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A method for considering the intrinsic breakdown of chiral SU(3) &SU(3) symmetry is presented.
The method is principally based on the knowledge of the physical masses of the particles whose 6elds
transform linearly under the symmetry group. The exact Hamiltonian of asymptotic 6elds for the parity
couples (0+,0 ) and (1+,1 ) is considered, and the nature of thc resulting transformations is described.
It is shown that the transformation does dier appreciably from the simple (3,3~} form, which has been
recently assumed. It is found that the representations which include subgroups of SU(3) beyond the singlet
and octet are restricted by the physical masses but cannot all simultaneously be made to vanish. It is shown
that a universal condition on the 6elds considered exists, which requires the vanishing of the commutator
between the axial charge and the divergence of the SU (3) vector generator for those specific cases in which
hI &1 and/or AI'&1. This condition provides mass formulas among the scalar and pseudoscalar particles
and among the vector and axial-vector particles which- are in good agreement with experiment.

DTTRQDUCTION
' "N this paper we propose an approach to the problem
& ~ of symmetry breaking in chiral SU(3)XSU(3)
which is mainly based on the knowledge of the physical
masses of the particles contained in the representations
of the group. We work with the Hamiltonian expressed
ln terms of the physical (asymptotic) in-fLeids, since it
is exactly known once the physical masses of the
particles considered are experimentaBy determined.
Our basic assumption is that these Gelds transform
linearly under the SU(3)XSU(3) generators. This as-
sumption its bRsls Rnd its limitations Rrc dlscusscd ln
Sec. I.

%C consider the CBects of breaking of the symmetry
from two different (but closely related) points of view.
one consists in the determination of the transformation
properties of the Hamiltonian itself, and the mass re-
Iations that make these transformations as simple as
possible. We 6nd that it is impossible to make the
Hamiltonian transform simply as a (3,3a) ili (3*,3)
representation, as suggested by Gell-Mann, oakes, and
Renner. ' In fact, (3,3*) seems to contribute relatively
little in. our scheme Lcf. Eqs. (37) and (38)j.This is the
content of Sec. II, where wc also discuss the implications
of spontaneous breakdown in our modej. . The second
approach consists of investigating the mass constraints
necessary for the vanishing of "exotic" (AI or hF) I)
commutators ) this rcqulI'cIQcnt ls shghtly 1css I'cstI'lctlvc
than the one on the Hamiltonian, and is discussed in
Sec. III. It is shown that it can be satished for com-
mutators between vector charges and the time deriva-
tives of axial charges, but not for commutators in-
volving axial charges Rnd thcll dcl"lvatlvcs.

Finally, we compare our modeI to the model of
asymptotic symmetry and explain the common features
and disagreements between the two models in Scc. IV.

r. VRANSjFORMAnON OF IN-TELOS

As eras mentioned in the Introduction, the basic as-
sumption of our modd is the linear transformation

' M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 1"/5,
2195 (1968}.

3

property of physical in-6elds under the chiral SU(3)
XSU(3) group. In this section we shaH give arguments
foI' the plausibility of this assumption.

The linear transformation of asymptotic 6elds seems
very reasonable in the Hmit of exact symmetry (i.e.,
time-independent generators), where it implies linear
transformations for the state vectors. 2 It can easily be
seen, however, that it cannot hold exactly in the physical
worM where the symmetry is broken; if it were correct,
the generators wou1d be bilinear in the physical 6elds,
and several unsatisfactory results vrould foIIovt. For
example, if we delne the form factors for E )3 decay Rs

(2vs2ps)'"(~(v) I
I'.

I &(p))
=f+(t) (p+c).+f (t) (p q)„-(&)—

then the requirement that T=J'd'x V4(x)—be bilinear in
the 6elds implies

f (t) =0 (2)

LNotice that this result is independent of the chiral
nature of the group; it only depends on the vector
SU(3) generator sg

The question therefore of the importance of nonlinear
CGects has to be examined more carefully. We shall
show below that, for the matrix elements of commuta-
tors between generators and their time derivatives that
are of interest to us, the assumption of linear trarisfor
mati on of in-fields corresponds to the approximation where
the second (not first) and hi-gher order effects of symmetry-

'break&sg Asterach'Oes are disregarded. 4 In what follows,
O(e") stands for the nth- or higher-order effects of the
symmetry-breaking interaction.

mczawas University of Wisconsin-Milwaukee tcchnical
report (unpublished); J. Lopuszanski, Dubna report, 1969 (un-
published), and references contained therein.

It is interesting that f (t) does not contribute to (1) in the
hmit (p~, ) g~

—&~. All the arguments oi this paper can also be
obtained under the assumption that linear transformations hold
only for physical 6elds of inlnite momentum. The connection of
this scheme with asymptotic symmetry will be discussed
elsewhere. A diferent approach to this problem, in which the
iim p(, (O[~ 0, has recently been discussed by J. Rest and D.
We ling, University of Wisconsin-Milwaukee Report No.
4867-71-1 (unpublished}.

4This is a generalization of the Ademollo-Gatto theorem.
M. Ademollo and R. Gatto, Phys. Rev. Letters 13, 264 (1964).
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Let us denote the SU(3))&SU(3) generators by G
collectively. These generators in general are time de-
pendent, and we are interested in the contribution of
equal-time commutators of the form

(3)

In particular, for applications, the matrix elements of
(3) between single-particle states are most important,
and we limit our discussion to such terms.

Denoting the annihilation operators of in-fields p, by
a, (k), where k is the three-momentum, we can write
their transformation as

[G- .(k)]= Z -"(k) (k)+b -(k) (4)

u;,*(k)= —u, ;(k) . (5)

Using this, we shall first prove that the contribution of
bu [in (4)] to a a terms in [G,Gp] is of 0(e'). To this
end, let us recall that the Hamiltonian expressed in
terms of the in-field creation and annihilation operators
is of the form (see Sec. II)

H =P d'k &o;(k)a;t(k)a, (k) .

Here the right-hand side of (4) is a linear combination of
normal products of e and u~: The first term picks up all
the terms linear in a's (but not in at' s) and the remainder
is denoted by bu. The bu manifest the first and high-er

order sects of symmetry breaking i-nteractions: bu=O(e).
By inspecting the vacuum expectation value of the

Jacobi identity for (a;,G,a,t), we find a constraint,

term and Re p contains Sita and atbu terms only, We are
interested in bm p which does not contain any a~a

terms.
Since Rap does not contain any ata terms, only the bN

term in. (4) creates ata terms in [G,bwp]. This means
that the ata terms in [G,bwp] are of 0(22) because bwp

itself is of 0(e). We have thus proved that ata terms in
[G„Gp] are given by

i —g P Q d 2k[a), ( k) —(u, (k)]
j l i

s);(k) —cu, (k) = m" —ns2'

(u;(k)+co, (k)

2(k2+m2) 1/2
(13)

where m is the average mass among the linear multiplet
of the in-6elds p;.

We thus find that the ata contribution to (3) is
proportional to the term

X[up;, (k)u a*(k)att(k)a, (k)+H.c.]+0(e'), (11)

where 0(e') comes from [G,bwp].
Let us now note that u;, (k) becomes independent of

k in the limit bN ~ 0. Therefore, we can write

u;, (k) =u.,/+0(e),
where I;,' is independent of k.'

Since the mass differences are of 0(e), we can write

(14)P (m, 2 mt2) u—p~gu; &'*,
Then (4) together with (5) leads to

(1/i)G p
= [Gp»]
=wp+bwp,

in the approximation where we neglect the eGects of
(7) 0( 2).

In the following, we are mainly interested in the linear
transformation of in-fields p; rather than the creation

d2kcv[;( )k—c2,(k)]upU(k)an't(k)a, (k) (g) operators

where

wp=2 Q
[G.,y,]=i Q u.;,2y, .

and

dsk(k)[$(k)b(k)bg(k)(k)](9)This does not mean that bu= 0[cf. (4)], but rather that
'Np = GO& 8& Ip&

—Ip& 8N is linear in at:

It is an easy matter to show that atbg and BNta do not
contain any ate terms when they are written as a linear
combination of normal products. This means that bmp

does not have any a~a terms, while mp contains uta
terms only. By a similar computation, we find that

j l i

X[up, ,(k)u.a*(k)aP(k)a, (k)+H.c.]+bw p, (10)

where H.c. is the Hermitian conjugate of its preceding

bu;(k) =o „(k)a,t(k).

As we have seen, existence of bu modifies (14) only by
terms of 0(e'). This proves that the linear transformation
(f5) applied to (3) corresponds to the approximation
where symmetry breaking sects of 0-(e') are disregarded

We can further show that, when the p s are bosons,
use of the linear transformation (15) together with the
condition (3) exactly leads to the form (14). On the
other hand, when the&, 's are fermions, (3) and (15) give
us a result which is different from (14) by terms of

' The u g0's contain the mizing angle in general.
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2 for boson

1 for fermion. (18)

Since bu(k) vanishes at in6nite ~k~ according to (17),
we have

u, ,(k)=u;iP(k) for ~k~ —+pp. (19)

It can be seen from (9), (16), and (17) that at(k)a(k)
terms in [G,8we] are proportional to k '"+' for large k

(i.e., k ' for boson and k ' for fermion), while as(k)a(k)
terms in (10) can be written as

—Q Q [(mP m'—)ue, ,'u gP*)ait(k)a, (k)]
2k 3, &

for ski —+pp, (20)

which is of order k '. [Remember that hwe in (10) does
not contain any aia term. ] Noting that the quantity
inside the bracket is just equal to the left-hand side of

(14), we see that the contribution of at(k)a(k) terms
with large ~k~ in [G,Ge] is proportional to (14), when

@ s are bosons. On the other hand, as is shown later,
(1/i)[G,Ge] computed under the assumption of the
linear transformation (15) takes the form

2 fv e d'&Pi(&)4'i(&) ~

Identifying the at (k)a(k) terms with large
~

k
~

in this

quantity with (20), we find that fi, e must agree with

the quantity in the bracket in (20). Since (3) now is
proportional to fi, e=0, we conclude that use of the

linear transformation (15) in the computation (3) leads

exactly to (14).When the P, 's are fermions, (15) together
with (3) leads to a result which differs from (14) by
terms of 0(p'). It is worthwhile to note that bu of the
form (16) contributes to [G,Ge] by the so-called Z
diagrams. The above argument shows that the Z
diagrams with infinite ~k

~
do not contribute to [G„Ge]

when @ s are bosons, while they do contribute when

Q s are fermions.
It is also interesting to note that, since our argument

concentrated on terms of the type ata in [G,Ge], it
does not apply to the matrix element (1) which gets
first-order contributions in the symmetry breaking.
Therefore, a large value of f (t) does not necessarily

imply that terms of 0(p') are also large.

II. HAMILTONIAN APPROACH

A. Scalar-Pseudoscalar System

The strong interaction Hamiltonian for the scalar-
pseudoscalar system, when expressed in terms of the

' This can be seen by inspecting the structure of the generators
G, which generate the linear transformation (15).

0(p'). To show this, we note that p(k) in (16) has the
following asymptotic form':

p...(k)~ ~k~
" for ~k~ —&~, (17)

where

physical (asymptotic) scalar and pseudoscalar 6elds, is
of the form

H = (kinetic energy)+ pimPP, P,+ip3IIPS;S, , (21)

where (m, ,P~) and (M;,S;) are the masses and fields of
the pseudoscalar and scalar mesons, respectively. Sum-
mation over repeated indices is implied.

As mentioned in the previous section, os basic as-
sumption is that these fields transform linearly under the

SU(3) XSU(3) generators.

We also showed that the effects of nonlinearity in the
physical field transformation are one order higher in the
symmetry breaking when compared with the e6ects of
mass splitting; therefore, we believe our assumption to
be reasonable to first order in the symmetry breaking in
the perturbative approach commonly used in discussing
such phenomena.

The question still remains as to which representation
to choose for the scalar-pseudoscalar system. Given the
existence of nine pseudoscalar mesons, the natural
choice would be either (3,3*)+(3*,3) or (8,1)+(1,8)
+ (1,1). However, charge-conjugation considerations
exclude the latter possibility, and we are led to the
following commutation relations:

[TApi] &fAipj ~ pA~Pj] =pf~j kPk y

(22a)
[Xg,S;]= id'; pPa,—[Xg,P;]=id', pS p,

where T~, X~ are the vector and axial-vector generators,
respectively, and where the indices A run from 1 to 8,
while i and j run from 0 to 8. At the end of this section,
the possibility of spontaneous breaking of the syrrunetry
will be considered; in that case, a c-number term would
be added to the right-hand side of the first and last
relation in (22a). We would like to emphasize that (22a)
is the only choice consistent with the existence of only
nine pseudoscalar mesons.

With the commutation relations (22a) it is straight-
forward to calculate the transformation properties of the
Hamiltonian given by (21). Despite the presence of
time derivatives and the fact that the generators are
time dependent, it can be shown that the kinetic-energy
term is invariant under any group transformation,
provided the transformation is linear. The only non-
invariance therefore results from the mass term in (21),
and can be expressed in terms of the physical masses m;
and M;. This is the purpose of this section.

We assume both nonets to be mixed, and define the
mixing angles in the following way:

ri =cost Pp+ sing Pp 1) = —sing Ps+ cosp Pp,
(22b)

o=cos8 Ss+sin8 Sp, o'= —sin8 Sp+cos8 Sp.

To fix 8, we define 3f,&3f,.
The transformations imposed by (22b) require (21) to

be of the form
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H =Ho+(A33[(d, d)+(23,N)]+B33(s,s)+c.c.}
+ jA 66[(M11)M )+ (M221M )+ (M12pM )]
1 B66[(M13,M13)+ (M28, M23)]
+C66 (M33,M33)+c.c.}
+(A88[(M1',M1')+ (M22, M22) ]
+B88[(M1')M2') + (M 2')M1')]
+ ( B88+A88)[(M2 )Ml )+ (M1 )M2 )]
+ (A88+B88)[2(M3 yM3 ) (M3 pM1 )
—(M1',M3') —(M38,M22) —(M22, M33)]
+C88[(M13,M3') + (M23,M82)

+ (M3', M13)+ (M32,M23)]}
+(A 18[(2M33 M1' M—22,M~—~)+c.c.]}. (23)

We shall use the following notation: (23,d, s) stand for the
members of the quark triplet; M„I2 (M ~) stand for the
members of the 6 (6*) representation of SU(3). There-
fore 3E p

——3fp . The indices run from 1 to 3. 3Ep" stands
for the members of the SU(3) nonet, and M for the
corresponding trace. The first (second) term in the
parenthesis (A,B) refers to the transformation property
under the left (right) SU(3), of the chiral SU(3)
XSU(3). Finally, c.c. refers to interchange of A and B
in the parenthesis (A,B). H6, the invariant part of the
Hamiltonian, has the form

H6 (kinetic-energ—y—term)+A pp(M M33) . (24)

The coefficients appearing in (23) and (24) are ex-
pressed in terms of the scalar and pseudoscalar masses
and the mixing angles as follows:

2App ——2 (8M 2+6M32+2M '+2M, 2)+(S~P), (25a)

2A 33 M2+-'(M '——M')—
X[cos28—(1/2&2) sin28] —(S—+ P), (25b)

2A 18
——(1/18) [4M„2 6M—32

+ (M,'+M, ')+ (M.'—M,.')
X (cos28+2v2 sin28)]+ (S~P), (25j)

where (S2 P) implies the expression preceding it with

scalar masses and mixing angle replaced by their
pseudoscalar counterparts.

Of the different terms appearing in (23), those in the
first curly bracket transform according to the (3,3*)
+ (3*,3) representation, those in the second according
to (6,6*)+(6*,6), those in the third according to (8,8),
and those in the fourth according to (8,1)+(1,8). The
only other possible representations in the product
[(3,3*)+(3*,3)] [(3*,3)+(3,3*)], namely, (6,3) and
(3*,6*), are forbidden by Bose statistics in our case.

The next step is to 6nd the maximum simplihcation
possible for the Hamiltonian as expressed by (23). This
simpli6cation can proceed in two directions: Ke try to
choose the scalar masses (which we treat as unknown
parameters) in such a way that the transformation
properties of H under SU(3) XSU(3) become as simple
as possible, or we can see if, besides the simplicity of the
SU(3) XSU(3) transformation, we are able to make the
ordinary SU(3) transformation properties of the differ-
ent terms in (23) particularly simple. Since (3,3") and
(8,1) are the only representations in (23) that do not
contain representations of SU(3) higher than the octet,
we try to make the (6,6*) and (8,8) terms singlet under
SU(3), so that all the time derivatives of the axial
generators would transform like singlets or octets. The
results are as follows.

(1) Requiring that H transform as a mixture of
singlet and octet under SU(3), i.e., assuming that the
scalar and pseudoscalar masses satisfy the Gell-Mann-
Okubo mass formula with mixing, the following con-
straints are imposed on the coefficients (25a)—(25j):

8M 2 l(M 2+M, 2)+ 1 (M 2 M 2)

X (cos28+2v2 sin28) —(S—+ P), (25c)

A 66
—2B66+C66 =0

5A88+4B88 —SC38=0.
(26)

(27)

2A66 ——-'M32+ —'(M 2+M ') ——'(M '—M ')
X (cos28+2v2 sin28) —(S~P),

2B,=M '—-'(M ' M')—
X [cos28—(1/2%2) sin28] —(S—& P),

(25d)

(25e)

(2) It is very unlikely that (6,6*) and (6*,6) are
absent from the Hamiltonian. For this to happen we
must have

M32+M, 2+M,'=m 2+22332+I „',
2C66= —'(M '+M, ')+—'(M, ' —M, ')

X (cos28+2v2 sin28) —(S~P), (25f)

2A88 ——(1/18)[—SM '—6M32

+7(M 2+M, 2) (M 2 M, 2)

X(cos28+242 sin28)]+(S1P), (25g)

2B38= (1/18)[—SM 2+ 12M32

2(M '+M .2)+2(M ' M—')—
X (cos28+2W2 sin28)]+ (S—+ P), (25h)

2C88 = ——,
' (M,'—M, ')

X[cos28—(1/202) sin28]+ (S—+ P), (25i)

which is incompatible with the belief that the mass of
the scalar mesons should be around 1 BeV.

(3) The (6,6*) and (6*,6) contribution to H can be
made an SU(3) singlet, however, provided the following
condition holds:

2(M ' M2 —233 2+223lr2) ——(3/v2) (M '—M ')
Xsin28+ (3/v2) (m 2 —m .2) sin2$ =0. (28)

(4) The (8,8) contribution to the Hamiltonian can be
made an SU(3) singlet if

—4(M '+223x' —M3' —223 ')+-8&2(M '—M ')
Xsin28+2v2(22332 —223„2) sin2$=0. (29)
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If both (28) and (29) bold simultaneously, the time
derivative of the axial generators will be a mixture of
singlet and octet under SU (3) .

(5) It is impossible to eliminate simultaneously the

entire (g,h') and (6,6*)(6*, 6) contributions in H, for
any choice of the scalar masses Therefore, the assump-
tions of Ref. (1) are not borne out in our model.

(6) It is impossible simultaneously to eliminate
(6,6*)Q) (6*,6) completely and to make the (8,8) con-
tribution singlet under SU(3). This result is also inde-
pendent of the choice of scalar masses.

(7) The contribution of (8,8) disappears completely
and (6,6*)63(6*,6) becomes an SU(3) singlet if the
following set of relations is satisfied:

Mi' —M '=-', (mx' —m ') —(1/v2)(m '—m ') sin2y

2Ms' —(M.'+M ') = 'm—x-' 'm—~-'+(m '+m ') V2—(m ' m') si—n2&

8%2(mx' m—~')+3( m„' m—„') sin2$
tan28 =

20—mx'+2m '+9(m„'+m„')+(6/v2)( m' —m ') sin2&

(30)

(31)

(32)

Substituting the masses of the pseudoscalar mesons in
these relations, we obtain the two sets of solutions:

0 =9.4', 3Ig' —M„'=0.24,
2Ms2 (M,'+M. '—) = 1.21;

8= 1.1.7', 31 ' —M„'= —0.08,
2Ms2 (M '+M—') =0 57

(33)

The upper values correspond to positive mixing angle
(&=10.9') for the pseudoscalar mesons, the lower to
negative. If we introduce the value of the o- mass in
these relations,

3f,'= 1.14 BeV' (34)

We believe that the second solution (P(0) is the one
most likely to be true, for the following reasons.

(i) The mass of the b meson, which is reasonably
well known, is quite close to the one obtained here
(Ms2=0.93 BeV').

(ii) The scalar mixing angle is approximately equal
in magnitude and opposite in sign from the pseudo-
scalar one.

It is also interesting that the mass of the 0' falls
halfway between the masses of the o(410) and the
o(750) reported in the literature. We want to point out
too that mist'ng is essential for this situationto arise. ,

Thus the mixing e8ects are very important, even though
the mixing angles are quite small.

With the choice (34) and (35) for the scalar masses,
the coeKcients (25a)—(25j) take the values

App ——1.21 BeV',

A» ——0.64 BeV',

(36a)

(36b)

we obtain the following values for the other masses:

M~' ——1.44 BeV', 3l~ '=0.53 BeV',
3f„'=1.20 BeV'

(35)
M '=0.99 BeV', 3l~.'=0.27 BeV',

~ 2=1 07 BeV2

833——0.78 BeV',

C66=866——A 66 ——0.19 BeV',

A~8 ——0.1 BeV',

A 88 ~88 C88 —0 ~

(36c)

(36cl)

(36e)

(36f)

H(octet) =0.09[(3,3~)g (3*,3)]
+0.42[(8,1)8 (1,8)]. (37)

For the singlet part the extra complication of the
kinetic energy term arises; we evaluate it at low mo-
mentum and approximate it with the mean mass of
scalars and pseudoscalars. Then

H(singlet) =8.01[(1,1))+1.19[(3,3*)(P (3*,3)]
+0.34[(6,6*)Q (6*,6)]. (38)

It is interesting that the violation of symmetry in
(38) is of the order of 15%, very close to the magnitude
of SU(3) violation.

B. Vector-Axial-Vector System

The Hamiltonian for this system will have the form

H= (kinetic energy)+~mPV, V;+2M,2A;A;, (39)

where V, (A,) and m; (M,) stand for the physical
vector (axial-vector) fields and their respective masses.

Again arguments based on charge conjugation and
dimensionality imply that the V s and A s transform
according to the (8,1)g (1,8)Q3(1,1) representation of
SU(3) XSU(3):

A problem arises when we try to find the relative im-
portance of the diferent representations in II, because
of the arbitrary relative normalization of inequivalent
SU(3) XSU(3) representations. We believe the best
approach is to separate the octet and singlet parts of H
under SU(3) and to compare the different contributions
to each part separately. The contributions to the octet
part can be calculated in a straightforward way from
(36a)—(36f):
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[TA,V;,„]=ifA;;V;, ,

PXA, V;,,]=ifA;;A;,„,
L~»A p,p]=sfA 'pA~', p

t XA, A;„]=, sfA;, V;

Then the representations appearing in (39) are

(4o)

None of the three It A's listed in the tables LKA (1230),
ItA(1320), and KA(1800)] satisfies this relation. It is

possible however, that mixing among the different
particles occurs and the formula is satisfied. ' Notice
that it is not possible to eliminate (8,8) completely,
unless the two nonets are degenerate (mx*2= MxA2 and

m, '= MA').

2C„=—2 (mx*' —MrrA2), (44c)

2A 18—(1/3+10)L3(MAr +Mp') —2(M&A'+M&p')
—(Miss cosset+MD' sin $+m2„' cos'8

+m&2 sin28)+2(+5)(m 2—m&2) sin28

+ 2 (+5)(M@ —Mn') sin2&). (44d)

The Gell-Mann —Okubo mass formula for both nonets
has been assumed in the above formulas.

If we want to make the (8,8) contribution an SU(3)
singlet (for the same reasons as in the preceding section),
the following relation must be satisfied:

M~ '—m~*' ——3''—m '

(1,1), (8,1), (1,8), (8,8), (27,1), (1,27), (41)

where use was made of Bose symmetry to eliminate
antisymmetric representations. We would like to point
out the absence of (3,3*) and (3*,3) in (41). If we
assume that the vector and axial-vector masses satisfy
the Gell-Mann-Okubo formula (with mixing), the last
two representations are eliminated and H takes the
form

H =Ilp+ fA88L(M11 M11)+ (M22 M22)]

+I188L(M1 )M2 )+ (M2 )Ml )]+(A88 I48)

XL(M2 )Ml )+ (Ml )M2 )]+(Ass++88)

XL2 (Ms') Ms') —(Ms', Mi') —(Mi'pI8')
(Mss M22) (M22 M 8)]+C88L(Mls Msl)

+ (M2', M ')+ (Ms' Mi')+ (Ms', Ms')])
+(A is[(2M88 —Mi' —M22, M~~)+c.c.]}, (42)

H p= (kinetic energy)+A pp(M, MSS) . (43)

We define mixing angles 8 and p as follows:

pp =cos8 pps+sin8 o»,

p = —sl118 Cps+cos8 pet,

E=cosf Es+slnf Ei p

D= —sing Es+co& Ei,
where E and D are the two (I=0, V =0) physical axial-
vector fields.

The results of the computation yield:

2A pp = —(1/6%2) (3(MA'+ m, ')+4 (MxA2+ mrr *2)

+ (Mss cos2$+Mns sinsf+m„2 cos2$

+m&2 sin'8) —4V2 (m„2 sin'8+ m&2 cos'8

+Mss sinsd+Mns cosset)], (44a)

2A88 ——(4/9) L(mxp2 —MrrA2)+2(m, '—MA')], (44b)

C. Spontaneous Breakdown

Until now, we have considered the breakdown of
chiral SU(3) XSU(3) symmetry by means of the
mechanism of mass splitting and linear transformation
of in-fields. There exists, however, another type of
symmetry breaking which is required in this scheme,
viz. , spontaneous breakdown. Its appearance is mani-
fested by the fact that single mesons decay via the
hadronic axial current to the vacuum. This necessitates
the presence of a term linear in the corresponding
physical fields in the axial generators.

We thus conclude that the physical fields must obey
inhomogeneous commutation relations. ' Therefore, we
modify (22a) by replacing the scalar nonet S, by S;+C;,
where the C s are c-numbers. We further choose those
C s so as not to violate isospin or hypercharge con-
servation, i.e., Cj SjoCO+Bj8C8, with Coand C8 to be
determined.

With this modification, our Hamiltonian (21) acquires
the additional terms

II'= 2M;2C,S,'+C,2—Mr2,

where the 8;"sare operators transforming linearly under
the group.

Clearly, if the Hamiltonian is to be invariant under
SU(3), (where only Cs appears), M82 must be zero, and
since all scalar masses must be equal (no intrinsic
breakdown), this implies M,2=0 for all i (Goldstone-
Nambu-Umezawa bosons). Invariance under SU(3)
XSU(3) (both Cp and Cs present) similarly necessitates
all scalar and pseudoscalar masses to be zero.

This noninvariance of the Hamiltonian is also seen in
the time derivatives of the corresponding generators,
which acquire the additional terms

2fA 8C8M,'S; and —m,'(dA. pCpp;+ dA~sCsI ')

for vector and axial-vector generators, respectively.
We can compute the va.lue of Co and C8 in terms of the

decay constants f, fx 2The vacuum .expectation value
of the inhomogeneous commutation relations yields

%2Cp+Cs 2v2Cp —Cs

7 S. Matsuda and S. Oneda, Phys. Rev. 174, 1992 (1968);
Nucl. Phys. 39, 55 (1969); S. Weinberg, Phys. Rev. Letters 18,
507 (1967); T. Das, V. S. Mathur, and S. Okubo, ibid. 18, 761
(1967).

8 L. Bessler, T. Muta, H. Umezawa, and D. Welling, Phys. Rev.
D 2, 349 (1970).

P We deirne f and fir through (0(A„, (0) (pr(k))=ik„f /
( L)2' pr]k"'pand (0[A„,p(0)tK(k))=ik„fx/P(2pr)'kpg"'
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This produces Cp/Cp= —0.2, if f»/f, =1.25. We see
that if we have no spontaneous breakdown of 5V3, then

f = f», whereas no spontaneous breakdown of SUp
&&SUp requires f = f»= 0.

Since the physical masses are not zero, the Hamil-
tonian cannot be made invariant in the presence of CD

and C8. This noninvariance makes the divergences of the
currents nonzero )partial conservation of vector current
(PCVC) or partial conservation of axial-vector current
(PCAC) 7.

It is our contention that the c-numbers remain when
the physical masses are turned on. It remains for
further analysis to uncover the extent to which CD and
Cs are affected, if at all, by the presence of intrinsic
breakdown. For example, we wish to know whether the
deviation of f and f» from equality is predominantly
due to mass splitting. This investigation, together with
the possible relation of spontaneous breakdown to the
model of Gell-Mann, Oakes, and Renner, will appear
elsewhere.

III. COMMUTATOR APPROACH

In the previous section, our guiding criterion has been
the maximum simplicity of the transformation proper-
ties of the Hamiltonian. An alternative criterion would
be the simplicity of the algebra of divergences. In
particular, we shall be interested in discovering the con-
ditions under which those commutators between gener-
ators and their time derivatives, whose quantum
numbers are incompatible with an SU(3) singlet or
octet, can be made to vanish. We shall call such
commutators with quantum numbers I& 1 and or I'& 1,
"exotic."

The vanishing of such commutators is the starting
point of the Gell-Mann —Oakes —Renner approach. There
is no compelling reason why these commutators should
vanish, although the absence of exotic boson resonances
and the field-current identity approach point in that
direction. Using the same idea, Matsuda and Oneda7
were able to obtain many results compatible with
experiment, by going to the infinite-momentum limit
and assuming asymptotic SU(3) symmetry.

In Sec. II we have discovered the existence in H' of
the representations (6,6*) and (8,8), each of which can
contain elements with exotic quantum numbers; there-
fore, all exotic commutators cannot simultaneously
vanish. There is a close connection between the vanish-
ing of the exotic commutators and the elimination of the
different terms in the Hamiltonian discussed in the
previous section. In particular, for exotic commutators
we have the following.

(i) [T~,To]. Since T~ is an SU(3) generator, these
commutators will belong to an SU(3) octet if and only
if 7.' is an octet-operator. This then implies that H must
transform as a combination of singlet and octet under
SU(3). Therefore, the Gelt Mariri Ohlbo ma-ss form—ptla

glaraiptees that all exotic commutators of the type [T,T]
are sero.

(ii) (Tg,Xri]. Since X~ is an octet operator, X~ will

belong to an octet if and only if the (6,6) and (8,8)
contributions to H are purely singlet in SU(3). (These
are the only representations in H, for the cases con-
sidered, that contain SU(3) representations higher than
the octet. )

(iii) LX@,Xo]. Since X~ is not a generator of the
(vector) SU(3), the only way to make these commu-
tators zero is to eliminate completely the (6,6*) and
(8,8) contributions from H.

We have seen in Sec. II that all these conditions
cannot be satisfied simultaneously. Our solution (30)—
(33) and (45), however, automatically satisfies the con-
ditions in (i) and (ii) above. However, this is not the
only possible solution, since in deriving (30)—(33) we
assumed the (8,8) contribution was zero, which is not
necessary for (ii).

We require the vanishing of the following com-
mutators:

[X.+,T»+]= PT»+,X +]= PT»+ X»+]=0, (46)

where the subscripts denote the quantum numbers
of the operators (I=2, V=1) and (I=1, V=2),
respectively.

Using (21) and (22), we obtain

iT~= [Tg,H]= +if4p; (hm'P pP;+ AM'S pS,)
+,'i f~;,f(m ' -mis) P4P+—(M ' M')S—,S4], (47)

where
hm'=-,' sin2& (m„'—m„')
DM'=p sin28 (M '—M ').

We further obtain

i[X&,Tii]= [(m ' m') P,S&
—(M ' M')P —i,S,]—

Xfo;;dg; p+ (AM'PpS; Dm'SkP, )fop;d—g pp

+ (6MPP pS p hm'PpSi, )frip;d„; p. —(48)

Then if t X»+,T»+]=0, we must have

(m~' m»')+36—m'/W2= (Mpp —M4p)+38M'/v2, (49)

which is identical to (28). For fX,+,T»+]=0, we must
have,

(m '—m)+»-'(M M4P') =%26M'
and

(M4P M')+-'(m '—m»—') =42Am' (51)

where (51) is identical to (30). We note that (49), (50),
and (51) are not linearly independent, but substitution
of (50) and (51) into (49) yields the Gell-Mann —Okubo
mass formula.

In considering the vector —axial-vector fields (1,1+),
we obtain, using (29) and (30),

iT~= ',if';;DmP m-)V;V;+(M—P—MP)A;A, ]
+ifop; (Am'V pV;+ AM'A pA, ) (52)
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iPXg,Ts]=L(m, 2—mP) VgV,

+(M,2 M—2)A, VI,]fs;;fg, g

+(~M'V~Ao+&~'VOAI, )fas, f~~;. (53)

For PX +,T +] we obtain just the Gell-Mann —Okubo
formula, since H' contains only (8,8) in this case and
thus just one possible 27-piet in SU(3). The exotic
commutator (X +,Fx+]=0 requires

(mx *'—m p')+ (Mg' Mrr~') =—0, (54)

which is just (45).
Thus, in the commutator approach, we do observe a

universal condition, viz. , the vanishing of the exotic
commutator fF,X], at least for the systems considered
in this paper. It is however impossible to make all the
exotic commutators of LX,X] zero; the reason for this
is not clear.

IV. DISCUSSION AND CONCLUSIONS

In the preceding sections, we showed that the as-
sumption of linear transformations for the physical in-
fields yields very specific information about the nature
of SU(3)XSU(3) breaking. It is interesting that our
results are very similar to those obtained from asymp-
totic symmetry arguments by Oneda et a/. ' They also
find that it is possible to achieve vanishing of matrix
elements of exotic commutators of the type (T&,Xs] in
the limit of infinite momentum, but that this is not true
for LX~,X&] commutators. The reason for the similar
results seems to lie in the fact that, in the asymptotic
limit, they saturate the commutators with one-particle
states; this assumption is closely related to linear
transformation for the in-fields.

The similarity breaks down, however, if one considers
matrix elements of these commutators between baryon
states; in this case, the results obtained by our method
are very different from those of Oneda et al. ' It is
significant that for such matrix elements, Z-diagrams
are equally important in the infinite-momentum limit as
one-particle contributions; in fact, adding the Z-dia-
gram contributions to the results of asymptotic sym-
metry reproduces exactly our results. We believe that
this is a general property of fermion states. The baryons
present some delicate and interesting problems in our
model; we have investigated them and the details will
be presented in a separate paper.

Another general area of investigation is related to the
problem of mixing. In fact, mixing between different
physical fields appears naturally in the framework of
linear transformations. In this paper, the problem was
treated in a very elementary way; we only considered
mixing between fields in the same irreducible repre-
sentation. We already found, however, that in the case
of vector mesons the vanishing of exotic commutators
requires mixing of fields beyond the same representa-
tion. A more general problem relates to the possibility
and limitations of mixing between fields of different
spin. Such a mixing would give greater flexibility to our
model and is the subject of a separate investigation in
progress.

In conclusion, we found that our model naturally
specifies the transformation properties of the Hamil-
tonian once the experimental masses of the various
fields are known. These are more complicated than
those postulated by Gell-Mann, Oakes, and Renner;
however, some of the features of their scheme, e.g. , the
vanishing of exotic commutators of the type PT&,X&7,
seem to hold true in our case too.

However, our model predicts that the form of the
breaking is not universal (as assumed by the authors of
Ref. I), but depends on the nature of the particles con-
sidered. This is clear from the different transformation
law discovered for the pseudoscalar-scalar and the
vector —axial-vector multiplets, and the fact that, owing
to the nature of asymptotic fields, the scalar-pseudo-
scalar part of the Hamiltonian will only contribute to
matrix elements involving the corresponding particles,
and the same will be true of the other terms in the
hadronic Hamiltonian. Therefore, adding extra terms to
our Hamiltonian corresponding to other types of
particles will not affect the properties of 0- terms for
scalar-pseudoscalar matrix elements which were found
in our paper. This property of the breaking, though not
present in the simple case of SU(3), is not novel; it is
well known, for instance, that the breaking of SU(6)
symmetry has diferent forms for baryon and meson
states "
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