 9 and 10
essentially give the same treatment as ours, and the differ-
ences are at most minor. In particular, Goldstein® has
also noted that it is misleading to ascribe overall charge
conservation to ‘“radiative corrections.” The authors of
Ref. 6 also have found disagreement with Callan, and
agreement with us for a Higgs mass, without employing
the s-wave approximation.

As for Ref. 11, we may happily report that this new pa-
per is free of the objection we have raised® against a previ-
ous paper. In particular, the authors have properly em-
phasized that the fermion electric current need not be con-
served by itself.

Unfortunately, however, we cannot agree with their
suggestion [following Eq. (2.57)] that the dyon degree of
freedom can be excited in a low-energy process. As
shown by Besson,!®

(@) >>(Ig)?

for the semiclassical ground state in the presence of light
fermions, so we believe their key equation (4.47) is not
well founded.
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