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Deep-Inelastic e-p Structure Functions in a Ladder Model with Spin- Nucleons™
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The Rockefeller University, New York, New York 10021

We find the asymptotic behavior of the inelastic electron-proton structure functions Wi and Wa in the
limit |¢?|— o with w=2¢-p/|¢?| fixed (¢ is the electron four-momentum transfer and p the target nucleon
four-momentum) using a ladder model for the virtual Compton amplitude. Neutral vector mesons are ex-
changed between the (spin-%) proton legs. In addition, this model (with slight modifications) gives the asymp-
totic behavior for a ladder model in which pseudoscalar mesons are exchanged, and the asymptotic behavior
for a truss-bridge-graph model in a mixed ¢*-¢* field theory. In all of these models W; and »W; do not scale
because of factors of In|¢?| (with the exception of »IW; in the truss-bridge model). In addition, we find that
the structure functions are essentially Bessel functions with the argument In |¢?|Inw in the |¢?|— o limit for

fixed w>1.

I. INTRODUCTION

HE inelastic structure functions W and W, which
contain important information on the dynamics

of electron-proton scattering, have been investigated in
a variety of field-theoretic models. These have all been
ladder models for the virtual Compton amplitude,
differing mainly in the spins they assign to the photon,
nucleon, and particles exchanged on the rungs of the
ladders. Abarbanel, Goldberger, and Treiman! studied
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Fic. 1. (N+41)-rung-ladder graph for the virtual Compton
amplitude. The solid lines are nucleon lines.

* Work supported in part by the U[jS. Atomic Energy Com-
mission under Contract No. AT (30-1)-4204.

1H. D. I. Abarbanel, M. L. Goldberger, and S. B. Treiman,
Phys. Rev. Letters 22, 500 (1969). ,

a ladder model with all particles spinless and found an
asymptotic behavior of |¢2|!f(w), with w=2g-p/|¢?|
the scaling variable, ¢ the electron four-momentum
transfer, and p the target nucleon four-momentum.
Altarelli and Rubinstein? investigated a model with
spin-1 photons (and the remaining particles spin-
less) and found that »W, (v=g¢-p/M) scaled, while
Wi~|¢%|"'1n|q¢?| f(w) did not scale. These calculations
suggested that spin plays an essential role in deter-
mining the scaling properties of the inelastic structure
functions when calculated in ladder models.

Motivated by this observation, we investigated a
ladder model with spin-1 photons and spin-§ nucleons
in which the rungs of the ladder consisted of neutral
vector mesons in the Feynman gauge. Our approach
was to solve a recurrence relation for the spinor poly-
nomial associated with the N-rung ladder (see Fig. 1)
and then investigate the asymptotic behavior corre-
sponding to each term in the spinor polynomial using
the Mellin-transform technique. It became apparent
that we were calculating the behavior of a ladder model
with neutral pseudoscalar mesons exchanged on the
rungs—the difference was a factor of 2%~ for the ladder
with IV rungs. In addition, we found that the calculation
resulted in the leading behavior being given by terms
which (except for a trivial factor) were studied by
Bjorken and Wu? in a ¢3-¢* theory truss-bridge-graph
model. Consequently, we investigated a truss-bridge-
graph model with a spin-1 photon and spinless mesons
in a mixed ¢*-¢* theory.

We found that the leading behavior of the contribu-
tion of the (N+41) rung ladder to the inelastic structure
functions W1 and »Ws, in the |¢?| — fixed w limit, has
the form [Eq. (3.4)]

(In|g?|)¥ fx(w) (1.1)

in the neutral-vector-meson and pseudoscalar-meson
models. We also found that the truss-bridge-graph
model gave results which were intermediate between
the ¢* ladder-model calculation of Altarelli and Rubin-
stein and the models with spin-} nucleons. The con-

2 G. Altarelli and H. R. Rubinstein, Phys. Rev. 187, 2111 (1969).
3J. D. Bjorken and T. T. Wu, Phys. Rev. 130, 2566 (1963).
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tribution of the (N4-1)-rung truss graph (Fig. 3) to W
had the form of Eq. (1.1) while the contribution to »I¥,
scaled [see Egs. (4.4) and (4.6)].

After finding the |¢?| — = (with w fixed) asymptotic
behavior of the structure functions, we investigated the
o>>1 region (which is essentially the Regge limit) and
found the leading w behavior of the functions fy(w). As
a result, the graphs are easily summed and the leading
behavior as |g2| — for fixed w, w>>1, is as follows.

(i) neutral-vector-meson model:

2111 2 1/2 g
W1=<g——t—?——l«> 11<——-(2 In|q?| lnw)““’), (1.2)
3272 Inw 2w
lrg*Infg?|\'2 /¢
yWa= —<~————> Il<—A(2 In|q?| 1nw)”2>; (1.3)
w\ 872 Inw 2
(ii) vs pseudoscalar-meson model:
2| g2\ /¢
MW1=<————> Il(~(1n|q2l 1nw)1’2>, (1.4)
64r? Inw 2T
1 g21nlq2ﬁ>”2 (g
wWe= - ————) I{ —(n|g? lnw)W); (1.5)
’ w<167r2 Inw ' 21 7’
(ili) Truss-bridge model:
g* (In|g*|\ "2
Wi= ——( > I;(2(G In| ¢?| Inw)¥/?), (1.6)
q-p\G Inw
vWe=(2g%/w?) sinh(G'? Inw), 1.7

with I1(z) a Bessel function,* g the coupling constant of
the ¢® term, and G the coupling constant of the ¢* term
in the interaction Lagrangian for case (iii). (The mass
is set equal to 1 in this case.)

The inelastic structure functions are the imaginary
parts of the virtual Compton amplitude in the forward
direction:

Wi=(1/x) InT;, j=1,2

where the virtual Compton amplitude is

qugy
Tuv=_<g;w‘_ - >T1
q2

1 qp 99
+ 5;(?;4- *(]7‘],;)( v ?QV>T2- (1'8)

The structure functions are normalized so that the
cross section for inelastic electron-proton scattering is

* Bateman Manuscript Project, Tables of Integral Transforms,
edited by A. Erdélyi (McGraw-Hill, New York, 1954), p. 371.
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given by?®
do a?
dQ4E  4F? sin®(16)
X[2W1sin(30)+W, cos?(36)], (1.9)

where £ and E’ are the initial and final electron energies,
respectively, and 6 is the electron scattering angle (all
three variables are measured in the laboratory frame).
Since the electromagnetic current is conserved, we con-
centrate our attention on the p,p, and g,, parts of the
spinor traces in subsequent sections. Their coefficients
are T, and T, respectively. The contribution to T
of the (N+41)-rung diagram is denoted Ty and the
contribution to 7' is denoted T'1y.

In Sec. IT we describe the vector-meson model we
investigated. Section IIT A contains the calculation of
the asymptotic behavior of terms in the spinor poly-
nomial which lead to Egs. (1.2) and (1.3). Section III B
shows that the remaining terms in the spinor poly-
nomial do not contribute to the leading asymptotic
behavior of the N-rung graph. In Sec. IV we evaluate
the asymptotic behavior of truss-bridge graphs.

After our work was completed we became aware of
Chang and Fishbane’s® calculation of W in a ladder
model with spin-} nucleons and pseudoscalar mesons.
They use infinite-momentum techniques to evaluate
the leading behavior of graphs. If one keeps only the
leading w behavior (corresponding to keeping only the
leading pole in the Mellin-transform variable, 7=™ in
their notation), then their results agree with our
Eq. (1.5).

II. LADDER MODEL WITH SPIN-} NUCLEONS

The model we use to calculate the forward Compton
amplitude for massive photons scattering off spinor
nucleons assumes that the amplitude is a sum of ladder
graphs in which neutral vector mesons are exchanged
between the external nucleon legs (Fig. 1). We further
assume that the vector-meson-nucleon interaction
Hamiltonian density is given by :gfy4B*:, with B* the
neutral-vector-meson field, and we use the vector-meson
propagator in the Feynman gauge, i.e.,

—ig,“,/(kz—M2) .

Since this neutral-vector-meson-nucleon theory has a
conserved current, the effect of the k,k, part of the
vector-meson propagator is expected to be canceled
when all graphs are summed.

We now proceed to evaluate the integral correspond-

(1;684)1). Drell and J. D. Walecka, Ann. Phys. (N. Y.) 28, 18
58S, J Chang and P. M. Fishbane, Phys. Rev. D 2, 1084 (1970).
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ing to Fig. 1 with the nucleon spins averaged:

I —1<—ig2 N/ Nd4k
R, (21r)4> AT a%)

><Tr[w<k1+q+M>vaNJ/(§ (2= 12))

><<I_fj: [kia—h)*—m D (p—k) =]

XUg+k)*=M7], (2.1)

with Py given in Eq. (A1), m the neutral-vector-meson
mass, and M the nucleon mass. The denominator fac-
tors can be exponentiated through use of the identity

1 0
- = —i/ dz et (LP—M2+ie) (2.2)
L2—M?+-ie 0

The Feynman parameter associated with each line is
shown in Fig. 2. In addition we introduce the momenta
Ag,A41, ..., An, as shown in Fig. 2, into the exponential

k|+A| 4 BI k[+A|
A—Ay ka—k Q A—A,
kKa+A 17, Balko+A,
A=Ay kz=k, a, A=Ay
—— e [ — e D e e e __.—————-;
An-imAy | K=Ky Ty An-1—Ay
SN N INZ TN TN T N
kN+AN A BN kN+AN
Ay an | An

F16. 2. Ladder graph after introducing the momenta
4; and Feynman parameters a;, 8;, and 7.
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only:

1 g2 N p» N
Tva= _"( ) / dQ/ H d4kj ®Pwn
am\@n)Y J,

Xexp{iao (kr+g+A40)*—M*]+ian[ (p—kw)>—m?*]

i é Bortr )L A, 1]

N—-1

+1 Z a,[(k,+1—kr)2—m2:]} ’

r=1

(2.3)

where ®y=Tr[v.(g+k1+M)y,Py] is unchanged from
Eq (21) and dQ=daoda1- . -daNd31~ . ‘dBNd'Yl' . 'd'YN-
We now replace loop momenta in ®y with derivatives
with respect to the introduced momenta A4;. Thus g-+k;
is replaced with (2¢aq)~*y*(8/8A4¢*). Similarly, in each
monomial term in Py, k;, is replaced with

[2i(8;+v) 17" (8/04,#).

If a given loop momentum appears quadratically in any
term, then the following replacement is made:

1
- [27:(67‘“"71')]2

Rk v

62
—_— =2 Dew |- (2.4
X oo ~ 2018 |-
Setting all A4;=0 after applying these derivatives
would give the original expression for ®y.

Since @y is no longer a function of loop momenta,
the integral over the N loop momenta is now the same
as one would encounter in, for example, a ¢3-theory
calculation. Following the usual procedure,” the loop
integrals can be evaluated and the result is

’l: g2 N
e )
4M\167%

© dQ
X/ —(®nePAC) 4o preeran=0, (2.5)
o C?

where C and D(4) are Feynman-parameter polynomials
given in Egs. (B4) and (B6).
III. VECTOR-MESON-MODEL CALCULATION
A. Leading Terms
In Appendix A we show that Py may be written

N
Py=Py*+Py%+3 Prk;,
=1

"R. J. Eden, P. V. Landshoff, D. I. Olive, and J. C. Polking-
horne, The Analytic S-Matrix (Cambridge U. P., New York, 1966),
pp. 151-154.
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where Pyt is a scalar function of momenta for i=ga, b,
1, 2, ..., N. Before replacing the loop momenta with
derivatives with respect to the 4;, ®x would have been
written

N
10N =gu[MPy*—(g+k1) - (pPn*+3 kiPyi)]
=1
N = .
+(g+k)u(pPw*+ 2 kpP )
=1

N
+(q+k)(puPr+ X kjuPyi).
i=1

Our first task will be to find the asymptotic behavior of
the term in the Feynman integral corresponding to
(¢+-%1) up,Pn®, which is in many respects the easiest to
evaluate and the best for illustrating our method. In
Appendix A we show that

N
Pyt=2"]I (k2—M?),

=1

and if we had inserted this expression in Eq. (2.1), we
would have been able to cancel N factors in the denomi-
nator and thus have not had to introduce N Feynman
parameters vy, s, - - ., Yn. Taking advantage of this, we
drop the J](k2—M?) factor in Px?, set v;=0 for all j
(dropping the v, integrations), and introduce a factor
of #¥ to compensate for the unnecessary factors of —i
introduced by (2.2). Thus the contribution of the
(g+F1)upyPn® term to Ty, becomes [using Eq. (B6)]

i/ @\Y [2dQ/ 1 9
o S [ st
M 87['2 0 C2 Z'iao aAo" Ag=Al=++e=

©dQ Pnd1N+9M

——_¢iDIC

6
M \8x?/ Jy C2 C

where it is understood that all y; are set equal to zero
in the expressions for D and C which are given in Egs.
(B4) and (B13):

D =D(0) =aog2(pd1N+C’) +]C s

with C’=C[a0=o, d:[j=a-;ai+1' <+, and p=2g-p/q2
(w=1p|). We keep the p.p, part of 3y, since it will
eventually lead to a contribution to T:

7 g2 N px a0
= ——<—'—> / ——lee"D/C.
M \8x2 0o C3

The use of the Mellin-transform technique’ will
enable us to find the leading asymptotic behavior of
JCy. We first determine the leading |¢?| behavior of
JCx for fixed p.

The Mellin transform of 3Cy in w=¢?| is®

3.1)

(3.2)

8 Reference 4, p. 312.
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J"cN=/ dw w130
0
7: 2\ N
-~ (£) ir=n
M \8x2
® 40 .
X / divan™(pdin+C)e? | Ren<0.
0 C3+'1

Hy is defined for Ren> —1 but becomes divergent at
n=—1 since the oy integration then diverges. There are
additional divergences in 3Cy at n=—1 which can be
brought out by scaling over various sets of Feynman
parameters. Let

Qo =%¥1%2%3" - * XN,
QA1=%1%2" * XN,
Bi=x1- - -xNB1=2%1" - can(1—éo—ay),
Qy=X9X3" * " XNQ2,
Ba=1x0%3" - 'xNga
=293 - -any[ 1 —x1(Go+ai+PF1) —a], (3.3)

Qz=Xx3%4 * - XNO3,
aN=%¥NaN,
By =unBy=xx[1—212s" - - wx_1(G0+a1+B1)

— x93+ - Xy_1(Ga+Ba)

— o —wy_1(@y—1+Br-1) —én].

The Jacobian for this transformation is xi%ws%xs®- - -
xx* and the homogeneous polynomial C becomes
X1%e%x3%- + - xx Y C, where C is the same function of &; and
B: as C was of a; and B;. Under this transformation
Fx becomes

dx1dx2

e

Xdiv(aotare: - - x5)"(pdiv+C’)e §(1 —&o—i1—B)

X 8(1 —w1(Go+a1+PBr) —éz)- - -,
where d{}, diy, and C have a; and 8; replaced with &;
and B;, and each term in J contains at least one factor
of «; for some 4. The Dirac § functions §(x) implement
the constraints in the scaling [Eq. (3.3)].

We can now partially integrate N-+1 times and
exhibit the integral’s singularity at n=—1:

1: g2 N
Rorm (— ¥+ (—~> T(—n)
M\8x2
xN)"“ gN+1

<J o] o
(D

d1N(pd1N+ C')”
o

(aox1x2

6&06x16x2~ . c')xN

——e" (1 —ao—a1—B1)

C3+n
X (1 —a1(@o+a1+Br) —ds) - - ] )
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with dx=dx1dx,- - - dxy. Since the leading singularity is an (W+1)th-order pole at n= —1, the leading asymptotic
behavior of 3y in |¢?| (for fixed p) is given by |g?|~(NV!)~'(In|¢%|)¥ times the residue of 3y at n=—1:

(3.4)

o —
YU M@V 8

where we have dropped the tilde over the Feynman
parameters and let d9 =daidas- - -dandB:dBs: - - dBy.
Equation (3.4) displays the leading |¢?| behavior of 3¢y
for fixed p.

We now find the leading p behavior of the remaining
Feynman-parameter integral. This corresponds to going
to the Regge limit. The Mellin transform of Eq. (3.4)
inw=p gives®

1 /gin|g’|
M@ N\ 82

)A (—m cscmn)

14Q dawt16(1—a1—B1) - - - (1 —an—Bx)
X/ . (3.5
0

C’:H—rl
There is a pole of order 1 at n= —1 due to the cscmy
factor and a pole of order N+41 at n=—2 due to the
cscmrn factor and the poles which appear upon partially
integrating with respect to a1, as, ..., ay in the same

manner as above. The result, after evaluating the
residues at the various poles, is

U gy
Iy — >
MgpNI\ 82
1dQ6(1—a;—B1)6(1 —az—B2) -+ - 6(1—ay—Bw)
X
J 0 Cl2

1 (8K In|q?| lnp)N

Mgl (V) N\ a2
where
LdB 6(1—-B)
= —#;*=1. (3.6)

The first term gives no contribution to the absorptive
part of T, when summed over N so we drop it from
consideration. Thus the contribution of the

pulq+ka),Pn+p.(g+F) Py
term to the p.p, part of Ty, is
—2pupy  (gKiln[g*| Inp\¥
M@ (V)N 8x2 > '

(3.7)

The next term we examine is —g,,(¢+%1) - pPn" The
calculation of the leading contribution of this term to
Ty is very similar to the calculation just completed.
The Feynman-parameter integral for this term is given

® Reference 4, p. 308,

1 (¢ lnlqgl)N / 14 dyyd(1—a1—B1)6(1 —as—Ba) - - - 5(1—ay—B)
0

>

C"(pd1x+C")

by the right-hand side of Eq. (3.1) with x and » summed:

—iguw/ g2 \V [* UM din+p-qC')
9Nw= : <—> / elD/C, (38)
M \8x2 0 C3
where y1=v,="-- - =yy=0. From our previous calcula-

tion it is evident that the part of Gy, corresponding to
$-qC’" will dominate the leading part of Gu,, by a factor
of pg-p/M? compared to the M%diy part of the Gy
integral. The relative factor of p is due to the suppression
of the leading pole from n=—1 to n=—2 by the dix
factor in Eq. (3.5). This factor of ¢-pp is the only
difference between the two calculations. Therefore the
leading contribution to T, coming from the term
—8w(gtk) - pPn®is

—gwqp <g2K1 In|g?| 1np>N
M@V 8

g /92K1In|g?| Inp\¥
- " ( : > . (3.9)
2M(N )2 8z

In Sec. III B we calculate the leading behavior of
the remaining terms of ®y. Although there are terms
with exactly the same leading |¢?| and p behavior as in
Egs. (3.7) and (3.9), a remarkable cancellation takes
place in the numerical coefficients of those terms pro-
portional to p,p, and g, so that the final numerical
coefficients are zero. As a result, Egs. (3.7) and (3.9)
give the leading behavior of tke p.p, and g, parts of
Tnw- Section III B may be skipped without loss of
continuity by the reader who is more interested in the
results.

B. Completion of Spinor-Nucleon-Model Calculation

In this section we evaluate the contributions to the
leading behavior of Ty,, from the terms

N N _
(Q+kl)u Z kijNj+(q+k1)v Z kjuPNJ
j=1 j=1

N
+guv[MPNa_(q+k1)‘ Z ijNj:].
=1

The first term we consider is

N
(g+k)y 2 kiPyi.
j=1
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According to Appendix A, Py has the form
_ -1 N—j
I)szzj‘1 H (krz"Mz) Z Z Bjelew' : 'BesN'Hy
r=1 s=0 (e}
with {e} ={enes,.. .6}, j<er<es<: -+ <e; <N, and
i—1
Bi=2(4 M2 =2k k) TT (k2—M?).
r=1+1

Since we are interested in the leading behavior of T s,
we approximate B;’ by

j—1
Bi~ =21ty T (h2—M),

r=i+1

(3.10)

and as a result we obtain an expression for Py which is
exact to leading order:

_ N N—j
Pyi— 2V ] (k2—M?) 2 (=2)*+
5=0

i=1
kJ"kelkel'kez‘ . 'ke,-l'keskes'lb
oM .
@ (2 —M?)(ko?—M?)- - - (ke2—M?)

e-p STRUCTURE FUNCTIONS: - .

(~DHip
(Q+kl)vk:iukj : k€1 te ke,_l 4 keske, p—

X
dA¢IA A 0”10 A 450104 0720 A 30y + - 0 A 4y _1vyp 1044, 1A »

where we have expanded the factors and summed over
the indices of the gos which appear. We have also let
eo=7 and Z;=Bi+7vi. The m=0 term in the sum is

(=1)stp, el
(20)2aZ oZ o+ + Loy OAG

We have applied these (2m+1)-order derivatives to
¢’PIC in Appendix C and found that the part of the
resulting polynomials that gave contributions to the
leading behavior of the p,p, part of Ty, is [Eq. (C10)]

m /D5 2t
Dubv 22 <—C_> (=1)"f(m,)din(donp-q)™ "

h=0
XH Cri1’Cy, (311)
=1

where f(m,k) is an integer and C;f is a Feynman-
parameter polynomial defined in Appendix B. After
substitution of these expressions into Hy,,, We obtain

ipupy( §\N X N
Hyp— 22 (—) 53 (—1)n
M \8n2%/ i=1s=0

s+1 m

XX X X 2 ip-q)m Pt f(m,h)3Cier ()N o,

{e} m=0 {v} A=0

(3.12)

(21) 17 Toor < 7 gy m=0 {v) ;1< "
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Following the same procedure as in the calculations
of Sec. III A, we cancel N—s—1 factors in the de-
nominator of the integral in Eq. (2.1) and of the NV v,
only keep the parameters v;, Yoy, Yez Yess * * *s Ve Lhere-
fore, with all v; equal to zero but these, we obtain the
following contribution to Ty,:

1/ g\ N N * dQ
= ALY £ T iy, [ 2
M\8%?%/ i=1 s=0 @ J, C2

X[(q_l_kl)kaﬂkj' kelkex ¢ kc2' te kcs‘ P
XePWDIC] 4o .m0,

where it is understood that the loop momenta in the
integral represent derivative operators. The derivative
represented by (g+Fk1), is (2iag)™* 9/0A¢ and use of
Eq. (2.4) for the remaining s+1 pairs of derivatives
leads to the following derivative expression:

s+1 (—1)m

o 2™ Z W Z v+ Z yto
€s.

Q2mtl

vic{eoer, ...,

¥m

with

o 0 dQ eiD/Cle(d0N>m7h
et} o=
[ 0 C2m+3#hZ%ZEI,.,Z%

>< H Zverr—IOCNvT . (313)
r=1

The calculation of the asymptotic behavior in |¢?| for
fixed p of the integral in Eq. (3.13), and then the leading
p behavior, is similar to the calculations of Sec. IIT A.
The Mellin transform in |g2| of 3C(c(,}¥*™* is

Roltn)Vemt =41T(—9)
© 1Q lem—-h+1a0m‘h+n(pd1N+C/)neiJU
X
ﬁ ZeoZe1' . .ZeaC2m+3—h+11

b

where

U=11I Z4,Co—1"Cn"r.

r=1

If we scale as in Egs. (3.3), modifying the scaling to
include the ., for ¢=0,1,2, ..., s,

Ye; =%Xe;Xes+1" * 'xN');e“

and including 7., in the appropriate é§ functions, then
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we obtain
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~ ‘ Loy .de(lem—hH(&oxlxz. C gy
GC<31(.,}N*""”=1"I‘(—’7)/ dQ/
0 0

(odyn—+C")ei7 U5(1—dg—as—fB1) - - -

ZaZ o -2 o Comts=trin

Partially integrating with respect to &o, 41,22, . . ., ¥y gives a pole of order N+1 at n=h—m—1. This implies that

the leading |¢%| behavior (p fixed) is

3C{e}tp} N omh—

(3.14)

(i]g*|)m+-"N

after evaluating the residue at n=h—m—1.

We now investigate the |p|>>1 behavior of the re-
maining Feynman-parameter integral in Eq. (3.14).
The Mellin transform in p is?

T'(m+1—h
”—(m ~——)——(1n|q2] YV (—=1)" [ —m csc(an)]
VGl

—n—1\ [1dYdiy™ MU 61— —Br)- - -
X( >[) ZeoZel‘ . ,ZesC/2m+3—h+n )

m—h

Partially integrating i, as, -+, ay exhibits a pole at
n=h—m—2 of order N+1 [counting the pole due to
csc(mn)]. This is the leading pole which results in an
eventual contribution to the absorptive part of T'yy.
The leading behavior is

—(m~+1—"h)!(In| ¢%| Inp)¥

JC{G)(v}Nsmh___) - - K N—s«1K2s+1’
(1] g*| ) "i| g?| p2(N'1)?
with K; given by Eq. (3.6) and
LdBdys(1—B—)
= ————— . (3.15)
0 (5+7)2

The factors of K, come from the s+1 v,’s which
occurred in this calculation. There was a pole at
n=h—m—1 of first order due to csc(mn) which we
ignored since that term does not lead to a contribution
to the absorptive part of T,.

If we put the last expressions and Eq. (3.12) to-
gether, we obtain the leading behavior of the p,p, part

of (g+k) L kinPri+ gtk kP
—2pupy 2Ky 1n|g?| Inp\N ¥ N—i /—Ka\*+!
pupr  (§R1INIG p) L Z( >
MIgp(N)N\ s X,

N\ o4t 51\ m
x( j) > ( )z (—tym
s m=0 \ m / h=0

where the sum over {e}, such that j<ei<es<-:-€, <N,

was replaced by .
=J
s

7=1 s=0

(3.16)

I'(m~+1—h)(In|g?|)¥ /1 Ay T6(1—a1—B1) -+ (1 —Goi—Boi—F o) * -
0

Zeo. . .Zesélm+2(p(zw+(j/)m+1—h

which counts the number of these (identical) terms, the
sum over {v} was replaced by

()

m

for similar reasons, and we used 2p-g=—|g¢*|p. In
Appendix C we prove that

3 (=DM m—ht- 1)1 (mh) =1
h=0

for all m. Substituting this into Eq. (3.16) and noting

s+1 /s+1
3 e
m=0 m
proves that the numerical coefficient is zero and that
these terms do not contribute to the leading behavior
of the p,p, part of T'ypu.

We now find the leading behavior coming from

N
—guw(gtky) 20 kiPy7.
=1

The calculation proceeds in the same manner as the
previous calculation. However, the polynomial resulting
from applying derivatives to ¢?4)/C has a different
leading part. Instead of having the leading part given
by Eq. (3.11), we now have the expression given by
Eq. (C13):

me1 /04 2mt1—h
Z <E> (=1)mp-gC'(dowp- )™ "

h=0

Xfl(mJl) H Cvi——IOCNw 5
=1

with fi(m,k) an integer.

The calculation with this expression is virtually un-
changed from the above except for the pole being shifted
one unit to the right when the |p|>>1 behavior is being
found. Thus the contribution of this term is

1 g?K1In|g?| Inp\¥ ¥ N—j /— K\t /N —j
( )2z () (V)
2M(N!)? 82 = 2\ k&, s
841

S+1 m—1
X Z=:0< " >(_1)m Eo (=D"m—h)!f1(m,h).
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In Appendix C we prove that

¥ (=)A= Lfa(m) =1

h=0

and, as a result the numerical coefficient, is zero. Thus
there is no contribution to leading order from these
terms.

Finally, a calculation similar to the above for the
leading part of the g,,Pny® term shows that it is a factor
of In|q?| less than that of Eq. (3.9) and thus does not
contribute to leading order. There is also a part of
(q+k1),> ki Py? proportional to g, (after evaluating
derivatives of ¢:?(4)/C) which is a factor of In|g?| less
than that of Eq. (3.9).

In summary, no terms investigated in this section
contribute to the leading behavior of the p.p, or gu
parts of T'wu,.

IV. TRUSS-GRAPH MODEL

In Sec. IIT A we used factors of &;2—M? occurring
in the spinor trace to cancel factors in the denominator
of the Ty, integral of Eq. (2.1). The denominator
factors we canceled corresponded to the Feynman
parameters vi, v, ..., Yv. If we had considered the
alternative possibility that the Feynman parameters
B1, v2, Bs, ¥4, ..., corresponded to the canceled de-
nominator factors and eliminated these parameters in
the subsequent calculations, we would have been
essentially calculating a truss bridge which Bjorken
and Wu?® have studied (Fig. 3). Except for numerical
factors and a factor of dix/C, the integral of Eq. (3.2)
is the truss-bridge-graph integral of Bjorken and Wu.
The factor of dyx/C changes the final result by a factor
of p. Thus it is no coincidence that their result involves
a Bessel function 74(x) in a similar fashion to our results
[Egs. (1.2)-(1.5)] for spin-3 nucleons. Since they con-
sidered a meson theory with mixed ¢3-¢* interactions,
it would be interesting to see if we could obtain the same
behavior in such a model of spinless particles as we
found for spin-} nucleons.

The interaction Lagrangian is given by

5(2m)*ge*+3(2m)° G —iedd A+ .

We associate ig/m with a three-point vertex and G/x?
with a four-point vertex following Bjorken and Wu?
(with masses set equal to 1). The virtual Compton
amplitude corresponding to Fig. 3 is

“.1)

® JQ
T = —g'GV-1 / SLQkt0), bk,
0

XePWIC 4 ponmo, (4.2)
where the loop momenta in brackets represent deriva-
tive operators and we use the Feynman-parameter
expressions of Appendix B with appropriate parameters
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q ay qtk q
k 17 a, kp—kK Bi| ki
ks—ks
k|7 %2 Bal kg
ky—kKs
as

S

Fic. 3. Typical truss-bridge graph.

set equal to zero. After applying the derivatives, we
find that the leading part of T'; is contained in

“ dQ
Tay~ —4g?GN-1 f —diy%e?C, (4.3)
o C*

which has the asymptotic behavior |g2|='f(p) as
|g?| — for fixed p. If we follow the same procedure as
we did in Sec. IT, we find that the leading asymptotic
behavior as |¢?| —c with p fixed and |p|>>1 is

4g2(GK1)N=1(Inp) V-1
l¢?p*(2N —1)!

Ton—

, (4.4)

which results in Eq. (1.7) upon taking the absorptive
part and summing over N. The reason we did not
obtain factors of In|¢?| in Eq. (4.4) is the presence of
both B; and 71 in the above integral without any com-
pensating factors in the integral’s denominator to en-
hance its asymptotic |¢?| dependence through scalings
such as Eq. (3.3).

The situation for the leading part of T is quite
different—a factor of (814v1)~! in the integral’s de-
nominator allows us to scale as in Eq. (3.3). We begin
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with
* S
1~1NN2ig2GN—'I/ J—
o C?B1+71

The leading behavior as |¢g%| —« with p fixed has the
form |g2|~'(In|¢?|)¥fn(p) and if «>>1, we find the
asymptotic behavior

eil)/(,'

(4.5)

2

(GK1ln|q?| Inp)¥. (4.6)

Tin

.
l¢?| pGK1(NV1)?

Upon taking the absorptive part and summing, we

obtain Eq. (1.6).

V. CONCLUSION

As a result of the calculations of Secs. I, ITIT A, and
III B, we have found that the leading behavior of T'yx
in the neutral-vector-meson model is given by Eq. (3.7).
After taking the absorptive part and summing, we
obtain Eq. (1.3). Similarly the leading behavior of Ty
comes from Eq. (3.9), which implies Eq. (1.2).

We have also calculated the v; neutral-pseudoscalar-
meson ladder model and noted that the only difference
between this model and the vector-meson model arises
from constant factors. Therefore, we can immediately
obtain the asymptotic behavior of structure functions
in this model which is given in Egs. (1.4) and (1.5). The
proof that the spinor polynomials are the same in both
models except for over-all constants is in Appendix A
[compare Eqs. (A27)-(A30) to Eqgs. (A18)-(A20)].

Our results for the N =1 box graph agree with those
of Adler and Tung and Jackiw and Preparata!® in the
neutral-vector-meson model.

The truss-bridge-graph model appears to be inter-
mediate between the ¢* ladder-model calculation of
Altarelli and Rubinstein and our spin-} nucleon models

Tasie I. Scaling properties of Wi and »W, in various ladder
models. Only the |¢2| behavior of the (N+1)-rung diagram is
shown in the |g?|— (for fixed p) limit.

Nonscaling |¢?| behavior
of the (¥+1)-rung ladder
contribution to

Ladder model Wi vWo

1. All particles spinless. 1/]¢|

2. Spin-1 photons. All other In|g|/| ¢ 1
particles are mesons in a ¢*
theory.

3. Spin-1 photons. All other
particles are mesons in a mixed
$3-¢p* theory.

4. Spin-1 photons, spin-3
nucleons, neutral vector mesons
or pseudoscalar mesons on the
ladder’s rungs.

5. Model 4 with a transverse 1 1
momentum cutoff at pion-nucleon

vertices.

(nfg*D~/1¢*| 1

(njg ¥ (Infg*[)¥

10§ Adler and Wu-ki Tung, Phys. Rev. Letters 22, 978 (1969) ;
R. Jackiw and G. Preparata, sbid. 22, 975 (1969).
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in the case of Wy However, W, has the same |g¢?|
dependence in the ¢*-ladder model and the truss-bridge-
graph model. The scaling behavior of the inelastic
structure functions in the various ladder models is
summarized in Table 1.

Drell, Levy, and Yan!! have studied a model similar
to our pseudoscalar-meson model. The major difference
is their introduction of a cutoff in transverse momenta
at pion-nucleon vertices. The structure functions scale
in their model. This is apparently a consequence of the
use of a momentum cutoff.
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APPENDIX A: SPINOR POLYNOMIAL

The spinor polynomial

Py=(kit+M)y*1(kRet+M)ye2- - - (Ry+M)y*¥(p+M)
X'YaN(kN+M)'YaN_1 Tt (k2+M)'Ya1(k1+M) (Al)

can be calculated from a set of recurrence relations. If
we let Ly, 1-:=Fk;, then

Py=(Ly+M)y*Py-_1va(Ly+M), (A2)

with Po=p+M. A simple induction in which the form
of Po and the recurrence relations to be derived play the
key roles proves that we may write

N
PN=PN“+PPN"+Z PxiL;,

1

(A3)

with Py’ being a scalar function of inner products of
the momenta.

Using Eq. (A3) on both sides of Eq. (A2) and the
Dirac algebra of the v matrices, we obtain the following
recurrence relations:

Pye=4(Ly*+M?*)Pyn_1*—4Mp- LyPy+®

N-1

~4M L Py'Li-Ly, (A4
Pyt=2(Ly*~M?)Py_st, J (A5)
Pyi=2Ly*=M*)Py_y, j=1,2,--,N—1  (A6)
PyN=8MPy_1*—4p- LyPy-1"
N—1
—4 2 Pya'Lj-Ly. (A7)

=1

We now solve this set of recurrence relations. Equation

1S, D. Drell, D. J. Levy, and T. Yan, Phys. Rev. Letters 22,
744 (1969).
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(A5) implies momenta k;= Ly, 1_;:
N N
Pyt=2N ] (L2—M?), (A8) Pyt=2NTT (k2—M?) (A18)
=1 =1
and
and similarly Eq. (A6) implies _ i1
Pyi=PyN+1-i=21 [T (k,2—M?)
N r=1
Pyi=28-ipi 1] (L2—M?) (A9) N
=j+1 X Z . Z Bia1
for j=1,2, ..., N—1.In addition, Eqs. (A4) and (A7) 0 TSmsas e gV
lead to X Bg,%- - 'Baa_lasBaaN+1; (A19>
with
PN"—'MPNN=4(LN2—M2)PN_1‘Z. (AlO) a1
. . B a—_—2 4a—bM2_2a—bka.k kr2___M2 A20
We now iterate Eq. (A10), which results in ’ ( " T=I,;I+1 ( ) (420)
2 N ; —p P -
Pye=M Z’V: av-ipi T (Le—M?),  (AL1) and the conventions ky 1=p, Py¥*1=1, and
=0 =51

with Po®=1. The use of Egs. (A11), (A8), and (A9) in
Eq. (A7) enables us to put Py¥ in the following form:

N—1
PyN¥=73% APy,

=0

(A12)

where

-1
AF=2(M4~—L;-L27%) [ (L.2—M2). (A13)

r=1+1
Equation (A12) leads directly to the solution for PyV:
N—1

PNN=Z Z

s=0 1< 1<2< - - <i5<N

A1 A ;%24 % -

A 54N, (Al4)
with the s=0 term being 4," and with Ly=p. We have
now solved the recurrence relations since Eq. (A14) can
be used in Egs. (A9) and (A11), respectively, in order
to give

N
Pyi=2%=1 T (Le—M?)

i=g+1
j—1
X2 > Aody® - 47 (A15)
§=0 1< 1< - - <is<d
and
N N
Pye=M ¥ 43~ ] (Lé—M?)
=0 i=j+1
-1
X3 > Aord - 457 (A16)
§=0 1< 1<+ - <is<y
N .
=M Z IN=IP i, (A17)

7=0

We now express (A8) and (A15) in terms of the loop

II (k2—M2)=1

r=a+1

whenever it occurs. The reason for having the super-

script N41—1 on Py7in Eq. (A19) becomes clear when
we rewrite Eq. (A3):

N
Py=Pyno+pPnt43 PyVti—ik;

i=1
N ~
=Py tpPyt+Y Pyiki. (A21)
=1

The spinor polynomial for the y5; meson-nucleon case
can be calculated in a similar fashion. Let Py¢, Py b and
Py’ be defined as in Eq. (A3). Then using

Py=(Ly+M)ysPyn_vvs(Ly+M),
we obtain the following recurrence relations:
Pyo=(Ly*+M*Py_1*—2Mp-LyPy_1*

N-1

—2M ¥ PyyLi-Ly, (A23)

=1

(A22)

Pyb=(Ly*—M?)Py_,?,
Pyi=(Ly*—M®Py_gi, i=1,2, ... N—1
PNN=2MPN_1“—217'LNPN_1I’

N—1

—2 3 Py_yLj-Ly. (A26)
=1

j=

(A24)
(A25)

If we proceed in exactly the same fashion as the previous
case, we obtain

N
Pyt=1] (k:*—M?2),

=1

(A27)

N
Pyo=MY PyN+-i

7=0

(A28)
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j—1
P]\rj=H (k,«z"—M2)

r=1
N—j
X Z Z Eijalaz' : .E%NH ; (A29)
s=0 j<a1<-<asg N
with
-1
Ei=2(M>—ky-k;) II (B2—M?),  (A30)

r=i+1

and the convention Py¥+1=1, ky = 9, and

IkI . (ks> —M*)

r=k-+
is taken to be 1 wherever it might appear.

APPENDIX B: POLYNOMIALS C AND D
We define!? C;i=C¥(a;, aiy1, « -« -, @y Bir1, Bivay - . .y Bj,
Yirty Vig2, - -+, V) to be the homogeneous polynomial
(of order j—i, in the Feynman parameters) which is
associated with the graph obtained from Fig. 2 by
deleting all lines above the rung labeled with «; and
below the rung labeled with a;. Thus the polynomial C
associated with the entire graph in Fig. 2 would be
denoted Cy°. If we let
dij=aia,-+1- t oy (Bl)
for i< 7, then the recurrence relations for the Cj are
given by

Cii=di1, ;4 (@itBiprtyi) it

1
+ > i1, 1(Brrrtyer)CF (B2)

k=i+1

=di, i1+ (@B +7i)Cia’

j—~1

+ 2 i i—1Brtvi)Cr—a?, (B3)
b=t 1
with Cy*=1. In particular,
C=Cx'=din+(o0o+B81+v1)Crt+ar(BeFv2) Cu?
4+ dinvaBrtyy)  (B4)

=dg,y—1+(ex+Bn+vv)Cr—+on_1(By—1+vyn—1)
XCn—o®+- - Fdi,n—1(B1+v1). (BS)

The homogeneous polynomial D of order N+1 in
the Feynman parameters and containing scalar products

12 Reference 7, pp. 34-36.
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of the external momenta in Fig. 2, has the form

N
D=G(g+p+4 0>2+~>:1 Lg+40—A4)GA-(p+4:)H.]

+ ¥

1,7=1, (4<7)

~§ [M(B Ay +miailC, (B6)

with G, G;, H;, and I;; functions of Feynman parameters
only. We now give the explicit form of these functions
which follow immediately from rules given in Ref. 8:

szON 3 (B7)
Gi=dy,i—1(8i+v:)Cy*, (B8)
H;=d;n(Bs4v:)Cia®, (B9)
Iij=di,;1(8i+v:) B47;)Cis'Cy. (B10)
If we note that Eqs. (B4) and (BS) imply
N
G+§1 Gi=ay(C—aCyY), (B11)
N
G—}—;1 Hi=ay(C—ayCy_1"), (B12)
then
D(0) =D 4 t1=..=an=0=toq*(pd1+C")
FanM ¥ (C—anCr_1°) —a M °C
N
—C 2 [M2(Bitv:)+mei]
=1
=aog2(pd1N+C')+JC, (313)

with p=2g-p/¢* and C' =C—a¢Cx'=C| ypmo.
We now calculate ‘

Li=% Li+3 Iy

k<j k>j

from Egs. (B2), (B3), and (B10):

-1
Ii=(Bi+v,)[Cx’ kE dr,i—1(Be+v1)Crt®
—1

N
FCit® 2 dipa(Brtvi)Cr¥]

k=j+1
= (Bi+7)[@j1Cn¥(Cia"—dy j—2—a;j 1Cx )
+0,Cia"(Cxi—dip1,y—Cnitla;)]  (B14)

for j=2,3, ..., (N—1). For j=1and j=N, I, has the
following form:

I1=(B1+v1)er(Cxyl—doy —a:Cy?), (B15)
Iy= (BN“"'YN)CYN—I(CN—lO —do,y—2—an-1Cn_2"). (B16)

The functi(?ns I; occur in the polynomials resulting
from applying derivatives to ¢?@/¢ i Appendix C.
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APPENDIX C: DERIVATIVES OF exp[iD(A)/C]
We begin by defining the following quantities:
(2)y=pudinCi1"—q,doiiCn*, 1=1,2, ..., N (C1)
(0),=pudin+q,C", (C2)
(’L]) = "'di,’_IC{_f’CNj, 7,<], ’l:, j=1, 2, ey N (C3>
(07) = —d1;i—1Cx*, =2,3,..., N (C4)
(01)=—Cn*, (C5)
@i-1Cn(Ci1®—ai1Cig®) FaiCinst(Cat—aCyY)
(12) = , 1=2,3, ..., (N=1) (C6)
Bitys
(@o+a1)Cnt—a?Cy?
(1= ) (o))
Bi1t+v1
(av+on-1)Crna®—an—12Cy—o°
(NN)= (C8)
Bn+vwn

These definitions will enable us to calculate the derivatives of ¢?P(4)/C for the general case and write the result in
a compact form. The following examples of second- and fourth-order derivatives illustrate the use of quantities
defined above (ki, ks, k3, and k4 are integers from the set {0,1,...,N}):

( 1 0?
L1l rs 041720 Apt -

21 21\?
eiD (4) /C> = I:—"gvlvz(klk2) + <—> (kl) Vl(k2)v2]eiD e )
4=0 LC C

4+ 1 9
[(H )6“) (A)/C] = { (2$/C) 2[g1'1v2(k1k2)gvsw(k3k4) +gv1v3(klk3)gv2u4(k2k4) +gvxugv2v3(klk4) (kzkz)]
=1 ij aAkj"7 A=

+ (Zi/C):;[g,l,,z(klkz) (k3)vs(k4)u4+gnva (k1k3) (kﬁ)ﬂ(k‘i) V4+gvlv4(k1k4) (k2)v2(k3)r3+gx'2v3(k2k3) (k 1) vx(k4) V4
+ Ga(koks) (B1) o (k3)vatgoava(kaka) (k1)us (ko) ]+ (21/C)4(Rr) s (k2)sa(ks) s (Rea)si} €21

with Z;=8:;+v: (and Zo=ay). It is clear from these
examples that the terms in the coefficient of each (2¢/C)"
are isomorphic to the permutations in a certain class of
the symmetric group. Thus g,,(k1%2)gq,(ksks) corre-
sponds to the permutation (12)(34), and g,,(kiks)
(k3)us(ka)y, to (12). This isomorphism gives us an algo-
rithm for determining the coefficient of (2¢/C)" from the
appropriate corresponding class in the symmetric
groups. As a result, the fourth-order derivative ex-
pression may be rewritten

(2¢/C)2{ 22} 4 (21/C)3{ 212} 4+ (25/C)*{14} ,

with the terms corresponding to each bracket easily
determined from the class of .Sy (the symmetric group on
four objects) having the cycle structure given in the
bracket.!3

The general case of the pth-order derivative operating

18 M. Hamermesh, Group Theory (Addison-Wesley, Reading,
Mass., 1962), p. 25.

on ¢!PMIC i given by

» 1 0
(H—_— e’iD(A)/C>
i=1Z5; 041} A=0
24\ hithe
= Z <-__) {2h21h1}
hit2he=p \ C

[p/2] /20\P~h
=3 (—) (202, (C9)
=0 \ C

with [p/2] being the greatest integer less than p/2, and
the terms in {2*17~2"} isomorphic to the permutations
in the class of .S, with cycle structure 2#17—2%, With this
expression for the pth derivative, we can proceed to
evaluate the parts of these Feynman-parameter poly-
nomials which contribute to the leading behavior of the
(N+41)-rung diagram integral.

We now investigate the polynomial resulting from
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applying the derivative (0< Li< Ly< - - < Ly,),

(P ao I:il Z1:%)

a2m+l

b

X
A 0”8A Ll"aA le"aA LGaA L% 94 Lme_laA Lm)\

to ¢?? /¢, This polynomial, denoted

m 27\ 2mt1—-h
Z <_(§> {2h12m+1—2h} ,

h=0

will be shown to give the following contribution to the
leading behavior of the p.p, part of Tu:

h=0

m 2’L 2m+1—h
Duby 20 <’E> (— l)mf(m;h)

Xle(dONP‘ Q)m*h H Cri1%Cy*e y (ClO)
=1

with f(m,h) an integer.

Since factors of a; in the numerator of the Feynman-
parameter integral suppress the leading behavior of the
integral, we wish to find the part of {2"127+1—24} with
the minimum number of such factors. More precisely,
given two terms in the polynomial, count the number of
powers of g-p and ¢* in each term and divide by doy
raised to the respective power in each term. (Owing to
the variables in which we have chosen to find the
asymptotic behavior of the Feynman integral, the
integral’s asymptotic behavior is unaffected by factors
of ¢2doy or g- pdoy.) The term now containing the least
number of powers of g is leading. Should they be the
same, then the term with the least number of different
a; is leading, etc. These considerations imply the follow-
ing rules: (i) If a factor of (L;)«(L;)® occurs in a term,
1<, then —g- pdor;—1dL,nCn*Cr;_1* is the leading part
of this factor; (i) if (L;)n occurs in a term, then
—q\dor,—1Cx%i is the leading part of this factor; (iii)
any term with (L;L;) as a factor is not a leading term
since there are other terms in {2*127+1=2:} in which the
two L; are in combinations contributing a g¢-pdox
factor (for example), while in (L;L;) they contribute a
factor of az; or az;,—1; (iv) for reasons similar to those
given in (iii), terms with factors having the form
(L:L;)(L:Ly) or (L;L;)(LxL;) are also not leading. As a
result of these rules, we can calculate the leading parts
given in the following examples:

{121} — (=1)mdun(p- gdow)™ ﬁ Cria"Cx"pupy,
=1
m+1
{21271} — (—1)”‘( ) >duv(1)"IdON)m_1

XH CLi—IOCNLiPMPV ’
i=1
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where

m—+1
f(m,1)=< 2 )

counts the number of leading terms in the second
example, which is the number of distinct choices (ab),
where a<b and a, 5&{0,L1,Ls,. . .,Ly}.

The leading part of the general term {2#14m+1—2h} g
given by the Ath term in the sum of Eq. (C10). The
factor (p-qdoy)™ " arises from 2m-+1—2k(L;)o(L;)g
factors occurring in each term of this set. Because of
rules (iii) and (iv) given above, the number of leading
terms f(m,h) is the number of distinct objects

(a1b1)(a1bs) - - - (anbn) ,

which can be formed by all possible choices of a; from
the set {0, 1, 2, ..., m—1} and b; from the set

{1, 2, ..., m—1, m} such that a;<b;, no integer occurs
twice in the set {ay,as,...,a1}, and no integer occurs
twice in the set {b1,b,. . .,0:}. Two terms which are the

same except for the ordering of the factors (a;b;) are not
considered distinct.

A recurrence relation for f(m,h) can be easily derived.
The number of objects formed above in which a factor
(am) occurs for some 7 is given by

fim,h)—f(m—1, k).

We now consider how this set of objects containing a
factor (e;m) can be formed. One method would be to
take the set of objects enumerated by f(m—1, h—1)
whose general term is

(albl) (dzb2) e '(ah—lbh—l)

and to each term in that set add an additional factor
(ajm). The possible choices for a; are limited by the fact
that £—1 out of the m possibilities 0, 1, 2, ..., m—1
have already been chosen. Thus there are m—(k—1)
different choices for the (asm) factor which can be added
to each term. Since this exhausts all possible distinct
terms, we have

fm,)— f(m—1, b)=(m~+1—h) f(m—1,h—1). (C11)
We now show that
d=3" (=) m+1—m) fmp)=1. (C12)

h=0

Since do=d1=1, we need only to prove that d. is
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independent of m. Consider

I=dn—dmn

= (= DMm+1-R) LS n—1, )
+(m+1=h) fm—1, h—1)]

_'g (=D m—h)!f(m—1, k)

m~—1

= h2=:0 (=D m—k)(m—h)\f(m—1, k)

3 (= D)Mm1—h) (1 =) Lfm—1, h—1)

h=1

=m2_1 (=D m—~h)(m—h)\ f(m—1, k)

h=0

m—1

+ 2 (=D m—1) (m—W)f(m—1, 1) =0,

h'=0

where we used the recurrence relation in the second
equation, recombined terms in the third equation, and
let #/=h—1 in the second sum of the fourth equation.
[Note that f(m, —1)= f(m, m+1)=0.]

Finally we determine the terms with leading behavior
in the polynomial resulting from the derivative (which is
the previous derivative with u and » summed)

P H2m+1
aJ[Z2 040,041,204 1 0A 1y - - 0A L

applied to e??4)/C, Since we are summing over u and »,
we are interested in a slightly different part of the
polynomials than the previous case. In particular, we
-wish to find terms containing one more power of p-¢
than of ap so that W, will eventually scale (neglecting
In|¢?| factors). The factor that gives this extra power
of p-g is the g,C’ part of (0),. Therefore the only terms
contributing to leading order are those with a factor of
(0),- The leading part of the polynomial is given by

el /04N Zmti—h
> (E) (=1)"p-qC'(donp- g™

h=0

X film,h) I1 Cria®Cyti, (C13)
=1

523

where the only differences from Eq. (C10) are to change
pudiy to guC’ and sum over u and », and to delete the
h=m term since it contains no contribution to leading
order. The number of terms in {2#127+1—24} contributing
to leading order is different from the previous case and
as a result we must investigate fi(m,k). The integer
f1(m,k) counts the number of distinct objects

(@101)(@sd2) - - - (andn)

which can be formed with all possible choices of a; from
{1,2,...,m—1} and b; from {1,2,...,m} under the
same conditions as those given for f(m,k). The only
difference between the two enumerations is that a;
cannot equal zero here [corresponding to the require-
ment that we must have (0),] and thus no (0L;) factors
occur in leading terms. The result is a small change in
the derivation of the recurrence relation for fi(m,h),
which is otherwise identical to the derivation for f(m,h).
Owing to the loss of zero from the set @; could be chosen
from, there are now only m—1—(h—1) possible ways of
constructing a distinct term of the form

(a1b1) - - - (am)- - - (@rbu)

from each term in the set enumerated by fi(m—1,4—1).
Thus we have the recurrence relation

Ja(m,h) = f(m—1, k) +(m—h) fr(m—1,h—1). (C14)

Because of the boundary conditions,
[(2,1)=f(1L,1)=f(1,0),

and Eq. (C14), it is clear that

fl(m)h) =f(m~17 h) .

Therefore,

G =5 (= 1) (=) fs(moh)

h=0

=dm_1= 1

by our previous calculation for dp.



