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From the c.r. (commutation relation),
[LunSel= —i(gupSyrf-ngg,; —8u0Svo—8vpSuo) s

which we abbreviate as

[L7S] = iS 2
it follows by taking the adjoint and using
St=S
that
[LF,S]=iS
and consequently,
[L—L',S]=0.

Thus L—L" is a tensor in the SO(3,1) 1,4+ 5,, repre-
sentation which commutes with S,, and, therefore,

L—LT=aM,
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where
M=M,=L,—S,,.

A consequence of this is

Mt=(1—a)M.
Inserting this into the c.r.,
(M M) =iM,

we obtain

(A—a) M, M ]=i(1—) M,
which, when compared with

EM:M]=iM’
gives
l—a=1 or a=0,
so that
Li=L.

NUMBER 2 15 JANUARY 1971
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The level structure of the Balachandran generalization of the N-point Veneziano model is considered. The
model is shown to exhibit consistent factorization and level structure. Using the harmonic oscillator formal-
ism, expressions are obtained for the vertices coupling one or two excited states to any number of ground-state
particles. The form of the propagator is also obtained. Both vertices and propagators are seen to reduce to the
Veneziano form when an appropriate limit is taken. Asymptotically, the degeneracy of the nth level is shown
to behave like exp (const #%/3) where the constant is given explicitly. The Gross model of N-point functions is
seen to exhibit a similar asymptotic degeneracy, in contradiction to other results reported in the recent

literature.

I. INTRODUCTION

ECENTLY, much work has been done on dual-
resonance models,! in particular on those which
form the simplest N-point extension of the Veneziano
(beta function) model.? The aspects on which we con-
centrate are the factorization and level structure of
dual-resonance models. These properties have been
considered for the”N-point beta function model, both
directly from' the 'integral representation® and also
using a harmonic oscillator formulation.*
Balachandran® has recently considered a set of dual
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N-point functions which are generalizations of the
N-point Veneziano (beta) function, nontrivial in the
sense that they cannot be expressed as sums of beta
functions with constant coefficients.

We demonstrate that the Balachandran model can
be factorized and exhibits a consistent factorization and
level structure. Introducing harmonic oscillator nota-
tion, we effectively repeat the Fubini-Gordon-Vene-
ziano* procedure for this model. The asymptotic degen-
eracy of levels is found to behave as exp(const #2/3) for
the Balachandran model.

Before proceeding with the factorization, we will
briefly define the Balachandran /N-point function.® One
first defines a homeomorphism w of the interval [0,1]
onto itself, such that

() «(0)=1, w(1)=0,
(i) w(w)=x,

(ili) w(x) is holomorphic on the disks |x|<1,
|1—2x|<1. An example of such an w is
1—x
wlx)=——, —1<N<35. 1.1)
1—N\x
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The Balachandran N-point function is given by

1

1 g
FN(Ol) = ( H dx1 1)

0 =2 J(212,%13, - + +,%1 N—2)

XIT aseiit,  (1.2)
o

where the x;/’s are defined in terms of the ;s of the
N-point beta function by

i = Qi) = 5L 1425~ (2i) ], (1.3)
wig= 1=y i1 uy) (L—wie - -1 1)/
(1—M1i‘ . 'M1j)(1—M1 i—1° U j—l) . (1-4)

The domain of holomorphy of the inverse 2~ of Q will
be assumed to be that stated for Q itself, as is true for
our example (1.1) in which

1 1
O Huij) =2 =ui+ - — -
A2
A/ 1\? /2
- ——[<— - —> +u¢j(uij—1)]
INL\N 2
for As#0
=Uij fOI‘ )\=0. (15)
J is defined by
1
J(®12,%13,+ + « %1 n2)
]_ n—2
= II [1—o'(x1 )], (1.6)
J (12,0813, « « « U1 n—s) =2
with
- n—3
](1’“2;%137' ERPLA n—2) = H (1 —U1 U1 7,'+1) . (1.7)
=2

In Sec. IT we perform the factorization at the poles in
the variable ai; and hence in s1;, showing this to be con-
sistent. Section III is devoted to the introduction of
harmonic oscillator formalism, in which we isolate the
propagator and vertices with one excited external state.
Double factorization is investigated in Sec. IV and the
expressions for vertex operators with two external ex-
cited states are obtained. In Sec. V the asymptotic
degeneracy of the nth level is obtained. Section VI is
the conclusion.

II. FACTORIZATION

For the purpose of factorizing the residues of the
poles in ay; of the Balachandran N-point function,’ it is
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F1e. 1. Single factorization.

convenient to write

1

N—2 1
Fy(@= | (II dx14) Iy
o =it J(@1 10+ %1 N—2)
11 1
X | (I dari)——————
0o =2 X12** * X1 1)

X gy i1 11 Xy oar1)
ik
i—t<iChi<k
[1—o' (21 3) Jdws 5

(1= jovmtq 5) (1 —21 j061 541)

, @1

where I, and Ir are integrands corresponding to the
right- and left-hand clusters of Fig. 1, respectively,
evaluated at #1;=0 and

Ta=xm, 1<j<k—1

Xip1k B Xij (2.2)
Xyj= ——————
xijl u1 j=0

Tiprpe= ————,
Xjt1 kl u1 j=0

Since [1—w'(%1;) Jdx1;=2duy;, we are interested in
expanding

Ky =
II &yest
(=1 vm1;) (1 —s15041541) it '1k5=:'25 k

in powers of u1;, knowing u.; in terms of u.;.
Here it is useful to note that 71(0)=0and Q~1(1)=1.
From our holomorphy assumptions concerning Q71
we may expand x;=Q (1) as a Taylor series in
about either %;=0 or ux=1, i.e., as

0

wip=2_ cua® or Xp=2, di(l—uu)*. (2.3)

s=1 s=0

Since, for ¢< j<k—1, the condition #; ;= 0 implies that
xi=ux=1 and hence Inx;=0, we may expand the
xi’s in terms of the #,’s and hence in terms of the u; ;’s
using (1.4).
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This yields a series of the form

Inxie=InFo= 3 C,P%q s 17(t1i+ * - 241 1—1) 817

.07
p<7r;e<r

= 2 Gy a?(urie - wyj1)u,
.47
p<r;e<r
X (uy g1+ w1 k1), 0, (2.4)
where C,?72=_C,9?,
It also follows that

InZi= 2 D%y 1Pt o 1) %17, (2.5)

.47
p<q;r<q

where D,?e4=C 77, y£0, Dy?1=0;

InZi1e= 2 EP%y" (10100 -1 s—1)?ui?,  (2.6)

b.ar
¢<p;7<p

where E,?¢=(C,", r#0, E.29=0. Now, from

0
®1= D Cl1;°,

s=1

we see that it is convenient to define w1;= cy1;. Then
we may write

ln(aclj/wl,-)=2 63141]'8. (27)
s=1

Since the matrix C, is a real symmetric matrix, it can
be diagonalized by a real orthogonal transformation
o, viz.,

0,C,0,7= —A,G,, (2.8)

where both A, and G, are real (r+1)X (r+1) diagonal
matrices; A, has all non-negative components, while
G, the metric tensor in the (r-+1)-dimensional space,
has all diagonal components either 4-1, depending on
the sign of the eigenvalue of C,. (We choose +1 to
correspond to zero as well as positive eigenvalues.)
Therefore,
_Crz ®TTA71/2GrAr1/2®r

=W, G,W,, 2.9

where W,= 0,A,'/%. Thus we can write In&; ; in a diagon-

alized form.
Therefore,

Inx;p=— > W 9Py ¢ 1P(%1 5+ - -1 j—1) "%15"
qsr;g'é'::ssr
XGr19 (1 jy1e - o1 1-2) W %uy®,  (2.10)
and
—agp—1= —ay—ajp1 1—2pi pia st b—1
(for i< j<k—1),
=3[y —3(0+1) Lo —3(0+1) ]
—3Leij—3(0—3) JLeyis1 1 —3(0—3) ]
—2pij pivre, (2.11)

where pi;= ps+ pip1t- - -+ p;; whence
K171 1T Xy oik1)

ik
i—1<j<kyi<k

1

(1 =1 3015) (1 —m1500141)
=wii 7 exp{(—a;—1) In(x1;/w1;)

—In(1—uy j_gm1;) —In(1 — g0 i+1)

+2 (—ai—1) In(@;)+ 2 (—aj1e—1) In¥jp1 0
i k

+ Z [3(asi—3(04+1))(ejs1 e —3(0+1))

i<ie-1
—3(ai—3(—3)) (a1 1:—3(0—3))
—2pij piv1 k] InFir} .
Now let us define (—a; j—1)e,=e,

<Z ( Ol”“].) Z D,y ;4P

=2
»< q q>r

(2.12)

Uy j-1"
X (wai- + - 1jq) 4 —— —I—%er—{—l> , (2.13a)

7
1 /N1
B,= 6(12}% (—aj1r—1)
X Z E2 (1 i1 - - t1 1) Puni?

q<p p>r

U1 j+1

r

\/«(E (—aij—1) 2 D%y P

b.q
»<4q; &7

1j+1
X(ulz *U1 1—1)q+ — +z€r_1> ’

4

1( 2 (=aj1e—1)

IR AV
X 2 E2%upja -t p-1) s
b.q
p<g;q>r

U1 j+1

— +26,+1> , (2.13b)

(2.13¢)

+ — +2fr_1> ) (213d)

7

R, “Z ay—3(0+1)] 2 Weruriy?
\/”7f—2 p<r

K (wyi - - uy-1)7,

(2.13¢)



3
1 N2
-r I= — - b 1
Vﬁk_%l [ais x—3(0+1)]
X 2 WiPuyP(Uijpa: - - un—)”, (2.13f)
p<r
= — Z:Z [au 2(b"'3)]
X Z qupuli—lp(uu' . 'ul,-_l)r, (213g)
p<r
13-
= — —3(6-3
7 k_Zm Lajrx—3(0—3)]
X W, Puy? (a1 - - e—1)", (2.13h)
p<r
®1=V2 Z pi; 0 WePny i 1?(ui- - i i)™, (2.130)
=2 p<r
N—1
9, 9=V2 3 pitre 2 WrPuu?
k=j+1 <"
X (%111 6-1)". (2.13j)

We will denote M,,=G,2¢M 2 for any M. Hence

X1 ]_—al i—1
ﬁ—‘dilr“l

(1 —Uy j-1U1; )(1 U1 1 7+1) 1< J<k

=w; i lexp{Y, [4.-B,—X,Y,
r=1

+ Z (_qusrq+ Tqurq+(Prq' Q.M)j]ulfr} ) (2‘14)

<

which clearly demonstrates that the model is fac-
torizable. The corresponding form for the N-point beta
function would be®*

u1;"
w1 expy l: —b+1):| , (2.15)
r Loy

where
i
P,=V2Y (uri--%1-1)"ps,
=2 (2.16)
N—1
Qr=V2 3 (w1jr1" " %1e—1)"Pk-

k=j+1

Now for r=1, we can easily see that C,%= —(C,1
—C "= C" for any Q. We now put Cy'%=3)\, where
\ clearly depends on the form of Q.

Then we have
1 1 1
]: ®1=(1/\/j)[ ]’
—1 1 -1

s
[Z 1?\1}’ Glz[(l) sgix]'

Il

Cy
(2.17)
Ay
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Hence the r=1 term will be 4:1B1—X:V:+R:%Su
—T1'Uu+@®1 913. Although there appear to be four
factored ‘“scalar” terms, it can easily be shown that
only two are independent.

Thus the leading trajectory will be nondegenerate,
having a contribution from (P1!-Qi1)™ only.

For the first daughter trajectory at level #, angular
momentum #—1, we have contributions from each of
the two =1 scalar terms, as well as ®1¢'9110, multiply-
ing (P1!-Qq1)” L. There are three more contributions
coming from terms (Py?-Qs,)(P1!- Q)" 2, ¢=0, 1, 2.
Hence the degeneracy of the first daughter trajectory
(ignoring possible Ward identities) will be six.

In general, one can show that the kth daughter tra-
jectory will have a constant degeneracy (for fixed &),
provided that n>2k.

Thus the model exhibits a consistent factorization.
The degeneracies are independent of the number of
external particles and the position along the multi-
peripheral configuration where the factorization is per-
formed, provided we factorize at a pole which is not too
near the end of a given configuration.

III. HARMONIC OSCILLATOR MODEL

For the purpose of applying the Fubini-Gordon-
Veneziano-type* harmonic oscillator model to our
problem, we first write

Z (“qusrq‘*’Tqurq‘*‘(Prq'QM) = Z Prq'qu, (3'1)
a<r a7
where
P.,=(®,%,R,4,T,9)
and
0:1= (245,09 3.2)

are vectors in a six-dimensional metric space of in-
definite metric gr=g,, (g0=g%=41, gll=g2=¢%
= g#= —1). Since we wish the space components of the
four-vectors to give rise to normal states for positive
G,9¢, then the zeroth components give rise to ghosts
(imaginary coupling constants). In the region of reso-
nance formation, the right-hand particles are incoming
and the left outgoing, while our notation treats all mo-
menta as ingoing. The change of sign associated with
this convention reverses the sign of the four-vector part
with respect to the other two components. Therefore,
the fifth components give rise to normal states, and the
fourth to ghosts. If G,%¢ is negative, the normal states
become ghosts, and vice versa. The 4,B, term is normal,
while the —X,Y, is ghostlike.

We then define boson annihilation operators ..,
uw=0,1, 2, 3,4,5, obeying

Lamw%@a? )= 8,:Gr 778y,

[am%a,""]=0 ’ (3.3)
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and boson annihilation operators b, and bs, obeying
[blhbls.r]: 673 ) [b2r,b28T]: ‘—Brs )
[blr,bls]: [bZths]: I:blr,bh] = l:blryb231] =0.

All commutators between the a’s (a'’s) and the b’s
(b"s) vanish. Now we may write

(3.4)

eXP{ Z:l (ArBr"XrYr"l_ Z Prq'qu)uljr}

a<r

=(0]exp[Y (Bib1r—V,bort+ Y 0% ar0)]

<7

Xty 2 urtbr—bartbart 2o r artt-ard) exp[> (A,by,"
r

—X.bo'+ Z<) Py2-a,d)]]0), (3.5)
a<r
where we have used the identities*
¢fagata— gatagfaz
efogoat = guatesagle, (3.6)
We may now write
Fy(2)={0|G(pr,a,0) D(R,51)G(pr,a",6") [0),  (3.7)

where

Q(PL,a;b)

1 N—2 1
= (H dxlk)Il,

o k=it1

X141 %1 N—Z)

XeXP[Z (-Brblr_ V,bort+ Z qu' arq):l,

a<r

Q(PR:GT’I)T)

i
= ( d.’XJu)[R
0 =2 J(#12+ -+ %1 j-1)

Xexp[ 2 (Asb1 —X,ba,'+ 20 P.-a.q)], (3.8)

a<r

where we have adopted the notation

pr=(pr - pi)y Pr=(pn---pir1), (3.9)
1
D(R,s1;) =2/ duyjwr N R
0
1
___261'—-011,'—-1/ %1j_ali—1+R
0
2¢ it
_ , (3.10)
R"-‘Otlj
where
(3.11)

R=3% (bu"b1,— b2 b0+ 2 arary).

¢<7

SINCLAIR 3

The above are to be compared with the harmonic oscil-
lator formulation of the beta-function model, in which
we define a,, and ¢, obeying

[arﬂla”f]: stgl“’ (“7 V= OJ 1) 2) 3) ’
[ercst 1= 80s, (3.12)

whereby we can write the V-point beta function as*

BN(a) = <OI Q(PL:‘%G)D(R;SIJ‘)9(17RydT,CT) l 0> ) (313)
where
1 N2 I
S(pra0)=| (II duw)= s
0 Fk=itl U1 jp1 e UL N—2)
r"Qr l_b 12 r
ZQ a,+(1—b)"% 3.4
1 ' Y
D(R,s1j) = ——, (3.15)
R—-al,-
(3.16)

R=>7r(a, - ar+c.tcr).

If in the expression for Fy(e) we wish to bring all the
a1; dependence into the propagator, we may do this by
redefining 4,, B,, X,, and ¥, without the ¢, term and
moving this into our definition of the propagator,
whence D would become

1
D(R,Slj) =2/ d%ljxu_“li—luljR,
0

which is a sum of pole terms.
One now introduces the occupation number space
basis

qu))srq (bh’f)ns (bzs‘l’)ms
) =T1 TI

S agr DU e ()2 (ka2

10}, (3.17)

which is a “short-hand” form, since each @,? is a six-
component entity.

Then, introducing these states between the factors of
the above expression for Fy(a), we get

FN(C") zg 9(PLa)\)K)DO\;K;SH)Q(PR:}\:") ’ (318)

where

Q(PLJ\:K) = (Ol Q(PL,d,b) [ >‘K> ) (319)

F1c. 2. Double factorization.
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D(\k,51;) = (Mc| D(R,s1;) | M) (3.20a)
=D(Z "()\"+Kn)7slj) ’ (3‘20b)
9(1713:}\,")=<7\K[9(PR>‘1176*)[0% (321)

where G(pg,\x) can be identified with the vertex cou-
pling the excited state (\,x) to the ground-state particles
(2. ..,4); similarly for §(p1,\,x). The quantity D(\k,s1;)

THE BALACHANDRAN. ..

1 N—2 1
FN(O{) = (H dxh-) (H xil_a”‘_l)
0 =2 J(®12,%13, - - . X1 N—2) 32
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can be identified with the propagator for the excited
state (\x).

IV. DOUBLE FACTORIZATION

We are now interested in the factorization of the
residues at simultaneous poles in ey, (s1;) and e, (swx)
of the amplitude Fx(e), where j+2<k.

In order to facilitate the above-mentioned decomposi-
tion, we write

1

1 N2 1 L
=/ (II dww) IL/ (II dewn) Iy
0 I=k+1 J(xl Iglye o o y¥1 N_g) 0 m=j+1 ](x1 P PR ] k_1)

1 j—1
X | (T dx)
=2

0

1 poeyjori—t

(x12,- ooy X1 j—1

Xy 2kt

n,l
JiSn—1<kLl;n<l

i,m
i—1<j<m<kii<m

H a_;nl—a"l_l

[1—o'(#15) Jdx;

(1 —U1 j_.1u1j)(1 —U1;U1 j+1)

H X im-aim‘l

1—o'(%1x) dx1r
[ ( 1k)] 1k Py, (4‘1)

(1 =1 p—10615) (1 — %1091 1e41) ;

3l
—1< k<1 i<l

where I, refers to the left-hand cluster evaluated at #1,=0, I refers to the right-hand cluster evaluated at #1;=0,
and I refers to the middle cluster evaluated at #1;=u1:=0. See Fig. 2.

Our new variables %, &, and £ are defined by

Bim=%im, 1S J<m—1<k—2; Xp=%|up=0o, 1<7;
3 Tipim Ay
Tjprm=———""—, JHI<m—1<k—1; &i= y 1571
Xjr1 m] u1j=0 Xij| wrj=0
- Xjt+1 k‘ u1g=0 _ . ~ Xnk .
Xjp1 6= ——; Tp=%n, JH250lkLl-1; Tuap=—m, jH2<n<lk—1;
Xjip1 k[ ulj=ulx=0 Xnk | u1p=0
_ _ X411
Bip1 =051 1| wjmo; R<I—1, Zpp1,= , k+2<1; (4.2)
Xkt1 l‘ u1k=0
_ Yjr1 kl u1j=0 L R Xik o
Tjprp=—————; Za=wa, 1<j, kZI-1; u= — , 1575
Xi+lk I ulj=ulf=>0 xzk[ u=0
Xjt11 Xjt1 6%j4-1 kl w1j=ulk=0
Eipr1=————, k<I—1; Zjp1,= .
Xit1 l[ u1j=0 Xjg1 k[ u1;=0%541 Ic[ wlk=0

Thus the factor containing the #’s depends on u1; but not on 1, and is identical in form to an expression obtained
for the factorization of the graph without the left-hand cluster, at the poles in ay;. Similarly, the factor containing
the &’s is independent of u1; and represents the factorization at poles in ay; of the graph without the right-hand
cluster. The factor containing the #’s depends on both #1;, and u#1; and gives the explicit factorization at the simul-

taneous poles in ay; and ai.
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It can now be shown that

N—1 1
‘1)01].—0111"_1 H xim—aim"l . ) xlk“ﬂllk—l
i, m=2 —U1 j—1%1; —U1;U1 ;.
i< j<m<k;i<m ( 15-1 1])( 1 1]+1)
N—1 1 N—1
X II Tyl 1I et
n,l=2 1—u1 p—1t1) (1 — 210041 i,1=2
j<n—1<k<l;n<i ( ! X 1k1) i—1<ji k<1

=wlj—-m”'_171011«:——0‘”“—1 eYP[Z [(ATLT_XTMT+ Z P, K'rq)uljr"f‘(l—err—‘MrYrJI‘ Z K'rq . qu)ulkr

a<r a<r

+ 2 Pt QrqtriZrun” 1+ 2 {(Tr =R ) (Urg—Sro)t1; (5 (@ig 15 —0)Z7 Jusi”

q<r r e
F(Tr1—R,) Qrqrtri™ (pipirZ Ntb1x" @ (Ura—Sr " (pir1:Z 115"}
+ 2 X AT =R (Bp=Y pusy W r (i1 —3(0—1))Z" Jun? + @ *(Bp—Y p)urs" (W e pis 1l th1i?

pLr gLl r

F R 4T, (Bp—Y pury" GW P Z"uni?} +2- 20 {(Ap—X ) (Ura—Sr)u1,[GW (1 1. —5 (0 —1)) Juei”

p<raesr
+(Ap—X p) Qrtm1,7+ (erqu+1er)u1k1~+(A =X ) (Ura+Srdur,? GW 22 Z )u1:"}
+ X X 3(Ap—Xp)(Bo—Y Jui?[Crr(— e —1)Z" Jure?] . (4.3)

1<p<Lri<ae<Lr
Each term in the exponent shows explicitly a factorized form, indicating that the residues at the simultaneous
poles can be written in a factored form, being a sum of terms which are products of a factor depending only on the

left-hand cluster, with one depending only on the middle cluster, and one depending only on the right-hand cluster.
Using the harmonic oscillator notation, the above exponential in (4.3) may be written

<0 ! eXP[Z (—Brblr_ Yrb2r+ Z qu * arq) ]uler r(b“”“_—bwfmri—zqs r artt-arg) eXP[Z (Zrb er _Mrb%f'{_ Z quarq)]

< T g<r

Xexp[X X (arsT—ars®)argo Pj+1k] expl 2. 2 1(ars® —a,4) (@rg5—@ren) (b—aj1r) ]

r q<" r q<r

Xexp{z Z Z (bIPT_bZ:DT)[p]'+1k'arvq+%(ar4q+ar5q)_%(arcﬁq_ar:}q) (aj+1}¢—Zb—l)]Wqu}ZE’-‘IST“Tﬂ"l”ll())b

r q<r p<rp>l

><b<0|eXp{Z > 2 qup[:PHlk'arqvf+%(drq41+arq51‘)_%(arqf’)f"arq4T)(aj+,1k_2b_1)](611»_‘521))}

T qupSr;le

Xexp[2 X 3@ —ara)(@rgs—aren) 0 —ajip11) ] exp[ 2 pivik @ro? (Args—args) ]

r a<r r q<r
XexpLE (Libsr— M boyt 5 K- yg) Joay? 2ot butart 3 ct-ore
T qs r

XeYP[Z (Arber*Xrber‘l" Z Prq‘arq)]|0> ; (44)

o<

where 4., X,, and P, refer to the right-hand cluster as before, while L,, M,, and K,? are the equivalents of B,,
Y., and Q,¢ when the middle cluster is treated as the left-hand cluster. B,, ¥, and Q.4 refer to the new left-hand
cluster, while L,, M ,, and K7 are the equivalents of 4,, X,, and P, when the middle cluster is treated as the right-
hand cluster. We notice that the projection operator on to the subspace of occupation number space in which the
number of particles of type b is zero, |0)s 5(0|, may be written

!O>b b<OI = 1/F(1 —'Z (berblr_berbZr)) . (4.5)

Now we may write

FN(O‘) = (0 l Q(PL)a’)b)D(R:SUC)F(PM;(SII);a;b; aT:bT)D(RJSU)g(PRaayb) l 0> ) (4'6)
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where

P(PMy(Slj)’a:b 5 aT;bT)

m=j+1
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1 gk 1 _ _ _
=/ 11 derw—————Inexpldy, (Lpbr, —M,bo + > K. a,q)]
0 J (%1417 X1p—1 r <r

XeXP[Z Z (arS(IT_‘ar‘qu)arqv’Pj-H k:] eXp{Z Z E%(ars'ﬂ—(lr4qT)(arqo—drqA)(b—aj+1 k)]}

r gL r gL

Xexp{2 X > (b1 —bop Wi piva b @ro® 5 (@ra®Fars?) —1(ars?—ara?) (g1 1 —20—1) 7}

r p<r g<riq>1

X ZZEra<r ”’Tﬂ'“mf‘ 0)1) b<0 i eXp{Z Z Z I/qup[Pj-}-l I’ arqu—I_%(arqéiT_‘_arqET) _%(arq; _a'l‘q‘iT)(aH—l k—2b— 1):]

r p<r q<r;¢>1

X(blp‘pr)}exp[Z 2 i‘(aﬁﬂ-ar4qT)(arqﬁ"arq4> (b—ajr14)] eXp[Z 2 Pi+1k-ar v (@ras—0rga) ]

rog<g<r

where the s1; dependence is removed, if we include the
e- factor in the propagator.

The above expressions (4.6) and (4.7) are to be com-
pared with those for the beta function,* viz.,

BN(O‘) = <01 Q(PL;G’:C)D(R:SU>P(PM:G)C; 0’1‘>CT)
XD(Rrglk)g(PR:a"TCT) ‘0> ’ (48)

where
P(PM}G/)C; dTacT)
1 g1 1
= H dx1m7~4~f—- IM(’I/t)

Jo m=itl J (141 - - s1n_2)

Xexp{Z [R,-a+(1 =) ]/y/r} 23 @ er| 0),

X (0] exp{ ¥ [Krar+(1=0)2,]//7} . (4.9)

Introducing our occupation number states between
the factors of the above expression for Fy(a) yields

FN(O‘) ZZ S(PLy)‘;K>D(>\;K731k) I‘(PM;(slf),)\;KQ }\,7Kl)
ALK

XDO‘I)K; Slj)g(PRi)\l)K’) 1) (410)

where

F(PMr(sli)>>‘7K; A/;KI)
= <>\Kl F(PM;(Slj):a:b5 aJr)bT) ‘ )\/:K,> (411)

can be identified as a many-particle amplitude, with two
of its external lines corresponding to the excited states
(\x) and (N '), while the rest will be ground-state
particles j41,... k. It is easy to see that by the inser-
tion of such vertices, together with propagators, we
may build up amplitudes with a larger number of ex-
ternal lines.

roq<r

XeXP{Z [Lrblr_Mrb2r+ Z qu'arq]} ;

a<r

4.7)

For the special case where 2= j+1, a similar analysis
can be performed. Such an analysis reveals that the ex-
pression for the exponential has the same form as for the
more general factorization, in which

I 1<e, +1> Iy 1 (e,
r= —\ ) r=—\ +1>,
VZ\ 2 V2\ 2

—(0+1 —(-3) :I
__quO ,__*k_WTQO ,
2V2 2V2

- 1y _ 1yg
L,= _<— +1> ’ M,.= —<”" -1) 5
V2\2 V2\ 2

&= (—ai1—1e,,

K.1= [\/ZquOPHl,

(4.12)

_ —(0+1) —(0-=3
K’qz[ﬁ”’r%ﬂ, Dy, = )W’“'],
V2 2V2

Z=1, prin=pir, e14:1=0.

In order to demonstrate this equivalence, we make
use of the identity

w Uy U"

r=1 I

Ii
Ms

r

2 2w (—CrPuqa
p<rl

<agr

i
A

Il
Ms
™

Z %(Ap"Xp)(Bq“‘Yq)

ri<aLr

.1

[
3
IA
A

Xur?(—=CrPDu1 17, (4.13)

Thus we may write our three vertex (the equivalent of
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T, with only one external ground-state particle, 741) as

EO(PJ'H; (511') ,d,b > aTabT)

SINCLAIR 3

—(+1)

1 1
= eXp (; {\/_7('% ér"l‘l)ber - 6(%@7‘ - 1)b21T + ET [ - (,%_)qul)a““']'

®-3)
+<TF>W Paral VIW P ey ]D

Xexpm Z ib(aﬂvq*"“a«Mqu)(drqf)_arqéi)] eXp{i Z Z (blpT

r=1 < ryp>1 <

r qsr

V2

exp[2 2 (@ —arnu®™)agv- piy1]

r o7

“b2pT)qup[Pj+l' arv?

+3(@ra®+ar ) +5(a:57— .47 (204+1) 1} | 0) b(Oiexp{i 2 X We[piatrgv +5(aras’ Fares)

+%(arq5T
r g<r

oz 1

(3ep+1)b1,— —(zer—l)bm—# >

Using this vertex, we may build up the general vertex
T, viz.,

F(PM;(Slj);a:bQ aT5bT)
= V(p1j41,(515),8,0; a' b D(R,51;41)
X V(P1j42,(s141),8,0;5 @' B D(R,51549) - - -
XD(R,Slk_l)’O(Plk,(SUc_o,(l,b; a*,b“), (4:15)

which is of the form vertex, propagator, vertex, etc.,
the form one would expect for the Born term of a field
theory.

V. ASYMPTOTIC COUNTING OF STATES

First, we note that our approach to the beta-function
model would lead to an overestimation of the number of
states in the harmonic oscillator formulation because
all ¢,’s have constant coefficients. To obtain the correct
counting in this formulation, we must count only one
state for each eigenvalue of 3, r¢,'c,, whereas the num-
ber of states for an eigenvalue # of this operator is the
number of partitions of # into integers. Since 4,—X,
=V2, B,—Y,=V2, there is a similar excess of states in
the Balachandran model.® However, these do not affect
the asymptotic counting for this model.

What follows is a rather detailed account of the count-
mg procedure in the asymptotic limit. We include this

8 It is possible that our modes connected with 4,B, and — XV,
in the harmonic oscillator formalism, might have been able to
be handled in a manner similar to that by which Frye, Susskind,
and Amati ef al. (Ref. 4) have handled the 1—5 factor of the
beta-function model, hence avoiding the introduction of excess
modes.

[

r=1p<rp>l ¢<r

—0rgd ) (2041) J(b1p—02p)} exp[2 X (ars =) (@res—ra)b ] exp[> S piv10rv® (@res—aras) ]

(o+1)
__""”_)W a0 Qrqs

r ¢

2V2
—(=3)
H
V2

detail, since our counting disagrees with that used in
the literature, for the Gross model.

In order to count the total degeneracy of states in the
limit as the energy of the level, and hence # becomes
large, we first note that the contribution from A4.B,
and X,Y, will be relatively unimportant. Hence we
approximate R by

R~ Y ra, " -a,,.

r q<r

>quodrq5+\/2erq0Pj+1 . arqvj| } ) . (4:14)

The number of states contributing for a level where
a(s)=n will be the number of states (degeneracy) of the
eigenvalue 7 of R.

Since «% is diagonal in the occupation number basis,
and becomes x” when taken between identical states
whose eigenvalue of R is #, thus
2 d(n)xm,

Trak=

(5.1)

where d(n) is the degeneracy of the level a(s)=n.
Now
Tra®=]] Trakr,

where R,=73Y . a,%-a,, (since the R,s are also
diagonal).

Trakfr=

( Z ,vrn)ﬂ(r—i—l)

n=0

1 6(r+1)
_<1 —x’) .
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Therefore, Hence y(¢)>0 for ¢>0, I>1, ie., sinhl¢>1sinhe.
Traf=G%(x), (5.2) Therefore,
where X 1
G(x)= F(x)H (x) (5.3) InH(x)< e Xl: 5
and and
Fx)=IT 1—2)7?, H@)=II Q-s")". (54) xl
i ’ 2 — <InH(x)
. . =227 B
Following the techniques used by Ayoub” for the % 1
counting series of the normal partition function, we < — > — forx&[0,1]. (5.5)
proceed as follows: 1—x)2 v I3
H(x)=]T (1 —x*)~*. Hence as 71, i.e.,, x— 1 from below,
k
Hence 1
{ InH (x) ~ Z = ={(3) :
ot (1—x)2 1 (1—x)?
InH (x) = Z kln{ —— Hence
1—xk 1
~ 3 . 5.6
. 1) e 50— | 5:6)
=3 gkl
wil To determine the asymptotic value of d(n), we ob-
A serve that
= -—(xl)k 1
Lkl Ge(x) H‘*(x) ~ exp[6§(3)— :]
(1—x)?
1 & )
=y - and use the method of steepest descent® (saddle-point
vl (1—at)? and integration) to calculate d(n). Therefore,

Now, 1—a!< (1—x)! for x&[0,17]; therefore,

x!

Z <1nH(x) for x&[0,1].

(1—x)?
However,

InH(x)= Z -

T/ (x—uz__xuzy

Put x=¢2¢, 0<x<1=2¢>0, and 2¢=0=x=1.

Therefore,
1 (12— gt/2)2
InH(x)= -
(1—x)?2 v I (x7V2—xli2)?
x 1 sinh?¢p
(1 x)? 1 lsmhﬁl¢
Consider

y(¢) =sinhlp—I sinhg,

>1

)

d
2 =I(coshlp—cosh¢)>0 for ¢>0,
dé

and
¥(0)=0.

7 R. Ayoub, An Introduction to the Analytic Theory of Numbers
(American Mathematical Society, Providence, R. I., 1963),
Chap. ITI; G. H. Hardy and S. Ramanujan, Proc. London Math.
Soc. 17, 75 (1917).

G*(2)

gntl

1
d(n) =

dz,

where the contour of integration surrounds the origin
and has radius from the origin < 1. Thus

d(n)= —21- f exp[InG®(z) — (n+1) Inzldz.

e

We wish to find the saddle point of the exponent,
which is given by

d d (n+1)
—[InG*(z) — (n+1) Inz]= 6<~ lnG(z)> — =
dz ds 4
Thus

d ( +1 )
6— InG(z,) = —
dz, Zn

and since it can be seen (at least in the limit of large »)
that the second derivative is positive, then we have
a saddle point (on the real axis) at z=z,.

As n—w, z,— 1 and we may use our asymptotic
form, since the equation has a real solution. Therefore,

6 d ) 1 1
__g- 3 ~ n—
(1 —g )2 zntl; n>w Zn ’
8 See, for example, J. Mathews and R. L. Walker, M athematical
Methods of Physics (Benjamin, New York, 1964), Chap. 3.6.
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ie.,
n

12¢(3)- ~ o~
¢( )(1_Zn)3 A

12£(3)71/3
1—zn~|i ] ,
n
and therefore

f(2,)=6 InG(2,) — (n+1) Inz,,
~ 30263 T,

Therefore,

whence

d(n) ~ eftw
aae T

}{ exp[3f" (2a) (z—22)2+ - - - 1z

1 0
~erto [ =) =)
21 J
ef(zn)
"I (z)

since f"(2,)>0, and f"(z,) —® as n—o. Thus we
have

d(n) ~ exp{§[126Q3)1**+0m )}, (5.7)

compared with

4r
d(n) ~ exp| —n'240(nn) (5.8)
n >0 l:\/6 :I

for the beta-function model.*

In the simplest example of the Gross model’ [Eq.
(3.11) of Gross’s paper], it is easy to see by inspection
that the counting is similar; in fact, for this example

d(n) ~ exp{3[5¢@) ]} . (5.9)

The more general forms of the Gross model, treated for
example by Frampton and Rivers,! are of two types
depending on whether a certain series they define has
a finite or infinite number of terms. For the finite case,
we will still have d(n)~exp(const #2/?) for the infinite
case d(n)~exp(const #3/%). The fact that a state of
angular momentum / is counted 2/4-1 times is unim-
portant, since it merely adds a term of order Inz to
the exponent, and so does not affect the result.

It is obvious from Eq. (1.1) that there exist classes of
w’s which admit continuous and even analytic deforma-
tion of the x;;’s into the #;;’s. Under such a deformation
the integral representation for the Balachandran func-

9D. J. Gross, CERN Report No. 1048, 1969 (unpublished).

P, H. Frampton and R. J. Rivers, Phys. Rev. D 2, 691
(1970). University of Chicago Report (unpublished); P. Olesen,
CERN Report No. 1100, 1969 (unpublished).
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tion becomes that for the beta function in a smooth
limit to within a constant factor. We have studied the
behavior of the harmonic oscillator states in this limit
and find, after performing a unitary transformation,
that the states separate into two classes. One class of
states is in one-to-one correspondence with the beta-
function states found in the original Fubini-Gordon-
Veneziano treatment. The other class of states is not
present in the beta-function model. Most of these excess
states decouple from the beta-function states in the
smooth limit mentioned above. The others make an
unobservable contribution, analogous to that of allowed
timelike and longitudinal photons in quantum electro-
dynamics.!'1? On the subspace of beta-function states,
the limiting forms of all operators assume the beta-
function form.

VI. CONCLUSION

We have shown that the Balachandran N-point func-
tions possess consistent factorization and level structure
properties, and that a harmonic oscillator notation can
be introduced to describe these properties. This esta-
blishes that the Balachandran functions constitute a
fully viable alternative to the Veneziano N-point func-
tions on which much current theoretical effort and hopes
have been placed.

The Balachandran model is, in general, inequivalent
to either the Veneziano model, or the Veneziano model
with satellites, although it has been shown that the
Balachandran model reduces to the Veneziano model in
an appropriate limit.

The main difference between the models lies in the
asymptotic degeneracy of levels. This has been found
to be exp(const #2/?) for the Balachandran model com-
pared to exp(const #1/2) for the Veneziano model with-
out satellites. For two types of Veneziano models with
satellites studied by Gross,®!° the asymptotic degener-
acy of states is either exp(const #2/3) or exp(const #3/4).

The Balachandran model is plagued by negative-
metric ghosts, similar to the beta-function model. The
relations which exist between modes because of certain
symmetries of the amplitude (the equivalents of the
Ward identities of the N-point beta-function model?),
and which might eliminate some of the ghosts, have not
been investigated.
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