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with Unstable Particles*

L. M.xvAit

international Centre for Theoretica/ I'hysics,
3A'rum are, Trieste, Italy

(Received 21 August 1970)

The 6nite-width mass distribution of the vector and axial-vector mesons is introduced in the phenomeno-
logical Lagrangian model. Tree-graph amplitudes becoming complex, unitarity constraints may be imposed.
The SU2XSV2 algebra of fields and field-current identities are discussed. The well-known relation between
the Schwinger term and the integral over the spectral density is identically obeyed in our tree-graph
approach. A tentative unitary solution gives a rather broad A 1 resonance. A discussion of the m.m. scattering
amplitude and of the pion form factor in this approach is given.

INTRODUCTION

''N the usual formulation of the so-called eRective
- Lagrangian models, the vector and axial-vector

particles a,re considered as stable. Recent experiments
with colliding electron-positron beams in the p-mass
region point out the importance of 6nite-width eRects. ' '
The purpose of this paper is to show a simple algebraic
way to include the finite width of resonances in the form-
alism of the eRective Lagrangians. Although the pri-
mary motivation of such an improvement was a prag-
matic one, the content of this paper is Inostly formal,
and the few numerical results which were obta, ined are
due to some theoretical speculations allowed by the
new formalism.

In our approach an unstable particle is characterized
by a mass distribution which acts as a weight in the
phenomenological Lagrangian. In Sec. I the vector-
meson dom1nance of the 1soscRlar electi omagnetic
current is considered in this framework. In Secs. II and
III the 6eM algebras of SUp and chiral 5U2&5U2,
respectively, are discussed. It is shown that the equality
between the Schwinger term and the spectral-function
integral is an identity even in the tree-graph approxi-
mation. Speculations about a possible linear interpola, -

tion formula for the py coupling constant between the
threshold and the resonance give rise to I'~,/F, =- 1.5.

A discussion of the xx scattering amplitude Rnd of
the pion form factor and their unitarity constraints is
given in Sec. IV,

I. ISOSCALAR VECTOR MESONS

Let us consider an isoscalar massive vector field
The corresponding Vang-Mills Lagrangian is

,' y„P ',M'(p„—'+1.'(u—,—D„N, ; p„„), (1.1)

where I.' is built up from the other fields u, their

*Work partly performed under contract with the State Com-
mission for nuclear Energy of Romania.

1 Qn leave from the institute of Physics, Calea Victoriei 114,
8ucharest, Romania.

' G. Gounaris and J. Sakurai, Phys, Rev. Letters 21, 244 (1968).' G. Gounaris, Phys. Rev, 181, 2066 (1959).

covRriRilt derivatives

Dps~= (Bp.—gl'rV~pp)LN (1.2a)

(V being the hypercharge of the particle described
by the field N.), and the 4-rotor

Pyv= ~yPv ~vga»

Such a, Lagrangian gives rise to the relation

(1.2b)

i dx Jg"(x)= Y', (1.3a)

where
(1.3b)

and B„J„(x)=0;that is, we have the vector-meson
dominance of the hypercharge current.

If we consider the introduction of the electromag-
netism by the replacement

in the Lagrangian (except for the mass term), then we
will have the well-known current-field identity

J.= dm' «(m')L(„), (1 6a)

for the isoscalar part of the hadronic electromagnetic
cur i en't.

Since the isoscalzr vector mesons supposed to domi-
na, te the electromagnetic e.m. current (the co and Q)
are unstable, all our previous discussion must be looked
a,t with much circumspection.

In the foHowing we want to take into account the
width of these vector mesons. Our approach will be
phenomenological, in the spirit of the eRective Lagran-
gain models. AH the mathematical subtleties and per-
haps inconsistencies of the consequent quantum 6eld
theory will thus be skipped.

Instead of the 6eld q „,we will introduce a continuous
set of 6elds &p„( & with an associated. mass distribution
rc(m')

The generalization of the Lagrangian (1.1) is then
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D (~)~ = Qii + )g(m )pg rae e )
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(~) —g(m )gp Xg™~p, v

(2.2b)

(2.2c)

(2.2d)
(1.6b)

(1.6c)
dm2 K(m') =1.

dm' K(m')
g(m')

(2.S)

Now we ave current-field identities f« the '
vectoi. current compone

(1.6d)

ctly nor)nalized fields are (-&(m iiT ecorrec
d ()f,1.3b)A

' t see we now have instea oAs is easy o se,
m2

J "(x)= dm' )((m')—rp„"'
y(m')

(1.7)

th electromagnetic interactions bya,nd, introducing e
the same recipe,

( '-'+[e/V(m')]&. ,

d f in the field equations. (Note that 8J„=o,obtaine rom e
e the followingb 8 ( )&0.) These currents obey ebut „p„
btained from theequal-time commutation relations o

canonical quantization rules):

LJ '( o) I '(0)1—e' iJ~'(0) ~( ),
P '(x 0),J.'(0)]= 'JiI."(0)~(x)

(2.4)
we have the identity

J„r' (x)=I r(x).

ds ( ) beingThe free propagator of the field

( '"'(P)v.("' (P')

m2( ' — ") "+P.P

(1.9)
+ (')@8,(')(x) dm' (((m')

[J.'(x 0) Ji,'(0)]=0,

On the other an, weh h d we have the spectral repre-
sentation

repres
z

(ol T'(I„r(p)J„'(p')}lo) = s(p+p')

~„,+p„p,/m'
X dm'( ')

m' ~„.+p„p,/m-'

X dm"(m') (2.5)

(» ~ --gv wo ~

YVe see a,th t the well-known relation e ween
S h

'
term and the spectral density,Schwinger erm a

z
)((m') (2ir)' p'+m'

(o I T(J.'(P)J.'(P') } l
0) =~',~(p+P')the s ectral (2m)'we have in eth tree-graph approach e p

entation

with the spectral density

p(m') i((m') m='-/y(m') '

n e . —
' 't )((m') ~()(m' —M'), weIn the narrow-width hmi, K,m,

recover the usual expressions.

I.= dm' a(m') I.(„), (2.1)

with

II. y DOMINANCE

ll consider the field algebra of SU2, that
e -meson dominance wit e s o i

L rangian built up along themass. The corresponding Lagrangian
'th the stable-particle theory issame analogy wi

dm'p(m')
S= )

m2

e ed b our formulas.is identically o eye y
e -meson dominance of t e e ec r

throu h the introduction of elec-current is achieved throug e
tromagnetic interactions y pthe re lacemen

p
(")'—+ p (")'+[e/g(m')]8„.

BU2XBU2 FIELD ALGEBRA

ur a roach to the fieldIt is interesting to apply our appr

Therst consider the symmetric case. e p

involving the interactions o ese
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zero-mass pions in the nonlinear o model (see Ref. 3).
Kith unstable vector and axial-vector mesons described
by the fields p„( ' and u„( ) and the zero-mass pion
described by the field &t&, our chiral-invariant Lagrangian
is

vector meson and the pion as soon as the symmetry is
broken), a redefinition of the physical 6elds is neces-

sary in the usual manner. 3 The physical m and Az
mesons will be described by the 6elds m and A„( ) de-
fined through

L= dm'«(m')L(„), (3.1) p =Zi/'ob, (3.5a)

i (F (m)) 2 i (G (m))2+lm2(~ (m) 2+a (m) 2)

i
(/& (m) y)o i(g (m)~)o

+,xPF (m). (g (m)yX/& (m)y)

+G (m) .g (m) pg (m)&] (3 2a)

[m '(m') —m']"'
a„('"&=A„(m) — — Z'/'D (m)oo (3.5b)

mg'(m')
where

m2
Z—'= dm' «(m')

mg'(m')

where (3 6)mg'(m') = m'+Oo'g'(m')
F (m) —f &m) g(mo)a (m) Xa (m) (3 2b)

is the mass of the A„( ' field.
Let us look now at the spectral representation of the

axial-vector current propagator. Since the free propa-
gators of the fields vr and A„' ' are

(m) —Z7 (m)g (m) jr) (m)g (m)
o " " o ) (32 )D (m)a (m)-- [g g(m2)~ (m) X]a (m)

(m) p
—D (m) (l+g(m2)&ra (m)

D "'P== [8„g(m-—')t)„(™X]P, (3.2d)
"(P) '(P')=~'/['/(2 )'](P'+ -') '~(p+P'), (37 )

(m)~ —
&) y g(m2)a (m) . y

g —(~ 2 yo)1/o

&(m) (p)g /(m') ~ (p')
(3.2e)

&)(m' —m") i //„„+P„P„/ ~m'( m)

(3.7b)
«(m') (2%-)' p'+m 4'(m')The conserved vector and axial-vector currents are

m2
dmo «(mo) t) (m)

g(m')
(3 3a) and we are considering the tree-graph approach, we

fllid

'~(p+p')
(ol r&J,„'(P)J,„(P')& lo) =~,,(3.3b) (2m) 4

m2
dm2 «(m2) . a (m)

g(m')
lb. =

,P»")H)(4.+P.p.)+Pb.-.")()')P.P
p2+y2

with

pb;(o (){o)=f f&(/{ —m ),

(3 4) m
p„(o)(yo) f o

mg'(1 —m'/m~') (m'/m~')

obeying the conimutation relations

[J4'(x,0),Jb, o/(0)] = o,/b J4„'(0)&) (x) )

[J,'(x,0),Jb, b'(0)] =0, [Jo,.'(x,0),Jo, b'(0)] =0,

[J,.'(x,0),J,.'(0)]= * J "(0)~(x),

[J4,4'(x,0),J4,.'(0)]= o,/4 J."(0)&) (x)

(3.9)

+&),/&) „&)(x) dm' «(m')
g(m')

where we used

dm
X — -«(m')

dmg2 mg '=X'
(3.10)

and those of Sec. II.
Again the equality between the Schwinger term and

the spectral density is trivially obtained since the mass
distributions of the p and A~ are identical in the chiral-
symmetric limit.

Let us now introduce the symmetry breaking

Lbreak —~ 2 g&

This modification of the Lagrangian will not affect the
commutation relations of the currents but it gives rise
to the partial conservation of the axial-vector current.

On the other hand, to get rid of the cross terms of the
form a„' &D„P (which lead to mixing between the axial-

Pbb")() ')
5= d)(' —— +pbb(o) p.') (3.12)

as is easily seen, now gives rise again to an identity.
Now a little speculation about the possible depen-

dence of m~(m): Since the ma, ss distribution of the p

g'= (mz' —m')/oo' (o'o= f (m'/mg') "') (3.11)

and the brackets ( ) mean take the average J'dm'
«(m').

The corresponding relation with the Schwinger term
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meson begins from 4m ', while that of the A~ must
begin from 9m ' and a~(m~') = (dm'/dm~')lt:(m') is the
relation between the mass distributions, we must have
m~'(4m ') = 9m'. On the other hand, from the experi-
mental masses we have m~'(m, ')=2m, '. A linear de-
pendence of the form mg'= 2.25nz' gives a good inter-
polation between these two points. Then for the A~
Inass (4strlbutlon Kg(m@ ) we have

and 2 mesons seems to be ruled out, at least at the
threshold. Nevertheless, if the proportionality holds
at the resonance region the corresponding ratio of the
widths will emerge. (We would like to thank Professor
B. Renner for useful comments on this point. )

IV. PION-PION SCATTERING AND
PION FORM FACTOR

~(mg'/2. 25)
zg(mg') =

2.25
(3.13)

As an example of the described formalism we shall

give here the ~x scattering amplitude in the tree-graph
approach. Kith the usual notation

that is, the two mass distributions are related by a scale
transformation.

One can dehne the width of a narrow resonance
through the height of the mass distribution peak,

~(m, ') = 1/n-m„p p, a~(m~') = 1/ember~. (3.14)

(A simple Breit-Wigner form is supposed to hold for the
mass distributions. ) Thus we obtain the ratio of the
widths

3/I~s&g = /+san&pA (s&t,u)+ b+&8sgA(f&s, u)

+8 gbs, A(u, t,s), (4.1)
we find

g'(m', t) (s —u} g'(m', u) (s —t)
A( st, u)= dm'«(m') — +

m' —3 PE —I
+a(m')+b(m')s+c(m') [(t—4m. ')'

Pg/Fp= 1.5. (3.15)
+(u —4m ')' —2(s —4m ')'] (4.2)

The assumed mass ratio is close to Keinberg's well-

known K2, being consistent with the experimental data
(if we take m, =760 MeV it follows that m~, = 1130
MeV), while the ratio of the widths indicates a rather
wide Az resonance (P@,= 165 MeV for P,= 110 MeV)
which is also consistent with some recent measure-
ments. ' '

One can also compute the absolute value of the
widths in our effective-Lagrangian approach through
the decay diagrams. So we obtain

g'(rn, ')
P, g.—— [1—0.28(1—5(mp')}]X52 MeV,

4x
(3.16a)

4m. ' m'/mg'
u(m') = —g'(m2),

fag PE fÃQ

(4.3a)

1 m'/m~' 3m'/mg' —1
b(m') =- —g'(m'), (4.3b)

mg' (m'/m&')' 1—m'/m~'

1.—4b(m') m'/mg'
c(m') = ——

4m''

(1 m'/m—~') '
X g'(m'), {4.3c)

1S

+0.245'(m, ') 2]X79 MeV, (3.16b)

and to have the discussed ratio of the widths we must

take b(m„') = 0.2. Furthermore, from m~'(m') = m'

+f 'g'(m')/(m'/m~') and m~'=2. 25m', we get our

modi6ed Kawarabayashi Suzuki-Fayyazuddin-Riazud-
din (KSFR) relation f„'=m'/[1. 8g'(m')], which gives

g'(m, ')/4~= 2.86. Introducing these values in the pre-

ceding formulas, we obtain I', ~ =100 MeV, which

gives a happy end to our numerical game.
However, we must observe that our linear solution

is likely to be forbidden by the use of the three-pion

unitarity. Indeed, owing to the difference between the

two-pion and three-pion phase spaces, a simple pro-

portionalitybetween the spectral functions of the p,

'S. Gasiorovricz and D. A. Geffen, Rev. Mod. Phys. 41, 531
(j.969).

'G. Alexander, A. Firestone, and G. Goldhahel, Phys. Rcv.
183, 1169 (1969).

g'(m', s) =g'{m') 1—

1 —m'/mg'
(1—b(m') ), (4.3d)

m, '//mg'

X(m') m'/m~'
b(m') = — m.~'.

g(m') 1 —m'/m~'
(4.3e)

It ls obv~ous that our tree-graph amplitude has

acquired an imaginary part in the I= I, J= 1 partial
wave. Thus one can put the problem of satisfying uni-

tarity requirements in this partial wave.

Let us dehne

i s —4m' "'
Tg'(s) =-

64m s —1

X[T '=A(t, s,u) —A(u, /, s)] (4.4)
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3 ' s(3+ x+2m. '/v)g'(m', —2v(1 —z))+ — ds
4 m'+2v(1 —s)

+~~b(m2) —2c(m2)(s —4m ')(8m 2 —s) . (4.6)

Its imaginary part is

Im Ti'(s) = 4r~(s) p(s),
where

s(1 —4m '/s)"'
q (s) = — — g'(s; s).

48m

(4 7)

On the other hand, if elastic unitarity is obeyed and we
take into account the existence of the p meson (phase
shift passing through i24r at s= m, '), the same imaginary
part must be of the form

0 (s)'/L(s-m, ')'+0(s)'3
This gives a convenient way to parametrize the spectral
distribution 44(s). The width of the resonance, defined as

1 db, i(s)

mp ds sm '
P

is simply related to the function P through

I'v =&(m, ')/mv.

The width computed from the decay diagram at the p-
meson mass, which coincides obviously with that de-
6ned in Sec. III through the height of the mass distribu-
tion, is

I',= 4v(m, ')/m„.

If these two definitions are equivalent, then

to have the simple form of the partial-wave elastic
unitarity

ImTi'(s)= ~T '(s) ~' (4m '(s(16m ') (45)

One can remark here that unitarity is automatically
satisfied in the tree-graph approach in the lowest order
in the coupling constant. But this unitarity considers
unstable particles in the complete set of states. The
unitarity we consider is the physical one and it can fix
the otherwise undetermined spectral functions.

The explicit form of our partial-wave amplitude is

s(1—4m~2/s) i2 ~ —g'(m', s)
Ti'(s) = dm' 44(m')

m —s —le

In our vector-meson-dominance approach we. hand

m' g(m'; s)
F.(s) = dm' 44(m')

m' —s g(m')
(4 8)

ImF, (s) = ReF (s) tanbii(s) . (4.10)

'l'he two unitarity equations (4.5) and (4.10) may be
looked at as the basic equations for determining the
unknown functions 44(m'), g(m'), and b(m'). If we also
admit the linear relation between the masses, then we
remain with only two of these undetermined. One might
inv-nt several ingeneous schemes to find approximate
solutions of these equations but we will not discuss them
here. Nevertheless, it is interesting to discuss some con-
sequences of these equations at the threshold. Here one
can apply the narrow-width approximation in calculat-
ing the real parts:

m 4m ) ~' g'(m '4m~')
Rer, i( )=

12vr s / m' —4m 2

g'(m, '; 0)
+ —+-', b(m ') (4 11a)

218p

m, ' g(mv', 4m. ')
ReF.(s)=-

mv' —4m. ' g(mv')
(4.11b)

The unitary equations themselves simplify at the same
limit to

Since

IniT, i=(ReT i)2

Imp =ReF ReTg'.

ImTi'(s)/ImF. (s)= y(s) g(s)/sg(s, s)

g'(m'&s) =g'(m') for s/m'((1,

(4.12a)

(4.12b)

we obtain

g'(m, ')/g(4m„')g(4m ',4m ') =m, '/4m '. (4.13)

This is in fair agreement with the ratio

g'(m ')/g'(4m ')=m '/4m ' (4 14)

which results from the linear relation between the
masses.

From the above relations, one can find also

The normalization of the total charge F (0)=1 is
obviously respected, since g(m', 0)= g(m'). The unitarity
condition for the form factor is

ImF (s) =F (s)e '""~ sinbii(s)
(4m. '(s(16m ') (4.9)

or, equivalently,

P(m, ') =- q (m„') .

It is useful to consider the problem of the J= 1, J= 1
mw partial wave together with that of the pion electro-
magnetic form factor.

P(s) m, ' g(4m. ')

&p(s), 4„,- 4m. ' g(4m. ',4m ')

and thus conclude that generally P(s) W &p(s).

(4.15)
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It is interesting to point out also that the well-known
correlation between the e+e ~ ~+7r (I= 1) total cross
section and the spectral density of the currents is also
identically obeyed in our formalism if the two discussed
unitarity relations are satisfied.

Recently Schnitzer, 6 using the Ward-identity method,
has developed a program of unita, rization of current-
algebra amplitudes. The approach described in this
paper is equivalent to his "unitarized tree approxima-

' J. C. Fayolle, B. de Montaignac, M. Morand, Z. Strauchman,
and H. Thibaut, Nucl. Phys. 813, 40 (1969).' H. J. Schnitzer, Phys. Rev. Letters 24, 1384 (1970).

tlon in thc same sense as t11c usual chllal Laglanglall
method is equivalent to the usual current-algebra,
method, although the relation is not obvious because he
adn1itted the existence of an s-wave dipion resonance.
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Starting with only charge conservation, we obtain SU(2) symmetry as a result of imposing unitarity
constraints on a set of Veneziano amplitudes.

MONG the many nice features of the Veneziano
formula, ' the duality property is perhaps the most

attractive one from a bootstrap viewpoint. During the
recent attempts to include internal symmetry and spin.
in the Veneziano model, several suggestive links with
the quark models have emerged. Harari and Rosner'
have given simple graphical rules, in terms of quarks,
for determining the exotic channels and exhibiting the
duality nature. In this connection, an earlier prescrip-
tion given by Chan and Paton' for the internal sym-
metry factors can be thought of as a mathematical for-
mulation of the duality diagrams of nonstrange quarks.
Bootstrap models based on mathematical quarks pro-
viding both internal-symmetry factors as well as spin
factors have been considered by Mandelstam4 and by
3ardakci and Halpern. '

In this paper we attack the internal-symmetry prob-
lem from a different angle. Unlike the previous authors,
we do not assume any internal symmetry to begin with.
It is hoped that internal symmetry for the external par-
ticles would emerge as a natural consequence of the
general conditions imposed on the model. Indeed, as we
shall present in the following example, SU(2) symmetry
is obtained for a set of Veneziano amplitudes when the

* Work supported in part by the U. S. Atomic Energy Com-
mission under Contract No. AT(30-1)-2098.' G. Veneziano, Nuovo Cimento 57A, 190 (1968).

2 H. Harari, Phys. Rev. Letters 22, 562 (1969);J. Rosner, ibid.
22, 689 (1969).' H. M. Chan and J. Paton, Nucl. Phys. B10, 516 (1969).

4 S. Mandelstam, Phys. Rev. 184, 1625 (1969).
5 K. Bardakci and M. B.Halpern, Phys. Rev. 183, 1456 (1969).

unitarity restriction is utilized. While a unitarity equa-
tion cannot be explicitly used in a narrow-resonance
approximation, we rely heavily on the power of
factorization.

Owing to its nonlinear nature, the unitarity also puts
a constraint on the normalization of amplitudes. For any
two amplitudes satisfying the same elastic unitarity
equation, it is evident that they must be equal if they
are proportional. When two Veneziano amplitudes are
proportional to each other, we shall assume that they
are equal if the exact amplitudes they approxima, ted are
of the above type.

If some approximate unitarization scheme would
allow us to determine uniquely the over-all norma, liza-
tion of a given Veneziano amplitude, then the above
assumption will not be needed. For example, Igi and
Storrow' recently have done an interesting calculation
with the leading-term Veneziano vrx amplitude' of I= 1.
By using the unita, rity sum rule, they were able to
determine the over-all normalization for the amplitudes.

The system we considered consists of three spinless
mesons (of either parity) of equal mass, designated by
P+, P, and P. Their antiparticles form the same set.
The superscripts stand for some additive, conserved
quantum numbers; for convenience we call them charge.
In order to write down the Veneziano amplitudes for
P-|t scattering, we have to specify the trajectories in

various channels. For this purpose we use duality dia-

grRms Rs R guide.
' K. Igi and J. K. Storrow, CERN report, 1969 (unpublished).
' C. Lovelace, Phys. Letters 28B, 204 (1968).


