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We show that the level degeneracy at 0, (s) =e for the general E-point function with satellites is d„~e"~
as rl, —+~ where y=1—1/(24+1}, k=1, 2, . . . . The form of the single loop constructed from such ampli-
tudes is briefly discussed.

HEN the Venziano model' was originally intro-
duced as a specific example of a dual crossing-

symmetric four-point function, it was not apparent
whether there was any fundamental difference between
a single-term amplitude and a many-term amplitude
(B function with satellites).

After the general S-point function with satellites had
been constructed, 2 it became apparent that the presence
of satellite terms modified the properties of the E-point
function considerably.

Examination of the simplest class of 5 -point functions
with satellites showed

(i) that the mass degeneracy is changed [from d
~expn'" to d„~expn"'j '

(ii) that the invariance of the amplitude under the
one-parameter gauge group of projective transforma-
tions was lost, 4 depriving the naively factorized ampli-
tude of ghost-eliminating mechanisms;

(iii) that it was impossible to eliminate the essential
singularity in the factorized planar loop by a particular
choice of satellite terms. '

In this paper we extend the analysis to the generaL

class of A'-point functions with satellites discussed in
Ref. 2.

Our main result is that the E-point scalar dual ampli-
tudes with satellites Btr can be classified into sets {Bis "l
h = 1, 2, . . . (as was essentially done in Ref. 2) such that
the level degeneracy at n(s) =n for the amplitude Btre is

where Ii~—=0 corresponds to the usual E-point function.
The satellite function Ftr(x;) has the form

Fir(x, ) =Q Ftr"(x;),

where

Fst (xg) =+ftr (ut, t+i ~ ~ ~ ut-2, t—1)

the sum in Eq. (5) being taken over the E sets of u's at
the vertices of the dual polygon. Only a finite number of
the f&" are nonzero, and they have the form

fiv (x 1 ) ~ ~ )xN s)—
x;,x,,+i x,„(1—x,,) (1—x,,)

1 & z1(z2( ~ ~ (sttt & K—3

X (1—x;,)fs+s(x;„x,„.. . ,x,„). (6)

I.et us factorize the 1V= (r+s+4)-point function
given by Fig. 1 in the s= (Pp;)'= (Pqt)' channel. If
s is the variable associated with this channel (Fig. 2),
we expand F~~ as

F t P a~D t:(xy)
n=o

associating x, with the incoming momenta p;, y, with
the outgoing momenta q;. Sy construction, ' D„~ is
a finite sum of factorized terms. Suppose D„~ can be
factorized in a symmetric way in the least number of
factored terms as

D.'(x, y) = 2 L-"(x)~-'(y)

where
d '~' exp(ben») as n ~~, (1)

pi=1 —1/(2k+1), Is& 1. (2)

Then, from Eq. (4),

We examine the X-point function with satellites using
the terminology of Ref. 2. The E-point scalar amplitude
has the form

B~(p') = (II «')i~(x', p~)

Fir Ps" P D„"(x,——y)
n=o

=2 s" 2 L-(x)~.«(y)
n=o

in a,n obvious nota, tion, where h„=gt, h„e( ~.

(II dx,)y„(x;,p;) expF~(x;), (3)
qs, qs

* Supported in part by the U. S. Atomic Energy Commission.' G. Veneziano, Nuovo Cimento 5'TA, 190 {1968).
2 D. J. Gross, Nucl. Phys. B13, 467 {1969).
3 D. K. Sinclair, Phys. Rev. D 3, 384 (1971);P. H. Frampton,

Phys. Letters 32B, 195 {1970).
R. J. Rivers, Phys. Rev. D 2, 1063 (1970).' P. H. Frampton and R. J. Rivers, Phys. Rev. D 2, 691 (1970).
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I IG. 1.E= (r+s+4)-point function in
multiperipheral configuration.
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where d„, are the lines intersecting s. The d„, satisfy

FIG. 2. Momentum-space dual dia-
gram of Fig. 1.

(1—d-)'= 2 C."(k)x'(p. i«. ~) "ye', (16)
at(r=k

where p„=»&2 .x„, 0.,=- ylp~. y„and

Inserting Eq. (9) in Eq. (3) gives

[IIdx'i.+~(x',P')lLt. l dy~4+~(y~ C~)3 Inserting Eq. (14) into Eq. (15), we have

1

X ds s—n(s) —1(1 s)N(0) —1

Xexp p s" P"'Q" +g—1-..(x)&..(y), (10)
n,=1

where

F„"=Ps" P I. (x)C "R,(y)
r=l at & r=l

C,"=p C,"(k)el, (19)

in the usual notation. '
We see from Eq. (9) that we can perform the single

factorization by introducing harmonic-oscillator opera-
tors a„(' (p = 0, 1, 2, 3), A ("' (n= 1, 2, . . . , 8„) satisfying

[(7,„("&,a„t'1j= —g„,g„„, [A ("&,Apt('1j= b,.r1 p, (11)

with all other commutators zero. The a(") are the usual
four-dimensional operators~ that couple to the external
momenta, and the 3 ~") couple to the additional internal
degrees of freedom. The metric g p is determined by the
details of F~.

Since single factorization is sufficient to excite all
modes, Eq. (11) implies an internal Hamiltonian

r+1
1-„,(x) = P x„'p„,", R„~(y) = Py, 'o.

q ~". (20)

Diagonalizing C„, we write

F~" Qs" P L——„.'(x)X.p"E„p'(y), (21)

where A. p" are the signs of the eigenvalues of C„.
The s-dependent terms in F~' omitted in F~" add

only a constant number of factorized terms to each
mode. Thus

r as r —+~. (22)

H = —P r(a„t("~g,„(7„("~—A.t ('r1.pA p("&) . (12)
r=l (b) k& 1. One of the terms giving the asymptotic

forms of 8„~ is F~'"=F "'~+F ("~, where
8 d„ is the degeneracy of II with eigenvalue n,, we

have F (1)k

1&x «+1 1&ei& &W —1&a+1
l»(1 —l») d»

P(x) = P d x"=Trx~=g (1 —x")—~'. (13)
n=o r=l

We now compute 8 ~ [Eq. (8)j for large e.
(a) k=1.' Expand f4(x) as

x(1 x)f,(x) = P—e„(1—x)",
k&1

where Peq ——0. The main contribution to h„' comes from
the sum

F (2)k

1&a& a+1 1&xi& ~ &nI —1(r+1
rg, (i r, r) d,q—

Xd"-.(1—dna)(1 —d. .)
X(1 dw .)f~+3(r~o,—d",-",d- .) (24)-

Xduea-~(1 deci)(1 dna2) '

x(1—d... ,)f.+3(4„d„„.. . ,d.„,), (23)

1(27&r+1; 1&q&a+1

' S. Fubini and G. Veneziano, Nuovo Cimento 44A, 811 (1969).' Y. Nambu, University of Chicago Report Xo. EFI 69-44
(unpublished); S. Fubini, D. Gordon, and G, Veneziano, Phys.
Letters 29B, 679 (1969l,

The l», n, (Fig. 2) satisfy

(1—l( )'= Q C "(k)x 'p ~'e'
st & r=k

With a Similar expression for rl, .

(25)
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Expand fk+k as

&k(1 —») (1—»)&kfknk(X1, », . . . ,&k)

where 2 « bk"= 2 « (k-=o
Zi& 1 Zk&1

Then, from Eqs. (16), (25), and

Zl& 1; i=1,2, ... , k
e(, (, (k. (..1 X—r)" (1—»)'", d, qk 1-1=1— 2 C."(1)~~'u.-k's "~ok-1-k' (2'f))11 llgk 1 -— ll ll —Qk-1

we obta, in

P (1)k

l(p&s+1 1(ql( ~ ~ ~ &qk-1(s+1 ai, bi(ci=l; i=0, l, . .. , k—1

aO ~ ~ ~ ak —1: bO ~ ~ ~ bk —l~ a+aO c+CO

where

akbk(ck=l

and where

aO, , ak —1: bO, ",bk —1—
Co, ~ ~ ~ 1 Ck-1

Zi & 0; i=0, 1, ~ . , k—1
e, ...„,C„cbg, )C„ lbl(t) C,„,k-l bk-1(t (29)

k—1 k—1

(b=p (bk and e=p Ck.

In an obvious notation, we can write Eq. (28) as

P (1)k

where

bp bi (ci=l; i=1, ..., k—1

L cl.. , ck—1:, .bc, . .. bk l(g)ac+, bcR—cl, hack lbl, ~, ~ ~,-bk 1(y)—

bp bi(ci=li i=1 ~ ~ - k

cl, . . . , ck: o,b. . . , (b&k)+ace k+pRbcl, . .. , ck 1+bi: bl—. . . , bk —1(cr) (30)%PJ s

R cl, ~ ~ ck—1: bl ~ ~ bk —1(y)—
k—1

II ~.'-k"y. '",
1& ql« qk —I& N—3 i=1

cl, ~,ck—1: bc, ~ ~, bk-1(g)—
1(p(s+1 cp ai (ci~ i=0, ... , k—1

ao, . .. , ak-1: bp, ... , bk lg a+aon lc+C0
cpl ~ ~ lck 1 P PP I 7 (31)

L cl, . . . , ck: bo. . . , bk(~),
1(p(s+1 cp ai(ci', i=0, . . . , k—1

~ jV ap, ~ ~ ~, ak—1: bo, ... , bk —1+ a+ap+ak c+cp+ck
cp, .. . , ck-1 p Py—1

Equation (30) can be written formally as

&n (0)
P (1)k Q an P I (n)(&)R c(n)(y) P Zn g L (n)(Z)R (ll)(y)

n=k —1
(32)

Pb('k (Eq. (23)] then has the factorized form

oo 8k" (0)
P~'"= E z" 2 I:Lo-'"'(~)R~-""'(y)+Lk.""'(*)Ro-'"'(y)]

n=k —1

~k" (1)—2 a" 2 LL1 '"'(~)Rk '"'(y)+Lk '"'(~)R1 '"'(y)] (33)

where a similar expansion has been performed for IiN(')k.
To factorize Ii N'" symmetrically, we have to make the substitution

—(L)Rg+LgRg) = LgRg+LgRg —(Ig+Lg)(Rg+R2), b (34)
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FiG. 3. E-particle planar loop.

k(1)~b (1)222k—1 (35)

Since the other s-dependent terms in Ii~~ give similar
power behavior )if they contain /» and d„2,, i=1, 2,
. . .7 or less, we have

This gives rise to a large number of components with
negative metric which will give ghosts in the level
degeneracy.

As in Ref. 4, the spectral function e~~ will not have
any simple projective transformation properties, and
there will be no mechanism for eliminating these ghosts
(i.e., there will be no spurious states).

We observe immediately that b„k(1))b„k(0), so we
restrict ourselves to examining the second term on the
right-hand side of Eq. (30). In order that b„k(1) be the
least number of factored terms, there must be no linear
dependences between the E &"' or between the L (").
That this is the case for the E (")(y) follows directly
from Eq. (31).It is a,iso apparent that for general values
of the e/, ...1„,the L(~(")(x) will be linearly independent. '

Fixing the power of s at c+ck+bk=n in the second
term of Eq. (30), we have

1 I'(k) (s)
(I(:)

2x'5 g s
(41)

where the contour C enclosing the origin lies within

(
s

~
(1.This gives

2k+1
d„(» exp

2k

)([bkP(2k)f. (2k+1)]l/(2k+1)g2k/(2k+1) (42)

This is the result quoted in Eq. (1).
We conclude with a brief discussion of the single loop

constructed from the E-point function with satellites.
First we consider the single planar loop which has

been taken to give some guide to the magnitude of the
unitarity corrections to the E-point function.

Because the trace factors into the usual trace (in the
absence of satellites) and a momentum-independent
term that depends on the satellite coe%cients, the
planar loop (Fig. 3) has the form

Lk (p;) = (g dx, )L/(, (x;,p,) I')(/(x, ), (43)

can be shown that

lnP (') (x)~bkI'(2k) t (2k+ 1)(1—x)—"
as x ~ 1—. (40)

We can evaluate the asymptotic form d„~~& by apply-
ing the saddle-point method to

b„~~bj,n'~ ' as n ~~, k&1. (36)

I.et {Bkk) be the set of E-point functions for which
fk/k/0, f~' =0, l) k Li.e., —the simplest set of E-point
functions (E)k+3) compatible with arbitrary (k+3)-
and lesser-point functions]. Then, for a particular 8~k

where F/v(x, ) = 1 corresponds to the absence of satellites.
Weal 78= gyg2 ' 'X~= 1,10, ll

Lk/(x;, p,)-E("(2(/) =Q (1—2(") '
b„(k) =P b.'-bkn2k ', k&,1-

E

(3&)

I'k/(x;)-P (k) (2(/) . (44)
where the sum is over the nonzero 8„', l~& k.

The level degeneracy of B~k at n(s)=-n is d„(» To examine this essential singularity, it is convenient

where' to make the change of variables"

E("(x)= P d ("'x"=g (1—x")-'"'"'-'. (38)
n=o r=l

It
= exp(22r 2/ln2(/) . (45)

j:n Ref. 4 it has been shown that

ln&("(x) bk{ (3)(1—x) ' as x —+ 1—.
By a straightforward generalization of this method, it

' One linear relation between the 1.1 (")(x) implies a denumer-
able infinity of simultaneous equations to be satisfied by b„k(1)
coefficients. For general e&„...&, , these equations will not all be
satisfied.

'We have omitted the small effect of the term (1—x)"(» '
in the propagator t Eq. (10}g.

s - ): FIG. 4. An orientable nonplanar
four-particle loop,

"D. Amati, C. Bouchiat, and J. L. Gervais, Nuovo Cimento
Letters 2, 399 (1970)."D. J. Gross, A. Neveu, J. Scherk, and J, H, Schwartz, Phys.
Rev. D 2, 697 (1970).
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Near q=o,
j& (0)~q

—1/3
)

P (k) ~exp[g' ln'2k']
(46)

In the absence of satellites it is possible to construct
a dual counterterm" because of the power behavior of
I'( &. For k~& 1 the singularity of P(~& dominates that of
I (0)

Although we are unable to show that counterterms
do not exist, we consider their existence to be highly
unlik. ely.

"G. Frye and K. Susskind, Phys. Letters 31B, 589 (1970).
"P. G. 0, Freund and R. J. Rivers, Phys. Letters 29B, 510

(1969); P. G. 0. Freund, Nuovo Cimento Letters 4, 147 (1970).

Finally, we consider the single nonplanar orientable
loop of Fig. 4, which gives the unrenormalized two-

Reggeon cuts and may give some indication of the
nature of the Pomeranchuk singularity. "In the absence
of satellites the loop converges for I& ——,

' because of the
power behavior of P( ). With satellites the singularity
of E'"' [Eq. (46)g would cause the loop to diverge for
all values of N. As a corollary, the s'/' behavior" "as-
sociated with the branchpoints will be destroyed.

In summary, if the one-loop diagrams have any mean-

ing at all, it is only within the restricted context of the
E-point function without satellites. Increasing the level
degeneracy as in Eq. (1) by including satellites seems to
remove any chance of renormalization (in the planar
loop) or convergence (in the nonplanar loop).
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Representation spaces of the relativistic symmetry are investigated, which are "inhnite-dimensional"
generalizations of the space of solutions of the Dirac equation. The representations are extended by the
discrete operators C, P, and T. Application of these representations to the description of baryons and mesons
l,s d&scussed.

I. INTRODUCTION
' 'UDGING from the experience of the past few years,

it appears that Dirac's y's are only some special
cases of more general quantities with physical sig-
nificance. As is well knowri, the usual y„and 0-„„are an
irreducible matrix representation of the generators of
SO(3,2)r„s„„,' and the space of solutions of the Dirac
equation is an irreducible representation space of
the relativistic symmetry' 8=(PI „z,„„t-SO(3,2) s„„,r» '

where P denotes semidirect sum. In the connection
with infinite multiplets the applicability of several
unitary representations of SO(3,2) or 8 has been
investigated, e.g. , the four Majorana representations'
or the oscillatorlike representations of SO(4,2),' ' which
are in fact singleton representations' of SO(3,2).'

' The subscripts X; on the symbol for the group Gz; indicate
that X; are the generators of G. This notation is necessary to allow
us to distinguish between mathematically isomorphic groups,
which have different physical observables.

' P. Budini and C. Fronsdal, Phys. Rev. Letters 14, 968 (1965).' A. Bohm and G. B.Mainland, Fortschr. Physik 18 (1970).
4A. Bohm, in Lectures in Theoretical Physics (Gordon and

Breach, New York, 1968), Vol. 10B, p. 483; Phys. Rev. 175,
1767 (1968).

~ Y. Nambu, in Proceedings of the 1N7 International Conference
on Particles and Fields (Interscience, New York, 1968), and ref-
erences therein.

6 A. 0. Barut, in Lectures in Theoretical Physics (Gordon and
Breach, New York, 1968), Vol. 10B,p. 377, and references therein.

The Dirac representation of 8 has a great advantage
as compared to these representations: It is not only an
irreducible representation of 8, but it is also an irre-
ducible representation of the full quantum-mechanical
Poincare group, including charge conjugation, and also
an irreducible representation of S extended by the
discrete operations, space inversion U~, time inversion
Ay, and charge conjugation Uq. In analogy to the
notation for the Poincare group, we want to call 6
extended by U~, A ~, and Ug the full relativistic
symmetry S~. The infinite-dimensional irreducible
representations of 8 considered so far are not irre-
ducible representations of S~; the discrete operations
will transform out of an irreducible representation
space. Thus the following question arises: Are there
infinite-dimensional generalizations of the Dirac rep-
resentation, i.e., are there infinite-dimensional repre-
sentations of the full relativistic symmetry that remain
irreducible when restricted to PP The answer to this
question will be the subject of the present paper. It
will turn out that there are two classes of infinite-

~ J. B. Ehrman, (a) Proc. Cambridge Phil. Soc. 53, 290 (1957);
(b) thesis, Princeton University, 1954 {unpublished).

These are the singleton representations with the multiplicity
pattern given in Figs. 7-5 and 7-14 of Ref. 7(b). For j; =0 the
SO(4,2) irreducible representation reduces to a sum of two in-
equivalent irreducible representations of SO(3,2) with n; =1
and n; =2.


