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where

dg(1) = u—Pi+ (E',—K)'—Ei2,
D2(1) = Lm' P—i(1 P—i) (m'+u t)5

+ (1 Pi)—Ei'+Pi(Ei+Q ~&)—',
D (3)=—[m' —p (1—p )(m' )]+—p E '

+(1—Pi) (E,—E)' (B2)
D4(1) = [—m' P—,(1—Pi) (m'+u t)—]+(1—Pi)Ki'

+Pi(Ei+Q —E)',
D (3)= —[m' —P (1—P )(m' —t)]

+Pi(Ei K+Q—)'+ (1—Pi) (Ei—E) ' .

We immediately see that at the end points of integra-
tion—Pi=0, 1—the terms D;(j) are strictly negative
and cannot vanish. The term ds(1) can vanish, but its
residue is zero [i.e., da(1) is a factor of the terms in the

brackets]. Hence we conclude that the terms Pi@'

and (1—Pi) &' do not introduce any new singularities.
Finally, we observe that A & is certainly a real

quantity when the D,(j)'s are negative for all Pi
between 0 and 1.This occurs when the terms in brackets
of Eq. (32) are positive. Since the maximum value of

Pi(1—Pi) is ~, this condition is satisfied for

4m'& m'+u —t m' u— m' t . —

This is equivalent to the region

s,(4m'+E' 3m—'& t(0, si+t& —2m'+E',

which overlaps with the region D2 of Fig. 8.
This method can also be applied to the amplitude A1

of Fig. 17, but it becomes very tedious. The Feynman
parameter method is considerably easier.
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We examine the consequences of the hypothesis that, for some range of energies, the second-order terms in
the perturbation expansion of the Fermi theory are small but non-negligible corrections to the 6rst-order
terms, and responsible for reactions which violate first-order selection rules. We compute matrix elements
through second order in the weak coupling constant G and introduce subtraction constants which are neces-
sary to render the matrix elements finite to this order. From this point of view we consider a number of
weak-interaction problems, including the experimental parameters of tlat decay, the universality of the p,-decay
coupling constant and the Fermi P-decay coupling constant, E&3 decays, and dS=AQ and d,S=2 semi-

leptonic decays.

I. INTRODUCTION

'HE phenomenological vector and axial-vector
current-current description of weak interactions

gives a good account' of a large number of experimental
data. Nevertheless, it has been realized for some time
that the phenomenological current-current matrix
elements cannot be exact, because they lead to cross
sections for leptonic reactions which violate the
unitarity limit at very high energy. This suggests that
the phenomenological current-current matrix elements
are the erst-order terms in a perturbation expansion of
the S matrix. If this perturbation expansion is derived
from a current-current interaction Lagrangian, it is
not renormalizable in the conventional perturbation-
theoretic sense. Thus one cannot predict whether higher-
order effects are large or small (there is no small
dimensionless coupling constant). The approach of

* Supported in part by the U. S. Atomic Energy Commission
under Contract No. AT-30-1-3829.

' See, for example, the detailed description in R. E. Marshak,
Riazuddin, and C. P. Ryan, Theory of W"eak Interactions in
Particle Physics (Wiley-Interscience, New York, 1969).

this paper is based on the empirical observation that
the lowest-order current-current matrix elements do
give a good account of a large number of experimental
data, so the higher-order effects are small at the energies
presently accessible experimentally. This observed
weakness of higher-order effects may occur term by
term in a perturbation expansion, or it may only come
out of a summation of all orders or some other non-
perturbative approach. In this paper we explore the
consequences of the former possibility. We oGer no
solution to the fundamental problem of divergences in
a, nonrenormalizable theory. We compute matrix
elements through second order in the weak coupling
constant G and introduce subtraction constants which
are necessary to render the matrix elements 6nite to
this order. We parametrize divergent integrals by
undetermined subtraction constants in subtracted
dispersion relations. We are able to show that some of
these subtraction constants are "universal" (i.e., appear
in the same way in niore than one process); some others
we guess, on more or less plausible grounds, to be
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where

8& (&)=i (&)+~ (&)

i~(*)= 2 +&(*)(1+vs)v~+. (~),
l e,p

J&, (x) =cos8, [Vg'—"(x)+A&,' "(x)]

(2.2)

(2.3a)

(e)

FIG. 1. Kinematics for reaction (2.4).

related; some remain for which we see no relation to
the others. '

In spite of the predictive weakness of a nonrenormal-
izable theory, some results do follow from the hypoth-
esis that, for some range of energies, second-order
weak terms are small but non-negligible corrections to
erst-order weak terms, and responsible for reactions
which violate first-order selection rules. We predict that
the second-order weak corrections to the experimental
parameters of y decay are too small to be observable.
The universality of the Fermi coupling constant in

P decay and the p-decay coupling constant is lost; i.e.,
the value of cos8, determined from comparison of the
0' and p decays, after electromagnetic radiative
corrections have been made, contains an undertermined
second-order weak contribution. We show that the
second-order weak contribution to coso, can be deter-
mined (or bounded) if there are sufficiently accurate
experimental values of the correlation parameters for
the decay of free polarized neutrons and if C~ is taken
from the Adler-Weisberger relation. The largest effects
for any allowed semileptonic decay should occur in
the E&3 decays because these decays have the largest
q' and, for E„3, the muon mass appears in those effects
which are proportional to the square of the lepton mass.
If the existence of AS = —AQ processes should be estab-
lished with a strength anywhere near the present experi-
mental upper limits (e.g., Z+ —+ &sl& or in E' —&s-l&),

our approach leads to relations between the branching
ratio for 2+ —+ &sir, the AS= —AQ parameter x in Xo

decay, and the branching ratio for the 65=2 semi-

leptonic decay ™—+ Ãlv.

+sin8, [V&,' "(x)+A&4—'"(x)]. (2.3b)

The hadronic currents are included in Zl even when
discussing purely leptonic reactions because they
contribute to virtual intermediate states when one
goes beyond 6rst order in perturbation theory.

Consider, for example, the reaction

(2.4)

The kinematics are illustrated in Fig. 1. The 6rst order
of perturbation theory gives the usual phenomenological
matrix element'

Go Gp—&M ~"& =—[u(I')I'&,v(E)][i&(p)1'u(p)], (2.5)
v2 V2

I'&, = (1+vs)v&, .

In the second order we obtain

(2 6)

-', G, m& =-', G, [u(2')r .(Z)]J,.(Q)[S(u)r.u(p)],
(2.7)

Q=p+k= P+E,
where

& .(Q) = d'* *'*(oI2'(a '(*)l.(0)) Io) (2 g)

=J&,."(Q)+A. '"'(Q)+A. '"'(Q) (2 9)

The leptonic contributions are given explicitly in terms
of a quadratically divergent integral

J»,." (Q) i
d4r 1

Tr —— I'&, I', . (2.10)
(2s.)' y (r Q) yr ——m &

These integrals correspond to the Feynman diagrams
of Fig. 2, One approach to the integral (2.10) is to
introduce a cutoff and compute the coe%cient of the
quadratic divergence. Then

II. LEPTONIC PROCESSES J&,.&'& =
g&,.h.'/4&r' . (2.11)

We take as interaction Lagrangian

~.(*)= —(Go/~2): 8"(~)8"(*):
+mass counterterms, (2.1)

2 From this point of view the assumption of a universal cutoff
A. is seen to be a very strong assumption in the absence of any
detailed understanding of the origin of the cutoff.

' See, e.g., J. D. Bjorken and S. D. Drell, Relativistic QNan]N~
Mec'IIaeics (Mcoraw-Hill, New York, 1965). We use the metric
and y matrices of this text. We di6er in the normalization of
spinors and states. We use N(p)N(p) =2m and

(p't p&=(2 )'2po~'(P-~').

This estimate has been used in a number of investiga-
tions4 5 of first-order forbidden processes with the
conclusion that the effective cutoff A is small (compared
to the so-called unitarity limit). However, if the effect-
ive cutoff is very small, then it is not clear that (2.11)
dominates the integral; and the nonquadratic terms
cannot be computed unambiguously from the divergent

48. L. Io6e and E. P. Shabalin, Yadern. Fiz. 6, 828 (1967)
/Soviet J. N&&cl. Phys. 6, 603 (1968lj.' R. N. Mohapatra, J. Subba Rao, and R, E, Marshak, Phys.
Rev. 171, 1502 (1.968).
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Feynman integral. When we also consider that we have
no understanding of the physical basis for a small
cutoB A., it appears that a somewhat more general
parametrization of the second-order weak contributions
may be appropriate. Such a parametrization is provided
by the subtraction constants in the dispersion relations
satisfied by (2.8). The question is: How many sub-
traction constants' For the leptonic contributions to
(2.9) this question can be answered. by straightforward
calculation. We write

I IG. 2. Leptonlc contributions to (2.9).

~'"&(Q) =i
$4——11 I 0.

„~&,t,a& (2m)4 p(r Q) —yr m(—

On the basis of the above dimensional considerations,
we assume that A &Ir&L8'~&] satisfy at most twice (once)
subtra, cted dispersion rela, tions. Then

=g~.A "&(Q')+Q~Q.8 "&(Q') . ,'2.12,' 3f =—L~(l )I ~i PC)] g,. 1+—La()+a»+3&'&(s)
V2 &2

The regulated (invariantly cutoif) integral def&nes two
functions Au&(Q') and 8"'(Q') which are analytic in
the Q'-plane cut along the positive axis from mP to ~,
and the discontinuities across the cut may be computed
straightforwardly from (2.12), and are independent of
the (invariant) cutoff or regulator masses:

mp '
2i ImA&'&(Q') = ——

I
1—

Q2

X (2Q'+mP)0(Q' mP) —(2.13a)

i mP'
2i Im8&»(Q') =—1———

6m

+A '&'(s)+3 &"& (s)] + (p+i~)&, (p+k).—-
&2

XI Lb, +8& (.)+8~ &(s)+8~ &(.)]]

XLH(k)i' u(P)], (2.15)

where s= (p+k)'.
Although the functions A (s) and 8(s) are independ-

ent of the choice of subtraction point so, the separation
into subtraction terms plus remainder functions does
depend on this choice. It is convenient to choose

I
so

I «(1 BeV)'. Then the remainder functions are
mi' bounded by

X 2+4 0 ' —mP 2.1.3b
2 A(s) &s„„. or

I
s, l,

B(s)&1.
(2.16a)

(2.16b)We see that the dispersion relation for A &" (Q') requires
two subtractions, and for 8o&(Q') one subtraction.
It is useful to note that these results are the same as
one would obtain by simple dimensional considera-
tions. The function A&" (Q') has the dimensions of
mass squared, which suggests a first-order polynomial
in Q' for Q' —&~, while 8" (Q') is dimensionless, which
suggests a zeroth-order polynomial in Q' for Q' —&~.

Since we do not treat the strong interactions per-
turbatively, we cannot reduce J&„'a& (Q) to any explicit
integral, divergent or otherwise. But we can still
decompose"

These are order-of-magnitude bounds and neglect
1n(s/Isol) factors. For the leptonic functions A~'"&

and 8' » these bounds may be verified' explicitly by
doing the subtracted dispersion integrals with absorp-
tive parts given by (2.13a) and (2.13b). If the subtrac-
tion constants are small, i.e., uo&s, , a~, b~&1, then
GO=6„=10 'm„' and the entire second-order weak
contribution is negligible relative to the first order for
energies &100 j8ev. In the rest of this paper we will be
concerned with the alternative possibility that the
subtraction constants are large, i.e.,

7&, &~&(Q) =i d4x e'o'(Ol T*(Jq"(x)J,(0)) IO)
I A (s), 8(s)s„,- I «I ~o, ~»-.-, f » -*I

«(300 BeV)' (2.17)

=g~ A '"'(Q')+Q~Q 8'"'(Q') . (2.14)

' The covariant decomposition (2.12) and (2.14) is required for
(2.7) to be a Lorentz-invariant matrix element. Thus the T
symbol in (2.8) and (2.14) should be understood as T*, meaning
the time-ordered product plus possible polynomial in Q0 required
to produce a Lorentz-covariant tensor. See K. Johnson, Nucl.
Phys. 25, 431 (1961), and J. D. Bjorken, Phys. Rev. 148, 1467
(1966).

The upper bound is necessary for the applicability of
perturba, tion theory. As the result of the above discus-
sion, under the sta, ted conditions (2.17), we are led to
the following parametrization of the matrix element
for the process (2.4), including the second-order weak-

7 The results are given in the dissertation of one of the authors
(J.M.T.) (unpublished).
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interaction con trihu tion Substitute (2.22) back into (2.19) to obtain

Go Go
ill =—(u(P)I'r(E)) g&,. 1+ (ao—+a s)

v2 V2

Go
+(p+k) (p+k), b—(8(k)1"u(p)). (2.18)

v2

The matrix element for p+ decay can be worked out
in the same way and is simply related to (2.18) by the
substitution rule. A standard calculation of the decay
distribution for a polarized p+ (in the muon rest frame)
gives

G(j Nlp A
dI'( txI) = (1——,'x)+—j(x)

6x

+v2GO (1——,'x)ao+3x(1 —-', x)aim„'

G„'m, ' o
dI (x,tI) = — (I—-', x)+—f(x)+vs„

128m4 6x

X[(——o+8/15x —i6x')aim„'+ (1/x —2+-', x)birn. 2]

—cose —(1—2x) +—
g (x)+%2G„[(—i0+~ x—

6 x')
6x

Xa,m„'+ (—-', +—', x)b,mP] x'dxa0. (2.23)

Note that ao has dropped out when dI' is rewritten in
terms of the coupling constant G„. This could be seen
directly from the matrix element (2.18), in which it is
evident that ao could be eliminated (through order G')
by a redefinition of the coupling constant.

Equation (2.23) is to be compared with the standard
form

1 i%i Q

+ b,m, ' —cos0 -', (1—2x)+—g(x)
x 6x

+&2G,[-', (I —2x)ao ——,'x'a, m„']

x =2 (F.,/m„) .

Xx'dxdD, (2.19)

G'm '

We have dropped terms proportional to m, ', except the
one multiplying the unknown subtraction constant b&.

We have also included the second-order electromagnetic
radiative corrections (nf(x),ng(x)) computed by Kino-
shita and Sirlin. The lifetime is computed by integrat-
ing over x and 8:

dl'(x, 8)„+d„,„——const(6(1 —x)+-', p(4x —3)
+ (n/2x) f(x) —

$ cose[—2(1—x)
', b(4x—-3)+(—n/2x)g(x)])x'dxdQ. (2.24)

The parameters p, f, and b are determined by a least-
squares fit of (2.24) to the experimentally determined
electron momentum spectrum and angular distortion
relative to the spin direction of the polarized muon. The
values of p, (, and b as functions of ai and bi predicted
by (2.23) may be determined by a least-squares fit of
(2.24) to (2.23). However, we will find below' that
G„aim„' and G„6~m,' are very small, so we do not give
these formulas here. ' The present experimental values"
of p and b agree with the lowest-order V+A values
within the —,'% experimental accuracy, while the value
of $ differs from 1 by 3% with a quoted experimental
error of 1.5%. We do not attribute this I-standard-
deviation eRect to higher-order weak interactions.

+%2GO (ao+—,'„a,m„'+

birn.

')

III. SEMILEPTONIC PROCESSES

Consider the reaction

p~+e ~ 0! ) (3.1)
G'm — ~ 25 —

(G ")'m""1——7r2 ——
192m' 2x 4 192m'

From the measured p, lifetime, we have

G„m„'=1.026X10 '. Gp Gp—M"'=—(a~A(0) ~0)8(k)I'~u(p).
W2 v2

(2.21)
(3.2)

We invert (2.20) and take the square root to obtain

(2 20) where u is some hadronic final state, e.g. , u+p. The
first order of perturbation theory in the weak interac-
tions gives the phenomenological semileptonic matrix
element

Go=G&[I —&v2G&(ap+ioaim& +him )
+o(Gp~ Gp')]. (2 22)

T. Kinoshita and A. Sirlin, Phys. Rev. 113, 1652 (1959).

In second order in the weak interaction, we have to

' We are anticipating results of the discussion of E&3 decays
in the next section."S. E. Derenzo, Phys. Rev. 181, 1854 (1969).
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compute

si'(2G0') d'sid'»&~l 2 (0..(x')0"(x):Ai'(si)8" (si)::a "(»)8'(»):)IO)

= —sGO' d'sid'»(&~I T(4,.(x')0.(x):j.'"(si)j""(»)::j.'"(s2)J'(s2):)
I o)

+&~II'(&k..(x')0 (x) ji"'(si)j'""(si)::j.'"'(s~)J (s2):)lo)

+&~I T(4 .(x')& (*):ji'"(si)J"(si)::J.'(»)J'(s~):) lo&) «i=~ r.~„(33)

The first term in (3.3) is

—-', Go' d'sid4s2&n
I
J'(»)

I
0)Sp(x' —si)1')Sp (si—x)

x&0IT(j""( )j '"( ))lo) (34)

After amputation of the external legs, this contributes
to the second-order invariant matrix element

lG'& I
J'(o)lo)J"'(Q)8(k)1'" (p) Q=p+k. (35)

The second term in (3.3) gives a similar result with
J,i" replaced by J.i&». The third term in (3.3) is

—-',-Go' d'sid'si&n
I
T(J"(si):J.'(s2)J'(s2):)

I
0&

XSi:(x'—si)1'&Sp(x —si). (3.6)

We rewrite the matrix element as

& l2'(J'( ):J.'( )J'( ):)lo&
=&~I J (») Io)(ol2'(J" (si)J.'(ss)) Io&

+(~ll" (si, s2)
I
o&, (3 7)

and J.i(e) is the same tensor which appears in (3.7)
and is discussed in detail in the preceding section.
Because of the factorization, the first term in (3.10)
provides a sort of universal correction to all erst-order
allowed semileptonic processes and is also directly
related to the second-order weak correction to purely
leptonic processes given in (2.7). The second term in

(3.10) destroys this universality and also gives rise to
AS= —AQ and AS=2 semileptonic reactions.

Let us discuss these first-order forbidden processes
first. On general invariance grounds, we have

Ei(nZ —
) = sin8, u (P') Lyifi(Q')+io), ,e&f'g (Q')

+Q.f.(e )+»~.h. (e)+'~.-.,e h. (e)
+v~eih3(e')]i's (P) (3 12)

The factor sin0, is included explicitly because the
current Jt which appears in (3.11) for n=isZ must be
the strangeness-changing current. On dimensional
grounds we would take fi, hi to be twice subtracted,
and fs, fa, h2, hi once subtracted. Thus

where

'"(» s ) =2'(J"(s ):J.'(s )J'(s ):)
—J'( )&ol2'(J"( )J'( ))Io& (3g)

fi(Q') =fi(o)+e'fi'(o),
hi(Q') =hi(0)+Q'hi'(0),
f2(Q') =f,(0), etc.

(3.13)

We require that the definition of the double dot
product of the interacting hardonic currents (hadronic
pa, rt of Zr) satisfies the condition

(ol:J,t(s,)J (s2): lo)=0. (3 9)

this ensures that there are no disconnected vacuum
diagram contributions to (3.6). LNote that the first
term in (3.7) is connected. If we did perturbation
theory in the hadronic current this term would corre-
spond to connected closed-loop diagrams of the same
structure as the leptonic diagrams of I'ig. 2.] When
we substitute (3.7) into (3.6), and carry out the
external-leg amputation, and combine with (3.5) and
the similar muon contribution, we obtain

s Go'~"' = s Go'I:&~ I
J'(0)

I
0)J.i(e)
+Xi(n)]8(k)1'"u(p), (3.10)

where

d' ( ILT(J"():J-'(0)J'(0):)

To get an order-of-magnitude estimate, let us neglect
all of these constants except fi(0) and hi(0). Then

M (2+~ chili ) =-', Go' sin&,u„(P') Lyi fi(0)+ysyihi(0)]
Xus+(P) (u(k)I'"a(p))

= —.,'G„' sine, u. (P') [yifi(O)+y, yihi(0)]
Xu"(P) (u(k)r'i(p))+O(G„') . (3.14)

The matrix element for the allowed decay 2 —+ elf is
given by the standard Cabibbo theory as

M(Z ~ nli ) = (G„/&2) sin0, u„(P')
I pi+(1 —2n)Cay, yi]

Xuz(P)(u(p)I'"v(k)), (3.15)
+=3 ) C~=1.25 .

The partial rate is

I'=(G '/2s') sin'O, mi'Ll fi(0) I'+3lhi(0) I']f (3.16)

where fr&"s )(0)=1, hi&"s )(0)=(1—2u)C~, and f is
the phase-space factor (essentially the same for Z+
decays). Thus

—J (o)&olT(Ji(s)J.t(o))lo&]lo&, I'(Z+ —~ nli)/I'(Z +mli)=G —'a02, (3.17)
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where

oo=La
I fr(O) I'+ Iki(0) IQ" (3 18)

has the dimensions of mass squared. Now consider the
efkct of the neglected constants in (3.13). fi'(0) and
ki'(0) come with factors of Q'. The constants f2, . . . , hz
come with factors of Q& in the matrix element. After
squaring and summing over spins, these are converted
into factors of Q' or of M„' or zMr, '. For the small
momentum transfer involved in decay processes, we
expect the terms proportional to Q' to be negligible
compared to (3.18). If they are in fact comparable to
(3.18) for small Q', then they will make a very large
contribution to the DS= —AQ reaction zz+n~ l+Z+
for momentum transfers of several BeV/c. In the
absence of experimental evidence for this reaction, we
neglect the Q'-dependent terms in the decay process.
The constant terms may be lumped into the constant
czo. Thus Eq. (3.17) is unchanged while the definition
of ao is modified. It is not important to determine the
precise combination of subtraction constants (3.13)
which replaces (3.18).

Ez will also give rise to a AS= —rQ amplitude in
neutral kaon semileptonic decays and to a 55=2 decay

—+ elv. In order to relate these different processes,
we have to assume that the constant ao is essentially
the same for each of these processes. This is plausible
if ap ls much greater than any of the hadron masses
(squared) involved in the matrix elements Ez, (a). This
is still not a very precise assumption, since ap was
defined. as some combination of the subtraction con-
stants fz(0), Izi(0), etc. , and one has to make a similar
specification of the relation of ao to the various subtrac-
tion constants which appear in the other forbidden
decay matrix elements. For an order-of-magnitude
estimate we will assume that all form factors of dimen-
sion mass squared in the decomposition of Ei, (nZ+),
Ei, (zr E'), and ICi, (n ) are equal to czo. Then we
obtain"

I'(Z+ —+ nlz)/I'(Z —+ zzlv) G„'cz ', (3.19a)

x G„ap, (3.19b)

I'(" ~ nlv) f(- ~nlv)-
G 'czaP sin'H G 'czo' (3 19c)

I'( ~Alr ) f( —+ Atr)

In (3.19b), x is the ratio of the AS = —DQ amplitude to
the hS=+AQ amplitude in E,3O decays. The experi-
mental situation is the following. There are a small
number of possible Z+ ~ mls events reported. The
experimental situation is discussed by Filthuth, " who
quotes an upper limit of about 10'%%u~ for the branching

"Since the kinematical structure of E),(n™) is the same as
that of E), (nZ ), Eq. (3.12), the relation implied by (3.19a) and
(3.19c) is probably more accurate than an order of magnitude, if
Z+ —+ nlv does indeed go through second-order weak at a rate not
too much smaller than the present experimental upper limit.

"H. Filthuth, in Topical Conference on &Veak Interactions,
CERN, 1969 (unpublished).

ratio relative to the hS=+AQ deca, y 2 —+nip T.his
upper limit, substituted into (3.19a), determines
G„czo&0.32 or czo& (175m„)'. A branching ratio a factor
of 25 below this current upper limit would still corre-
spond to czo&(35m„)'))m-. '. This would also be con-
sistent with the current experimental upper limit for
x, a&0.06 (when x is constrained to be real). There
are not yet enough events for the branching ratio
(3.19c) to be looked for. We note that the order-of-
magnitude relation implied by (3.19a) and (3.19b)
would probably also hold in any theory which intro-
duced a hS= —DQ current with a small coeKcient to
explain a nonzero value of either as a first-order eBect.
However, such a theory would not predict any —+ el v

decays (although it would predict nonteptonzc AS=2
decays).

Now take up allowed semileptonic decays. %e have

t"0 ~O
M(a —+Plz) =—(PIJ (0) Iu) g.i, 1+—(czo+czzq')

v2 v2

Gp Go
+qoq~ —b, +—EX(n ~ P) zz(k)1'"v(P), (3.20)

K2 v2

P k=~ i-czi-—~'i
&

Ke make some general observations. First, the constant
ao can be absorbed in a redefinition of the coupling
constant, so it contributes only a universal coupling-
constant renormalization, the same as in p decay.
Second, the a&q' term will be most important for those
decays with the largest Q values. Third, the contribution
from the b~ term will be proportional to the lepton
mass, hence negligible when the lepton is an electron.
Fourth, after decomposition into form factors, as in
(3.12), E&,,(n ~ P) will contribute one or more subtrac-
tion constants, as in (3.13). These will contribute a
nonuniversal coupling-constant renormalization.

For the two-body decays x&„and E&„, the only eGect
of the second-order weak contribution is a renormaliza-
tion of the products cosO,P and sinH, F~.

(cosH.F )= (cosH,F ),b,{1—(G„/V2)

X[czo(zr —+ 0)+aim. '+birn. ']), (3.21)

(sinH, Frc) = (sin H,Fzc).b, zi 1—(G„/&2)
XLczo(E ~ 0)+czzmzr'+bzmzr')) . (3.22)

The zr.,/zr„, and E,„/E„„branching ratios are unaffected.
If the corrections in (3.21) and (3.22) are to be small

enough to be consistent with the perturbation approx-
imation (and the surprisingly good fit of the one-angle
Cabibbo theory to all the semileptonic data), then the
czz and bi terms in neutron and nuclear p decay are
completely negligible because q, is only a few MeV
and the lepton mass is the electron mass. Taking this
observation into account, the matrix element for free



HIGHER —ORDER TERMS IN THE CURRENT —CURRENT THEORY ~ 565

neutron decay is

Gp
~(u~ p-)= —(ply(0) lu)g'" 1+—ap I

v2 v2 )
Gp

+ K"(r—i~ p) u(p)I'), p(k), (3.23)
v2

with

(p~ Jrt(0) ~rp)-cos8, u„(P')[y f,(0)
+757»(0)]u (~) (3 24)

K"(n ~ p) =cos8,u~(P') [y"fi(0)
+vpv"hi(0)]u-(~) (3 23)

In the nonrelativistic limit appropriate for neutron
decay (we have already neglected form factors which
come with kinematic factors proportional to q"), these
expressions reduce to [fi(0)=1, hi(0) =Cg]
M(ri —+ pe|)

Gp Gp=—cos8, 2m„ 1+—[ap+ fi(0)] (&„'&.)hip
V2 v2

Gp—C' —C ao h 0 X„"fT'X. &; +Pr»~
re

G„ G„=—cos8, 2mp 1+—fi(0) (X~tx )Sip
v2 V2

G„
C„+—h, (0) (x„i'p~'X„)5„, u(p)l'„p(k). (3.26)

W2

We have used the renormalization condition (2.22) and
neglected the terms 0.3a&m' and b&m, '. Then, by a
standard calculation for a polarized neutron, we have

dl'=const] 1+a—k+(e)„

where f is the (Coulomb-corrected) phase-space factor.
For the 0+ —+0+ P-decay O'P +-N'4", the spin-

dependent terms in (3.26) are missing, so after coupling-
constant renormalization only one subtraction constant
remains, and

1 G„' cos'0,—m, "'[1+0 (n)
27r3fr (Oi4)

+&2G„ap(O'4 —& N'4*)] (3.30)

M(K+ ~ pr"lr )

where 0(n) stands for electromagnetic radiative correc-
tions. Here we see explicitly how the second-order weak
interaction, as well as electromagnetic radiative correc-
tions, destroy the universality which follows from the
conservation of the vector current to all orders in the
strong interactions. Since ap(O" ~N"*) cannot be
computed (perturbatively), the O'P decay does not
determine cose, if the second-order weak contribution
is not negligible. So we return to the decay of the
polarized neutron. Of Eqs. (3.28) only three are
independent, i.e., we can determine only the combina-
tions Gv', C&', and Ci Cz. The equations are consistent
if 8—A=1—a, which is satisfied within the experi-
mental errors. Thus we cannot determine four un-
knowns, cos8„C~, fi(0), and. hi(0) [P is determined.
from the lifetime (3.29)]. Of these parameters, C~ is
calculated theoretically by Adler" and by Weisberger. "
This calculation is believed to be reliable to within
about 10%. To this accuracy one can eliminate fi(0)
and hi(0) from Eqs. (3.28) and determine cos8, when
sufFiciently accurate experimental values of the correla-
tion parameters a, A, and 8 are available.

Now consider the EC~3 decays. These decays have a
relatively large momentum transfer, a final muon (for
K„p), and. a large number of experimental events.
The matrix element for E~3+ is

A +Bk+D Xk
i

.—(3.27)—p . p
Gp=—sin8, [(I'+7") f+(V')+(I' I") f (0')]-
@2

Experiment is consistent with D=O; hence Cg, fi(0),
and hi(0) are real. Then

$/cos'8 = Cv'+3C~' ——1+3Cg'
+%2G„[fi(0)+3Cghi(0)], (3.28a)

ta/cos'8 = Cv' —C~'= 1—C~'

+V2G„[fi(0)—C~hi(0)], (3.28b)

$A/cos'8, =2CvC~ —2'' =2C~ (1—C~)
+V2G„[fi(0)Cg+hi(0) —2C~hi(0) ], (3.28c)

$8/cosP8, = 2Cr Cg+2C~' ——2Cg (I+C~)
+%2G„[fi(0)Cg+hi(0)+2C~hi(0)]. (3.28d)

The neutron lifetime is given by

Gp Gp
X g i~ 1+—(ap+aig ) +g gi hi—

&2 v2

Gp
+—[(~'+&') f' (0)+P' —&') f-(o)] (k)1'" (p)

v2

q =P' —E= —(p+k) . (3.31)

The subtraction constants ap, f+(0), and f (0) effec-
tively renormalize the coupling constant (Gp sin8, );
the term a~q' simulates a form-factor variation; and the
term with b~ is an effective scalar interaction. We can
put an upper bound on b~ from the experimental"

1 G„'P
rn, "f,

r (ri) 2pr'
(3.29)

"S. L. Adler, Phys. Rev. Letters 14, 1051 (1965).
'4 W. I. Weisberger, Phys. Rev. Letters 14, 1047 (1965).
'5 C. Rubbia, in Topical Conference on Weak Interactions,

CERN, 1969 (unpublished).
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X~ ~ X+'"=X~+(G„/&2)aim ', (3.33)

Here A+ is the parameter which occurs in the standard
linear approximation for the form factor in the restricted
range of q' available in the decay

f+(q') = (1+X„q'/m. ') f+.(0) (3.35)

&
= f-(0)/f+(0) (3.36)

X+"' is fairly well determined experimentally" to be
small,

X+.'"=0.029~0.010. (3.37)

Since k+ is expected. theoretically to be small, (3.33)
and (3.37) can be converted into an order-of-magnitude
upper bound on u~,. in particular,

~

0.3G„aim„'
~

(0.01 . (3.38)

Since the parametrization is not essentially different
(only the significance of the parameters is changed),
the inclusion of small second-order weak contributions
to the E&3 decays cannot resolve the present" discrep-
ancy between polarization experiments which generally
find $= —1, and branching-ratio experiments which
generally find. $ small and positive (except the X&

"If the experimental situation with regard to the form factor
f (q2} becomes clear, a much smaller bound on b1 can be obtained
from E» decays.

upper bound on the scalar coupling in E,& decay.
We find

iG„him, 'i (6X10—'. (3.32)

This limit is not small enough to guarantee the perturba-
tion-theoretic requirement for, e.g., (3.22), but it is
an experimental (as opposed to hypothetical) limit"
which does justify neglect of the b& contributions to the
parameters of ii decay and P decay. After a number of
detailed. calculations with the matrix element (3.31),
we find that the major contributions of the second-
order weak terms to the observable properties of
the E„3 decays can be summarized by the following
replacements in the conventional (first-order weak)
parametrization:

collaboration" which found (= —0.6 from a branching-
ratio measurement) .

Included in the semileptonic processes are the
DQ=O decays, none of which have been seen so far.
In the absence of neutral currents, these processes
should be second-order weak. For the decay n —+P
+1+l, we have, in place of (3.10) or (3.20),

M(u~Pll) =-,'G 'i
d'q

M)„(q, . . .)u(p)1"
(2ir)'

1
X —I'"v (p'), (3.39)

v (q p')—
kf i.(q, . . .) =z d'x e"*(P

~

T*(Ji(x)J."(0))
~
n), . (3.40)
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If the large-q behavior of iV&„(q, . . .) is determined by
the Bjorken' limit for the corresponding T product,
then the integral in (3.39) is quadratically divergent
and the coefficient of the quadratic cutoff is determined
by the equal-time commutator of J& with J ~. In this
way, IoGe and Shabalin4 and Mohapatra, Rao, and
Marshak' have estimated A.&25 BeV from the experi-
mental upper limit for the K~'~ pp branching ratio.
According to the discussion following (2.11), we would
replace the A' appearing in the EJ.' —+ pp calculation by

A' —+ 4n'(Co+Cimrr')

Unfortunately, we do not have any information about
these subtraction constants from the preceding work.
In particular, they may not bear any relations to the
constants ao, which come from the matrix element of a
truncated product of three hadronic currents. Thus the
observed small upper limit for EI, —+ pp does not
necessarily imply correspondingly small upper limits
for the 65= AQ and hS =2 processes di—scussed above.


