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We investigate the restrictions that analyticity, unitarity (positivity), and current conservation place on
the asymptotic behavior in go at fixed q of the connected, covariant amplitude 7 ,,°(go,q), where 1 ,,° is the
connected part of the forward amplitude for the scattering of a charged conserved current on a proton target.
Our main tool is a theorem of Jin and Martin which was used to give lower bounds for forward amplitudes.
Our main result is to establish a rigorous lower bound on the contribution of the class-I intermediate states to
J o¢. The bound gives | Mo +po/mgo| >C|q0] =2, C>0, for large complex go. This is larger by a factor (go'*+)
than the asymptotic behavior of # o needed in order to have the Bjorken-limit definition of the space-space
equal-time commutator agree with the naive quark commutator. This bound has the following consequences:
(a) The existence of operator Schwinger terms is shown to be equivalent to the existence of a frame of refer-
ence for which the contribution of class-II intermediate states does not exactly cancel the O(gs™?) contribu-
tion of the class-I states. (b) The existence of the Bjorken-limit definition of the space-space commutator
depends on yet another cancellation between the O(gs™) contributions to #7° of the class-I and class-IT
states, and the cancellation also of all terms between O(go™2) and O(go™3). The sum rule whose validity is
needed to guarantee this cancellation is known to diverge in perturbation theory. It is also shown to be diver-
gent when the P — oo limit is allowed. (c) The convergence of the Cottingham formula can only be guaran-
teed if in all frames of reference all the contributions between O(go2) and O(gs™) of the class-I states are
exactly canceled by the class-II contributions, and if in addition the remaining contribution at O (o) of the
class-I states is also exactly canceled out. The separation of the absorptive part of the amplitude into class-I
and class-IT contributions is carried out explicitly through a fully reduced Lehmann-Symanzik-Zimmermann
formula. The class-I states are the usual s-channel states and the so-called Z-graph states. The class-1I states
are those that couple directly to the current, contribute only for timelike ¢, and are physically quite distinct
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from the class-I states.

I. INTRODUCTION

N 1966 Bjorken' pointed out that the asymptotic

behavior of the Fourier transform of the time-
ordered product of two currents is related to the equal-
time commutator of the currents. More specifically,
the Bjorken limit gives

lim /d4x e (A | T(5,(x) ,*(0)) | B)
go—i ;q fixed

i .
= —/d“x €' 25 ()

do

XA [Gu (@), 5,2(0)]1B)+0(1/g") . (1.1)

This equation makes a very specific and restrictive
statement about the asymptotic behavior of the T
product. There are three main questions raised by (1.1)
that were discussed in Ref. 1 and that we want to
examine in this paper.

First, Eq. (1.1) has been used in several instances in
the case of space-space commutators to derive a class
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1J."D. Bjorken, Phys. Rev. 148, 1467 (1966). See also K.
Johnson and F. Low, Progr. Theoret. Phys. (Kyoto) Suppl.
37-38, 74 (1966),

of asymptotic sum rules.? A study of space-space com-
mutators can often distinguish between different models
which have the same time-component algebra. Further-
more, the asymptotic sum rules derived from (1.1)
have important experimental consequences in in-
elastic electron scattering and in neutrino reactions.
Perturbation-theory calculations have raised questions
about the existence of (1.1) for space-space commuta-
tors. One would like to study this question by a non-
perturbative method.

The second question related to (1.1) but in a less
direct way is the problem of Schwinger terms. We recall
that the 7" product on the left-hand side in (1.1) is not
a covariant quantity. The covariant T product which
is related to the physical amplitude is obtained by
adding Schwinger terms (or other anomalous terms) to
the ordinary T' product. The problem of Schwinger
terms was posed by Bjorken in the following way:
Given the covariant amplitude, how does one construct
the T product? One needs the 7" product in order to
derive sum rules. Bjorken’s answer to this question
consists of a prescription for identifying Schwinger terms
from the asymptotic behavior of the covariant ampli-
tude. He states that both the covariant and noncovari-

2 For a review, see the lectures by J. D. Bjorken, in Selected
Topics in Particle Physics, Proceedings of the International School
of Physics “Enrico Fermi” Course X LI, edited by J. Steinberger
(Academic, New York, 1968).
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ant amplitudes, when considered as analytic functions
of ¢o for fixed q, have the same absorptive parts. They
therefore differ at most by a polynomial in ¢o. The T
product he assumes must vanish as go—o. Thus one
constructs the 7" product from the covariant amplitude
by letting go—o at fixed q, identifying any poly-
nomial in ¢o, and subtracting it off. What is left then is
supposed to satisfy (1.1).

In this prescription, c-number Schwinger terms only
show up in the asymptotic behavior of the disconnected
part of the amplitude. Any constant or polynomial
behavior in gy for large go in the connected part of the
amplitude will be the result of the existence of operator
Schwinger terms or other operator anomalies.

Finally, the third important problem raised by Ref. 1
concerns the term O(1/¢¢*) in (1.1). This term is pro-

portional to the equal-time commutator [7,7]. When
juand j, are electromagnetic currents, Bjorken showed
that the nonvanishing of this commutator leads to a
logarithmic divergence in the Cottingham formula for
the electromagnetic mass of the proton.

The usefulness and simplicity of (1.1) led Adler and
Tung® to carry out detailed perturbation-theory cal-
culations to check its validity. Similar conclusions were
also reached by Jackiw and Preparata* Using the
“gluon” model of strong interactions, it is shown in
Ref. 3 that to second order in the gluon-fermion cou-
pling constant, Eq. (1.1) fails to give the same space-
space equal-time commutator as the ‘“naive” com-
mutator obtained from canonical commutation rela-
tions. Thus the asymptotic sum rules derived from the
naive space-space commutator fail in perturbation
theory. To fourth order in the gluon-fermion coupling,
Adler and Tung calculate the leading logarithmic be-
havior of the SUj-antisymmetric part of the space-
space commutator and obtain a term which is
0((Ingo)*/qo). The existence of such a term means that
the Bjorken-limit definition of the space-space com-
mutator does not even exist in fourth order but diverges
like (Ingo)®.

The question immediately arises whether nonper-
turbative effects could conspire to make the Bjorken
limit exist and give the canonical answer when all orders
are summed up.

In order to shed some light on this question and on
the other problems mentioned above, namely, existence
of operator Schwinger terms, and divergence of the
Cottingham formula, we look at the whole problem
of asymptotic behavior in ¢o in a model-independent
way.

We seek the restrictions that unitarity, analyticity,
and current conservation force on the asymptotic be-
havior of the connected, covariant amplitude 7,,°.

Here the quantity M,,° is the connected part of the

#S. L. Adler and W.-K. Tung, Phys. Rev. Letters 22, 978
(1969) ; Phys. Rev. D 1, 2846 (1970). The latter article contains
the fourth-order results.

4 R. Jackiw and G. Preparata, Phys. Rev. Letters 22, 475 (1969).
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covariant amplitude for the scattering of a charged
conserved current on a proton target. Our input con-
sists only of analyticity in ¢o at fixed g, unitarity
(positivity), and current conservation. The main tool
we use is a theorem of Jin and Martin® which was used
to give a lower bound for forward amplitudes that
satisfy analyticity and positivity.

Because of current conservation, it sufficies to study
the time-time component M°. If one succeeds in
proving a lower bound for ¢ then the lower bound
for M ;;¢ follows immediately and is larger by a factor go*

The absorptive part in g, for fixed q of Mo°(go,q)
does not manifestly satisfy the positivity condition
needed for the application of the Jin-Martin theorem.
However, if we reduce out the target particles and use
retarded products instead of 7" products, the discon-
nected part of the amplitude factors out explicitly and
the connected part is related to the vacuum expecta-
tion value of the retarded product of two currents and
two fields. Using the general identity for calculating
the absorptive part of the retarded product of #
operators, we immediately see that the absorptive part
splits directly into two kinds of contributions. In the
language of the Fubini sum rule these are the ones
coming from class-I intermediate states and the others
coming from class-II intermediate states. The class-I
contributions are those of the direct s-channel states
and those of the Z graphs. The class-IT states which
contribute only when ¢ is timelike are those that couple
directly to the photon—see Fig. 1. The separation is
made directly from the fully reduced Lehmann-
Symanzik-Zimmermann (LSZ) retarded formula and
does not depend on perturbation theory.

The class-I contributions to (Im2°) are manifestly
positive for ¢o>0. Our main result is to prove that the
class-I contributions to M., which we denote by Mo,
have the following lower bound, as |gy| — % in com-
plex directions and q is held fixed:

_ Po
}Mool-l— —
Mqol  |go|?

The term (po/Mgo) is added in (1.2) to exactly cancel

e Ty

—C= =)

(c)

> , C>0. (1.2)

Fic. 1. Schematic representation of class-I,, class-I;, and
class-II intermediate states which contribute to A .

Y. S. Jin and A. Martin, Phys. Rev. 135, B1369 (1964).
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out the O(1/¢o) term that comes from the equal-time
commutator of the time components. For neutral
currents this term is absent.

This lower bound is larger by a factor (go)t*¢ than
the asymptotic behavior assumed in Eq. (4.8) in Ref. 1.
It has definite consequences for all three questions re-
lated to the Bjorken limit mentioned earlier in this
introduction.

For if the class-IT contributions do not exactly cancel
the leading behavior in (1.2), then one gets |Mo®
+po/Mqo| >C/|go|? and using current conservation,
|M;°| >const. This could not happen if operator
Schwinger terms (and other anomalies) are absent. We
thus show that the existence of operator Schwinger
terms is directly related to the existence of at least one
frame of reference in which the contributions of the
class-IT states is suppressed relative to those of the
class-I states or otherwise do not exactly cancel the
0(1/q¢*) contribution of the class-I states.

The leading cancellation if it occurs will only guar-
antee the absence of operator Schwinger terms. The
nonleading terms in (1.2), ie., those between O(1/¢¢%)
and O(1/g¢*), will also have to be canceled if the
Bjorken limit for the space-space commutator is to
exist. This second cancellation (or cancellations) is more
difficult to guarantee. The sum rule whose validity is
necessary for the occurrence of these cancellations is
divergent in perturbation theory. If one uses the
infinite-momentum limit just as a guide to the con-
vergence properties of this sum rule, one also has the
indication that it is divergent in general. The only thing
that could make it convergent is a cancellation between
two highly divergent intergrals, one representing the
contributions of the direct s-channel states and the
other those of the Z graphs. This argument against the
0O(1/q¢*) cancellation does not provide a proof but,
when coupled with the results of Adler and Tung, it
makes it a reasonable conjecture.

Finally, even if cancellations occur at O(1/¢¢®) and
0(1/q¢®), we show that 17" will still have a contribu-
tion of O(1/ge*. This will have to be exactly canceled
by the class-IT contributions if the Cottingham formula
is to converge. Again we cannot rule out such a can-
cellation in general, but in view of the preceding dis-
cussion we find it unreasonable to assume that all these
cancellations do occur exactly without pointing out a
model or a mechanism which will guarantee their
occurrence.

In Sec. IT we review the results of Bjorken and give
detailed definitions of the amplitudes we consider, and
show how the problem is related to that of deriving
lower bounds. In Sec. III we state the Jin-Martin
theorem and make a few remarks about it that are
relevant to the present discussion. We also give a proof
due to Simon® of a weakened vision of the Jin-Martin
theorem.

¢ B. Simon, Phys. Rev. D 1, 1240 (1970).
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To motivate the discussion we apply the Jin-Martin
theorem to the full covariant amplitude 17,,,, where the
disconnected part is still included. This is done in
Sec. IV. Because of the presence of the disconnected
part, the lower bound we get here could come purely
from the ¢-number Schwinger terms and leads us in
general to no new information.

In Sec. V we first show how one can explicitly factor
out the disconnected part by using the retarded product
and reducing out the target particles. As mentioned
earlier, we use the fully reduced LLSZ formula to give
an explicit separation of the absorptive part of the
connected amplitude into class-I and class-II contribu-
tions. We then proceed to derive our main result which
is the bound (1.2).

The question of cancellations between class-I and
class-II contributions is discussed in Sec. VI. It is
shown that the cancellations are equivalent to the
validity and existence of certain sum rules.

Finally, in Sec. VII we make a brief comparison
between our work and that of Ref. 3. We point out that
in perturbation theory one loses positivity even for
the class-I contributions. Thus one cannot in general
establish the bound (1.2) for each order in perturbation
theory.

II. REVIEW OF BJORKEN LIMIT

In this section we first define the amplitudes that
will be studied, and then give a brief summary of
Bjorken’s results. We then turn to a formulation of the
questions we consider in the later sections.

We consider the time-ordered product

M= ti / d o= (| TG @) (0)|p),  (2.1)

where an averaging over proton spins is understood.
Here j,* are the conserved AS=0 isovector currents
with [Q+,0~]=2Q;. (The amplitude we have defined
above differs by an over-all minus sign from Bjorken’s
amplitude.”) It is well known that the quantity defined
in (2.1) is not a covariant quantity. A covariant ampli-
tude is constructed by adding an equally noncovariant
object to M ,. This term is usually called a Schwinger
term or a seagull term. Thus the covariant amplitude
is given by N
MquMuv+2nv .

2.» is usually determined by the Schwinger terms ap-
pearing in the equal-time commutators. N
Bjorken! proposed some time ago that M, and M,,,
considered as analytic functions of ¢°, for fixed |q],
have the same absorptive parts and that they differ
only by polynomials in ¢o. The analyticity of M, in ¢°

(2.2)

7Qur amplitude differs by an over-all sign from that of
Bjorken’s paper. For some reason the excellent textbook of Drell
and Bjorken defines the forward amplitude in such a way that
Imf'\’—o'wg.
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is trivially evident and M, satisfies a dispersion rela-
tion (known otherwise as the Low equation) of the form

Mﬁ“‘(q(bfql)

1 r P v(QOI,Q)
= —/ qul[ £ B -+
/0 qo —qo

where
Pw(qo,q} =%§ Z (277)45 (Q"‘Pl - P")

X' 7ut0) [){n| 7,7(0) | p), (2.4)
Pur(g0,@) =3 22 (2m)*0* (¢ —p+ )

X' 37(0) [n)(n] 1 (0) [ ).

Bjorken’s prescription for constructing M,, from
M,, is to go to the limit go— o0 at fixed g, identify any
polynomial in ¢, and subtract it off. The remaining
M,,, he argues, should vanish as go— as one can
see by truncating the sum over statesin (2.3) and (2.4).
For go— i one then gets from (2.3)

-/.w - ,, +
Pur(—q0 Q>jl’ 23)
90’+90

-1
Mﬁ“’(qqu)q ~oT

0> Qo
Xemax(p|[5,%(0,%),7,7 (0,001 p)+0(1/¢6%) -

This” equation provides a definition of the equal-time
commutator of any two components of the currents.
If one identifies the commutator with the ‘“naive”
commutator relations, one can obtain several interest-
ing sum rules.? The legitimacy of such an identification
has recently been questioned by Adler and Tung.?

To formulate our problem in a more precise way and
see how it relates to the question of lower bounds, we
consider M, for the forward case p’=p and average
over spins.

We recall that by construction the term Z,, in (2.2)
is just chosen so as to cancel exactly the contribution of
the Schwinger term when we compute ¢*M,,. We thus
have for the covariant amplitude /7, the identity

g M = —2(p'| j,*| p)
=—ps/M. (2.6)

One can write M,, as defined in (2.1) and (2.2) as
a sum of a connected part and a disconnected part,

d3x

(2.5)

MyuzMuvc+<p/[P>DIW! (2'7)

when D,, is given by the covariantized vacuum ex-
pectation value of the T product,

p(o?)
2d0'2 .

_ 1
D,y=(qugv—8uq")— / (2.8)
2

o?—¢q

Here p is the Killén-Lehmann weight function. The
disconnected term D, contains all the contributions of
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the ¢c-number Schwinger terms, and ¢*D,,=0. Thus if
g-number Schwinger terms are absent, then according
to Bjorken’s prescription,

lim 1,,%(g0,1a]) =0, (2.9)
or, more precisely, 17,,°(go,q) Will have no polynomial
growth in ¢o when g¢-number Schwinger terms are
absent. Now if one is able to prove that as |go| — «
in complex directions

lMiic(qo, |q])| > const>0, (2.10)

then one has the strong result that there must be a
g-number Schwinger term at best. If the lower bound
(2.10) is not reached but the function behaves as
C(Ingo)?, then (2.5) can have no meaning for space-
space commutators.

In his paper Bjorken assumes that there are only
c-number Schwinger terms and writes 17,,° as®

M wr’ (q ;P)
=[@pubr—0- P (quprtgpu)+ (g )€ IM1(g%v)

+ (Qﬂqv—guvq2)M2(qz>V)+ (Buv+Auv) . (2-11)
The Born term B,, is given by
2(put39.) (pv+392) 7
B,“,= _ 2 2 I_FLVZ(QZ) _ F2V2(92)1
M(g+2g-p) L U
(qugr—8uwg")
(Flv+F2V)27 (2.12)

2M (429 p)

where F1y and Fay are the Dirac isovector form factors
normalized to 1 and (k,—k»), respectively. The term
A,y is given by

A =[quPr+qPu—8gu (g )]
Xl (e @)
Mg T e Y

1 @
y (FW?—— F2V2>. (2.13)
2M 4>

+gu

The first two tensors in (2.11) are conserved and A,, is
constructed such that

¢*(ButAw)=—p,/M. (2.14)

The connected amplitude still satisfies ¢#07,,° = —p,/M.
This separation in Bjorken’s paper is not unique since

8 The relation between ImM; and ImM, and the now more
familiar inelastic form factors W, and W is given by
ImM,=W,/M¢*
and

1 (g-9)*
ImM,= E[WH— M PVz]-

Here the Born contributions are included on the left-hand side
and ¢ is taken to be spacelike.
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one can always add gauge-invariant terms to (B,~+Au,)
and subtract them from the rest of the amplitude.
However, this nonuniqueness is not relevant to our
discussion and we stick to Bjorken’s definition of
My and M,.

The absence of g-number Schwinger terms is equiv-
talent to the assumption, made explicitly in Ref. 1,
that

lim ¢¢®M1=0,
q0~>1%0
lim qon 2=0,
q0—>1%

lim qO2F1‘2< oo,

qo—>1%

(2.15)

The only Schwinger terms come from D,, and are
¢c-number ones.

If in addition to (2.15) one also assumes that as
qo-—)ico’

@M1 —0, ¢?M:—0, ¢fF:<e, (2.16)

then as go— i the only contribution to O(1/go) is
made by the first term of A,,, and one obtains

1
Mp.vc ~ _(inﬂ"’_nqu_gnvn‘P) ’
90> 70 My

(2.17)

where 5,= (1; 0,0,0). Thus, aside from a Schwinger term
from D, one finds

P> / &x e x(p'|[7,+(0,%),5,-(0,0)]1#)

= (Wﬂpv‘!—'f)vp,‘—g,‘m']’)/M. (218)
For u=v=1 this gives precisely what is expected from
quark currents using the naive canonical commutation
relations, i.e.,

[ji+ (O,X) 1.71_(0’0)] = 2j0363 (X) .

One can now turn the problem around and remark
that if one is able to obtain lower bounds on My or M
such that (2.16) fails as go— 4%, then that is tanta-
mount to proving the existence of anomalous terms in
(2.19), as was shown in perturbation theory by Adler
and Tung.

Finally, we remark that in the case of the electro-
magnetic current the behavior of M, and My as
go—> i and |q] is fixed is intimately connected with
the convergence or divergence of the Cottingham
formula, for the electromagnetic self-mass of the proton.
Thus unless

(2.19)

lim QQ4M1,27=0 N

qo—>1%0

(2.20)

the mass formula will be divergent, as was emphasized
by Bjorken.

It is thus evident that anything one can say in a
model-independent way about lower bounds for
| M,,°(g0,q) | for large qo is quite significant for the whole
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set of questions discussed above. It is the main purpose
of this paper to use methods developed by Jin and
Martin to examine the question of lower bounds for
M e

Current conservation simplifies our task tremendously
since it is easy to show that it suffices to prove lower
bounds for the time-time component 37 4:°(go,q). This
can most easily be seen by considering 7¢ for neutral
currents or by symmetrizing the amplitudes we have.
We define

Mﬂvcsz’% Mﬂvv(].~+ﬁ "—:.7—+P)
+Mue(7t+p — jH+p) 1. (2.21)

This function will be even in go. It will have a similar
decomposition as in (2.11), but the first term in A,, in
Eq. (2.13) will cancel out in the symmetrization. In-

stead of (2.6), M,,°* now satisfies the conservation
condition,

q*M 22 =0. (2.22)
Thus it is trivial to show that if one can prove that
| M 00°*(90,9) | >C/ | g0 ™, (2.23)
then B
| Moy [ >C'/ [ go| ™ (2.24)
and B
| M52 (g0,0) | >C""/ [ go| 2, (2.25)

where g=1(g0,0,0,¢5) and ¢350.

When we work with A,,° unsymmetrized, then Ago
already has a term which behaves like (—go)™! for
large ¢o. This is the term that gives the correct equal-
time commutator for the time-time component. But it
can easily be subtracted out and one tries to derive
lower bounds for (M °+po/Mqo).

The method needed to derive lower bounds and the
input needed is discussed in Sec. III.

Finally, in closing, we stress that the conservation
condition (2.6) already makes the time-time and space-
time commutators well defined aside from operator
Schwinger terms. This is guaranteed by the kinematic
tensors in front of M; and M, in (2.11). When we
calculate M and My, these components have a
factor 2 and gy, respectively, multiplying both M;and
M,. Any violation of Bjorken’s assumed asymptotic
behavior for M; and M, given in (2.15) will lead to a
contribution to M,,¢ proportional to g or ¢i* which by
definition is due to an operator Schwinger term.

III. JIN-MARTIN THEOREM

It was first pointed out by Jin and Martin® that the
forward elastic scattering amplitude cannot decrease
arbitrarily rapidly for large energy. The input used to
derive this lower bound was just analyticity in energy
and positivity. The inequality they obtained was of the

form
E

fJ E'|f(E")|dE'>C(InE)'2. (3.1)
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The ingredients needed to prove the above were (i)
f(E) is analytic in E with two cuts A <E<, and
—ow <E< —B; (ii) f(E) is polynomially bounded in all
directions; and (iii) Imf(E)2>0 on the right-hand cut
and Imf(E)<0 on the left-hand cut. The last condi-
tion, “positivity,” follows from the optical theorem
and crossing, since Imf(E) for negative E is minus the
absorptive part of the #-channel process.

Martin® improved this result to show that on the
real axis for some sequence {E,}, E, —© as n—®,
there exists a constant C>0 such that as n —o,

|F(E.)|>CE.; 2. (3.2)

A similar result holds for a sequence {E,} — —. In
the complex plane, the theorem is stronger and one
gets the result

|%}ilr—r>1w |E2f(E)|>C, C>0 3.3)
where the limit is taken along any radius from the
origin not coinciding with the real axis.

We shall not give a complete proof of this theorem
here. For a detailed discussion one can consult Ref. 10.
At the end of this section we will give a proof of a
slightly weakened version of (3.2) due to Simon.®

Before we do that, we would like to make a few
remarks about this theorem which are helpful for the
rest of this paper. (a) The constant C that appears in
(3.2) and (3.3) is strictly greater than zero. A sufficient
condition to guarantee that would be, for example,

Imf(E)>0, E>0; Imf(E)<0, E<0;
and

b
/ Imf(E")dE'> const>0 (3.4)

for some finite interval 6> a> A4, where 4 is the thresh-
old of the right-hand cut. In fact, a study of the proofs
of the Jin-Martin theorem shows that C is “roughly”
related to the size of Imf. In a free-field theory,
Imf(E)=0 everywhere and in that case C=0,but so s f.
We make this remark to point out that the case of free
fields does not provide a counterexample to the theorem
or to our applications of it. (b) The theorem can be
generalized to the case where Imf(E) makes » changes
of sign as E varies from E= —» to E=- . In the case
of the forward elastic amplitude, »=1. But in the
general case of a function f(E) satisfying (i) and (ii)
but for which Imf has » changes of sign on the real
axis, one gets for large complex E

| f(E)|>C|E[*. (3.5)

For »=1, this coincides with (3.3). (c) Born poles do
not, in general, spoil the result. If the s-channel pole

9 A. Martin (unpublished); see footnote 11 of T. Kinoshita,
Phys. Rev. 154, 1438 (1967).

1 For a detailed discussion of the Jin-Martin theorem, consult
the lectures by N. N. Khuri, BNL Report No. BNL 50212 (C-58),
1969 (unpublished).
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lies to the right of the #-channel pole, then since the
discontinuity at the s-channel pole is positive we can
consider it as part of the right-hand cut and the
u-channel pole as part of the left-hand cut. The same
result still holds. However, in some cases, like 7°p
— 7%+p, the s-channel pole is at negative E and the
u-channel pole is at positive E. For {Imf(x% — n%)
we have three changes of sign as E varies from —oo
to 4. Thus f(n%p) satisfies (3.5) with »=3. Clearly,
if we have only one pole then regardless of the sign
of its discontinuity (3.3) still holds. (d) The Jin-Martin
lower bound looks very weak indeed. It is three powers
of E lower than what we expect forward amplitudes to
behave like. However, the input that goes into it is
quite minimal. If one has any extra information about
f(E), one can immediately improve (3.2) and (3.3).
For example, if one knows that f(E) is negative at any
real point E, which lies in the gap between the dis-
continuities, —B < E,<A4, then one gets instead of (3.2)

lim | f(E.)|>C, (3.6)
on the real axis and lim|g|-., | f(E)|>C, C>0, in all

complex directions. Finally, even if f(E4) is positive
it suffices to find an E; such that

o o[22 o

in order to obtain the bound (3.6). We recall here that
in (3.7), Imf(—E’) is negative in the region of
integration,

Finally, we close this section by repeating Simon’s
short and elegant proof of a slightly weakened version
of (3.2). Simon’s statement is that there exists a
sequence {E,}, E,—» as n—c, and a constant
C>0, such that as n— 0, either

| f(E)|>C| En| (3.8)

or

| f(—=Ea) | >C|En| 2.

The proof is immediate. One assumes that (3.8) is false
and produces a contradiction. In fact, if (3.8) is false,
then along the real axis

Jim_ 2| f(5)| =0. (39)

However, f(E) is polynomially bounded and the
Phragmén-Lindelf principle then tells us that
lim E*|f(E)|=
[Jim E?| f(E)| =0

(uniformly in all complex directions).

(3.10)

But if (3.10) is true, one has a superconvergence
relation

40
/ (E'—E) Imf(E")dE' =0, (3.11)
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where E,is real and chosen such that Ez <E,<E4. But
Imf is positive for E'> E4, zero in the gap, and nega-
tive for E'> Ep; and we immediately have a contradic-
tion unless f=0. Therefore (3.9) cannot hold and hence
(3.8) must be valid.

IV. APPLICATION OF JIN-MARTIN
THEOREM TO [

In order to motivate the main discussion of this
paper, we first apply the theorem of Jin and Martin
to the function Mge(qo,|q]). Here we recall from (2.7)
that the covariant M u» has a disconnected part in it
which is proportional to the propagator. We delay our
study of the connected part, Mo, by itself to Sec. V.

The discussion in this section is more or less heuristic
and we only go through it to clarify the problem. The
main results we have are proved in Sec. V.

Let us consider the function Moy(¢?,|q|). This func-
tion is an analytic function of ¢qo with two cuts. Its
discontinuity across the cuts is the same as that of
M0(qo,q), which can be calculated from (2.3) and (2.4);
one gets

ImM o0(go, |4 |) =poo(go, 1q]),

ImMOO(QO;!QD=—500(90,IQ|)’ q0<0.

It is clear from (2.4) that the discontinuity is positive
on the right-hand cut and negative on the left-hand cut.

The function Mo(go,|q|) also has a Born pole in go
and a Z-graph pole. The Born pole is at

o=+ P2 ()],
where we always take P-q=0. The Z-graph pole is at
qo=—[OL+p+@) 2+ (r+p) ], (*43)

The Born pole has the same sign of discontinuity as the
right-hand cut. The Z-graph pole has the same sign
of discontinuity as the left-hand cut.

There is one problem left before we apply the Jin-
Martin theorem to Moo, namely, one can see from (2.7)
that the disconnected part of Mg is proportional
to (p’|p). In our normalization we have (p'|p)
=2n)*(E/M)8* (@' —p). In the forward direction this
is infinite. However, we shall imagine for the sake of
the discussion that we have averaged the expression
in (2.1) over sharp wave packets in p and p’ near the
forward direction. Since we are only considering analy-
ticity in go at fixed g, this smoothing operation will
not affect the analyticity nor the positivity. Thus we
can replace (p’|p) by a constant and proceed with our
heuristic discussion. In Sec. V we shall completely
factor out the disconnected part from the reduction
formula and study only the connected part where this
problem does not arise.

Finally, before we apply the theorem, we note that
Ag in Eq. (2.3) already has a term that behaves
asymptotically as — (po/M)gs%. This is essentially the

g0>0  (4.1)

and

(4.2)
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term that gives the commutator. So instead of con-
sidering Mo directly, we define a new function Goo,
where 5

Goo(g0,0)=[Moo(g0, |q|)+10o/Mgs].

This new function has exactly the same analyticity
properties as Moo(go,|q|) except for the added pole
at go=0. The discontinuity at this pole is negative, i.e.,

Po 1/+°° (= o/ M)5(q0)
—_— dqo____._

(4.4)

. (4.5)

MQO ™ QO'—QU

Hence we can consider the contribution at this pole
as part of the left-hand discontinuity. In all, G(qo,|q])
has a positive right-hand discontinuity starting at
go= (M2~4p*+q?)2— (M?>+q?)'%, and a negative left-
hand discontinuity extending from —o to 0. Thus,
applying the theorem of Jin and Martin, we get that
in all complex-gq directions,

[Goolgo,|a]) | >C/1q0]?, C>0

where |go| is large and |q| is fixed; |go|>>|q]|. This
means that

(4.6)

_ Po
Moo(go,la])+—|> . 4.7)
Maol  |qol*
Using the fact that ¢#M,,= — (P,/M), we get
. C/lgs
| M30(qo,1q]) [ > (4.8)
Jo
and ~
| M55(qo,1q]) | >C/g2=C">0. 4.9)
In (4.8) and (4.9), we have set
9= (90,0,0,93) s (410)

and

p-q=0.
(In fact, throughout this paper we take p-q =0 unless
otherwise noted.)

At first sight the result implied in (4.9) seems
essentially trivial. We have only succeeded in re-
discovering ¢-number Schwinger terms. For, recalling
Eq. (2.7), we have

Mis(go,|a]) =M (g0,9)+(p' | £)D3s(¢?) -

Certainly the second term in (4.11) gives at least a
constant as go— ¢%. This constant is just the well-
known Schwinger term. In fact M3 could decrease as
fast as we please without violating (4.9). The leading
powers could in principle all come from Dj;(g?).

However, a further look at the problem shows that
the situation is not so simple. To see this, let us sym-
metrize the function 37,, in the charge indices and
consider

M =30 () +p = (H)+5)
HM (=) +p = (=) +2)]-

(4.11)

(4.12)
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In this case M7, 00°(go,q) would be an even function of g,
and TmM go* will be odd in go. Now since we are seeking
lower bounds we can safely assume that 3 * satisfies
an unsubtracted dispersion relation in ¢o. For if that
is not true, then one can easily show that there is a
real sequence {¢."}, ¢’ — as n-—o, such that

lim | Moo*(¢.2q|)| > const. (4.13)
Using the fact that ¢#M,,* =0, this gives
lim | (g.°)"2M35%(g.%, |q|) | > const. (4.14)

This is already a strong lower bound. The behavior
(4.14) cannot come from the propagator if the c-number
Schwinger term is finite. Below, we consider only the
case where My* satisfies an unsubtracted dispersion
relation. The argument can be easily modified if sub-
tractions are needed. In any case the rest of this
section is just to provide a motivation for the theorem
of Sec. V.

We thus write

_ 1= 00*(g0',]q])
Moo*(g0,1q]) = -/ QO'dQO'p——z)-

(4.15)
T (g0 —qo

From (2.4) we have

poo*(qo,1a])
=32 (2m)*et(q+p —pn) | (P'] 4o (0) [m)|2.  (4.16)

Suppose now we divide the sum over states # into two
classes, 4 and B. In class 4 we keep only states which
have no proton in them. For example, class 4 could
consist of 17 states with strange hadrons in them but
no protons. Class B would consist of all remaining
intermediate states.

We can write

poo* (g0, | |) =poo ™’ (g0, |4 |)+p00® (g0, |a]), (4.17)
where '
pu=3 T (myotg+p'—pn) | ('35 O)1m)2,

(4.18)
po® =3 3 (2m)'8*(g-Hp —pa)| ('] ja*(0) | m)|2.

n B

Then obviously both pg™’ >0 and pee®>0. We can
then rewrite (4.15) as

_ | poo‘4 (g0, ]q|)
Moo*(go,]a]) = —/ go'dg'———
0

’
T do 2—(]02

(4.19)
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Since the states {4} contain no protons, they cannot
contribute to the disconnected part. Thus all the con-
tribution of the disconnected part is by definition in
the {B} part. Now we have

Mog> =M oo+ 0o®. (4.20)
Both functions satisfy the Jin-Martin bounds
| Mo >C/|qol?, [Moa®|>C/|qo]?. (4.21)

In fact, as go— 3, both C and C’ above are positive.
Thus for all separations {4} and {B} and in all frames
of reference there should always be a cancellation be-
tween the two leading terms in (4.20) such that we are
always left with just the contribution of the propagator.
Otherwise we have Q-number Schwinger terms or even
worse singularities. The cancellation has to occur in
all orders above O(gs?) and at O(gs?). It has also to
occur at O(gs®) and O(gs ™) if we want a convergent
Cottingham formula for the electromagnetic self-mass
of the proton.

To make the problem clearer, we have to deal ex-
plicitly with the connected part of 17,,. This we can do
directly by reducing out all the target particles in (2.1)
and explicitly factoring out the disconnected part. This
is done in Sec. V.

V. LOWER BOUND ON CLASS-I
CONTRIBUTION TO My°

In this section we write a fully reduced LSZ formula
for M,, and thereby explicitly factor out the discon-
nected part. We choose to use the R-product form of
the reduction formula since the vacuum expectation
value of an R product is always connected. We then
take the absorptive part of the four-field retarded
product and show how it explicitly separates into class-I
and class-II contributions. We obtain a lower bound on
the contribution of the class-I states to I7".

We have defined 17, by the following:

.7|7[,“,=i/d“x

Xeit = (wt(p") | TGt (1) 7 (0) |7 (p))+Z 0. (5.1)

We use pions as targets in this section to simplify the
algebra.
Now if we define

R,= ——/d“x

Xet =t (p) | Rt (2); jm () |7~ () +Zus, (5.2)

then, since R(j,*(x); 7,7(0)) = —if(xo) [, * (%),5,7(0)],
the only difference between (2.2) and (2.3) is a term
that is proportional to the matrix element of
17,7(0) ju* (x). The contribution of this term is zero for
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g0>0, q fixed. Thus we have
Mou(gola)=Ru(gold)), 9>0.  (53)

_The analytic function defined by continuing either
My, or R,, in ¢o is the same. We have one analytic
function G..(3[q]) such that on the right-hand cut,
Guy(3=qo+1i€) =M (g0, |q|) =Rys(qo; |q|), go>0. On
the left-hand cut, ¢o<0, we have G,,(3=qo+1ie)
=Ry»(g0) and~GMV(Z=~90_i€) =M,,(q0,1q]). For go<0
the functions R and M are just complex conjugates of
each other. We go through this trivial exercise to show
that no difficulties are introduced by going from the T
product to the R product. In the end we are mainly

We proceed to reduce out the two pions in (5.4):
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interested in limits as go — 7c in the purely imaginary
direction.

From here on we shall identify the two functions with
the analytic function and use the label #7,,(go,|q]) to
denote the analytic continuation from (5.3) into the
complex plane. We have

Mw(q(h‘ql):—"/dlix

Xeiw=(p'|R(jH(x); ,7(0)) | p)+P(q0),

where P(go) denotes a polynomial in g, coming from the
Schwinger terms.

(54)

My (go,la]) =~ / 'z ¢ (0] ain™® (P )R(Gt (x); 757 (0)) | £)+P(q0)

__ [ & ¢12(0| [asa® (0),RGiH () 5= (0))]])

“/ dx ¢ =(0| R(juH ()5 4= (0))am™® (@) | 2)+P(g0)- (55

As in the usual derivation of the retarded reduction formula (see, for example, Ref. 11), the first term above
gives the three-field retarded product. The second term is the disconnected part, since

One obtains

@i (@)] p) =01 ® (p)ain ' (p) |0) = (27)°2E5*(p' —p) | 0).

M=+ / er=dty [K, (0| RGiy+(2); 55~ (O)8+ ()| p)Jer vty

— (1) / d 600 | RG5O 0+P (@), (5.6)

where K,=[,+u% The second term above is propor-
tional to the retarded propagator. For ¢o>0 this is
identical with D,, of Eq. (2.7), after we add to it the
contribution of the ¢c-number Schwinger terms in P (go)
to make it covariant.

We thus obtain, for go>0,

Wy la)) =+ [eras

XIK, 0| RG* ()5 i )8+ (3)) [ p)Jet 7" vy
+P ' (QO) ’

where now all the c-number Schwinger terms have been
taken out. The polynomial P’(go) comes from the

g-number Schwinger terms if they exist. The connected
amplitude is defined by analytic continuation of the

(5.7)

1 11, Lehmann, Nuovo Cimento Suppl. 14, 153 (1959).

expression (5.7) from the region go>0 to the whole cut
qo plane. As we stressed at the beginning of this section
this gives the same analytic function as the continua-
tion of the connected part of the T' product.

We reduce out the second target pion in (5.7) and get

Mot (g, g )=~ / dhadbydis ¢ veis

XK K| R(Gut(%); 5~ (0)¢7 (3)¢7(2))

X|0)+P"(g0). (5.8)

For the definition of the multiple retarded product, see
Ref. 11.

We want an explicit expression for the imaginary
part of Moo”,

AQOEImMQQC. (59)
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To obtain that, we need to calculate the difference:

R(jo*(2); jo= (0)¢* ()¢ (2)
—R(Go™(0); jot (@) ()6 (2)) -

(We are dealing with the forward case only where
p’=p.) The result is given by

R(jé*(x); Jom (0)¢* ()¢ (2))
—R(j5(0); jot (®)o* (¥)¢(2))
=—i[ji* (*),R(ji(0); ¢+ ()¢~ (2)) ]
—i[R(jo*(x); 6% (¥)),R(jo™(0); ¢7(2)) ]
—i[R(jo* (x); ¢~ (2)),R(jo=(0); ¢+ (1)) ]

—i[R(jo* (x); 6T ()™ (2)),75-(0)], (5.10)

Ag'e=% 2°(2m)*6(qo+po—E.)

—3 2 (2m)*8(go—pot+En)

and

B, = (M, 2+p 4,

LIMIT AND THE JIN-MARTIN LOWER BOUND

/ e uddy K, (0| R(js*(0); ¢+ () |n, M, p+q)

/eﬁpl'”d“y K,O|R(j5(0); ¢t () |n; Mu; +p—q)
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where to get (5.10) we have used the identity"

R(x; 9,21, . %) —R(y; 2,01, . . . %n)

n 1

) D ——
iein k=0 l(n—Fk)!

X[R(JC; Xigy - - )xtk)rR(yr Liggrye o+ axin)] . (5‘11)

Substituting (5.10) into (5.8), we get an expression
for the absorptive part Ag which contains the four
different commutators in (5.10). Inserting sums over
intermediate states and using translation invariance,
we see that A can be written as the sum of three
different types of terms. We write

Ago= Ao+ Aoo*+ A0, (5.12)

where

2

2

(5.13)

po=G+pe.

These are the usual direct s-channel contributions of dispersion theory. But since we vary ¢o at fixed q, we get

the additional contributions

Ao =35 2°(2m)*6(qo—po—En)

—% 2 (2m)*(qo+po+En)

/ i sds K0 RG(0); 6-(2)) 1, M., a—p)

/e‘“"zd“z K(0|R(js(0); ¢~ (2)) |, M.% —p—q)|

2

2

(5.14)

These are nothing but the so-called Z-graph contributions; see Fig. 1(b). Finally, we have the class-II contribu-

tions

Ao''=32 54(<1—Pn)/6”"'”8"""zd“yd“z KK 0] jo+(0)[n)(n| R(jo~(0); ¢+ ()67 (2)) | 0) (2m)*

—3 2 0'(g+pa) / e'?" v~ adiyd's KyKo(0| R(ji(0); 67 ()¢~ (2)) | #)(n| jg* (0) |0) (2m)*

A schematic representation of the class-II contribu-
tions is shown in Fig. 1(c).

Both the direct-channel and Z-graph contributions
satisfy our positivity requirement. That is, we have

Aoo"=Aoo'*+ Aol (5.16)

and
Aw'(q0,]a]) 20, ¢o>0;

A0’ (g0,(q[) <0, g0<0.
This is evident from (5.10), (5.13), and (5.14). On

the other hand, 44! has no clear positivity properties.
Thus after factoring out the disconnected part, the

(5.17)

+[complex conjugate]. (5.15)

full absorptive part of the connected amplitude,
ImM 0%, no longer has any obvious positivity property.

However, since we are only seeking to derive lower
bounds, we can separate the contributions of the class-I
and class-IT states to My°, obtain a lower bound for
the class-I contribution, and then study the possibility
of cancellations between the two contributions.

A similar situation will hold for the spin-averaged
proton amplitude of Secs. IT and IV. The same splitting
can be achieved and the class-I contributions will be
positive. In order not to repeat the definitions of
Sec. II for spin-zero targets, we shall from here on use

2 K. Nishijima, Phys. Rev. 119, 485 (1960).
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the kinematics of the spin-averaged proton amplitude
defined previously.

For the analytic functions M4 we shall distinguish
the following three possible alternatives which exhaust
all possibilities:

(i) Mow°(go,|q]) does not satisfy an unsubtracted dis-
persion relation. This means that on the real axis on
some sequence of points we have the lower bound

lim [ Moo (g 1) [ >C>0, (5.18)

where {¢.} is a real sequence tending either to 4 or
—w. (We always take |q|0; otherwise Mo will
trivially vanish except for the contact terms as
[q] — 0.) This is the strongest statement we can make
about a function that requires subtractions. Of course
the function might grow faster than shown above. It
might also be greater than a constant along complex
directions, but this does not follow just from the fact
that subtractions are needed. (One can easily construct
a function that goes to zero in all complex directions
but oscillates along the cuts on the real axis.) If (5.18)
is not true for any sequence {¢,}, then /74°(go,|q|) — 0
along the real axis as ¢o—, and by the Phragmén-
Lindelof theorem it will also approach zero in all com-
plex directions, enabling us to write an unsubtracted
dispersion relation. Thus the negation of (5.18) is
equivalent to the requirement of no subtractions.
Translating (5.18) to My, we get
lim |M35°(¢",|a]) | [g0]*>C">0. (5.19)
This lower bound is clearly too large and leads to very
singular behavior. If it is true, then the Cottingham
formula will badly diverge anyway. Thus we either
get strong oscillations as go—c or we have highly
singular g-number Schwinger terms.
(ii) The second possibility is that Mo satisfies an
unsubtracted dispersion relation. In that case we write

_ 1+ Adgt(gd,lql)
Wornla)=~ [ =%y
TS - qo —¢qo
1+ 4o (g, 1))
4 - f T R . (5.20)
TJ - QOI—QO

Here we have taken the case where the above two
integrals are separately convergent. The case where we
need no subtractions but where each of the two integrals
above diverges separately while their sum remains
finite will be dealt with under case (iii).

From (5.20) we can write

Moo'=M o' +M 0" (5.21)

The separation in (5.21) is of course frame dependent.
(It is also not necessary that M,,! and M, satisfy
gauge conditions separately.)

BITAR AND N. N.
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We now consider the function
Goo=Mool+P0/Mgo. (522)

This function satisfies all the positivity and analyticity
properties needed for the Jin-Martin theorem to hold.
The added pole at go=0 has a negative discontinuity
and can be considered as part of the left-hand dis-
continuity. The Born pole and the Z-graph pole are
both included in the first integral in (5.20). We thus
obtain the lower bound:

C
>—— C>0

(5.23)
| qo|?

Py
lMooI—f- —
M(Z()

for large |go| in any complex direction including
go— 1. The term (Po/Mqo) just exactly cancels out
the O(1/qo) term coming from Ago; see (2.11) and (2.13).

For |q|0 the constant C is strictly greater than
zero. In addition to being proportional to g2 for small
q?% C also depends on the frame of reference, i.e., it is
also a function of po. Just in order to give an intuitive
picture of what C might depend on, we shall in the
Appendix give a derivation of a lower bound on C for
the symmetrized case or the neutral-current case. It
turns out that this lower bound in the large-|p| frame
is proportional to the integral f;,*" vdv W (v, ¢*=—q?),
where W, is the deep inelastic scattering form factor
defined in Ref. 8, @ is a finite real number, a>>1, and
vi=32Mu+u*+q*), v=q-p.

Thus if the leading asymptotic behavior of Moo
implied in (5.23) is not canceled by the contribution
from M o', we then get

Py

Mo+ —
MqO

C
>

, C>0. (5.24)

[go]?

If this bound holds, we can use the fact that ¢“M,,°
=—p,/M to get the following lower bounds for the
space-time and space-space components. We go to a
frame where g=(go; 0,0,¢3), (p-q) =0, and |g¢3| %0, and
get the lower bounds

[lﬂao°[> —_—
lgs] ol
| Mss¢| >Clgs| 2,

and (5.24"

where both bounds hold for large |go| in any complex
direction. As a consequence the following will hold:

(a) We will have either a ¢-number Schwinger term,
or worse, the Bjorken definition of the space-space
commutator will not exist. We recall here that we have

13 Tn the limit where the strong interactions are turned off, 4!
will only have the Born pole contribution and the Z-graph pole.
However, in that limit if we calculate M ¢ from an unsubtracted
dispersion relation like (5.20), the pole term one gets does not
satisfy the conservation condition. One needs an additional con-
tact term to get (2.6). With that contact term, one still gets the
standard free-field results. There is no contradiction between our
bound and the free-field limit.
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chosen p-q=0 and no trivial (1/¢¢®) term comes from
Ago.

(b) If the trouble is due simply to the existence of a
g-number Schwinger term, then one can subtract it out
of M, in defining the noncovariant connected 7" pro-
duct M,,°. In this way the O(gs?) term in (5.24) will
not negate the existence of a Bjorken limit. However,
the next-to-leading terms in (5.23) and (5.24) could
generally be O((Ingo)*/q0™?) or O(go*/gs %), 0<a<1. The
existence of such terms will lead to the nonexistence of
the Bjorken limit for the space-space commutators.
Even if the next-to-leading terms are exactly O(1/¢¢®),
this, in general, will lead to anomalous terms in the
space-space equal-time commutators. Thus, to avoid
these anomalous terms we also have to guarantee
another cancellation between the class-I and class-II
contributions at the O(1/g®) level in Mo°. We shall
discuss these cancellations in more detail in Sec. VI.

(c) Finally, even if cancellations occur at the O(1/¢¢%)
and O(1/¢®) levels, for the electromagnetic case we
also need a cancellation at the O(1/q¢) level in M7 if
the Cottingham formula for the electromagnetic self-
mass is to converge.! However, in this case we shall
see in Sec. VI that even when Bjorken’s argument fails,
it fails in such a way as to lead to a worse divergence.

(iii) The third case we have to consider is when 1 s
satisfies an unsubtracted dispersion relation in go but
each of the integrals in (5.20) diverges when taken
separately. This would happen if the sum A4 o'+4 o'!
vanishes as go— while each term separately does
not. This means that, excluding oscillations, 4 o' (o, | q])
> (C/Ingo) as go—. Such a bound will lead to a
divergence in the contribution of the direct-channel
states to the Fubini sum rule for the time-time com-
mutator and we can easily exclude it from our dis-
cussion. However, even if the above bound holds for
the part of Ag(go,|q|) which is odd in ¢o so that it
drops out of the Fubini sum rule, we can still modify our
arguments by introducing dummy subtractions and
write

_ _ go [T Ao*(g0',9)
Moo*(90,9) =Mo* (0,]q])+ — ——————dgqy
TJ—w o (90 ‘—90)

go [+ Ao (g0 ,q)

TJ w q0' (g0’ —q0)
We now define Mo’ as
~ g0 [ Ao (g0',9)
MOOIIZ l/l-LdQQI. (5.26)
7 J 90’ (q0' —qo)
A result analogous to (5.23) still follows:
~ Py C
IMOOI"*‘ — > —, C>0 (5.27)
Mol 1go]?

for large |go| in any complex direction. The leading

473

cancellation, 0((go)?), in (5.25) is now trivial, since by
definition

MOOC (qu) = -

’
T — Qo

(5.28)

1 e A9 ,0)+4"(g0',9)
/ ziQo’.

The subtraction introduced in (5.25) was only needed
to allow us to separate the class-I and class-II integrals.
The right-hand side of (5.28) converges because by
assumption Mo satisfies an unsubtracted dispersion
relation.

To order (1/q¢), Eq. (5.25) gives us just the Fubini
sum rule. For O(1/¢¢®) and lower orders, we are es-
sentially back to a situation identical to case (ii).

VI. DISCUSSION OF CANCELLATIONS BETWEEN
CLASS-I AND CLASS-II CONTRIBUTIONS

In this section we shall discuss the possible cancella-
tions between the contributions of class-I and class-II
intermediate states. We stress here at the onset that
with the minimal input that we have used so far we
will not be able to rule out these cancellations, especially
for the leading order, O(1/¢%). However, the existence
of the lower bound (5.23) does in our opinion change the
picture of what is, in the language of Ref. 1, the ‘““reason-
able” behavior to expect for M. For example, we no
longer see why it is “reasonable” to assume that the
invariant amplitudes M; and M, are such that
g*M;— 0 as go— io. The absence of Q-number
Schwinger terms apparently is the exception to the
rule instead of the other way around.

Before we discuss the cancellations in detail, we
wish to make the following general remark. The con-
tributions of the two integrals in (5.20) are Lorentz-
frame-dependent. However, the cancellations we need
must occur in all frames of reference if we want to avoid
the consequences of the inequality (5.24). Experience
with saturating sum rules with a few intermediate
states shows that while in one frame of reference most
of the contribution to the sum rule comes from one
state of class I, in another frame of reference most of
the contribution to the same sum rule comes from a
single state of class II. This situation is most striking
if one looks at the Fubini sum rule for two axial-vector
currents between proton states. Here in the P —o
frame most of the contribution to the sum rule comes
from the one-neutron state; while in the P=0 frame
most of the contribution comes from the one-pion state,
a class-II state. Thus, even though we cannot rule out
cancellations, it is unlikely that the class-I and class-I1
contributions are so matched that we can have re-
curring cancellations at different orders of 1/go" and
(Ingo)*/go™

We shall discuss the cancellations at three different

1S, Fubini and G. Furlan, Ann. Phys. (N. Y.) 48, 322 (1968).
This paper also contains a nonperturbative separation of class-I
and class-II contributions to the absorptive part similar to the
one of Sec. V, which, however, does not use retarded product.
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levels, O(1/¢¢*), O0(1/¢¢®), and O(1/q¢*). We are of
course aware that this is the simplest possible picture
and the one most favorable to the validity of the
Bjorken limits. There is nothing in general to prevent
the existence of Ing, powers between the different
orders. Furthermore there is nothing to guarantee in
general that the next-to-leading order in Mg' is
0(go™*/qe®), or even much more complicated -behavior.

To discuss the first cancellation, we first point out
that (5.23) is only a lower bound. If that lower bound
is not reached, we could have for example

Py CqO”‘
Mo (go,|q )+ — ~ ;
fﬁqu 20710 q02

a>0.  (6.1)

In such a case the integral S~ god oo’ (g0,q)dgo will
diverge like a power and, to achieve a cancellation, we
have to have two divergent integrals canceling each
other.

For the sake of the discussion, we take the simplest
case, namely, the case when M o' decreases as fast as is
allowed by unitarity and the bound (5.23) is exactly
reached. We then have

Mo+ e~ ==
00 (Go, ; )

qu qo—>1% g02

(6.2)

where C is real. It then follows trivially from (5.20) that
the constant C is positive and is given by
+1 e
C=—

T J—w

g0’ Ao’ (g0 ,0)dq0". (6.3)

If the integral above exists, it defines the class-I
contributions to the space-time commutator.

To obtain the first cancellation is simple. We need
M o"t — +C/gqe* and hence

1 pt=
_/ g0’ [ A oot (qo,0) +A4 00 (g0’,9) Jdgo’ =0. (6.4)

™

This gives

1 _
—[ g0’ TmMoo°(g0’, |4 ] )dgo’ =0
TJ —

(6.5)

and

qlc —+c0 _
—f ImMo¢(gd', g )dgo =0.
T

This last integral defines the [j¢t,75 ] equal-time
commutator with the ¢c-number Schwinger terms taken
out. Indeed we have

qk 00 ~ .
—‘/ Ikaoc(‘Zo';1(11)(140’:916/6—”"“1%
T e

X{<p, l []0+(0,X),]1\‘(0,0):HP>

— (' |p)(0[ 4o+ (0,%), 55 (0,0)1]0)} . (6.6)
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The right-hand side is in fact zero if the space-time
commutator has no operator Schwinger terms. We
always take p-q=0. [If one works in the case where
p-q>=0, then A,, defined in (2.13) will contribute a term
of O(1/g¢’) to Mo which will appear on the right-
hand side in (6.4).] Thus we see that the cancellation
in (6.4) is equivalent to the absence of operator
Schwinger terms (S.T.) in the space-time commutator.
If, however, the right-hand side of (6.4) is not zero,
then the commutation relation

[j0+ (O:X) )_7.’6— (0)0)]
=258 (x)+ (c-number S.T.) (6.7)

cannot be true and needs an operator Schwinger term
on the right-hand side.

Thus, even though we cannot rule out cancellations
at this level, we can still make the following statement,
from (6.3) and (6.4):

In any physical theory for which there exists at
least ome frame of reference in which the inte-
gral St qdAo'dgy’ is suppressed relative to
St go’ Ao'dqd, the commutator (6.7) cannot be
correct, and operator Schwinger terms are needed. Con-
versely, for (6.7) to be true there must exist no frame
of reference in which the contributions of the class-IT
states to (6.4) are suppressed.

One might ask at this stage if the contribution of the
class-IT states to the left-hand side of (6.4) is suppressed
in the Py—co frame as it is in the case of the Fubini
sum rule. The answer unfortunately is no. The Fubini
sum rule is related to the integral JZ.+* A0(q0’,q)dgo’
and has one less power of go’. The ¢-channel 7 =0 and
I=2 contributions to Ag¢ lead to an absorptive part
which is odd in go and hence drop out of the Fubini sum
rule. One is left only with the contribution of the 7 =1,
l-channel projection. This one can show by standard
arguments is suppressed because of a superconvergence
relation; see, for example, Ref. 15. However in our case
we are dealing with /Z,+* g¢’400dg,’ and only the =0
and =2 {-channel contributions survive in this case.
For these the existence of the Pomeranchuk trajectory
prevents us from getting a superconvergence relation
and therefore a suppression of the class-II contributions.

Before going to the second cancellation, we wish to
make a remark about the contribution of the class-I,
states, i.e., class I without the Z graphs, to the sum rule
we are looking at. We are aware that the Py—o
limit is dangerous but we carry it out anyway just to
give us a rough guide. Note that the main trouble with
the Po—oo limit comes from the I, states, the Z
graphs, for the space-space and space-time cases, since
in these cases one does not have sufficient convergence
factors. The case we are looking at corresponds to a
space-time sum rule. Looking only at class I, contribu-

%5 S. Adler and R. Dashen, Current Algebras (Benjamin, New
York, 1968), pp. 345~-347.
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tions, we get after interchanging limits

0

g0’ 400" (g0’ ,0)dg0’
0
> Wiy, ¢?=—¢%
_ / i S
0 M?

The function W, behaves asymptotically as »*~2%, where
a=1 in the case of Pomeranchuk dominance. Thus the
right-hand side of (6.8) is linearly divergent. If the
P —oo limit is allowed, then (6.4) involves a cancella-
tion of two divergent integrals. We point this out here
because this divergence gets worse for the other can-
cellations we are going to consider.

Let us now assume that the leading cancellation
occurs and proceed further. The first question is to
determine what happens if we subtract the (—C/q¢?)
term from the left-hand side of (6.2). We consider

lim
Po—»>

(6.8)

Py C
G (g0 @) =M (g0, [a )+ —+—.  (69)
M(]o 902

We have in general no guide about the asymptotic
behavior of this new function G¥(go,|q]). All we know
is that it decreases faster than 1/g¢*; how much faster
is an open question, in general.!® If after the 1/¢¢
cancellation

lif,lw I:MOOI (g0, ]a])+M oo™ (g0, 1a])

Q0

Py
-+ ———]q03——>oo , (6.10)
MQ()

then the Bjorken definition of the space-space equal-
time commutator diverges and is certainly not equal
to the naive quark commutator. Thus to get a well-
defined Bjorken limit for the space-space commutator,
M oo™ must also cancel out all the terms in the asymp-
totic expansion of Mg’ that lie between O(1/¢?) and
0(1/g¢®). If there are logarithmic factors around, this
will involve many cancellations.

Again the simplest case is the one in which both
integrals satisfy

-+oo
/ g0 400" (¢0', Q] )dge’ <
and - (6.10")

~+-00
f q0"A 00" (g0, | )dge’ < 0.

In this case the Bjorken limit is well defined. But it does
not necessarily lead to the naive quark space-space

16 However, by arguments similar to those for Egs. (6.14) and
(6.15), one can prove that G cannot decrease faster than go™.
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commutator unless
1 oo P0q2
-/ go*(A oo +A 0oM)dgo= — —. (6.11)
TJ M

The term on the right-hand side comes from the O (1/¢¢%)
term in Ago; see Eq. (2.13).

Again on general grounds we cannot exclude the
possibility that (6.11) might be exactly correct. How-
ever, we can make the following relevant remarks:

(a) The sum rule (6.11) is known to fail in lowest
order perturbation theory, as was shown in Refs. 3
and 4. One gets an additional term on the right-hand
side of (6.11).

(b) To order g*, the left-hand side in (6.11) diverges
logarithmically. This also follows from Ref. 3. For
if Myi°~ (In’qo/qo) to fourth order, then again in that
order Mop*~ (In?go/q¢®). Consequently, the fourth-order
contribution to the left-hand side of (6.11) will have
to diverge.

(c) In the Py — oo limit, the integral /~ +*gedged ool
is highly divergent. While in this case one can show
that SZ,™° go’dgede’? is suppressed by a supercon-
vergence condition. If the contribution from the Z
graphs, I;, does not cancel out the divergent behavior
from the direct-channel states, then the left-hand side
of (6.11) will diverge.

Let us expand on remark (c) a bit further. In the
sum rule (6.11), only terms in A4 which are even in go
will contribute. Therefore we need only consider that
part of Ao which is pure /=1 in the ¢ channel, just
as in the case of the Fubini sum rule. Using arguments
identical to those of Ref. 15, one can show that

1 pt=
lim —
Py PO e

qo*A 00'*dgo=0, (6.12)

where A4g!!? is the contribution of the p-meson inter-
mediate state as a class-IT state. The result follows
from the fact that only the invariant amplitude for
(o+N — N-+current) which behaves like »*2 survives
the Po—oco limit. The final answer is proportional
lim,.,, »*7* and vanishes since a2} for an 7 =1 ampli-
tude. The argument of course depends on the absence
of fixed J =1 poles. For details the reader should consult
Adler and Dashen.!?

For the I, states, we also take the Py— o limit and
write

1 r= 1
- / g*Aoledqy ~ — | vy
oJ o Py—>o0 P02 0

Wa(v, ¢=—q?
X ————" (6.13)
MZ

The right-hand side of (6.13) diverges like yt+e/Pg?
as v —». We are aware that the application of the



476 K. M.
Po—oo limit is highly dangerous in this case because
of the ¢¢® factor in the integral. We are effectively
dealing with the space-space sum rule. The contribu-
tions of the I states in this case lead to a nonuniformity
in the Py— limit since there are not enough con-
vergence factors to cancel the Z-graph contributions.
However, the Py— o limit could still be a rough guide
to whether the integral over the I, states converges or
diverges. Thus, unless the Z-graph contribution cancels
exactly with the divergent one in (6.13), it is hard to
avoid the conclusion that the integral in (6.11) does
not converge—a conjecture which is strengthened by
the fact that in perturbation theory it diverges in
fourth order.

The optimist could of course still hold to the view
that the Py—oo limit is not allowed here and that the
divergence in perturbation theory will somehow dis-
appear when all orders are summed up.

In that case we move on to the third cancellation at
0(1/q¢%). This is mainly of interest in the electro-
magnetic case where it is directly related to the ques-
tion of the divergence of the Cottingham formula for
the self-mass. For details see Bjorken’s paper, Ref. 1.
We discuss only the electromagnetic case, Moy”. Even
if the two cancellations discussed above occur, one can
still use the Jin-Martin theorem to prove the following
inequality:

- C
oM oo+ —

qo

CI
> C'>0 (6.14)

)

ok
where we have assumed that

AMOO‘YI ~
qo—> i

—C / q02 .

The function (goM"*+C/qo) has a positive right-hand
discontinuity and a positive left-hand discontinuity.
The right-hand Born pole has a positive discontinuity
and the left-hand Born pole also has a positive dis-
continuity because of the extra go factor. We have also
introduced a pole at go which has a negative dis-
continuity, C>0. Therefore the discontinuity of the
above function makes two changes of sign as ¢o varies
from — o to 4. Hence we use (3.5) with »=2 and get
(6.14). We can rewrite (6.14) as

- c ’
Mo 4 —

g0

> , C'>0 (6.15)

|qol*

for large complex go. Since neutral currents commute, '

the term Po/Mqo is absent from (6.14) and (6.15).
Hence we see from (6.15) that positivity forces us to
have an O(1/q¢%) left in Mo even after we subtract
its leading behavior of O(1/¢¢%). If the behavior in
(6.15) is not canceled by contributions from the class-11
states, then the mass shift will be at least logarithmic-
ally divergent. On the other hand, if the integrals are

BITAR AND N. N.
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such that

/ q0* A 00" (g0, [q | )dgo< o ,
0

. (6.16)
/ ¢o* 400" (g0,14 ] )dgo< 0 ,
0
and thus both exist, then their sum
/ q0* (A 00" +A4 00" ") dgo= 1T o0 (6.17)
0

will give the Bjorken-limit definition of the commutator
[Jk7x]- To get a convergent electromagnetic mass 7o
must be identically zero.

Following our previous discussion, the most likely
possibility is that (6.16) is not true and the integrals
are divergent. But even when (6.16) is true and the
commutator is well defined, it is difficult to make
reasonable models, barring the Brandt-Sucher'” type
models, for which [, ]=0. It is therefore hard to
escape Bjorken’s conclusion about the divergence of
the Cottingham formula.

VII. REMARKS ON PERTURBATION
THEORY RESULTS

We make a few remarks which compare our results
here to the results of Ref. 3.

The main question that arises here is why no con-
stant term appears in the lowest-order calculation of
Mz in the gluon model.

The first point is that in the gluon model used in
the above references it is assumed there are no g-number
Schwinger terms. The calculation was done directly
without splitting it up into class-I and class-II
contributions.

However, unfortunately even if one were to split
the perturbation theory results into class-I and class-IT
contributions, one might still miss the constant term
we are talking about. The trouble is that in perturba-
tion theory one loses the positivity for the class-I
absorptive parts. This is obvious by looking at some of
the diagrams considered by Adler and Tung. In Fig.
2(a) we see that the class-I cut of the box diagram has
positivity, but in Fig. 2(b) we have a class-I cut that

(a) )

Fic. 2. Class-I cuts to lowest-order perturbation-theory diagrams.

17 R. Brandt and J. Sucher, Phys. Rev. Letters 20, 1131 (1968).
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has no positivity. Unfortunately the box diagrams by
themselves do not satisfy the current-conservation
condition. So even if we prove that |M!(box)|
>C/qe, we cannot use the current-conservation con-
dition to convert that into | My!(box)|>C’. When we
include all the diagrams to order g2, we lose the posi-
tivity of the class-I contributions.

This is a standard deficiency of perturbation theory.
It is the main reason why even after many years of
work no one was able to prove analyticity in the Martin
domain to each order in perturbation theory. However,
looking at the full amplitude and using positivity
Martin was able to give a nonperturbative proof.

In the present case positivity seems to be working
against the optimist. After the work of Adler and Tung
it was still hoped!® that the full amplitude will be less
singular than perturbation theory indicates. The main
lesson of this paper is to indicate that this hope is not
well founded.
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APPENDIX

In this appendix we shall calculate a lower bound for
the constant C that appears in Eq. (5.23). We consider
only the symmetrized case or the neutral case. In that
case we have, as [go| —®,

C
; C>0.
|qo]?

[ Mool (go,1q )| > (A1)

The function M,! is even in go and satisfies the dis-
persion relation

L Aot (g0,1q])
Mo (go,]q])= “/ g/ dgy———.
0

(A2)
T 90'2—902
As we are mainly interested in the limit go— i, let
us set go=14\A and write

L Ao (gd, 1)
Moo (iN,[q])=— / go'dg)—————.  (A3)
T/ o 90/2+>\2
Since A4oo*(go’,|q|) >0, the above function is real and
positive and has the obvious lower bound

1 poad Aoo (g, 1a])
Moo (iN, |q])> */ go/dgy————",
L go* 4\

18 See, for example, footnote 13 in P. V. Landshoff, CERN
Report No. Th. 1180-CERN, 1970 (unpublished).

(A4)
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where
qt() . [ (M+”)2+p2+q2]1/2__ (M2+p2)1/2 s

and we choose ¢ to be any real number such that ¢>1
but with |q| and |p| taken such that (ag)<|q].
Thus in the integral above, we vary ¢o’ over a region
for which ¢ remains spacelike.

In terms of the invariant amplitudes M; and M,
of Eq. (2.11), 4o, in the region of integration in (A4),
is given by

(AS)

Aot (gd,]a]) =—p InM1+q* ImM..  (A6)

The Born term is not included here since the lower limit
of the integral in (A4) was conveniently chosen to be at
the continuum threshold. Also ¢ is always spacelike
in (A4).

Substituting (A6) in (A4), we get for any A>0

2 aqi®po

7"D\2+a2(qlo)2] a"po

Imifs(v,q?)
X[—Ili(v,q2)+ ——WT—:] ; laf fixed (A7)

0

Moo (0N, [q])> vdy

where v=gq-p=qopo since ¢-p=0; and ¢®= (+2/p?—q?).
This last inequality can give us a lower bound on C
but it will be in terms of an integral at fixed ¢2, not
fixed ¢% To get a fixed-¢*> bound, we take the limit
po—>. The limit is legitimate in (A7) since we are
Integrating over a compact region. As py—c0, we
get from (AS)

1
¢ ~ —(Q2Mp+@+u)+0(1/pP).  (AS8)
Po—>0 ZPO

Thus the limits of the integral in (A7) remain finite for
large po. The contribution from the ImM, term in the
integral vanishes for large po. Using the relation between
ImM, and the inelastic form factor W, we get

) 1 pon Wa(v, ¢?=—q?
MOOI(“‘;qu> _/ Vd”_—*_'—_g—)y (A9)
T2, Mm?
w%lere vi= (Mu+3u2+3q®). It is clear that starting
with large q? and large enough po, we can choose a such
that a>>1. Thus the constant C in (A1) has the lower

bound
1 avy
c>— / vd
TJ

The explicit proportionality to ¢? for small q? is not
manifest in (A10). However, we recall the fact that as
q*— 0,

Ws(r, ¢=—q¥)
y—,

o (A10)

Wiy, ¢=—q)=0(¢), q—0. (A11)



