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Deep-Inelastic e-p Structure Functions in a Ladder Model with Spin--,'Nucleons*

STEPHEN BX,AHA

The Rockefeller U'rIivers@y, Nm Fork, Rem Fork JOOZI

We f'lnd the asymptotic behavior of the inelastic electron-proton structure functions 8'l and TVp in the
limit ~g'~~~ withe&=2g p/~q'[ fixed (g is the electron four-momentum transfer and p the target nucleon
four-momentum) using a ladder model for the virtual Compton amplitude. Neutral vector rnesons are ex-
changed between the (spin-~) proton legs. In addition, this model (with slight modihcations) gives the asymp-
totic behavior for a ladder model in which pseudoscalar mesons are exchanged, and the asymptotic behavior
for a truss-bridge-graph model in a mixed @3-+'6eld theory. In aH of these models 8"& and ~8'2 do not scale
because of factors of ln

~ q ~
(with the exception of ~Ws in the truss-bridge model). In addition, we fmd that

the structure functions are essentially Bessel functions with the argument ln
~

g') lna& in the
)
g'(~ ~ limit for

fixed co&&j..

I. INTRODUCE&ON

HE inelastic structure functions 8 1 Rnd 8 ~, which
contain important information on the dynamics

of electron-proton scattering, have been investigated in
a variety of field-theoretic models. These have RB been
ladder models for the virtual Compton amplitude,
differing mainly in the spins they assign to the photon,
nucleon, and. particles exchanged on the rungs of the
lad.ders. Abarbanel, GoMberger, and Treiman' studied

4 3

FIG. I. (X+1}-rung-ladder graph for the virtual Compton
amplitude. The solid lines are nucleon lines.

* Work supported in part by the U.gS. Atomic Energy Com-
mission under Contract No. AT(30-1)-4204.

H. D. I. Abal banel& M. I . Goldbergery and S. B. Trelman
Phys. Rev„ t.etters 22, 500 (1969).„

a ladd. er model with RH particles spinless and found an
asymptotic behavior of )qs) 'f(co), with co=2q Pj(qs~
thc scaling VRrlable, q the clcctlon four-M. omcntum
transfer, and p the target nucleon four-momentum.
AltarcHi and Rubinstein' investigated a model with
spin-1 photons (and the remaining particles spin-
less) and found that vWs (v=q. p/M) scaled, while

Wi
~

q'
~

' ln
) q'~ f(to) did not scale. These calculations

suggcstcd tllRt splD plays Rn csscQtlal 1olc 1Q deter-
mining the scaling properties of the inelastic structure
functions when calculated in ladder models.

Motivated by this observation, we investigated a
ladder model with spin-1 photons and spin-~~nucleons
in which the rungs of the lad.der consisted of neutral
vector mesons in the I"eynman gauge. Our approach
Was to solve R rccurrcncc lclRtlon for the splnol poly-
nomial associated with the N-rung ladder (see Fig. 1)
and then investigate the asymptotic behavior corre-

sponding to each term in the spinor polynomial using
the Mellin-transform technique. It became apparent
that we were calculating the behavior of a ladder model
with Dcutl Rl pscudoscalal mesoDs cxchaDgcd on thc
rungs —the difference was a factor of 2~ ' for the ladder
with E rungs. In addition, we found that the calculation
resulted in the leading behavior being given by terms
which (except for a trivial factor) were studied by
Bjorken and Wus in a qP-P' theory truss-bridge-graph
model. Consequently, we investigated a truss-bridge-

glaph Inodel %'1th R spin-i photon Rnd splnlcss mesoDs

in a mixed g'-g4 theory,
Ke found that the leading behavior of the contribu-

tion of the (N+ 1) rung ladder to the inelastic structure
functions Wi and i lVs, in the

~

q'
~

—+ oo fixed co limit, has
the form tEq. (3.4)g

(inI q'I) "f~(~) (1.1)

ln the Dcutl Rl-vcctol "meson Rnd pscudoscalar-meson
models. Ke also found that the truss-bridge-graph
model gave results which were intermediate between

the p' ladder-model calculation of Altarelli and Rubin-
stein and the models with spin-~ nucleons. The con-

' G. Altarelli and H. R. Rubinstein, Phys. Rev. 1N', 2111 (1969).
' J. D. Bjorken and T. T. Wu, Phys. Rev. 130, 2566 (1963).
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g'»lq'I "'
g

&TV' = I, —(21 ~q'I qn )n')
32~ in@7 2+

(1.2)

g
q —(» Iq'Iq )'") (»)

CO 87I in% 27r

(ii) y5 pseudoscalar-meson model:

(g'»lq'I "'
g

MW, =I q, —()n~fq'~f )n )"') (q.q)
(64qr' 1n(d 2qr

1 g'lnlq'I)"' g
vt/V2 =- q, —(qnlq'I )n )"'); (1.5)

(0 16qr2 lncoq' 2qr

(iii) Truss-bridge model:

g2 inlq2I »2

Ii(2(G lnl q'I ln(0)"'), (1.6)
q p Gin(g

)qWn —(2g2/(q)q) sjnh(Gi&21n~) (1.7)

with Ii(s) a Bessel function, '
g the coupling constant of

the qt)' term, and G the coupling constant of the g4 term
in the interaction Lagrangian for case (iii). (The mass
is set equal to 1 in this case. )

The inelastic structure functions are the imaginary
parts of the virtual Compton amplitude in the forward
direction:

W, =(1/qr) ImT, , j=1, 2

where the virtual Compton amplitude is

~pv= —
gpv

qP+ P( qu I Pn q„T2. (1.8)M' q' ) q'

The structure functions are normalized so that the
cross section for inelastic electron-proton scattering is

tribution of the (iV+1)-rung truss graph (Fig. 3) to Wi
had the form of Eq. (1.1) while the contribution to vW2

scaled Lsee Eqs. (4.4) and (4.6)].
After finding the Iq'I —+~ (with (d fixed) asymptotic

behavior of the structure functions, we investigated the
co»1 region (which is essentially the Regge limit) and
found the leading a& behavior of the functions f)(q(a&). As
a result, the graphs are easily summed and the leading
behavior as

I
q'I ~~ for fixed (0, a»)1, is as follows.

(i) neutral-vector-meson model:

given by'

dQdE' 4E' sin4(-', 0)

XI 2Wi sin'(-', 0)+W2 cos'( —',9)], (1.9)

where E' and E are the initial and final electron energies,
respectively, and 0 is the electron scattering angle (all
three variables are measured in the laboratory frame).
Since the electromagnetic current is conserved, we con-
centrate our attention on the p„p„and g„„parts of the
spinor traces in subsequent sections. Their coefFicients
are T2 and T&, respectively. The contribution to T2
of the (1V+1)-rung diagram is denoted T2~ and the
contribution to T~ is denoted T~g.

In Sec. II we describe the vector-meson model we
investigated. Section III A contains the calculation of
the asymptotic behavior of terms in the spinor poly-
nomial which lead to Eqs. (1.2) and (1.3). Section III B
shows that the remaining terms in the spinor poly-
nomial do not contribute to the leading asymptotic
behavior of the E-rung graph. In Sec. IV we evaluate
the asymptotic behavior of truss-bridge graphs.

After our work was completed we became aware of
Chang and Fishbane's' calculation of 5 2 in a ladder
model with spin-~ nucleons and pseudoscalar mesons.
They use infinite-momentum techniques to evaluate
the leading behavior of graphs. If one keeps only the
leading co behavior (corresponding to keeping only the
leading pole in the Mellin-transform variable, ~™in
their notation), then their results agree with our

Eq. (1.5).

II. LADDER MODEL WITH SPIN-~~NUCLEONS

The model we use to calculate the forward Compton
amplitude for massive photons scattering oQ spinor
nucleons assumes that the amplitude is a sum of ladder
graphs in which neutral vector mesons are exchanged
between the external nucleon legs (Fig. 1). We further
assume that the vector-meson —nucleon interaction
Hamiltonian density is given by:gf&„qtqB)", with B)' the
neutral-vector-meson held, and we use the vector-meson
propagator in the Feynman gauge, i.e.,

i g„„/(k' M')—. —

Since this neutral-vector-meson —nucleon theory has a
conserved current, the eRect of the k„k„part of the
vector-meson propagator is expected to be canceled
when all graphs are summed.

We now proceed to evaluate the integral correspond-

4 Bateman Manuscript Project, Tables of Integral Transforms,
edited by A. Erddlyi (McGraw-Hill, New York, 1954), p. 371.

5 S. D. Drell and J. D. Walecka, Ann. Phys. (N. Y.) 28, 18
(1964).

6 S.J. Chang and P. M. Fishbane, Phys. Rev. D 2, 1084 (1970).
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ing to Fig. 1 with the nucleon spins averaged: only:

4M 2m 4
0

dQ g d4k, (P~

4M (2or)o/

XTr(y„(kr+q+M)V„I'~]/(g (k';—M')')
Xexp(4o[(k, +q+A o)

' M—']+in~[(p k—~) ' m—']

X(g [(k;+&—k,)'—m'])[(P —4)'—m']

X[(q+k g)
' —M'], (2.1)

M'+io—
d~ ~iz(L~—3f2+i e) (2.2)

with I'~ given in Eq. (A1), m the neutral-vector-meson
mass, and M the nucleon mass. The denominator fac-
tors can be exponentiated through use of the identity

+i P a„[(k„+g—k„)'—m']), (2.3)

where (P~ =Tr[y, (q+Ir~+M)y„I'~] is unchanged from
Eq. (2.1) and dQ=dnod&x ' d&xdgs ' 'dMps' ' '"Yy.
We now replace loop momenta in (P~ with derivatives
with respect to the introduced momenta A;. Thus q+Al
is replaced with (2ino) 'p"(8/BAo&). Similarly, in each
monomial term in P~, 0;„ is replaced with

[2i(g,+y, )]—'(8/ojA, &) .

The Feynman parameter associated with each line is If a given loop momentum appears quadratically in any
shown in Fig. 2. In addition we introduce the momenta term, then the following replacement is made:
Ap Al . . . A~ as shown in Fig. 2, into the exponential

kl+q+A0A -A0

k, +A "y
2A —A 2 l

k2+ A2 y2

A2- A~ k~- k2

-A
I

P, 'k, +A,
a A —A

t 2

P2 k, +A,
A, -A,

82

BA„"BA„"
—»(& +v.)g" (2.4)

Setting all A; =0 after applying these derivatives
would give the original expression for (P~.

Since 6'~ is no longer a function of loop momenta,
the integral over the E loop momenta is now the same
as one would encounter in, for example, a P'-theory
calculation. Following the usual procedure, ~ the loop
integrals can be evaluated and the result is

( go

TNor
4M(16 '~)

"dQ—(6'~o' '"'")~o=~,=...=~~=o, (2.5)
C2

where C and D(A) are Feynman-parameter polynomials
given in Eqs. (B4) and (86).

AN-IN N km'
'll

'M+AN yN pN kN+A~
AN AN

III. VECTOR-MESON-MODEL CALCULATION

A. Leading Terms

In Appendix A we show that P~ may be written

I N +IN p+2 I N kj ~

FxG. 2. Ladder graph after introducing the momenta
3; and Feynman parameters n;, P;, and p;.

~ R. J. Eden, P. V. Landshoff, D. I. Olive, and J. C. Polking-
horne, The Analytic S-matrix (Cambridge U. P., New York, 1966),
pp. 151—154.
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where PN' is a scalar function of momenta for i=a, b,
1, 2, . . . , E. Before replacing the loop momenta with
derivatives with respect to the A;, O'N would have been
written

', js'N -g„,[——MPN (q+—kl) (pPN'+ p k,PN))]'
+(q+kl))g(p)PN +g kj)PN )

+N de% ~ XN
p

z"I" —n

" dQ
X dlNaoo(pdlN+C')oe', Reqj(0.

C+

+(q+kl))(pg)PN +p kj))PN ) .

Our erst task will be to find the asymptotic behavior of
the term in the Feynman integral corresponding to
(q+kl)„p„PN, which is in many respects the easiest to
evaluate and the best for illustrating our method. In
Appendix A we show that

HN is de6ned for Req& —1 but becomes divergent at
q = —1 since the np integration then diverges. There are
additional divergences in XN at g= —1 which can be
brought out by scaling over various sets of Feynman
parameters. Let

n.p =S»S2S3 ' 'SNnp)

0'» S1S2' ' 'SN&»)
ibat

Pl xl' ' xNPl x'i' ' 'xN(1 ao al) )

PNb=2N g (k' —M')
i=»

Q2 =S2$3 ' ' ' SNO!2 )

82 X2X3 ' ' ' XNP2

—x2x3 ' ' 'xN[1 xl(ap+g)gi+pl) a2] ) (3.3)

'2( g')" dpg„d +q„C'
eiD/C

M 8m 2 C' C
(3 1)

where it is understood that all y, are set equal to zero
in the expressions for D and C which are given in Eqs.
(84) and (813):

D=D(0) =apq'(pdlN+C')+ JC,

wltll C =C~ )go=0) d;, =a,a;+1 a, ) and p=2q p/q
(op=

~
p~). We keep the P„P„part of XN„„, since it will

eventually lead to a contribution to T2..

and if we had inserted this expression in Eq. (2.1), we
would have been able to cancel E factors in the denomi-
nator and thus have not had to introduce E Feynman
parameters y») y2, . . . , yN. Taking advantage of this, we
drop the g(k,'—M') factor in PNb, set &j=0 for all j
(dropping the y) integrations), and introduce a factor
of iN to compensate for the unnecessary factors of —i
introduced by (2.2). Thus the contribution of the
(q+kl)„P„PN' term to TN„„becomes [using Eq. (86)]

ip„g2 N "dQ 1 gl

eiD (A) /c
NIjv

3f 8' p C 2 bQp ~+ p AD=A» —.~ .—p

Z g2 N »

x.„=— z r( —~) dQ
M Sx2

dS»dS2' ' ' dSN

C3+q

XdlN(ao»x2 xN) "(pdlN+C') "e*'&(1—ao —al —pl)

X~(1—»(ao+ai+pi) —a2)

where d(&, d»N, and C have o.i and g, replaced with ai
and p;, and each term in J contains at least one factor
of x; for some i The Dirac . 6 functions 8(x) implement
the constraints in the scaling [Eq. (3.3)].

We can now partially integrate 1V+1 times and
exhibit the integral's singularity at g = —1:

A3 —S3S4 ' ' SN0/3 )

&N SN&N)

PN xNpgv xN[1 xix2' ' 'xN —1(a0+ai+Pl)
x2x3' ' ' xN 1(a2+P2)—

xN 1(aN 1+P—N 1) —aN] ~-
The Jacobian for this transformation is xlox2'x30

sN'N and the homogeneous polynomial C becomes
xlx2'xo' xN C, where C is the same function of g2; and

P; as C was of a, and P,. Under this transformation
3CN becomes

i g2 N dQ
3CN— d»VgiD/C

M 8m2 p C'
(3.2)

3jg2N
xN = (—1)N+'—

~

— b~r( &)—
m(8~2

(apxlx2 xN) &+' gN+1

The use of the Mellin-transform technique~ will
enable us to find the leading asymptotic behavior of
KN. We first determine the leading ~q2~ behavior of
KN for fixed p.

The Mellin transform of KN in iq) =
~

q'
~

is'

' Reference 4, p. 312.

X d~ dS
p 0 ()l+1) olapBX1BX2 ' ' ' BXN

dlN(pdlN+ C')"
X— ~be(1 —ao —ci.l —pl)

C3+q

X8(1—»(gxp+g21+pl) —n2)
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with dx=dxidx& dx&. Since the leading singularity is an (!7+1)th-order pole at i!= —1, the leading asymptotic
behavior of K)p in lq'l (for fixed p) is given by lq'l t($') '(in! q'l)~ times the residue of K)h. at )!= —1:

g'lnl q'l " ' dfl'd»t)(1 —ti, —P,) tl(1 —di, —P,) ~(1—n& —P&)
Xg ~

Mlq l!v! 8 C"(pdi)h. +C')
(3.4)

by the right-hand side of Eq. (3.1) with p and v summed:where we have dropped the tilde over the Feynman
parameters and let dQ' =do. id', ~ d~~dgld82 d0~.
Equation (3.4) displays the leading

l
qi

l
behavior of 3C))

for Gxed p.
We now find the leading p behavior of the remaining

Feynman-parameter integral. This corresponds to going
to the Regge limit. The Mellin transform of Eq. (3.4)
in w=p gives'

ig—» g' ~ "dQ(M'di)t+p qC')
e'D!c (3.8)

M Sx'

where yl ——p2
—— ——y~=0. From our previous calcula-

tion it is evident that the part of b)ht» corresponding to

p qC' will dominate the leading part of g~» by a factor
of pq P/M' compared to the M'di)h part of the g)h»
integral. The relative factor of p is due to the suppression
of the leading pole from p= —1 to z= —2 by the d»
factor in Eq. (3.5). This factor of q pp is the only
difference between the two calculations. Therefore the
leading contribution to T~„„coming from the term

I' 'is

1 g' in! q'l
(—ir csc)rr!)

)d[t'~Ihr!!( tt '

' dQ' dr~'+" 6(1—ni —Pi) 6(1—
n)tp

—P)h)
(3 5)

C'3+~

g» g~Ãi lnlq2I lnp
(3 9)

2M(E!)' 8x'
g' ln

l q'l
SCAN/ ~

))~id'~iott!! tt ' In Sec. III 8 we calculate the leading behavior of
the remaining terms of (P~. Although there are terms
with exactly the same leading

l q'l and p behavior as in
Eqs. (3.7) and (3.9), a remarkable cancellation takes
place in the numerical coefricients of those terms pro-
portional to p„p„and g„„so that the final numerical
coefficients are zero. As a result, Eqs. (3.7) and (3.9)
give the leading behavior of tke p„p„and g,„parts of

Tz„„. Section III 8 may be skipped without loss of
continuity by the reader who is more interested in the
results.

' dQ't)(1 —ni —Pi) 6(1—ug —Pg) 5(1—u)h —P)))

C!'2Jp

1 guilt i ln
I

q~
l lnp

Mlq2!pi(!y~)i 8)fi
where 'e ~(1-e)

(3 6)

g»(q+ 1) p N
There is a pole of order 1 at g= —1 due to the cscxq
factor aod a pole of order )P+1 at e = —2 doe to the

govt' ~
cscwp factor and the poles which appear upon partially
integrating with respect to ni, ni, . . . , n~ in the same M !q'lp(V!)' 8x'
manner as above. The result, after evaluating the
residues at the various poles, is

In this section we evaluate the contributions to the
leading behavior of T~„„from the terms

p„(q+ki) „PN'+p„(q+ki) „P)d'

The first term gives no contribution to the absorptive
part of T„„when summed over E so we drop it from

B. Comyletion of Spinor-Nucleon-Model Calculation

consideration. Thus the contribution of the

term to the p„p„part of T~„„is

2p.p. g'&i»—lq'I »A~
!

M
l q'l p'(!7!)' 8n'

(3.7)

(q+ki)„Q k),P)t)'+(q+ki)„Q k;„P)))'

+g„,ttMP~' (q+ki) Q k,P)))]—.
The next term we examine is —g„„(q+ki) pP)p'. The

calculation of the leading contribution of this term to
Tz„„ is very similar to the calculation just completed.
The Feynman-parameter integral for this term is given

& Reference 4, p. 308,

The first term we consider is

(q+ki)„Q k;„P~'
j=1
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According to Appendix A, PN& has the form

PN' 2' ——'g—(k„'—M') Q g 8"Bsl" ..Bv N+'
r=l s=o {e}

with (e}=(el,e&, . . . ,e,}, j(el(e&( (e,($, and

&,'=2(4' 'M' —2' 'k,"k;) g (k„'—M') .
r=i+1

Since we are interested in the leading behavior of TN„„,
we approximate 8,&'

by

Following the same procedure as in the calculations

of Sec. IIIA, we cancel E—s —j. factors in the de-

nominator of the integral in Eq. (2.1) and of the X y,.

only keep the parameters pj, y„,y„,y„, . , y,,„.There-

fore, with all y; equal to zero but these, we obtain the
following contribution to TN„,

g2 NN N j "dQ
iN—s—l( 2)s+lg

M 8m2i j=l s=o 0 C'

B,&- —2&'+'—'k" k; g (k,' —M'),
r=i+1

(3.10) X[(q+kl)vk{ski" k.lkn'k. s' ' 'k., P

and as a result we obtain an expression for PN& which is
exact to leading order:

PN' —s 2N g (k,'—M') Q (—2)'+'

k; k„k„k., k.. . k„k., p
xp

{.{ (k,'—M')(k„' —M') (k„'—M')

iD(A)/Cge gAp=AI=" =0 ~

where it is understood that the loop momenta in the

integral represent derivative operators. The derivative

represented by (q+kl)„ is (2ino) ' 8/BAp" and use of

Eq. (2.4) for the remaining s+1 pairs of derivatives

leads to the following derivative expression:

( 1)m

g 2m+1

X ——

DAO"8~ „"~~.1 ~~.2.1~-&.2 ~~.3.2

( 1)s+lpl

(q+kl)„k,„k; k„k.. . k„k,„P s

(2i)s+lZssZsl. ~ ~ Zs m=o {v{;vi&vs &vm (2o) ZvlZvs' ' 'Zvmup
Vip{co,ei, . . . ,ee)

where we have expanded the factors and summed over

the indices of the g 8 which appear. We have also let
ep= j and Z;=P;+y, . The m=0 term in the sum is

(—)"'p
(2i)'+'npZ. ,Z l Zs. BAo"

with

}
Nsmh

"dQ e'D(cdlN(doN)

C2m+3 —hZ g . . .Z

m

X Q Z.„C., l'CN"". (3.13)
r=l

We have applied these (2m+1)-order derivatives to
e' & )/c in Appendix C and found that the part of the
resulting polynomials that gave contributions to the
leading behavior of the p„p„part of T»„ is [Eq, (C10)]

2&q
2m+1—o

p„p„g —
~ ( 1) f(m, h)dlN(do—Np q)™1'

o=o

Xg C.; loCN", (3.11)

The calculation of the asymptotic behavior in
~
q'~ for

fixed p of the integral in Eq. (3.13), and then the leading

p behavior, is similar to the calculations of Sec. III A.
The Mellin transform in ~qo

~

of BC{,{{„{N' " is

{Nsmlv lop( g)

vv dQ d m is+1~ m—lv+o( d—+Cs)pcs JU

pep~el ' ' '~e C2m+3 —h+

where f(m, h) is an integer and C,' is a Feynman-
parameter polynomial dehned in Appendix B. After
substitution of these expressions into HN„„, we obtain

where

U=g Z.„C,„ l'CN" .

If we scale as in Eqs. (3.3), modifying the scaling to
include the y, , for i =0, 1, 2, . . . , s,

XQ g g g (2iP q) of(m, h)X{.}{.{N' ", (3.12)
{e} m=o {v}h=o

~ei ~ei~ei+1 +Nisei )

and including y, , in the appropriate 6 functions, then
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we obtain
l

INgmgg zgin( ~)
0

dxl' ' 'dxNdlN (g2oxlx2' ' 'xN) —(p—d 1N+ C') &e'~ US(1 Ogo
—

g(gz—pi—) ~

Z„Z„.. .Z„C2m+3—~+&

Partially integrating with respect to no, xi,x2, . . . , xN gives a pole of order 1V+1 at gI =k —zzz —1.This implies that
the leading Iq'I behavior (p fixed) is

F(zzz+1 —k)(lnI q'I) ' dQ'diN —"+'U8(1—n, —p,) 11(1—n„.—p, ,—y,,).. .
)Namh ~

(ZI q2I)m+1—"1I1'!
O g . . .Z C(m+2(pd N+C()m+1 —2

(3.14)

after evaluating the residue at q =h —m —1.
We now investigate the

I pI»1 behavior of the re-
maining Feynman-parameter integral in Eq. (3.14).
The Mellin transform in p is'

1'(zpz+ 1—k)
-(lnI q'I)N(-1)"—"L—zr csc(zrgI)]

1V!(z I q'I )
m+'-"

—
gI
—1 ' dQ'diN" "+'+"UgI(1—g21

—Pi)

(X
Z g . . .Z C1'~m+S—a+~

which counts the number of these (identical) terms, the
sum over (o) was replaced by

for similar reasons, and we used 2p q= —Iq'I p. In
Appendix C we prove that

g (—1)"(ppz —k+1)!f(ppz, k) =1
A=O

partially integrating o.l, ~&, , o.'N exhibits a pole at
zI=k —zpz —2 of order X+1 I counting the pole due to
csc(zrz!)j. This is the leading pole which results in an
eventual contribution to the absorptive part of TN„„.
The leading be

for all ppz. Substituting this into Eq. (3.16) and noting

g+1 s+ 1

( 1)m (1 1)s+1 p
m=0

havlol 1s
proves that the numerical coeKcient is zero and that

—(ppz+1 —k)!(lnIq'I lnp)N these terms do not contribute to the leading behavior
&1 '&2'+', of the p„p„part of 2'N„..

(zI q'I p)" "zl q'I p'(11'l)' We now find the leading behavior coming from

with Ei given by Eq. (3.6) and

(3.15)

—g„„(q+ki) Q k;I'N'.

The factors of K2 come from the s+1 y„.'s which

occurred in this calculation. There was a pole at
2!=k—m —1 of first order due to csc(zrzi) which we

ignored since that term does not lead to a contribution
to the absorptive part of TN„„.

If we put the last expressions and Eq. (3.12) to-
gether, we obtain the leading behavior of the p„p„part
of (q+k, )„pk,gNg+(q+ki)„pk, &»:

—gp„p„g'X, InIg'I I p "n p-; —X,
)

+

ZZ
M I q2I p2(Ã!)' szr2 j=l 8=0

X (222
—&+1)!f(m, k), (3.16)

where the sum over (e), such that j(ei(e2( e, & X,
was replaced by

px —jq
Es)'

The calculation proceeds in the same manner as the
previous calculation. However, the polynomial resulting
from applying derivatives to e' ' )1'~ has a different
leading part. Instead of having the leading part given
by Eq. (3.11), we now have the expression given by
Eq. (C13):

2m+ 1—Pg

(—1)-p qC'(d, „p q)=2
2=O &C

Xf,( kzp)zg C„,'C„',
s=l

with fi(zpz, k) an integer.
The calculation with this expression is virtually un-

changed from the above except for the pole being shifted
one unit to the right when the

I p I»1 behavior is being
found. Thus the contribution of this term is

1 (g'gg lnI~g I gnp) — (g '+'(n' —j)—'

21!(1(QI)2( gzr2 ) -1 .=o It i s

~+l (S+1 m—l
x E I (—1)- g (—1) (~—k)!f,(~,k).

~o & zpz A=O
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In Appendix C we prove that

P (—1)'(m —k)!fi(m, k) =1
h=0

Qo q+ kl

P( k(

and, as a result the numerical coefficient, is zero. Thus
there is no contribution to leading order from these
terms.

Finally, a calculation similar to the above for the
leading part of the g„„I'N term shows that it is a factor
of ln~ g'~ less than that of Eq. (3.9) and thus does not
contribute to leading order. There is also a part of
(q+ki)„gk, „I'~' proportional to g„„(after evaluating
derivatives of e' ~"&'e) which is a factor of 1n

~
q'~ less

than that of Eq. (3.9).
In summary, no terms investigated in this section

contribute to the leading behavior of the p„p„or g„„
parts of TN„„.

IV. TRUSS-GRAPH MODEL

In Sec. III A we used factors of k;2 —M' occurring
in the spinor trace to cancel factors in the denominator
of the T~„. integral of Eq. (2.1). The denominator
factors we canceled corresponded to the Feynman
parameters y~, y2, . . . , yN. If we had considered the
alternative possibility that the Feynman parameters
8] p2) 83 p4 ~ ~ . , corresponded to the canceled de-
nominator factors and eliminated these parameters in
the subsequent calculations, we wouM have been
essentially calculating a truss bridge which Bjorken
and Wu' have studied (Fig. 3). Except for numerical
factors and a factor of d&~/C, the integral of Eq. (3.2)
is the truss-bridge-graph integral of Bjorken and %u.
The factor of d&~/C changes the final result by a factor
of p. Thus it is no coincidence that their result involves
a Bessel function Ii(x) in a similar fashion to our results
[Eqs. (1.2)—(1.5)] for spin- —', nucleons. Since they con-
sidered a meson theory with mixed P'-P' interactions,
it would be interesting to see if we could obtain the same
behavior in such a model of spinless particles as we
found for spin-~ nucleons.

The interaction Lagrangian is given by

', (2~)3gy3+-', (2~)'Gy4-ieger„yA—~ (4 1)

"dQ
2'~„„=—g'G"—' —[(2ki+q) „(2ki+q).

C2

&&e' ~"~~'j~,=a,=...=o) (4.2)

where the loop momenta in brackets represent deriva-
tive operators and we use the Feynman-parameter
expressions of Appendix B with appropriate parameters

We associate ig/s with a three-point vertex and iG/7r'
with a four-point vertex following Bjorken and Ku3
(with masses set equal to 1). The virtual Compton
amplitude corresponding to Fig. 3 is

FIG. 3. Typical truss-bridge graph.

set equal to zero. After applying the derivatives, we
find that the leading part of T2 is contained in

dQ
T2N~ 4g2GN —I d 2ezD/C

() C4
(4 3)

4g2(g+ )N—
1(lnp) 2&v i—

T2N ~
t q2~ pa(2i!r-1)!

(4 4)

which results in Eq. (1.7) upon taking the absorptive
part and summing over E. The reason we did not
obtain factors of 1n~ g'~ in Eq. (4.4) is the presence of
both 8& and pj in the above integral without any com-
pensating factors in the integral's denominator to en-
hance its asymptotic

~
q'~ dependence through scalings

such as Eq. (3.3).
The situation for the leading part of T~ is quite

different —a factor of (Bi+pi) ' in the integral's de-
nominator allows us to scale as in Eq. (3.3). We begin

which has the asymptotic behavior
~

q'
~

—'f(p) as
~

q'
~

~~ for fixed p. If we follow the same procedure as
we did in Sec. II, we 6nd that the leading asymptotic
behavior as

~
q'~ —&~ with p fixed and

( p ~))1 is
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with
dQ l~ 2&~2giv—l &il& /&,

"

C Pi+vi
(4 5)

V. CONCLUSION

As a result of the calculations of Secs. II, III A, and

III 8, we have found that the leading behavior of T2~
in the neutral-vector-meson model is given by Kq. (3.7).
After taking the absorptive part and summing, we

obtain Eq. (1.3). Similarly the leading behavior of TtN
comes from Kq. (3.9), which implies Eq. (1.2).

We have also calculated the y; neutral-pseudoscalar-

meson ladder model and noted that the only difference

between this model and the vector-meson model arises

from constant factors. Therefore, we can immediately

obtain the asymptotic behavior of structure functions

in this model which is given in Eqs. (1.4) and. (1.5). The
proof that the spinor polynomials are the same in both.

models except for over-all constants is in Appendix A

Lcompare Eqs. (A27)—(A30) to Eqs. (A18)—(A20)].
Our results for the %=1 box graph agree with those

of Adler and Tung and Jackiw and Preparata" in the

neutral-vector-meson model.
The truss-bridge-graph model appears to be inter-

mediate between the p' ladder-model calculation of

Altarelli and Rubinstein and our spin-2 nucleon models

TABLE I. Scaling properties of W& and vW2 in various ladder
models. Only the Iq'I behavior of the (iV+1)-rung diagram is
shown in the IqsI~~ (for fixed p) limit.

The leading behavior as
~
q'i ~~ with p fixed has the

form )qs~ '(ln~qs~)~fbi(p) and if oi&&1, we find the

asymptotic behavior

2

2 tN ~— (G&i lnl qsI »p)" (4 6)
) q'~ pGXi(7'!)'

Upon taking the absorptive part and summing, we

obtain. Eq. (1.6).

in the case of Wr. However, Ws has the same ~qs~

dependence in the p'-ladder model and the truss-bridge-
graph model. The scaling behavior of the inelastic
structure functions in the various ladder models is
summarized in Table I.

Drell, Levy, and Yan" have studied a model similar
to our pseudoscalar-meson model. The major difference
is their introduction of a cutoff in transverse momenta
at pion-nucleon vertices. The structure functions scale
in their model. This is apparently a consequence of the
use of a momentum cutoff.

APPENDIX A: SPINOR POLYNOMIAL

The spinor polynomial

P~=(ki+M)v i(ks+M)v s' (kiv+M)v +(p+M)
Xv.~(ftv+M)v. N, (%+M) .v, ( 7t+tM) (A1)

can be calculated from a set of recurrence relations. If
we let I-~+l i ——k;, then

Prr = (LN+M) Y PN 1Y (LA+M)—, (A2)

with Ps ——P+M. A simple induction in which the form
of I p and the recurrence relations to be derived play the
key roles proves that we may write

Piv =Ps'+PPiv'+2 PN'L', (A3)

with I'~' being a scalar function of inner products of
the momenta.

Using Eq. (A3) on both sides of Eq. (A2) and the
Dirac algebra of the y matrices, we obtain the following
recurrence relations:
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Ladder model

1. All particles spinless.
2. Spin-1 photons. All other
particles are mesons in a qP

theory.
3. Spin-1 photons. All other
particles are mesons in a mixed
@'-@4 theory.
4. Spin-1 photons, spin-~
nucleons, neutral vector mesons
or pseudoscalar mesons on the
ladder's rungs.
5. Model 4 with a transverse
momentum cutoff at pion-nucleon
vertices.

Nonscaling Iq'I behavior
of the (N+1)-rung ladder

contribution to
W1 vW2

1/I q'I

(»Iq'I) /Iq'I

(ln
I
q'I)s' (in

I
q'I)~

=4(Liv'+M')P'~ i 4Mp LsiPrr, '—
N—1—4M Q PN'L, "Lrr, (A4

P '=2(L ' M')P-
P '=2(Liv' M')Piv i', j=1—, 2.

P~~=8MPv i 4P LivPiv, s—
(A5)

(A6)

N—1—4 Q P~ jL,"L~. (A7)

We now solve this set of recurrence relations. Equation

"S.Adler and Wu-ki Tung, Phys. Rev. Letters 22, 978 (1969);
R. Jackiw and G. Preparata, ibid. 22, 975 (1969).

1' S. D. Drell, D. J. Levy, and T. Yan, Phys. Rev. Letters 22,
744 (1969).
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(A5) implies momenta k;=LN+1 i.

PN'=2N g (L'—M') (A8)

and

PN' 2N——Q (k —M') (A18)

and similarly Eq. (A6) implies

PN' 2N ——'P,'—g '(L,'—M') (A9)

5—P N+1—1—21—1 g (k 2 M2)

g .a1

s=0 i&a1&a2& ~ ~ ~ &as & N

X&." . 8 "8 "+' (A19)
with

(A10)4(LN2 M2)PN —1+ ~

We now iterate Kq. (A10), which results in

a—1

f~ =2(4.-'M' —2.-'k. k,) g (k„—M ) (A20)
r= b+1

for j=1,2, . . . , X—1. In addition, Eqs. (A4) and (A7)
lead to

PN' MQ 4——N 'P g (L,'—M'), (A11)
and the conventions kN+1 ——p, pNN+'=1, and

a

II (k,'-M') =1
r=a+1with P2'=1. The use of Eqs. (A11), (A8), and (A9) in

Eq. (A7) enables us to put PNN in the following form:

N—1

PNN QA, NP,', ——
j=0

whenever it occurs. The reason for having the super-
script %+1 i on—PN& in Eq. (A19) becomes clear when

(A12) we rewrite Eq. (A3):

where

g, & =2(M24~' I,' L;2'—') g—(L ' —$l ') (A13)
r=i+1

Fquation (A12) leads directly to the solution for PN' '.

PN=PN +PPN5+2 PN"+' *&'

=PN +ppN'+Z PN'fr*. (A21)

s=0 1~&i1&i2& ~ ~ ~ &is&N
A '~4 '2A i3

A;, ,"A,,N, (A14)

The spinor polynomial for the p5 meson-nucleon case
can be calculated in a similar fashion. Let PN, I' N', and
PN' be defined as in Eq. (A3). Then using

(LN+M)75PN 1r5(LN+M), —(A22)
with the 2 =0 term being A2N and with L5 p. We have-—
now solved the recurrence relations since Eq. (A14) can
be used in Kqs. (A9) and (A11), respectively, in order
to give

p '=2N —' g (L 2 M')—

we obtain the following recurrence relations:

PN~ (LN'+M')PN ——1' 2Mp LNPN 1—

N—1—2M P PN 1~L,"LN, (A23)

s=0 1~& i1& ~ ~ ~ &is&a

PN'= (LN' —M')PN-1',

PN'=(LN' M')PN 1'& z=—1& 2&. . . , iV —1

PN" =2.&PN 1' 2p LNPN 1'—-
N—1

(A24)

(A25)

N N

P =M+4 ' g (L,'—M')
—2 Q PN 11L; L„. (A26)

If we proceed in exactly the same fashion as the previous

A16) case, we obtain
s=0 1 ~&i1& ~ .&is&2

N

M Q 2N—jPN2
j=0

(A17)

N

PN =g (k —M2)

N
PNa M QP N+1—j

(A27)

(A28)
We now express (A8) and (A15) in terms of the loop
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P~»= g (k„'—M')
of the external momenta in Fig. 2, has the form

D=G(~+P+&.)'+2 L(~+~.-~;) G;+(p+~;) II;]
g~ .a&P»». . .g Ã+I (A29)

i»2=&» (&KB

2-1
Z, =2(M' —k; k;) g (k,'—~'),

ls taken to be 1, wherever lt HQght appear.

APPENBIX 8: POLYNOMIALS C AND D

—g Pr'(P;+v, )+m2~;)C, (86)

with 6, G;, JI;, and. I;;functions of Feynman parameters
only. %e now give the explicit form of these functions
which follow jlnrnedrately from rules given m. Ref 8

G —dog g (87)
G'=A, 1(@'+v')Cx', (ag)

&'=~'~(P'+v')C 1'.- (89)
I* =d', -1(P'+v')(P»+v )C' 1'C~'. -(81o)

If we note that Eqs. (84) and (85) implyC»' =C»'(&»» &'+» ~ ~ ~
» ~»» 8'+1» P»+ ~» ~ ~ » P»'»

v;+1, v;+2, . . ., v;) «be the homogeneous polynomial

(of order j i, in—the Feynman parameters) which is

associated with the graph obtained from Fig. 2 by
deleting all lines above the rung labeled with, 0.; and
below the rung labeled with a;. Thus the polynomial C
associated vrith the entire graph in Fig. 2 vwuM be
denoted C~ . If Wee let

dij Pi&i+/ ' ' ' +j

for ~~~ j„ then the recurrence relations for the C are
given by

6+2 G;=r»o(C noC~—'),

G+Z %=ox(C—o+C~ 1'),

D(0) =D
I ~.=~,=...=g =,=n,q&(pd, „+C')

+~~~'(C —~C~ 1')—,m C

—C Z L~'(P'+v')+~'o~j

(811)

(812)

C =d, ,+( +P,'.+v;. )C '

+ Q &g1 a(P~1+v~1)c'+' {82)

=&oq'(pd1w+C')+ JC, (813)
with p=2q. p/g' and C'=C —aoC~1=C~

=d', » 1+(~;+P»-+v;)c» 1- f»m Eqs (82), (83), and (81O):

+ Q da,; 1(P.+v.)c, 1', (») ~;=(P;+v;)K~' 2 4,; 1(Pa+v,)c, ,

C=Cpr =dlx+{ao+~1+Vl)CK +&1{P2+V2)C
+ "+d1,x 1(Ar+v~) (84)

=do, ~ 1+(cx~+Px+vw)CN 1+&% 1(~x 1+vV 1)— — -—
xc~- +.2+d1»r 1(P1.+v1), —{85)

The homogeneons poly11onllal D of order X+1 111

the I eynrnan parameters and containing scalar products

+C»=1' Z 4,~ 1(A+vs)A'j
Js j+I

=(P»+v')f~ 1C~'(C i' do-—.—~ 1C~—'+')

+~»C»-1'(Cx' d;+1,zr Car'+'~;) j—(814)—
forj =2, 3, . . . , (X—1).Forj =1 and j =X, I, has the
following form. :
11=(P1+v1)~1(Ca' ~2~ ~1C~'), (815)

(PA+vs)&x 1(cN 1 —d-o,~ 2——a~ 1c~ ) . (816)
The functions I, occur in the polynomials resulting
from applying derivatives to e'D&"&~~ in Appendix C.
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APPENDIX C: DERIVATIVES OF exy[iD (A)/ t."7

We begin by defining the following quantities:

(z)v Pr@NCi i —grd0i —iCK q
z Ii 2q ~ ~ ~ q iV

(o).=p.d u +q.C',

(zg)= —d;, iC; i'C~', z(g;z, g=1, 2, . . .) iV

(Oi) = di;—iCpr', i=2, 3, . . . , iV

(01)= —C~',

o -iCzr'(C -i' —a -iC -u')+a C -P(Ci~ '—n Cz'+')
{ii)=

i)'+v'

{~0+rzi)Car' ~izC~'
(11)=—

Pi+V i

(ax+&x—i)CK—i &N—i CN—2

(V~') =

i=2, 3, . . . , (iV —1)

(C1)

(C2)

(C3)

(C4)

(CS)

(C6)

(Cg)

These definitions wiH enable us to calculate the derivatives of e'D{~)/~ for the general case and write the result jn
a compact form. The following examples of second- and fourth-order derivatives illustrate the use of quantities
defined above (ki, kz, kz, and k4 are integers from the set {0,1, ,$)):

8

ZQIZ$2 BA lcm BA IeI

2j 2i 2

e'n~" &'e = —g»„,(kikz)+ —(ki)„,(kz)„, e'n~c,
~=-0

8
~iD(A)/0

~-& ZI,, BAy,."&

={(2z/C) '[g„,„,(kik2) g„,„,(kzk4)+g„,„,(kikz) g„z„,(kpk4)+g„i„g„,„,(kik4) (kzk3}7

+(2i/C) '[g„,„,(kik2) (kz) „,(k4)„,+g„,„,(kikz) (k2)„,(kz) „,+g„,„,(kik4) (k2), ,(kz), ,+g„,„,(kzkz) (ki) „,(k,)„,

+g„,„,(k2k4) {ki)„,(kz) „,+g„,„,(kak4) (hi) „,(k2)„,7+ (2i/C) '(ki) „,(kg) „,(kz) „,(k4)„,)e'D'c,

with Z, =8,+y, (and Zo=no) It is clear from these
examples that the terms in the coefFicient of each (2i/C)"
are isomorphic to the permutations in a certain class of
the symmetric group. Thus g»„,(kzkz)g„,„,(kzk, ) corre-
sponds to the permutation (12)(34), and. g»»(k, k,)
(k8)„,(kz)„, to (12). This isomorphism gives us an algo-
rithm for determining the coefficient of (2i/C)" from the
appropriate corresponding class in the symmetric
groups. As a result, the fourth-order derivative ex-
pression may be rewritten

(»/C)'{2')+(»/C)'{21')+(2'/C)'{1'),

on e'D{")/~ is given by

~sD {A)/C

~=& ZI,, BA/, ,'&

2i "I+'2

{2hz lb'}
A, I+262=P

2i ~-I

{21~1y—25) (C9)
n=o

with the terms corresponding to each bracket easily
determined from the class of 54 (the symmetric group on
four objects) having the cycle structure given in the
bracket. "

The general case of the pth-order derivative operating

"M. Hamermesh, Group Theory (Addison-wesley, Reading,
Mass. , 1962), p. 25.

with [p/27 b~ing the greatest integer less than p/2, and
the terms in {2"1"'") isomorphic to the permutations
in the class of S„with cycle structure 2"1& '". Kith this
expression for the pth derivative, we can proceed to
evaluate the parts of these Feynman-parameter poly-
nomials which contribute to the leading behavior of the
(/+1)-rung diagram integral.

%e now investigate the polynomial resulting from
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applying the derivative (0(Li(L2( . (L ), where

X
BAp BALI BALI ~AL2zz1AL2 ' ' ' ~ALozhv~ ].~AL22h

to eiD' )'~. This polynomial, denoted

2i ~m+I

(2h 12m+1—2h }
z=o

will be shown to give the following contribution to the
leading behavior of the p„p„part of Thz, „.

m 2Z ™i—h

p,p, Q — (—1)"f(iih, h)
a=o

Xd,hz(dohzP q)" "IICz, 1'Ch *' (C10)
i=l

with f(212,h) an integer.
Since factors of o,; in the numerator of the Feynman-

parameter integral suppress the leading behavior of the
integral, we wish to find the part of (2h12m+' 2"} with
the minimum number of such factors. More precisely,
given two terms in the polynomial, count the number of
powers of q p and q' in each term and divide by dohz

raised to the respective power in each term. (Owing to
the variables in which we have chosen to find the
asymptotic behavior of the Feynman integral, the
integral's asymptotic behavior is unaffected by factors
of q'dozz or q pdo&. ) The term now containing the least
number of powers of O.p is leading. Should they be the
same, then the term with the least number of di6erent
o.i is leading, etc. These considerations imply the follow-

ing rules: (i) If a factor of (L,) (L,) occurs in a term,
i(j, then —

q pdozf idz, zzczz 'Cz, 1'istheleadingpart
of this factor; (ii) if (L;)h occurs in a term, then
—qhdoz, . ic~z' is the leading Part of this factor; (iii)
any term with (L;L„) as a factor is not a leading term
since there are other terms in {2"1'"+' '"}in which the
two L; are in combinations contributing a q pdohz

factor (for example), while in (L,L;) they contribute a
factor of ziz,. or zzz„i, (iv) f.or reasons similar to those
given in (iii), terms with factors having the form
(L,L,)(L;Lh) or (L,L;)(LhL;) are also not leading. As a
result of these rules, we can calculate the leading parts
given in the following examples:

(1' +'}~ (—1)"dizz(p qdoh)" II Cz; 1'Chz"p p

m+1
(2]2m—1}~ ( ])m d (p. qd )m—1

2

xIIc.. .c 'p„p„,

counts the number of leading terms in the second
example, which is the number of distinct choices (ab),
where a(b and a, bg(O, Li,L ,2. . . ,L m}.

The leading part of the general term (2"1" +' '"} is
given by the hth tenn in the sum of Eq. (C10) The
factor (P qdohz)

" arises from 2212+1—2h(L;) (L,)P
factors occurring in each term of this set. Because of
rules (iii) a,nd (iv) given above, the number of leading
terms f(m, h) is the number of distinct objects

(albl) (aib2) ' ' ' (ahbh) )

which can be formed by all possible choices of ai from
the set {0, 1, 2, . . . , m —1} and b; from the set
{1,2, . . . , 212 —1, 221} such that a,(b, , no integer occurs
twice in the set (ai,a, , . . . ,ah}, and no integer occurs
twice in the set fbi, b2, . . . ,bh}. Two terms which are the
same except for the ordering of the factors (a,b,) are not
considered distinct.

A recurrence relation for f(izh, h) can be easily derived.
The number of objects formed above in which a factor
(a,m) occurs for some j is given by

We now consider how this set of objects containing a
factor (a,212) can be formed. One method would be to
take the set of objects enumerated by f(222 —1, h —1)
whose general term is

(aibi) (a2b2) (ah lbh 1)——

and to each term in that set add an additional factor

(a,izh). The possible choices for a, are limited by the fact
that h —1 out of the m possibilities 0, 1, 2, . . . , m —1

have already been chosen. Thus there a,re 222 —(b —1)
different choices for the (a,m) factor which can be added
to each term. Since this exhausts all possible distinct
terms, we have

f(m, h) —f(212—1, h) = (m+1 —b) f(212—1, h —1) . (C11)

We now show that

d = P (—1)h(212+1—b)!f(iii,h) =1. (C12)
h=p

Since dp=dl=1, we need only to prove that d is
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independent of m. Consider

I=dm —~m—S

+(m, +1—b) f(m —1, h —1))

m—1

m —1
—P (—1)"(m,—I2)!f(m —1, b)

A,=O

= P (—1)"(m—h) (m —h)!f(m —1, b)

+g (—1)"(m+1—h)(m+1 —b)!f(m —1, b —1)
6=1

= P (—1)"(m—h)(m —0)!f(m—1, b)

m—1

+ P (—1)h'+'(m —h') (m —b')!f(m —1, h') =0,
h'=0

where we used the recurrence relation in the second
equation, recombined terms in the third equation, and
let h'=h —1 in the second sum of the fourth equation.
tNote that f(m, —1)=f(m, m+1) =0.)

I inally we determine the terms with leading behavior
in the polynomial resulting from the derivative (which is
the previous derivative with hi and v summed)

ph

,gZ, .' BA „BA, BA," clA, „, BA „"

where the only differences from Eq. (C10) are to change
p„dihj. to q„C' and sum over hi and v, and to delete the
h=m term since it contains no contribution to leading
order. The number of terms in (2"12 +' '"}contributing
to leading order is diferent from the previous case and
as a result we must investigate fi(m, h). The integer
fi(m, h) counts the number of distinct objects

(+lb 1)(82b2) ' ' ' (IZhbh)

which can be formed with all possible choices of a; from

{1,2, . . . , m —1} and b, from (1,2, . . . ,m} under the
same conditions as those given for f(m, I2). The only
difference between the two enumerations is that g;
cannot equal zero here [corresponding to the require-
ment that we must have (0)„)and thus no (OLq) factors
occur in leading terms. The result is a small change in
the derivation of the recurrence relation for fi(m, h),
which is otherwise identical to the derivation for f(m, I2).

Owing to the loss of zero from the set a, could be chosen
from, there a,re now only m —1—(Ih —1) possible ways of
constructing a distinct term of the form

(aibi) (u,m) ~ (ahbh)

from each term in the set enumerated by fi(m —1,b —1).
Thus we have the recurrence relation

fi(m, h) =fi(m —1, b)+(m —b) fi(m —1, b —1) . (C14)

Because of the boundary conditions,

fl(2, 1)=f(1,1)=f(1,0),

f,(m, h) =f(m 1, b) . —

applied to e' &~'I . Since we are summing over p, and v,

we are interested in a slightly diQerent part of the
polynomials than the previous case. In particular, we

and Eq. (C14j, it is clear that
wish to find terms containing one more power of p q
than of uh so that Wi will eventually scale (neglecting
ln~ q' j factors). The factor that gives this extra power
of p q is the q„C' part of (0)„.Therefore the only terms
contributing to leading order are those with a factor of

(0)„. The leading part of the polynomial is given by m—1

f 22 2m+I—h

(—1)"p qC'(d p q)"-"
A=O

d '= P (—1)h(m —h)!fi(m, h)
L=O

=dm —i=1
Xf,(m, h) g Ch; 22C~~, (C13)

i=1 by our previous calculation for d .


