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The hard-meson SU (3) XSU (3) current-algebra four-point functions are applied to K scattering, using
pole dominance of the ¢ commutators. The S- and P-wave scattering lengths and effective ranges are ex-
tracted. The hard-meson S-wave scattering lengths differ from the soft-pion Weinberg scattering lengths by
only a few percent. Energy-dependent fits up to 1 GeV and above are made. All the available experimental
data on the elastic and charge-exchange cross sections and phase shifts can be fitted using the parameter

Fg/Fs.

I. INTRODUCTION

ECENTLY,! considerable effort has been devoted

to the extraction of the K interaction from Kp
experimental data. In spite of many uncertainties that
still remain in these analyses, Kr cross sections and
phase shifts up to roughly 1.5 GeV have become experi-
mentally accessible. The purpose of the present paper
is to calculate K scattering using a hard-meson current-
algebra method and compare the result with all avail-
able experiment. The hard-pion techniques using
SU(2)XSU(2) current algebra?:3 have previously been
successfully applied to mm scattering, where excellent
agreement with experiment up to 1 GeV was achieved.4
The hard-pion method has also been extended to in-
clude strangeness-changing currents in order to ana-
lyze the K;s decay.’® More recently, the hard-meson
method has been extended further, so that one can
compute an arbitrary N-point function using the

chiral SU(3) XSU(3) current algebra.”
We briefly review the physics involved in the hard-
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meson SU(3)XSU(3) current-algebra analysis. The
basic assumptions here are (1) that the currents obey
the equal-time commutation relations of Gell-Mann3;
(2) that the vector currents are conserved (CVC), all
the axial-vector currents are partially conserved
(PCAC), and the strangeness-changing vector currents
are partially conserved (PCVC) (these conditions are
referred to collectively as PCC); (3) that the vacuum
expectation values of the 7-products of an arbitrary
number of currents can be saturated by a few low-lying
single-particle states; (4) smoothness of the particle
vertex functions, which means that they may be ap-
proximated by a low-order polynomial in the momenta
of the single particles involved. In the calculation of K
scattering, which is an application of these tech-
niques for a four-point function, we make one additional
postulate, and that is the pole dominance of the o
commutator. As in the case of =7 current-algebra ampli-
tudes, the Kw scattering requires the inclusion of a
specific set of seagull terms along with the usual pole
terms. Section IT is devoted to a review of the general
formalism for calculating four-point amplitudes. In
Sec. III, S- and P-partial-wave amplitudes, S- and
P-wave scattering lengths, and the S-wave effective
range for 7=% and I=% Kr scattering are computed.
Section IV contains a comparison of the phase shifts
and cross sections with the experimental data. A com-
parison with the Lovelace-Veneziano model is also

given.

II. REVIEW OF HARD-MESON METHOD

The currents involved in the K= calculation are
governed by the chiral SU(3)X.SU(3) current algebra
(CCA) according to the equal-time commutation re-
lations:

8(x* =y )LV %(x),V*5(y) ]

= ieape Vio(2)54(x—y)+c-No. S.T., (2.1a)
8(x" =) [V0a(x), 4% ()]
=ieapcA*:04x—y)+c-No. S.T., (2.1b)
8(x®—y")[A%(x), V¥4 (y) ]
=ieqpeA#o(2)84(x—y)+c-No. S.T., (2.1¢c)

8 M. Gell-Mann, Physics 1, 63 (1964).
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3(a®—y")[A%(x),4#(v)]

=leapc VFe(x)04(x—y)+c-No. S.T., (2.1d)
5(950"'3’0)[1/011(95) S“a(y)]
= —3(742)apS*s(x)04(x—y)+c-No. S.T., (2.1e)
6(950'"3’0)[5%(95);1/%(3/)]
=3(74)apS*s(x)84(x—y)+c-No. S.T., (2.1f)
3(x"—y)[V0%(),C¥a(y)]
= —1(7,)agC¥s(x)6%(x—y)+c-No. S.T., (2.1g)
5(x°—y°)[c°a(x),V“a(y)]
=1(74)asC¥s(x)3*(x—y)+c-No. S.T., (2.1h)
3(950"3’0)[‘400(90)’5“«(3’)]
= —1(74)agC*s(x)84(x—y)+c-No. S.T., (2.1i)
(a0 —y°)[S%(x),44a(y)]
=1(74)asC¥s(x)84(x —y)+c-No. S.T., (2.1j)
(20 —y°)[4%(x),C¥a(y)]
= —1(70)apS*s(%)04(x—y)+c-No. S.T., (2.1k)
3(x0—y")[Cl%(x),4%a(v)]
=1(74)apS*s(%)84(x—y)+¢-No. S.T., (2.11)
80—y ) [S™0a(#),S*s(y)]
=3{(7)paV*5() +\/§55aV"8(x)} 84(x—y)
+¢-No. S.T., (2.1m)
S —y°)[S™a(),CHs(v) ]
=3{(70)pad*s(x) +V38paA445(x)} 6%(x —7)
+¢No. S.T., (2.1n)
3(a® —y")[CT0g(x),S*s(y) ]
=3{(75)pad s(x) +V3052A445(x) } 84 (x —)
+c¢-No. S.T., (2.10)
3(x* =) [CT0q(x),C%(y) ]
=3{(70)aV*s() +V305a V45(x) } 6%(x —)
+¢-No. S.T., (2.1p)

where V#, and 4%, (a=1, 2, 3) are the SU(3) triplets of
currents. S*, and C*, (=1, 2) are the strangeness-
changing isodoublets of currents with =1 correspond-
ing to (4—15)/v2 and a=2 corresponding to (6 —i7)/V2,
where 4, 5, 6, and 7 correspond to SU(3) components.
V#g and A#s are the eighth components of the SU(3)
vector and axial-vector currents, respectively. The
7’s are the usual Pauli matrices and ¢-No. S.T. stands
for c-number Schwinger terms. The isotriplet and iso-
doublet currents obey the partial conservation con-
ditions (PCC)

3,VH,=0, a=1,2,3 (2.2)
At e=m P, a=1,2,3 (2.3)
0,Cr=mx?FxK (2.4)
0uS*=m2F « (2.5)

where on the right-hand side in Egs. (2.2)-(2.5) we
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have denoted the fields by their particle labels and F,
is the pion decay constant, m, the pion mass, etc.

Arnowitt, Friedman, and Nath? (and other hard-
meson workers®) couple the current-algebra conditions
(2.1) and the PCC conditions with two dynamical
assumptions to calculate T-products of currents. These
assumptions are (1) single-particle saturation (the
T-products of currents may be expressed in terms of
matrix elements of currents between single-particle
states), and (2) the resulting particle vertices may be
approximated by a finite polynomial in the particle
momentum. Assumption (1) implies the field-current
identities®

Vig=g,pta, (2.62)
Ary=gaa*o+F04mq, (2.6b)
Cto=graKs*o+Fri*K,, (2.6¢)
Sta= g K* gt Fod¥ca. 2.6d)

In addition, the concept of single-meson saturation
was shown to lead to a theorem which states that the
T-product of an arbitrary number of currents can be
computed from an effective Lagrangian which has the
form

L=Lo+Lr, 2.7

where
Lr=gL&+Lw+gLx+ - (2.8)

g is a coupling constant and £3), £(4, etc., are cubic,
quartic, etc., in the fields. Further, in calculating the
T-product of N currents using £7 one must only keep
terms to order (V—2) in the coupling constants. This
is equivalent to calculating a T-product in the tree and
seagull-diagram approximation. Hence to calculate
Kr scattering, the effective Lagrangian need only be
used to second-order perturbation theory.

For Kr scattering, the free-meson Lagrangian has
the form

Loy =L+ Lrt+Lw Lo
+Lw,+LmatLor+Lmr,, (2.9)

where the free Lagrangians for the spin-zero mesons are

Lyr= = (duma) +5 (T ua— M w?) (2.10a)
Loyr=—[K,0*K+*K'K,]
+K,Kt—mg?K'K, (2.10b)
Lye=—0*(0,0)+%(c*o,—m,%0?), (2.10c)
Looye= =[x, 0+ 0Tk, ]+, ke —m 2Tk, (2.10d)
and for the spin-one mesons,
£ 0)p= "‘%(aupva - avPMa)P'wa
+%P'wapnva _%mpzpuapya ) (2-106)

9 The decay constants Fg, etc., are defined by (0| C.#(0) | Ks(k))
—zF kOagNk*, where N= [2wk(27r)3] 12, etc. Similarly, constants
etc., are defined by the vacuum one-meson matrix element
(Ol V,,“(O) | o6 (B))=g 005N e#(k), etc. Our metric has signature
2, and we use F,=94 MeV throughout
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Lwma= —%(auava_ ava;m)a"va
+10” s0ura—5M4%0ua0*s, (2.10f)
Lwyx*=—3[(0,K*—0,K*,) K*»+H.c.]
+3K*, K* —mg 2K*,FK* (2.10g)
Loyra=—3[(9,Kar— K 4,)'Ka*+H.c.]
1K 4w Ka* —mg 2K4, K4*. (2.10h)

The cubic part of the Lagrangian that enters in the K=
scattering process is

Loy =Lpnst+Lms, (2.11)

where £(s)s contains strange particles and £(sns con-
tains only nonstrange particles:

£ (3)NS8 = €qabe (g‘mr;ﬂr b”ﬂ'cpua+%)\rrp7"va7rp "¢
F3N0440uatytp™ ) 5 8oraT?T
+%)\urar7r”a7rua0'+#wr Mo a0
+kvaTaa"aa'n+Xv1A7r”aauao' ,

Las=i(grr, Ku' rKp*+3 gk, K, 7K 0"
FIN gk K T TK 450"+ grxek TKT N e g 7K *
Fur ek TK A R gkl TK T Nk K* 7K b
+g-xx K* S rKrt+pex g K*, 1K' w" N a ko' TK a®
+gﬂKAKT'rKA“1r,,+)\,,‘KAK,,T1'KA“1r) +g,KKK*Kq
Aok &K' K*o+pox kK, Kot +-Noxx \ K 4" Ko,
+Xoxx, K" K,o+He. (2.12b)

Here £z contains only those terms that contribute
directly to the Ko amplitude. '

Since the Lagrangians of Egs. (2.10) and (2.12) are
written in the first-order formalism, (K*K), (a*,a*),
etc., are to be varied independently. The auxiliary
fields are determined by Lagrange’s equations, which for
the scalar fields are

(2.12a)

0Llr
k= Ot — -, (213)
oy
0Lr
Kr=0rK — , (2.14)
Kt
etc. Similarly, for the vector fields we have
: oLy
p;‘y —_ aﬂpv_al‘p#.—z———- , (2.15)
Opus
0Lr
K= e — K —2——, (2.16)
)

uy
etc. :

_The field-current identities (2.6) and the equations
of motion are used to compute the divergences and com-
mutators of ¥, 4, C, and S. These currents are functions
of the couplings in £(s). Thus, constraints on the cou-
pling constants are obtained by requiring the chiral cur-
rent algebra (2.1) and the PCC to hold. The satisfaction
of these conditions requires that the constants of £(sns
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obey the relations?¢

Gero=m,"/80, (2.172)
Zorerp=1—ga?(Fr*m4?)!

+ga’m 2 (F2ma®)" A4, (2.17b)

Fagonz=mA3—m4\1, (2.17¢)

Fadorr=—M14N2), (2.17d)

gomy i —ga’mai=F,", (2.17e)

where Aa=g,m, ?\,44 is the anomalous moment of
the 4; meson and

)‘IE (gAmA_z))‘vrA ) >\2E (gAmA—z)XMrA )

2.18
)\35 )\1+F1rﬂa'rr- ( )
Similarly, for £(ss we have
ERK,=5M,%/ 80,
g xx,=1—gx 2(Fr*mxg *) "
+gx m A (FrPmr ) Nk,, (2.19)

where Ax,=g,m,”?\,x k. For the K-o couplings,

Frg.xx=ms>yvs—mg?y1,

2.20a,
Frhoxg=—(y1+72), ( )
where
VI=ZRAME KK,y VI=LRAMES AR 4, (2.20b)
ys=v1+Fru.xx-
For the 7-K-x couplings
)\er=f[a(1 +mK2/mK2)FK2
_FK2+F12+L1WK+LK1K], (2.21&)
pexe= fLa(md/m+md/mg*)F g*
+FK2"F12+L::K:+L1MK],‘ (2-21b)
Rexe=fLa(m?/m+1)Fg?
+F‘JI’2—FK2+LK‘A’K+LKK1]) (2-21C)
where
La = a2Fa2—' ZF 2 0_2
b= (m i E i )me, 2.21d)

a= ZFKF,(FKmK“’)"‘g,K, , f_lE‘l-F,rFKF,‘.

Here o governs the width of the x meson and in part
determines the breakdown of the ordinary SU(3)
symmetry. For the m-K-K* couplings

mK‘2
ngK'=( - Fx
8k*

X f(—aFg?+F2—2F, 4 Lox), (2.22a)
mrg *2
AeER*= ( Fx)
8x*
X f(—aF g+ 2Fx?—F 2+ L.x,), (2.22b)

where \,=4F,gx*urxx*/Fx is the strange-meson analog
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of A4, and

mA2

MEc= <""""'F1r)f( _C‘F‘K%”xz/’”w2

8a
+2F 2 —F2+Lg), (2.23a)
m,KA2
8mnKa =< FK>f(—aFK2m.2/mK2
8Ka
+2F,2—Fg®+Lirx), (2.23b)
mKA2
NaxKa =< FK)f( —aFg*m2/mg?
8Ka
+Fg2—2F 2+ L,k). (2.23c)
Finally, the first Weinberg!® sum rule
goim, 2 =F 24 ga?mat=F+tgx mg 2
=F2+gx2mg? (2.24)

arises as a consequence of the assumption that the
g-number Schwinger terms in Eq. (2.1) all vanish. The
three-point coupling constants are determined by the
current algebra conditions in terms of A4, A1, A2, As, Asy
Y1, Y2, Y3 Mgy, and a. Of these, A4 and A\, may be
obtained from a knowledge of the p-meson and K*-meson
widths, respectively. Further, the combinations A;—X,
+2(m2/ms?)Ns and y1—vys+2(mg?/m,2)y, enter into
the o width, while @ governs the width of thek. At pres-
ent there is no way of experimentally determining Ax,;
hence it shall be set to zero for the remainder of this
work.

In extending the above considerations to the four-
point functions, we make a dynamical assumption in
addition to that of single particle saturation of 7-pro-
ducts. This assumption concerns the o commutators

8(x® —y°)[ma(%),4%(y) ]=8*(x—y)aas™ (%), etc. (2.25)

Since single-meson saturation has been assumed for
other aspects of the analysis, a natural extension seems
to be to postulate that the ¢ commutators of Eq. (2.25)
are single-meson dominated; i.e., governed by a reso-
nance pole. The o meson itself appears to be the only
resonance with the correct quantum numbers avail-
able for this purpose. Thus we assume that

3(x°— 99 [ma(x),A%(y) I~ 84(x—¥)dapo (%), etc. (2.26)

The dynamical assumption of Eq. (2.26) is most
easily achieved if V?, 49 C° and S° are restricted to be
at most quadratic functions of the canonical variables.
The satisfaction of Eqgs. (2.1) to order g2 then pro-
duces the following additional restrictions on the
coupling constants of £ %7:11:

)\1)\3’= 1 ) (2.273.)
Mys=F,f[ —a(m?/m:>)Fx*+F,*+Lg], (2.27b)
)\3’)’1=Fxf[—a(mx2/mK2)FK2+FK2+L1er] ) (2-270)

10 S, Weinberg, Phys. Rev. Letters 18, 507 (1967).
11, K. Pande, Phys. Rev. 184, 1683 (1969).
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mr2 FT2>2

mK4
al= 1
mt

sz FK2

Fx2 sz sz mII2 Fn-z
+ —<r —— —2-—). (2.27d)
Fg®\Fg?  m?  mlFg®

Equations (2.27a)-(2.27c) determine some of the o
couplings in terms of the x width parameter . Equation
(2.27d) produces restrictions on the mass of the «
meson, in particular’1-13

|Fom| > | Fmi| +| Fom.|
and (2.28)

|Fem| <|Fxmg| —|Fom.| .

These restrictions may be combined with information
on the K;; form factor f,(0) to relate the width and
mass of the x meson to the ratio Fx/F . The hard-meson
analysis of K;3 decay®® determines f(0) to be

f+(0) = Z(FIFK)‘—I(FW2+FK2-‘FK2) . (229)

The experimental information of Trippe et al.'* indicates
a k meson with m~~1100-1200 MeV. Using the ex-
perimental value Fg/[F.f+(0)]=1.234-0.03,> and
setting m,=1100 MeV and I'(x — K) =450 MeV, one
obtains F,/F,=0.380 and Fg/F,=1.169. The narrow
k width of 90430 MeV (and m,=1150 MeV) given by
Crennell ef al.’6 is not compatible with Egs. (2.27d)
and (2.29), since the current algebra, with a pole-
dominated ¢ commutator, demands that a x meson of
1100 MeV have a width greater than 450 MeV. As the
value of Fg/F.f.(0) increases (decreases) the x width
and the maximum allowed value of Fg/F, increases
(decreases). For the experimental value of Fg/Frf.(0)
quoted here, the value of Fx/F, that ensures the reality
of F, demands Fg/F,<1.260 and the reality of a
demands Fx/F,>1.161. Using F,,/F,=0.38 and Fx/F
=1.169, we find from Eqgs. (2.27) that Arys=1.120,
A3v1=0.223, and «=0.0464 in order that the current
algebra be exactly satisfied by quadratic currents.

Using the pole dominance of the ¢ commutators, an
£(4) consistent with the current-algebra restrictions can
be easily constructed.”!! The relevant part of £4 that
enters in the K7 scattering is given as

L1y =G 1K' Kn?+4G,K ,t K+x?
+GaKTK1r“a7rua+G4(K“TK+KTK,,)W"Q7|'¢;
+i655abc(KTTcKn_KMTTEK)W“bﬂ'a ’ (230)

2 This result was first obtained under the assumption that
symmetry breakdown corresponds to a (3,3*)+(3*,3) term in
the interaction (see Ref. 13). It can be shown generally that the
pole dominance of the o-commutators when coupled with the
current-algebra constraints lead to a (3,3*)+ (3*,3) breakdown
(Ref. 13). A similar conclusion was obtained by L. K. Pande,
Phys. Rev. Letters 23, 353 (1969).

(1193658') Glashow and S. Weinberg, Phys. Rev. Letters 20, 224

UT, G. Trippe, C.-Y. Chien, E. Mellema, P. E. Schlein, W. E.
Slater, D. H. Stork, and H. K. Ticho, Phys. Rev. Letters 28B,
203 (1968).

15 N. Breene (unpublished).

16 D. J. Crennell, Uri Karshon, K. W. Lai, J. S. O’Neall, and
J. M. Scarr, Phys. Rev. Letters 22, 487 (1969).
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where the G’s are of second order in the £z, constants:

84 A3
G1=gnrk« ‘—T‘)\AKK+I7WKK)— ;‘—gmx, (2.31a)

mﬁl*,,

G, =>\nKn< gAKx+lJ«nKx)
mAZF,,
(\rxx*)? A3
— - — —\xx, (2.31b)
mK='2 ZF,,
. 8K4
G3=#1er - —8nwK4 +#1er
mKA2FK
(g‘HKK *)2 Y3
- e, (2310
MK *2 2FK
84
Gs= —MWKK< Nagx Ttk
mﬁF,,
+,a1er< gAKK—'_ﬂnKx)
’mAzF,,.
MK *8rKK* M
T kk, (2.31d)
mK*2 F,r

84
Gs= —prrs| ——NarcFFrks
mA2F .

84
— kA —-_'_gAKx_‘_IMer

mA2 T
ArKK*§rKK*  GrnpfKKp
— . (2.31¢)
mi ¥ m,?

All the coupling constants appearing in Eqgs. (2.31) have
already been defined in our discussion of £3.
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III. Kz SCATTERING AMPLITUDES

In this section we shall use the formalism of Sec. IT
to calculate the K scattering amplitudes. Of particular
interest are the S- and P-wave partial amplitudes, which
we calculate explicitly, as well as the S- and P-wave
scattering lengths and S-wave effective ranges. As
discussed in Secs. I and II, the hard-meson technique
requires that we use the effective Lagrangian only to
second order in calculating the scattering amplitude. A
convenient way of calculating the S-matrix element
(Ks(p)mo(ps) out| Ko(g1)ma(ge) in) is to contract the
incoming pion m,(g2) to obtain

(Ks(p)mo(pa) | K alg1)ma(ge)) = —i[ 20g,(2m) 3T 1/2
X / dby o Kp(p)ma(ps) | 9a05) | Kula)), (1)

where g.(y) is the pion field equation source term, i.e.,
(=D +m)ma(y) = a (). 3.2)

This source term may be written as the sum of a pole
part and a seagull part:

Ja(0) =9+ 95 ().

£ produces contributions to ¢, which are cubic in
the field variables and hence contributes only to the
seagull portion of Eq. (3.3a). £(3) in the first-order form-
alism contributes to both the pole and the seagull parts
of Y. In general, £ produces in g, quadratic func-
tions in the fields 7, 7,; K, K,; etc. When the auxiliary
fields m,, K,, etc., are eliminated by the first-order
equations (2.13)-(2.16), cubic structures in the field
variables (second order in the coupling constants) will
result. Thus by Egs. (2.9) and (2.12), the pole part is

(3.3a)

(gap(y) = (zg”lf‘ﬂ'D —mﬂ2)\’ﬂ’ﬂ'/)) eabcanﬂ'cpllb-*_(gﬂr‘n'—"mﬂ2,ua1r7r —m1r2>\d7r1r)7rao'
_)\arwa”ﬂ'aaud"*'i( —g'/er+mK2,Uv1er+mx2ﬁ1er) (KTTaK _KTTaK) +i( _>\1rKK+,u1rKn+/71er)

X (G”KTTGBMK - GMKTTQG#K)—H(—)\,,KK R 0 ‘n nt 1) i T G *) (a“KTTuK*,_, - f*”TTaa”If) .

(3.3b)

The seagull part to second order in the coupling constants is

A1 Y3
(ﬂaSG<y) = l:"" ;‘“(gUKK —mezﬂd'lrw) + —__m1r2}\a'1r1r—2m1r2ﬁv1er(ﬁ7er+

s FK

8Ka

2g1erA>

KMEK 4

84 M
+2(*ngx—!"mK?/Jﬂer+mn2ﬁ1er)(iZ7rKK+ F_—_;AAK“):IK_“KWE—I—[—_ 'I_?—(AOKK'_ZHUKK)

MA

s

ga ArKK*
+2(->\1rKK+l71rKK+IJ41rKK)<p:7rKK+ ——“—XAKK)—-Z ek *—gekK*—MK *2MWKK*):I5“KT3LLKM
M4 mK*
Y3 gKa 8rKK*
+ _>\o'1r1r_ﬁ1rKK )\1er+ﬂ1er_ﬁ1er+2___g7rKKA - A1rKK='_g1rKK“_”'lK"‘zﬂerK *)
K KME 4 mg*

1
X (G“KTK+KT8“K)6“TG+ [ - 5—(2g7r7rp_mp2A7r1rp)+2(_MWKK—{_AWKK)(ATKK-'_

8o

8rKK™
_ﬁwKx(—'ﬂwKx+}\1er+ﬂ7er) + -

mK*“’

8Ka

)\m(KA>
2

FKmKA

(\rkE*—grkK*—MK M Urk K *):'ieabc(KTTca“K — 0Kt K)d,my.  (3.3¢)
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Only those terms in Eq. (3.3c) which contribute to
Kr scattering are retained. The definitions of the
o-couplings Ay, ;3 given by Egs. (2.18) and (2.20) have
been used.

The contribution of the seagull portion of the source
term is obtained straightforwardly by approximating
the kaon and pion fields by free fields. The pole part is
only a linear function of the coupling constants. Con-
sequently, the fields must be expanded to one more
order to produce a second-order contribution to the
S matrix. The field equations are computed from Egs.
(2.9)-(2.12) and we find '

I:( -0 2+m,,2)6",,+ a”av:lpya(x)
= +igKKp(3”KTTaK—KTTaa“K)

+’L')\KK/,6)\((9)‘KTTE0”K—a”KTTaa)‘K) , (34)
(—O%+m2o(x) = (goxx —2mru.xx) KK
+\oxx—2uxx)0*KT0,K, (3.5)

[(—O2+mg*2) 64,409, JK*
=1INsKK *T&”Kr‘l‘ig,KK 7 K o4

—iurkk*70,(0*K'mr— " Kd*r), (3.6)

( -0 +m,(2)l<(x) = +/i(g1er - sz)\er - mwzﬁer)

XK +i(urke—Mekx —frke) TOFK 0w,  (3.7)

where only those terms have been kept on the right-
hand side that give the desired contribution to Eq. (3.1).
Then by inserting the first-order solutions to Egs.
(3.4)-(3.7) into 9.7, the total g,F valid to second order
is obtained. The above structures give rise to direct-
and crossed-channel ¥k and K* poles and crossed-channel
o and p poles.

A. Total Amplitudes

The scattering matrix is computed by defining the
function Mg, p;a,q as

(Ks(p1)mo(pa) | Kalq)ma(gs)) =1(2m) 84 (p1+pa—q1—42)
X [1 6‘*"11"“’112’“’1)17“’112(27") 12]_1/2Mﬂ, bia,a- (38)

As a consequence of isospin and crossing symmetry,
M has the form

Mg,b:8,6=08abbad (s,t,u)

+i€buc(Tc)ﬂaA (_)(s,t,u) ) (3.9&)
where
AB (st u) =244 D (ui,s), (3.9b)
and the invariants s, #, and # are defined by
s=—(q1Fg2)?*=—(p1+p2)?,
1=—(q1—p1)’=—(q2—p2)?, (3.10)

u=—(q1—p2)*=—(p1—g2)*
By a straightforward calculation the even amplitude

2215
A is found to have the form

4 (+)(S,¢,M) =Zl+Zzi+Zg(S+u)

1 1 1
+Z— +Za< + >
—t+mst —=s+md  —utml

1
+|:(Z s+ ZmtZst)———

—stmg

+s<—+u], (3.11a)

and the odd amplitude 4 is determined to be
AN (s,tu) =Z19(u—s)
u—s

1 1
+Zu— +Zs< - )
—1l+m,? —s+m?  —utm’

1
+|:(Z st Zu+Zgt)———

—s+mx *2

—s<—>u:|. (3.11b)

We now discuss the constants Z~Z1;. We first consider
the constants appearing with the various poles in
Eqgs. (3.11). For the ¢ pole,

met Ma?
Z4= - (>\1_)\2+2‘”‘>\2>
4F . Fx M2

mK2
X(71—72+2_72>; (3.12)
Mo?
for the « pole,

m,t
Zy=—-G2, (3.13)
4F 2
sz .
G= (ZF,FK)"l[FK2(1 —o)+ ——F,2—F,2
m,>
My?
—mn_z(mK2—m1rE)11‘x2— ___I(‘KZ:| ;
m
for the K* pole,
Zr=—%(—grrr*+Megg*— MK *2Urkx*)?
mg? Mr?
><<1+ — ), (3.14a)
mi +2 mK*2
Zs=1(—grxx*FArrx*— MK Urxk*)?
sz 111,.—2
X(l— + ), (3.14b)
mr*?  mg*?
Zo=—(ZrF+Zs)(mr*+m.2—5mg+?)
(mg?—my2)?
+Zs—Z)———, (3.14¢)
2my*?
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— ek K* Ak K — MK PUr KK *

my*?

(o FK)\> 3.14d
f+()—21—;s, (3.14d)

gK" T
where f,(0) is defined in Eq. (2.29). For the p pole,
(3.15)

Zu=— (gﬂ"'rp -%mp“’)\”,,) (gKKp _%'mpz)‘KKp) .

Next we discuss the constants connected with the sea-

Zs=
ZmK*2

Zo=(Zn—Zs)mg "+
mK*2

+ ( _)\er+ﬂ7er+ﬁ1er)(

Z] = ——2(m,,2+mK2)Z3 —Z4m.,“2— 2Z5
m,‘"’—mK

_mw2ﬁ1er B
2FgF F.2 F.?

In order to see the size of the contribution to the
total amplitudes from the individual terms in 4 &), a
numerical evaluation of the Z’s is recorded:
Zgmg2=~0.130,

Zy=—1.148,

Zs=40.644, (3.18)
m,rmKZm= +O401 y
Zn= —6.716 )

Zy=-—35.167,
my2Zs=—0.120,
(m2+Hmg?)Z;=-+1.273,
Zmy2=-42.159,
Zsmr=+49.017,
where all of the products are dimensionless. In this
evaluation we have used Fg/F,=1.169, F,/F,.=0.380,
I'(k — K7)=450 MeV; I'(K*— Kr)=50 MeV, A4 =1,
Ae=0.088, m, =730 MeV, M=%, \y=0, v2=0, V2m,/
ma=1, ga/g=1, g/ (FN2m,)=1, and Fg/Fifiw
=1.23. Throughout the remainder of this paper, only
the parameter Fx/F . [and hence F\/Frand I'(x — K)]
will be varied.

B. Partial-Wave Amplitudes

Equation (3.11) can be used to form the s-channel
I=%, % isospin amplitudes M*(s,t). According to the

2ok *(—grkk*FArkx* —ME P urgr )+

mAzF'lr

r, Pt B
(1 —_——— + >+m,,2(_7\7er+l-l1er+ﬁ1ﬁKx)<+ -

POND 3

gull contribution to the amplitudes of Eq. (3.11). For
the odd amplitude,

Zio=—Zum,; +5(Zs—Z1)mg*?

(—gexr* FArxg*— Mg Unk k) (rx g *FArk K *— MK Ur KK *)

1 Fg? 1F2* 1F.2/Fg? 2
e )]
8Fg2l =~ F,2 2F,* 4F2\F;?
(3.16)
For the even amplitude
+%()\7"K"_MWKK_ﬂ’IrKK)(—)\WKK_*—I"II'KK—iI']er) y (317&)
Ays— M=) (y1—72)
K Fr
F.,. Fx* F.?
)\AKx+ﬁ1er>+ﬁ1er (1_ . + “_"> ) (3.17b)
4FgF F.2 F,.?

mK2 m,,2 sz
—2(Z1—2Zs) — —~——<)\173 — —”—2)\2’)’2>

mr* F.Fx z

m2 G g4
— — —"'—"—}\AKK—ﬁﬂKx>~ (3.17¢)
mA2F1r

mE—mg?2F,

usual relations, we obtain
M3 (s,) = AD (s, tu) — AT (s,t,u).

(3.19a)
(3.19b)

M2 contains direct x and K* poles and crossed «, K*,
p, and o poles. M3/? contains crossed poles only. The
MT may be expanded in partial waves as

MI(s,t)=8m > (2I4+1)A1(s)P(Z), (3.20a)
where
AL (s)=(sV2/k)e® ) sindTy(s)
= (16m)1 / dZ PZ)M(s,)). (3.20b)

Here Z is the cosine of the s-channel scattering angle in

the center-of-mass system and the relative momentum

in this system is
2k={[s—(mx+mz)*Ls—(mx—mx)*]/s}1/%.

The S- and P-wave amplitudes 412y, A3/%, A/2{, and
A3/2; may be computed from Egs. (3.11), (3.19), and
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(3.20). For the S-wave I=% amplitude, we obtain
16w A2 =2{Z1+2(m>+mx®) Zs+4(m2+-mx+k>—5)Z10+2k*(Z5—Z2)}

1 (mKZ_mw2)2
+3 |2Za—————+zg+z7 —(Zs—24) ] +2 {Z4m;2[1 —12,LO(x,)]
—s+m,? (mx+2)s
+Zsm 2L @ (x,)+Zum ~ A(m2+mr?—s)+ (m 2425 —2ma2 —2mg2)x L O (x,) ] —Zs
(mK2__mr2)2
= Zome Inet b met =25 —mett TN 0| (21
MK *

For the S-wave I =3 amplitude, we have

16743120 =2{Z1+42(m2+mg®) Zs+2kX(Z3—Z5) — 2(m2+my2+k*—5)Z 10}

+{2Zm, 1 =32, LO (%) ] —4Zsm, "2 LD () —Z um,~ 2 [4(m2+mg?—5)+(m 2425 — 2m2 —2mg ), LO(x,) ]

+4Zs—-2(Zs —Z7)mK *‘2[2m,2+2mK2—23—mK *2+ (mKZ -—m,,z)?/mx *2]L (2)(901( *)} , (322)
where
Xa=4k2/my2, 2xLO(x)=1—x"1In(14%), and x,L®(x,)=In[(u,+x.")/(ta+x.")],
with
w =[s—(mr+mz)2]/m?, x/=x"—%,, and wu,=[m2—(mg—ms)%]/m.2.

In Eq. (3.21) the first curly bracket comes from the seagull diagrams, the second from the direct x and K* poles,
and the third from the crossed-channel poles. In Eq. (3.22) the first curly bracket arises from the seagull diagrams
and the second from the crossed-channel poles. No direct-channel poles are present since no I=%, J=0 meson
appears to exist. The functions L® (x,) have been constructed so that L®(0) = —1/#,. The I =% P-wave amplitude
is
120k2412 = {Zy—Z3—2Z 10} +{Zsms[1 — LD (x,) J+2Z yym,4(m,2+25s — 2mg? —2m?)

X[+1—=LDO(x,) ]—Zsm AL® (x,) =3 (Zs—Z1)mr [ 2m g2+ 2m,2 — 25 —mg *2~+ (mg® —m+2)2/mg 2> ]L® (xx*)}

: +3(Zs—Z1)(—s+mg2)"1. (3.23)
For the =% P-wave amplitude we find
127k 2432 = {Zy—Z3+Z 10} +{Zam;[1 — LD (x,) 1 — Z1m,~4(m, 2+ 25 —2mg? —2m,2)[1 — LD (x,) ]

+(Zs—Z)ymr 4 2mi2+2m 2 —2s —mg 2+ (mr2—m.2)%/ mg2 JL® (xx*)+2Zsm AL ® (x,)} . (3.24)
Here
2L (x) =x+12x"1—6(x~142272) In(1+x)
and

L®(x,) =122, 1—6[wa 142 (sta+x4" Yo~ 2] In[ (a+24") / (ta+2a"") ].

In Eq. (3.23) the first curly bracket arises from the seagull diagrams, the second curly bracket arises from the
crossed-channel poles; and the third term comes from the direct-channel K* pole. The first curly bracket in Eq.
(3.24) comes from the seagull diagrams and the second from the crossed-channel poles. The functions L™ (x,)
and L®(x,) have the threshold values L®(0)=0 and L®(0) = —1/u,>.

C. Threshold Parameters
The scattering length a; and the effective range 7%; are defined by the threshold expansion
(matmg)k? Re(A) 1= (aly) 1 +-3rTk2 4 - - . (3.25)
The S-wave scattering lengths!? are obtained directly from Egs. (3.21) and (3.22). Thus
8w (mr+mg)ar20=Z1+ (sotu0)Zs+Z ms2—2(so—u0) (Z10+Z1um;2)

3 1
+Zg< + >+(So—-uo—me2)(Zs—Z7)mK*_2, (3.26)
—30+mx2 _u0+mk2
and
8r(me+mr)ad2=2Z1+(so+u0)Zs+Zim; 2+ (so—uo) (Z10+Z 11m,72)
—2Z( —so+m ) =3 (so—uo+4mg®)(Zs—Z7)mg2, (3.27)

17 Hard-meson S-wave scattering lengths have also been obtained by L. K. Pande (private communication).
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where the threshold values of the invariants s and # are so=(mg—+m.)? and uo=(mg—m.)?, respectively. The

effective ranges are

—SW(MW+MK) (01/20) 27,1/20

*MK 1

650

m
=4(Z3——Zz)*—424mu—4+32Z11 +

i
m MMK (—sotm,%)?

So+uo >
(—u+m,?2)?

+8(m1rmK —S$0) (Z1.0+Z11mp—2) +(Zs —Z7)l:

— 8w (mr+mx)(a?%) %32

mg*

(so+uo)(so+mK*2)>]}, (3.28)

So—
—ug—l-mK*?\ 2mx+?

So+2uo

=4(Z3—Z2)—4Z4m,_'4-—16Z11 -

MK 2 {
4
m, MaMEK

+(Zs—2Zr)

The soft-pion analysis of Weinberg!® predicts the S-wave
scattering lengths to be

a2 =2L(1+m./mg)~1=0.130m,~!,

%= —L(+m./mg)~'=—0.065m,71, (3:30)
where L= (m,/8nF,%)=0.0825m,~*. To compare these
results with our hard-meson calculation, the scattering
lengths are computed for three representative values
of Fg/F.. The results are displayed in Table I. The
I=1 S-wave scattering lengths are insensitive to
the value of Fx/F, and differ from the soft-meson
value by 10-15%,. On the other hand, the /=% scatter-
ing lengths change rapidly with the ratio Fg/F, and
correct the soft-meson values by as much as 40%,. Both
AV2% and A%?2 contain terms which behave like
am2/mg? and am?/m.?. These terms represent the
“nongentle” behavior created by the current algebra
conditions. Thus, the hard-meson corrections are rather
modest considering the size of some of the terms in the
K amplitude. In applying the Veneziano model to K
scattering, Lovelace!® finds that the S-wave scattering
lengths have the values @'/2)=0.215 m,™ and a®?
= —0.097 m,~*. This result deviates from the soft-pion
values considerably.

TaBrLe I. Hard-meson S-wave Kx scattering lengths for the
=%, § channels in units of m, 1.

Hard-meson scattering\ Fx/F,  1.169 1.190 1.220
lengths in (m,)™!

iz, +0.115 40117  +0.112

@12, —0.090 —0.072 —0.049

18 S. Weinberg, Phys. Rev. Letters 17, 616 (1966).
1 C. Lovelace, in Ref. 1.

6( —ao+m,?)?

+2(mamg —s0)(Z10+Z1um,;72)

(nots0)(sot+mx *2):' } . (3.29)

me*Z

o
—uotmg?

Next we use Egs. (3.28) and (3.29) to compute the
hard-meson S-wave effective ranges. The results are
recorded in Table II.

It is interesting to notice that the expansion (3.25)
has an S-wave spurious zero at about 100 MeV above
threshold. Thus, this effective range expansion is valid
in only a small region about threshold. However, the
expansion

Aly=(m+mr)[ alo—3%(alo)2rTok2+-- -] (3.31)

is reasonably convergent in the low-energy region. In
fact, Eq. (3.31) represents a good approximation (to
within 15%) to the full S-wave amplitude for 4/55900
MeV.

Next we discuss the P-wave scattering lengths and
effective ranges. Using Egs. (3.23) and (3.24) in the
expansion (3.25), the P-wave scattering lengths are

TasLe II. Hard-meson S-wave Kw effective ranges for =3,
2 in units of m, L

Hard-meson effective\ Fx/F, 1.169 1.190 1.220
ranges in (m), !

72 —12.0 —10.6 —11.0

7312y +14.2 +20.9 +39.6

TasLeE III. Hard-meson P-wave Kr scattering lengths (in
units of m,7%) and effective ranges (in units of m,) for the I =3,
£ channels.

P-wave threshold\ Fx/Fr 1.169 1.190 1.220
parameters
a2y (mg3) 15.3%X1073  15.0X 1073 14.1X1073
a2y (my3) 5.0X107% 12.0X107* 24.0X1073
72 (a) —35.5 —36.6 —46.8
782y (1) —350 —48.6 —81.3
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determined to be
So—1U%
V2x(metmg)at'?y=Zy—Zs+Zms 4t —2(Z 10+ m ;2 Z11) —2—'—4—0Z11
MMy
1 Sot+mxg*? Zs
+(Zs-Z7)[ - ( ) ] , (3:32)
—Sot+mg+? 2/ —uotmg?d  —ugt-m,?
So—Uo
V2a(met-mg)a®1=2Z2—Zs+Zims ™+ (Z1o+m ;22 11)+ ; Z1n
m
g Sot+mg*? 1
+(Zs—Z7)mg 2 —27Z5 , (3.33)
. —uo+mg*? —uo+m?
and the effective ranges are
— (matmx)3mw(at/?) %12
Uo—So—M,° So r 3 1
= '—2Z4m,,_6—4211 —2 lem,,‘4+(Zg—Z7) — :|
m,® MamK m«mxl-( —sot+me*?)?  (—uetmg?)?
Sot+mx*? 1
'—‘(Zs—Z-])mK 4 RK*+2Z5mK‘2—-—————-—RK, (334)
— ot mp? (—u+m3)?
— (mrtmg)3m(a®/21) %82
Uo—So— M2 o So 1
=—2Zm; 84271y + Zym,; 4 (Zs—Zr)
m,S Mg mamg (—totmg*?)?
So+mx*? 1
+2(Zg—-Z-,)mK“‘*—-——————RK*—4Z5m,,,“2—————————RK, (335)
—uotmg* (—uotm?)?
where
So2 2050 —14?
R,= (16m,2mx2)*1[(s0+u0)2+ —-———~——m,,2:l .
Ma®—1Ug

The values of the P-wave threshold parameters ob-
tained from Egs. (3.32)-(3.35) are shown in Table III
with the appropriate units given in parentheses.

As was the case for S waves, the P wave parameters
also exhibit the sensitivity of the 7=% quantities to the
ratio Fg/F .

IV. COMPARISON WITH EXPERIMENT

In this section, the hard-meson phase shifts and cross
sections are compared with experiment. Later in the
section a comparison with the predictions of the Love-
lace-Veneziano model is also made.

1. S wave. As previously indicated, the expansion
equation (3.31) may be used as a good approximation to
the full 7=% amplitude equation (3.21) for 4/5<900
MeV. However, as we approach the x resonance it be-
comes necessary to use the full amplitude of Eq. (3.21).
In this region the 7=% channel is dominated by the «
pole with the threshold parameters a!/%, »!/%,, making
negligible contributions and the amplitude is effectively
controlled by the parameters Fx/F, and m,2 (and hence
the x width). In order to extract the phase shifts from

the current-algebra amplitudes, we proceed by imposing
two-body unitarity on each partial-wave amplitude
separately. We assume that Eqgs. (3.21) and (3.22) cor-
rectly determine Re(4%,)~! but not Im(4%,)~!. Uni-
tarity is restored by replacing ks—/24%, by tané?, in
these equations.* Theoretical curves obtained from the
unitarized S-wave current-algebra amplitudes are dis-
played in Fig. 1 for the representative values Fx/F,

180

T T
CURRENT ALGEBRA .
S-WAVE K TPHASE SHIFTS

Fx
—F—;rxl.lﬁs
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o220 |4
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o
o
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" : s : 1
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Fie. 1. Current-algebra curves for the S-wave phase shifts
- (I=% upper curves, I =% lower curves) with m,=1100 MeV.
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Fic. 2. S-wave phase shifts with m,=1100 MeV and Fx/Fr
=1.220. (a) I=% channel; the experimental points are the
Mercer et al. down-down solution (Ref. 20). (b) =% channel;
t(he fexpe)rimenta,l points are the Mercer ef al. down-up solution
Ref. 20).

=1.169, 1.190, and 1.220. These values of Fg/F, corre-
spond to a k width I'(k — Kr)=2450, 525, and 850 MeV,
respectively, for x mass m,=1100 MeV of Trippe
el al.’* The condition (2.27d) establishes 450 MeV as
the minimum allowed width for this ¥ meson in good
agreement with the experimental estimate of I'(x — Kr)
22400 MeV of Trippe ef al.** Contrary to Trippe et al.,
however, a non-negligible 7 =% interaction is predicted.
The 7=% phase shifts are seen to be sensitive to the
ratio Fg/F. over the entire energy range. The I=3
phase shifts are insensitive to the value of Fx/F in the
threshold region and vary by less than 159, in the region
below the x mass. Above this energy region, the theo-
retical curves are governed solely by the parameter

S-WAVE K7 PHASE SHIFTS
POLE CONTRIBUTIONS

(%}
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w
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& ENERGY IN MeV -
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Fic. 3. S-wave phase shifts obtained from direct-channel and
crossed-channel poles only. Fg/F,=1.220 and m,=1100 MeV.
The experimental points are from Mercer ef al. (Ref. 20). (a) I =
channel; the data points are the down-down solution. (b) /=
channel; the data are the down-up solution (Ref. 20).
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Fic. 4. P-wave phase shifts (upper curve for I =%, lower curve
for I =4%). The experimental points are from Mercer e/ al. (Ref. 20);
Fr/Fr,=1.220.

Fg/F.. Thus with good phase-shift data an accurate
experimental determination of this ratio is feasible.
Next we consider the experimental analysis of Mercer
et al.20-21 This analysis implies that the /=% S-wave
phase shift rises slowly toward 90° in the 900-1200
MeV region and that the corresponding /=% phase
shift is negative and generally small over the entire
energy domain. The I=4% interaction is examined in
Fig. 2(a), the experimental points being the ‘“down-
down”’ solution.?? We exhibit the current-algebra’fit to
these data for Fx/F,=1.220 and m,=1100 MeV. The
theoretical curve follows the general trend of the ex-
perimental points, but it does not produce the dip at
900 MeV and overshoots the data above 1050 MeV.
These results appear to be consistent? with a broad
resonance at the mass of Trippe ef al. with a width of
850 MeV. In Fig. 2(b), the [ =% phase shift is shown, the
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Fie. 5. I=% P-wave phase shift with Fg/F,=1.220. The experi-
mental points are from Mercer e/ al. (Ref. 20).

20 R. Mercer, P. Antich, A. Callahan, C.-Y. Chien, B. Cox,
R. Carson, D. Denegri, L. Ettlinger, D. Feiock, G. Goodman,
J. Haynes, A. Pevsner, R. Sekulin, V. Sreendhar, and R. Zdanis,
The Johns Hopkins University report (unpublished).

2 It is worth noting that the analysis of Ref. 20 does not a priori
assume a negligible S-wave I =3$ interaction as is done in many
other analyses (see, e.g., Refs. 14 and 1).

2 A number of solutions exist for the S-wave phase-shift analysis
Ref. 20. Of these, the =3 down-down and the I=% down-up
solutions lead to total cross sections which best represent the
cross section obtained by extrapolation.
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experimental points being the ‘“down-up” solution of
Mercer et al.* The theoretical curve is that for
Fg/F,=1.220.

The amplitudes of Eqs. (3.21) and (3.22) contain a
set of terms which are characteristic of the current
algebra solution, namely, the seagull terms. These
terms generally tend to cancel the crossed-pole contri-
butions to the S-wave amplitudes. This behavior is
illustrated by considering an amplitude composed of
only direct- and crossed-channel poles:

16w 412 =6Z5(—s+m2) " +2{Zsm 2L (x)
+Zm, 2, In(14-x,) —Zsg
+2(Zs—Z1)mr*2(so+uo—2s —mg*?
+-sotto/mx ) L@ (xx *)+2Z 13m,~ so+u0
- 25+%(mp2+25"‘30 "‘uﬂ)xpL(o) (xp):l} ) (4 1)
167432 = —4Zsm 2L P (x,) +2Z omys 2%, In(1+-2,)
+4Zg—2(Zg—Z7)mK*_2(Sn+uo—28—mK *2
~+souo/mr*2) L (xx*) —2Z um, 2 So+uo—2s
+1(m, 2425 —so—uo)x,L@(x,)]. (4.2)

These amplitudes do not satisfy the current-algebra
constraints since the seagull parts are needed for that
purpose. The agreement with the data is drastically
changed as shown in Fig. 3. The theoretical curves ex-
hibit significantly larger phase shifts in the low-energy
and high-energy regions, thus illustrating the cancel-
lations that occur between the seagull and crossed-pole
pieces of the current-algebra amplitudes.

2. P wave. The extraction of the P-wave phase shifts
is accomplished by unitarizing the current-algebra
amplitudes in analogy with the S-wave case. Thus, in
Eqgs. (3.23) and (3.24) ks~1/247, is replaced by tané’;.
The I =% phase shift is compared with the experimental
data of Mercer ef al.20 This analysis presumes that the
I=3% P-wave interaction is negligible, in accordance
with the current-algebra prediction shown in Fig. 4.
A good theoretical fit to the /=% experimental points
shown in Figs. 4 and 5 can be obtained for Fg/F,
=1.220. The current-algebra phase shifts are essentially
independent of Fg/F. below 1000 MeV.
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F16. 6. I=% P-wave phase shift. Fx/F,=1.220. Curve A is
the total theoretical amplitude. Curve B is the total amplitude
with the direct K* pole deleted. Curve C is the amplitude
obtained from direct-channel and crossed-channel poles only.
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F16. 7. Total K= cross sections. Fg/Fr=1.220. The solid curve
represents the current-algebra results for the elastic cross section
and the dashed curve corresponds to twice the charge-exchange
cross section. The experimental points (black dots for elastic
and white dots for twice charge exchange) are those of Trippe
et al. (Ref. 14) obtained from the reaction K*p — KrAt+t,

700

The unitarized =% P-wave amplitude is well ap-
proximated by a simple direct-channel K* pole. This
behavior is illustrated in Fig. 6 where curve A represents
the full theoretical amplitude, and curve B represents
that amplitude with the direct K* pole deleted. For the
I=% S-wave amplitude, it was shown that the seagull
and crossed-channel poles mostly canceled each other
both in the threshold region and in the region past the
k pole. In the P-wave case, the seagull and crossed-
channel terms are individually small over the entire
energy range under consideration, yet they have a
tendency to cancel. Thus the direct K* pole completely
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Fic. 8. Total elastic K™=~ cross section. Fg/F,=1.220 and
m=1100 MeV. The experimental points are from Mercer et al.
(Ref. 20) for the reaction K*tp — K+zr—At+,
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F16. 9. Total charge-exchange K cross section. Fg/Fr,=1.220
and m,=1100 MeV. The experimental points are from Ref. 20
for the reaction K*p — Kor0At+,

dominates the full amplitude. If the seagull parts are
deleted, we obtain for the P-wave amplitude in the /=%
channel

120k—2A V2 = 4 3(Zs—Z1)(—s+mx2)~!
—ZsmAL® (x,) —Zom,~ 1 — LD (x,)]
+2Z1m ;4 (so+uo—25 —m,2)[1 — LD (x,)]
—3(Zs—Z7)mg 4 (so+uo—mp 2 —2s+uoso/mi*2)
X[L®(xx*)]. (4.3)

The predictions obtained by unitarizing this amplitude
are presented as curve C of Fig. 6. There is no significant
deviation from the full P-wave current-algebra ampli-
tude. Experimentally, the 7= P-wave amplitude is
well represented by a Breit-Wigner form over the en-
tire energy range. Thus we find excellent agreement
between the current algebra and experiment for this
case.

3. Elastic and charge-exchange cross sections. Next we
consider the elastic and charge-exchange cross sections
predicted by current algebra. In the region of validity
of the present calculation, only the S and P waves are

T T
f—K+1r" I
3--KO w0
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1300

Fic. 10. The current-algebra (¥,°) moment for K*x~ elastic
(solid curves and black points) and charge-exchange (dashed
curves and white points) processes. m,=1100 MeV. (a) Fx/Fx
=1.220; experimental points are from Ref. 14. (b) Fx/Fr=1.169;
experimental points are those of Ref. 24.

POND 3

S-WAVE K7 PHASE SHIFTS

' —— LOVELACE VENEZIANO
~-- CURRENT ALGEBRA

180

135 E
u
g- QO === = e e e e e T e ] (a)
o
W
z 45 .
[
P t — 1 ] ] L
a 800 900 1000 Hoo 1200
w ENERGY IN MeV
(2]
<
& |
Ot— { t (b}
—— — _..f_. 41
;30 - ! -_'l -] .
i = 372
-60}- f (] -

Fic. 11. Veneziano S-wave K phase shifts (solid curves) from
Lovelace (Ref. 19). (a) I =3 channel; experimental points are the
down-down (lower set above 800 MeV) and the down-up (upper
set above 800 MeV) solutions of Mercer et al. (Ref. 20). (b)
I=% channel; experimental points are the down-up of Ref. 20.
Tfhe dashed curves represent the current-algebra phase shifts
of Fig. 2.

important and the D and higher partial waves are
negligible. First we consider the experimental data of
Trippe et al.'* Hard-meson cross sections are given in
Fig. 7. The solid curve should coincide with the black
points and the dashed curve with the white points. This
experimental analysis supposes that the /=3 inter-
action is negligible. The current-algebra curves are in
good agreement with the data through the K* resonance
and are insensitive to the parameter Fg/F, in this
region. Above this energy region, the theoretical curves
are consistent with the data, although they do not
reproduce the dip at ~1050 MeV.

Next, the experimental cross sections of Mercer et al.20
are examined. A current-algebra curve with Fg/F,
=1.220 is fitted to the K*7~ — K*z~ data as shown in
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F1c. 12. Veneziano P-wave Krx phase shifts (solid curves)
from Ref. 19. The experimental points are from Ref. 20. The
current-algebra phase shifts (dashed curves) have Fg/Fr,=1.220
and m,= 1100 MeV.
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F16. 13. Total Veneziano cross sections from Lovelace (Ref. 19).
The solid curves represent the elastic cross section and the dashed
curves represent twice the charge-exchange cross section. The
experimental points are from Trippe ez al. (Ref. 14).

Fig. 8. Excellent agreement with the experimental
elastic cross section is obtained through the K* region.
However, the theoretical curve passes above the data
in the 1000-1200-MeV region. In Fig. 9 the experimental
points for the charge-exchange cross section for Kz~ —
K70 are given. Again the theoretical curve has F,/F,
=1.220. Reasonable agreement with experiment is
attained up to the x mass, above which the theoretical
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Fic. 14. The Lovelace-Veneziano elastic cross section (solid
curve). The experimental points are from Mercer ¢/ al. (Ref. 20).
The dashed curve represents the current-algebra prediction
shown in Fig. 8.
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F1c. 15. The Lovelace-Veneziano charge-exchange cross section
(solid curve). The experimental data are from Ref. 20. The
dashed curve represents the current-algebra results of Fig. 9.

curve lies somewhat higher than the experimental
points. v

4. Moment (V1°). It is interesting to consider the
(¥,°) moment in the angular distribution for the K+z—
elastic and charge-exchange processes. The moment is
defined by

(V1%) = Re(dsdp*)/(|45]*+3|42]D), (44)

where 4 s=3%(24/2)+A43/%) for the elastic process, and
As=%V2(— A%+ A3/%) for the charge-exchange pro-
cess. The S-wave amplitudes 4'/2,, 432, have been
defined in Egs. (3.21) and (3.22). Ap is similarly con-
structed using the P-wave amplitudes of Egs. (3.23)
and (3.24). The current-algebra (¥,°) moment for
Ktr—=— K—7~ is independent of Fg/F, throughout
most of the energy range under consideration. On the
other hand, for K*r—— K%® the moment is inde-
pendent of Fg/F. only through the K* region. Above
this energy region the angular distribution is very
sensitive to Fg/F.. The hard-meson (¥;°) moment is
compared with the experimental data in Fig. 10.23
The solid curves correspond to the black points and the
dashed curves correspond to the white points. The
theoretical curve having Fx/F,=1.220 is in good agree-
ment with the analysis of Trippe et @l.,'* as shown in
Fig. 10(a). In Fig. 10(b), the current-algebra curve
Fx/Fr=1.169 is compared to the CERN analysis?*
(at higher energies there is some discrepancy with the
preceding analysis). Clearly a significant success of the
current-algebra results in the moment analysis is the
prediction of the dip above 900 MeV for the charge-
exchange reaction and not for the elastic reaction, as
confirmed by experiment.

5. Comparison with the Lovelace-Veneziano model.
We wish to compare the hard-meson current-algebra

% The hard-meson moment (V%) for the elastic process has
been normalized at 810 MeV to the data of Ref. 14.

24 CERN, private communication, as cited by C. Lovelace,
inRef. 1.
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Fic. 16. The Lovelace-Veneziano (¥,°) moment from Ref. 19.
The solid curve and black dots represent the elastic K*#— moment,
and the dashed curve (and white dots) represents the charge
exchange K*r~ moment. The circular experimental points are
f(rom Tr%ppe el al. (Ref. 14) and the square ones from CERN

Ref. 24).

results with the recent work of Lovelace,’® who has
used the Veneziano formula to analyze K scattering.
In Fig. 11, the S-wave Lovelace-Veneziano results are
compared with the experimental analysis of Mercer
et al.?® and the current-algebra results. The experi-
mental points for the /=% channel correspond to the
down-down (lower) and down-up (upper) solutions,
The Lovelace-Veneziano model predicts a broad
resonance in this channel at about 900 MeV as opposed
to that of Trippe e/ al.'* at 1100 MeV. Referring to
Fig. 11, we find that the Lovelace-Veneziano model in
this channel differs considerably from the current-
algebra result and is a poor fit to the experiment over
the entire energy domain. We note that the down-down
points are the favored solution in this channel.20 On the
other hand, the Lovelace-Veneziano model gives an
S-wave phase shift which is consistent with experiment
[see Fig. 11(b)] for /=% scattering. In Fig. 12, the
Lovelace-Veneziano P-wave phase shifts are compared
with the data of Ref. 20 and the current-algebra results.
Here the I=% prediction is in good agreement with
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these other results up to 1000 MeV. However, the
Lovelace-Veneziano phase shift in this channel passes
through 180° at 1100 MeV. There appears to be no
experimental evidence to substantiate this behavior.?
On the other hand, both the current-algebra and the
Lovelace-Veneziano model predict negligible inter-
actions in the P-wave /=% channel, in agreement with
experiment.

The Lovelace-Veneziano cross sections for the elastic
K*n—=— K*n~ and charge-exchange K*tn~— K"
processes are plotted against the experimental points!®20
in Figs. 13-15. The model exhibits poor threshold
behavior, while the hard-meson cross sections are in
good agreement with experiment in this region. On the
other hand, the cross sections of the Lovelace-Veneziano
model are in somewhat better agreement with the ex-
perimental data above the 1000-MeV region. Finally,
the lovelace-Veneziano predictions for (¥1%) are shown
in Fig. 16 and are seen to be a poor fit to the data.!?
In particular, this model does not produce a dip around
900 MeV for the charge-exchange reaction, conflicting
with current algebra and experiment.

In conclusion, we remark that the hard-meson
current-algebra results are in excellent agreement with
experiment below the 1000-1100-MeV region. Above
this energy region, one must take into consideration
other channels like Ky which become physical for a
more quantitative comparison with experiment.
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