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The hard-meson SU(3) &&SU(3) current-algebra four-point functions are applied to E7f scattering, using
pole dominance of the a commutators. The S- and P-wave scattering lengths and effective ranges are ex-
tracted. The hard-meson S-wave scattering lengths differ from the soft-pion Weinberg scattering lengths by
only a few percent. Energy-dependent 6ts up to 1 GeV and above are made. All the available experimental
data on the elastic and charge-exchange cross sections and phase shifts can be fitted using the parameter
F~/F .

I. INTRODUCTION meson SU(3)XSU(3) current-algebra analysis. The
basic assumptions here are (1) that the currents obey
the equal-time commutation relations of Gell-Mann';
(2) that the vector currents are conserved (CVC), all
the axial-vector currents are partially conserved
(PCAC), and the strangeness-changing vector currents
are partially conserved (PCVC) (these conditions are
referred to collectively as PCC); (3) that the vacuum
expectation values of the T-products of an arbitrary
number of currents can be saturated by a few low-lying
single-particle states; (4) smoothness of the particle
vertex functions, which means that they may be ap-
proximated by a low-order polynomial in the momenta
of the single particles involved. In the calculation of Ex
scattering, which is an application of these tech-
niques for a four-point function, we mak. e one additional
postulate, and that is the pole dominance of the 0.

commutator. As in the case of mm current-algebra ampli-
tudes, the Ex scattering requires the inclusion of a

specific set of seagull terms along with the usual pole
terms. Section II is devoted to a review of the general
formalism for calculating four-point amplitudes. In
Sec. III, S- and E'-partial-wave amplitudes, S- and
P-wave scattering lengths, and the S-wave effective
range for I=~ and I=~~ Ez scattering are computed.
Section IV contains a comparison of the phase shifts
and cross sections with the experimental data. A com-
parison with the Lovelace-Veneziano model is also
given.

ECENTI Y,' considerable effort has been devoted
to the extraction. of the E7r interaction from EP

experimental data. In spite of many uncertainties that
still remain in these analyses, E7f; cross sections and
phase shifts up to roughly 1.5 GeV have become experi-
mentally accessible. The purpose of the present paper
is to calculate Em scattering using a hard-meson current-
algebra method and compare the result with all avail-
able experiment. The hard-pion techniques using
SU(2) XSU(2) current algebra' ' have previously been
successfully applied to m-m scattering, where excellent
agreement with experiment up to 1 GeV was achieved. '
The hard-pion method has also been extended to in-
clude strangeness-changing currents in order to ana-
lyze the E&3 decay. ' ' More recently, the hard-meson
method has been extended further, so that one can
compute an arbitrary E-point function using the
chiral SU(3)XSU(3) current algebra. '

We briefly review the physics involved in the hard-
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II. REVIEW OF HARD-MESON METHOD

The currents involved in the Ex calculation are
governed by the chiral SU(3)XSU(3) current algebra
(CCA) according to the equal-time commutation re-

lations:

=is, &,V&,(x)8'(x —y) +c-No. S.T. , (2.1a)

S(x'—y')LV'. ( ),xA(y) j
=is.g,A&,5'(x y)+c No—S.T. ,-(2..1b)

~(xo —yo)LA'. (x),V",(y)j
=is.~,A~, (x)84(x y) jc No —S.T. , -(2.1.c)

tor,
8 M. Gell-Mann, Physics 1, 63 (1964).
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B„CI"=mK'F~E;,

B„S"=m„2F„a,

(2.4)

(2.5)

where on the right-hand side in Eqs. (2.2)—(2.5) we

fi( ' —y')LA". ( ),A" (y)]
=ip.b, Vp. (x)f')4(x y—)+c-No S..T. , (2.1d)

~(x' —y') LV'. (x),S"-(y)]
= ——,'(r, ) pS"p(x) 84(x—y)+c-No. S.T. , (2.1e)

fi(x' —y') LS'-(x), V".(y)]
=s(r, ) pSpp(x)84(x y)+—c No. S-.T. , (2.1f)

&(x'-y') I:V'.(x),C"-(y)]
= ——',(r.) pCpp(x)i)4(x —y)+c-No. S.T. , (2.1g)

fi(x"—y')LC' (*) V" (y)]
', (r.).-pCpp(x)84(x y)+—c No S-.T. ,. (2.1h)

~(xp —y') LA0.(x),sp. (y)]
', (r,—) —pC"p(x)84(x y)+—c No S-.T.., (2.1i)

fi(x' —y') (Sp.(x),A p.(y)]
=s(r ) pCpp(x)f')4(x y)+c—No S.T-. , . (2.1j)

fi(x' —3')LA'. (x),C".(3)]
,'(r ) —pS—pp(x)84(x y)+c —No S.T-. , .(2.1k)

(*"—y')LC'. ( ), ".(y)]
=-,'(r, ) pSpp(x)84(x —y)+c-No. S.T. , (2.11)

fi(x'-y') LS"-(x),S"p(y)]
s(=(rb)p Vpb(x)+v38p Vps(x))P(x y)—

+c-No. S.T. , (2.1m)
fi(x'-y') LS"-(*),C"p(y)]

,'((rb) p A-"b(x)+~3f'tp A "s(x))&4(x y)—
+c-No. S.T. , (2.1n)

fi(x'-y') LC"-(*)S" (y)]
=

0 f (rb) p A b(x) +v3&P.A ps(x) ) b'(x y)—
+c-No. S.T. , (2.1o)

~(x' —3')LC"-(x),C'p(3)]
=!(( )P.V ()+~fo.V" ())~'( -y)

+c-No. S.T. , (2.1p)

where V", and A", ((4=1, 2, 3) are the SU(3) triplets of
currents. Sp and C" ((r=1, 2) are the strangeness-
changing isodoublets of currents with n= 1 correspond-
ing to (4—i5)/v2 and et =2 corresponding to (6 i7)/v2, —
where 4, 5, 6, and 7 correspond to SU(3) components.
V"0 and Aps are the eighth components of the SU(3)
vector and axial-vector currents, respectively. The
7's are the usual Pauli matrices and c-No. S.T. stands
for c-number Schwinger terms. The isotriplet and iso-
doublet currents obey the partial conservation con-
ditions (PCC)

c)pVp, =0, a=1, 2, 3 (2.2)

(3pApa=m 0F rr, v
(4=1v 2, 3 (2 3)

have denoted the fields by their particle labels and F
is the pion decay constant, m the pion mass, etc.

Arnowitt, Friedman, and Nath' (and other hard-
meson workers') couple the current-algebra conditions
(2.1) and the PCC conditions with two dynamical
assumptions to calculate T-products of currents. These
assumptions are (1) single-particle saturation (the
T-products of currents may be expressed in terms of
matrix elements of currents between single-particle
states), and (2) the resulting particle vertices may be
approximated by a 6nite polynomial in the particle
momentum. Assumption (1) implies the field-current
identities'

PIP =g pflb

A" =gA(bp +F Bprr„

C",=gKAKA" +FKBpK„

S" =gK'K*" +F„BpK

(2.6a)

(2.6b)

(2.6c)

(2.6d)

In addition, the concept of single-meson saturation
was shown to lead to a theorem which states that the
T-product of an arbitrary number of currents can be
computed from an effective Lagrangian which has the
form

where
2 =Z(p) +Sr, (2.7)

&(0).= ~"a(&p~a—)+', (~"a~pa -m. '~') v— (2.10a)

2 (p) K = PKpt c)PK+ 8PK"—K„]
+K„tK0 mK'KtK, (2.10—b)'

Z(0).———o p(Bpo)+-,'(o po „—m. 'o'), (2.10c)

Z(0) = $Kp 8 K+8PK Kp]+Kp K" m„K K, (2.10d)

and for the spin-one mesons,

Z(0)p= 0(()pPva ()vPpa)P "a

+4P "aPpva smp PpaP a v (2.10e)
0 The decay constants FK, etc. , are defined by (0

~
C P (0) [Ep (k) )

=iIl~B pNkI', where E—=L2aul, (2~)'1 '", etc. Similarly, constants
g„etc., are defined by the vacuum one-meson matrix element
(OI V~p(0)

~
4ab(k))=gvpablVap(k), etC. Our metriC haS Signature

+2, and we use F =94 MeV throughout.

&I=g&(8)+g'&(4)+g'&(0)+ . . (2 g)

g is a coupling constant and Z(3), Z(4), etc., are cubic,
quartic, etc. , in the fields. Further, in calculating the
T-product of X currents using Zz one must only keep
terms to order (X—2) in the coupling constants. This
is equivalent to calculating a T-product in the tree and
seagull-diagram approximation. Hence to calculate
Em scattering, the effective Lagrangian need only be
used to second-order perturbation theory.

For Ex scattering, the free-meson Lagrangian has
the form

+(0) =+(0)a+~(0)K+~(0)v+~(0) It

++(0) +@(0)A++(0)K ++(0)KA (2 9)

where the free Lagrangians for the spin-zero mesons are
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+(0)A 8 (()puva (7v ups) u a

+ 10 up",u„„—', mA'u„, up„(2.10f)
obey the relations'4

2lg~~p=~p t gp~ (2.17a)

Z„, = ,'((a—„E*„a,E—* )tE*"+H.c.j
+1E0. tEO»v m».8E0»tK*» (2 10g)

g X =1—gA'(F 'mA') '
jgA'm '(F 'mA') 9.A (2.17b)

vC(0)XA= 8L(()»EAv ~vEA») EA +H.c j
+8EA»„TEA'»" —m»A8EA»TEA». (2.10h)

The cubic part of the Lagrangian that enters in the Ex
scattering process is

F g, =m, 93—m 91,
F,)(, = —()(1+)(8),

g Qyg
—2 gA2yg'A 2-P 2

(2.17c)

(2.17d)

(2.17e)

+(8) +($)NS+@(8)Sv
(2.11) where XA=—gpesp 9pAA is the anomalous moment of

the Al meson and

her
x"=8"m' ——

ba„
(2.13)

where Z(3) s contains strange particles and Z(3)NH con-
tains only nonstrange particles:

t. lx
v0($)NS 0»bc(gapp8rb &cP»a+8vlvvvpTrva8rpbP c

+8~pAAupauvbP c)+8gvvv8r O

+8)(vvv& sTrpa&+18vvv&a8r a&v

+4cA8raupso'p+X, A8rp u„,o', (2.12a)

Z(8)S 8(g»KpE» TKP»+8)(xxpE» TKvP"P

+pp»AXAEA» TEAvp +gpxc(( TER'+)(vvxcK» TE»W'

+)bvvxc(( TE"Trp+)bvxc((p TETr»+)( KK'K p TK»8r

+gaxx K p TE8r +Ibaxx "K vp TK 8r +BEAK»K» TKu»

+gpc»A» TKA Trp+~wc»A&p TEA 8r)+gv»KE Eo
+)(v»XE» E»ll+Ibsx»E» EO»+X~XKAEA» EOp'

+X,KKAEA»tK»o+H. c. (2.12b)

Here Z(g contains only those terms that contribute
directly to the Ex amplitude.

Since the Lagrangians of Eqs. (2.10) and (2.12) are
written in the Grst-order formalism, (K»,K), (up", up),

etc., are to be varied independently. The auxiliary
Gelds are determined by Lagrange's equations, which for
the scalar fields are

)(1=(gAmA ))(vsA v )(8= (gAmA, ))(cvA. v

(2.18)
)(8—=)(1+F )8,

Similarly, for Z(3)8 we have

gKKp Y~p / gp &

2/

gp)(K»»= 1 g»A (Fx mKA )
+g»A8m»8(F»8m»A4) 9»A, (2.19)

where X+g gpfsp A,pKAKA For the E-o couPlings,

where

~Kgo KK ~a +3 ~K P1 p

Fx)(p»K (71+78) v

(2.20a)

+1=g»Am»A )(vx»A v +8=g»Am»A ~a»KA v

(2.20b)
'r8='r1+Fx)bvxx ~

For the m-E-e couplings

)(vx„=fLn(1+m, 8/m»8)F»8
—Fx'+F.'+L-x+LX .7, (2 21a)

18 K„=fPu(m„8/m 8+m.8/m»8)F»8

+Fx' F.'+L.x—.+L..xj, (2 21b)

p,x,=fpn(m, 8/m '+1)FK'
+F '—F',8+Lx „+L,x j, (2.21c)

etc. Similarly, for the vector fields we have

~~1
pe —pup»

7

8p„„

(2 14) where

L b
—=(m 'F ' —mb'Fb')m

(2.21d)
n=—2F„F (Fxm.8) 'g x„, f '= 4F FKF, . —

Here o; governs the width of the x meson and in part
(2.15) determines the breakdown of the ordinary SU(3)

symmetry. For the m-E-E* couplings

E*~"=B~E*»-8»X*~-2
5E*„,~

(2.16) g .
i

F i(g ~ i
Xf(—nFK'+F' 2F '+L.x.), (2—22a)

(mx '8

&.Kx =(
gx'

Xf(—nFx'+2Fx' —F,'+L.X.), (2 22b)

where ),=4F gx'Ib xx /Fx is the st—range-meson analog

etc.
The Geld-current identities (2.6) and the equations

of motion are used to compute the divergences and com-
mutators of V, A, C, and S.These currents are functions
of the couplings in Z(3). Thus, constraints oo the cou-
pling constants are obtained by requiring the chiral cur-
rent algebra (2.1) and the PCC to hold. The satisfaction
of these conditions requires that the constants of 8&3)NS
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of X~, and

k,„x„——
~

Fx [f( nFx'—m. '!mx'
Egx,

+Fx' 2F '+—L„,x) . (2.23c)

Finally, the 6rst Weinberg' sum rule

g 2m 2 F 2+g~2mA 2 Fx~+—gxg~mxg

=F.'+gx'mx' ' (2 24)

arises as a consequence of the assumption that the
q-number Schwinger terins in Eq. (2.1) all vanish. The
three-point coupling constants are determined by the
current algebra conditions in terms of X~, ) ~, X~, X3, X»
pl, p&, p» X~~, and n. Of these, X& and 'A, may be
obtained from a knowledge of the p-meson and E~-meson
widths, respectively. Further, the combinations X&—X&

+2(m '/m, ')X~ and yi —y~+2(mx'/m, ')y~ enter into
the 0. width, while n governs the width of the x. At pres-
ent there is no way of experimentally determining )z„,
hence it shall be set to zero for the remainder of this
work.

In extending the above considerations to the four-
point functions, we make a dynamical assumption in
addition to that of single particle saturation of T-pro-
ducts. This assumption concerns the 0. commutators

h(x' —y ) Lx~( x), A'a(y)]=8'(x —y)e.,F(x), etc. (2.25)

Since single-meson saturation has been assumed for
other aspects of the analysis, a natural extension seems
to be to postulate that the o. commutators of Eq. (2.25)
are single-meson dominated; i.e., governed by a reso-
nance pole. The a meson itself appears to be the only
resonance with the correct quantum numbers avail-
able for this purpose. Thus we assume that

b(x' y') ttx, (x),A'&(y)—j g'(x y) 8o&o (x), etc. (—2.26)

The dynamical assumption of Eq. (2.26) is most
easily achieved if V, A', C, and S' are restricted to be
at most quadratic functions of the canonical variables.
The satisfaction of Eqs. (2.1) to order g' then pro-
duces the following additional restrictions on the
coupling constants of Z(3)'

Xgha'= 1,
Aiba ——F,fL

—n(m, '/m, ')Fx'+F '+Lx„],
l~&Yi F.fC ~(m'/mx )Fx +Fx +L x3,
'0 S. Weinberg, Phys. Rev. Letters 18, 507 (1967).' L. K. Pande, Phys. Rev. 184, 1683 (1969).

(2.27a)

(2.27b)

(2.27c)

+2F' F~'—+Lx,.), (2.23a)
t'mx„~

g-x =~ Fx ~f( aFx—'m. '/mx'
kgx, )

+2F,' Fx'—+L„x), (2.23b)

mx4/ m ' F ')'
m„' k mx' Fx'3

F„'pF, ' mx'
+—"-(

Fx'+x' m '
m.„& I—2 —. (2.27d)
ns„' F~'

Equations (2.27a)—(2.27c) determine some of the o.

couplings in terms of the ~ width parameter o.. Equation
(2.27d) produces restrictions on the mass of the e

meson, in particular7 " "
/F„m„/) [Fxmx/+/F m

/

(2.28)and

These restrictions may be combined with information
on the Eia form factor f+(0) to relate the width and
mass of thee meson to the ratio Fx/F .The hard-meson
analysis of K&& decay" determines f+(0) to be

f+(o) =2(F-Fx) '(F-'+Fx' F') —(2 29)

The experimental information of Trippe et al."indicates
a ~ meson with m 1100—1200 MeV. Using the ex-
perimental value Fx/$F f+(0)j=1.23&0.03," and
setting m, =1100MeV and F(~-+E7r) =450 MeV, one
obtains F,/F =0.380 and Fx/F =1.169. The narrow
x width of 90&30 MeV (and m„=1150 MeV) given by
Crennell et ut. " is not compatible with Eqs. (2.27d)
and (2.29), since the current algebra, with a pole-
dominated o- commutator, demands that a ~ meson of
1100 MeV have a width greater than 450 MeV. As the
value of Fx/F f+(0) increases (decreases) the ~ width
and the maximum allowed value of P~,~F increases
(decreases). For the experimental value of Fx/F f+(0)
quoted here, the value of Fx/F„ that ensures the reality
of F, demands Fx/F &1.260 and the reality of n

demands Fx/F )1.161.Using F,/F =0.38 and Fx/F
=1.169, we find from Eqs. (2.27) that Xiy~=1.120,
Xgy=0.223, and o;=0.0464 in order that the current
algebra be exactly satis6ed by quadratic currents.

Using the pole dominance of the 0- commutators, an

Z(4~ consistent with the current-algebra restrictions can
be easily constructed. ' "The relevant part of Z(4~ that
enters in the Xm scattering is given as

Z(4) =G,E'K~'+ G,K„'E~x'
+GIKtKx" m„+G4(K„tK+Et'K„)m"ir'

+zG;e, i„(E r,K„K„r,E)ml'gr„(—2.30)

'~This result was first obtained under the assumption that
symmetry breakdown corresponds to a (3,3*)+(3*,3) term in
the interaction (see Ref. 13). It can be shown generally that the
pole dominance of the O.-commutators when coupled with the
current-algebra constraints lead to a (3,3*)+(3*,3) breakdown
(Ref. 13). A similar conclusion was obtained by L. K. Pande,
Phys. Rev. Letters 23, 353 (1969)."S. Glashow and S. Weinberg, Phys. Rev. Letters 20, 224
(1968).

'4 T. G. Trippe, C.-Y. Chien, E. Mellema, P. E. Schlein, W. E.
Slater, D. H. Stork, and H. K. Ticho, Phys. Rev. Letters 28B,
203 (1968)."N. Breene (unpublished)."D. J. Crennell, Uri Karshon, K. W. Lai, J. S. O'Neall, and
J. M. Scarr, Phys. Rev. Letters 22, 487 (1969).
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where the G's are of second order in the Z(3) constants: III. Xm SCATTERING AMPLITUDES

gA &S
~1 g+Kx ~AKa+Irf )rKg gIJKK )

mA'F 2F

gA
G2 ~ii Kg gAKa+ItaKg

mA2F ~

(~.KK')' 4
————~.KK,

mK ' 2F

lgKA
G4 IIIIKg— gggKA+PaKg ~

mKA FK r

(2.31a)

(2.31b)

In this section we shall use the formalism of Sec. II
to calculate the E7f- scattering amplitudes. Of particular
interest are the S- and E'-wave partial amplitudes, which
we calculate explicitly, as well as the S- and I'-wave
scattering lengths and S-wave effective ranges. As
discussed in Secs. I and II, the hard-meson technique
requires that we use the effective Lagrangian only to
second order in calculating the scattering amplitude. A
convenient way of calculating the 5-matrix element
(Kp(PI)2T&, (P2) out~ K (gi)2r, (g2) in) is to contract the
incoming pion 2r, (&f2) to obtain

(g.KK")'

mK*

«P(pi)Ki(P2) IK-(vi)~-(A)) = —iL2~Q. (2~)'j "'
(2.31c)

2FK

gA
G4 IAIIKg~ IIAKg+PaICg I

&mA'Jt.

gA+;... ,...+..)mA'F

~xKK g)rKK ——tg,KK, (2.31d)
FmK*

( gA .+gi. .)kmA'Jt.

gA
P aKg gAKg+tgaKg I

mA'F

~~KK g~KK g)r~ pgKK p+ — - — —. (2.31e)
mK mp

All the coupling constants appearing in Eqs. (2.31) have
already been defined in our discussion of Z(3).

X d'y e'""(K&)(pi)2rb(pi)
l g.(y) I K.(qi)) I (3.1)

where gi, (y) is the pion field equation source term, i.e. ,

(—&'+ .') .(y)=a.(y).

This source term may be written as the sum of a pole
part and a seagull part:

8.(y) =8.'(y)+8."(y) (3 3a)

2&4& produces contributions to gi which are cubic in
the field variables and hence contributes only to the
seagull portion of Eq. (3.3a). Z&q& in the first-order form-
alism contributes to both the pole and the seagull parts
of gi, . In general, 2&2& produces in gi, quadratic func-
tions in the fields m-, x„,E, E„;etc. When the auxiliary
fields x„, E„, etc., are eliminated by the first-order
equations (2.13)—(2.16), cubic structures in the field
variables (second order in the coupling constants) will
result. Thus by Eqs. (2.9) and (2.12), the pole part is

g p(y) =(2g „m,9—,)e,4,.8gtr, p„&+(g m'p — m'&&, —)2r,gt

)..A"tc.c&a&I+—i( g.tc.+mK Iia—Icg+mg'tpaKg)(K TaK K TaK)+i( —), Kg+tiaKg+p, K„)
X (8 K Tal9gK 822K Ta8"K)+I( I& IIKK "+gjiKK +mK IIIIKK*)(B K TgK gr

—K g Ta9 K) .
The seagull part to second order in the coupling constants is

(3.3b)

'y3
"&2)= ——

&g. —2m ' )+ amI 2j,"'„(g—m+Ii,ri,r
F FK

73 gKA g)rKK *

+ )jarrrr pjaKg ) rrKg+14 jr Kg prrKg+2 gjrgKA () IIKK
' grrKK *

IC
' II gKK ')

mK

1 gKA
X&4.rgjgg+ggja g)g„+ ——&2g„,—m, g„,)+2&.—a. .+2. .) 2. .+ 2.. .)

g~aKg
FKmKA

gA ~a
+2( gjrKg+mK &I K +m ~p K ) p Kg+ &AKg K+KTCa+ ()IgKK 24ggKK)

F~mA' F„
gA ~xKK

+2&—2 .+I .+I .)(I" .+ — j . —2 &I, ' —
g KK' — i air") 8 gg 4 Jg"„

F~mA' mK *'

g~KK*
p Kg( II Kg+&&IIKg+prrKg)+ (~wICK* g KK" mK PIIKK ) 2 &I (gacr ) )I b' ( '3 )

mK 2



Only those terms in Eq. (3.3c) which contribute to
Em scattering are retained. The de6nitions of the
0-couplings X&, » given by Eqs. (2.18) and (2.20) have
been used.

The contribution of the seagull portion of the source
term is obtained straightforwardly by approximating
the kaon and pion 6elds by free 6elds. The pole part is

only a linear function of the coupling constants. Con-

sequently, the 6elds must be expanded to one more
order to produce a second-order contribution to the
5 matrix. The 6eld equations are computed from Kqs.
(2.9)—(2.12) and we find

[(— '+m, ')5",+B B ]p" (x)
=+ig«, (B~Evr.E K'r.B~—K)

+ik~vr„Bv,(B"Kvr.B"E B&Kvv,—B'E), (3.4)

(— '+m. ')0(x) =(g.irvr 2mvr'u, —rrrr)EvE
'

+(h vrvr 2u rrvr—)B"EvB„E, (3.5)

A&+& is found to have the form

A '+'(s, t,u) =Zi+Z. t+Za(s+u)

I
+Zi +Z5 —— — —+

t+n—s ' . —s+m. ' —w+m. ')

+ (Zo+Zvu+Zgi) —s+mvr '
ys ~u, (3.11a)

I—S+Z„- -- +Z—t+m ' 4 —s+m. ' —e+m. ')

+ (Z6+Zvu+Zvit)

and the odd amplitude A & & is determined to be

~ ~-i(s, i,u) =Z,o(u —s)

[(—Cl'+m& *')b~„+B~B„]E*" We now discuss the constants Z~—Zii. We 6rst consider
=shn KIc TB"Evr+vg~xK TEB"vr the constants appearing with the various poles in

iu vrrr
—"vB„(B"EB"vr B"EB"—vr), (3.6) Eqs. (3.11).For the o pole,

(—CI+m. ')K(x) =+i(g.rr. mz'X—z. m'.P—.z.) m.' (
X&Kvr+&(u~tcg ~~vrc Peter)&B"KBpvry (3 f) 4F F

4 Zi ——— Xi —Xv+2
)X mar

where only those terms have been kept on the right-
hand side that give the desired contribution to Eq. (3.1).
Then by inserting the first-order solutions to Eqs.
(3.4)—(3.7) into y, p, the total g P vaM to second order
is obtained. The above structures give rise to direct-
and crossed-channel I~: and E*poles and crossed-channel
0 and p poles.

for the ~ pole,

m„4
g5 — ~2

4F„2

mQ
P] P2 2 P2 j 3+12

m2

(3.13)

A. Total Amplitudes mz'
G—= (2F,Fir) ' Fa'(1 —n)+ —F'—F'—

The scattering matrix is. computed by de6ning the
function Mp, q, „,, as m'

—m. '(ms' —m. ')F„'— I'rr'—
2m sr,(Ks(pi)~~(pv) I E-(Vi)~.(V2)) =v(2~)'B'(pi+ p2 —

Vi
—

Vv)

y[16& „„„(2~)»]—i»~~ & (3 g) for the E pole,

As a consequence of isospin and crossing symmetry„Zv= —&(—g~vrvr*+X~zvr' —test"'p~«')'
M has the form

3Es, i, , s,,——Bs Bi„A &+&(s,t,u)
+i.~..(r.)&.A i-&(s,&,u), (3.9a)

mg2 m '
X &+ —— — —,3.j.4a

m~ ~ mE„*

where

A '*'(s,i,u) =~A i+&(u, i,s), (3.9b)
Z~=~( g-x~ +~.x~ mx"'u. —x")'—

mvr'
X 1— —,3t4b

mir *' mir *')
and the invariants s, t, and u are de6ned by

s—= —(qi+qv)' = —(pi+p2)',
i=——(Vi —pi)'= —

(V2
—p2)',

u= —
(qv

—pv)'= —(pi —q2)'.

(3 10) 8Z6 = —(Zv+Zs) (mz'+m. '—-'m~ *')2

(mid' —m ' '
+(Zs —Zv) (3.14c)

2m~*By a straightforward calculation the even amplitude
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gull contribution to the amplitudes of Eq. (3.11). F«
the odd amplitude,

—
g zz*+ll.xz' —mz "u xx'

m~* pz
f,(0)——X. , (3.14d)

4p Zip= —Zllmp +0(Z8 Z7)mz

where f+(0) is defined in Eq. (2.29). For the p pole,

Zu —— (g—, ', m,—9,—,){gzx( ,'mp—9—zz„). (3.15)

—1
8pz'-

P 2 1P2 1P 2 P 2 2-

+ +I 2 2P2 4P2 P
(3.16)

Next we discuss the constants connected with the sea- For the even amplitude

1
Zp= ( gzx'—+& zz' mx'u —xz")(g zz'+& zx' mz'u —zx')

2m~ ~2

+ ', (1.z„-u.z„—t-.z„)(—X.z„~—u.x. t-.z„)—, (3.17a)

1 1 1
Zp = (Z7 —Zp) mz -'+ g.xz (—g.zz +~.zz —mz'tl. zz")+ 4V 0

—— — — {l)i —~p)(Vl —Vp)
2m»f, F P~ 4PF~

g y p t' p p
+( 1(.z—.+tl.x.+tl z')~ — &~z.+tl.z. ~+tT.K.

~

1 +, (3.17b)"
Em, pp.

Zl ———2(m '+mz')Zp —Z4m. '—2Z0
m„—m~

m~' m~' mx'
-7(z,-z,) —— z,z,— x,z,)mz p~pK mQ

m. 2P. / Pz' P„'q / G g&
m 'Z z (

& +, I+m '( & z+Z z+r.z')( +, ,
—

, lz r —)—(& l)—z).
2FKF„& F,P F Pl E m, ' mzP 2—P„mgPP

Zg = —35.167, Zom~ '= ~0.130,

In order to see the size of the contribution to the
total amplitudes from the individual terms in A{+&, a
numerical evaluation of the Z's is recorded:

usual relations, we obtain

M' {(s,t) =A (+&(s,t,u)+2A ( ) {s,t,u), (3.19a)

M'('(s, t) =A(+'(s, t,u) —A' '(s, t,u). (3.19b)

m 'Zg= —0.120,

(m. '+mz')Zp ——+1.273,

Z4m '=+2.159,
Zgm„'= +9.017,

Z7= —1.148,

Zp ——+0.644, (3.18)

m m~ZM ——+0.401,

Zgg = —6.716,

SI'f' contains direct ~ and IC* poles and crossed I~:, E~,
p, and o. poles. M~t2 contains crossed poles only. The
M» may be expanded in partial waves as

Mr(s, t) =87r g(2l+1)Art(s)P((Z), (3.20a)

where aB of the products are dimensionless. In this

evaluation we have used Fx/F =1.169, F„/F =0.380,
I"(((~lt7r) =450 MeV; F(E*~IC7r) =50 MeV, X~=-,',
X, =0.088, m, =730 MeV, Alp=4, Xp

——0, yp
——0, v2 /m

m& =1, gz/g, =1, g„/(F 42m, )=1, and FK/F f+(0)
=1.23. Throughout the remainder of this paper, only
the parameter Fz/F [and hence F„/F and F()(~E7r)j
will be varied.

B. Partial-Wave Amplitudes

Equation (3.11) can be used to form the s-channel

I=0, 00 isospin amplitudes Mr{s,t). According to the

where

A' (s)=—(s"'/k)e'"«' sin(')'7(s)

=(167r) ' dZ P((Z)M'{s,t) . (3.20b)

Here Z is the cosine of the s-channel scattering angle in

the center-of-mass system and the relative momentum
in this system is

2k—={[s—(mx+m. )'j[s (mx m.)'—j/s} '('—.

The 5- and P-wave amplitudes A' t'

0, A'~'0, A' '~, and
A'"l may be computed from Eqs. (3.11), (3.19), and
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(3.20). For the S-wave I=-,' amplitude, we obtain

16vrA')'p=2{Zi+2(m '+mrr')Z;+4(m '+mrr'+k' —s)Zip+2k'(Zp —Zp) }
(terr' —m ')'

+3 2Zp +Zo+Zv —(Zo —Zv) +2 Z4m. '[1——,x L&"(x )]—s+m~ (mn"')s

(mrr' —m. ') ')
+-'(ZI —Z,)mz '(2m '+2mz' —2s —mz'+ —— . )I.'+(xz ). ('3.21)

mrr' )
For the 5-wave I=2 amplitude, we have

16vrAPIPp ——2{Zi+2(m P+miro)Zp+2ko(Zp —Z ) —2(m +mrr +.k —s)Z&p}

+{2Z4m, '[1——,'x.L&o&(x.)]—4Zpm„—'L"'(x„)—Ziim '[4{m.'+mrr' —s)+{m '+2s —2m. '—2mir')x L&o&(x )]
+4Zo 2(Z—o Zv)—mar

' '[2m '+2mrr' 2s —mr—r '+ (mrr' m—')'/mrr']L "'(xir ')}, (3,22)

with
x,=4k'jm, ', ioxL&o&(x) =1—x ' ln(1+x), and x,Lip&{x,) =1n[(N,+x,')/(u, +x ")7,

x,"=[s—(m&r+m )']/m, ', x,'=—x,"—x, , and I,—= [m '—(m&r —m )']/m, '.
In Eq. (3.21) the first curly bracket comes from the seagull diagrams, the second from the direct a and A*poles,

'

and the third from the crossed-channel poles. In Eq. (3.22) the first curly bracket arises from the seagull diagrams
and the second from the crossed-channel poles. No direct-channel poles are present since no I=23, J=O meson
appears to exist. The functions L&P&(x,) have been constructed so that L&P&(0) = —1/I, .The I=,' I'-wave a-mplitude

is

12vrk 'A')'i ——{Zp—Zp —2Z,o}+{Z4m '[1—L&'&(x,)]+2Ziimt '(m, '+2s —2mir' —2m ')
X[+1 L&i&(—x,)5 Zpm„—L&"(x„) io(Zo —Zv)m—rr' [2mrro+2m ' 2s —mrr'—+(mrr' m')—'/mrr" ]L'P&(xi' )}

+3{Zo—Zz)( —s+mrc"') '. (3.23)
For the I= ~3 P-wave amplitude we find

12vrk 'A'"i ——{Z,—Zp+Zio}+{Z4m, '[1—Li'&(x,)]—Z,m, '(m, '+2s —2tnir' —2m ')[1—L&"(x,)]
+(Zo —Zv)mrr '[2mrr'+2m '—2s —m '+(tn '—m ')'/m ']L&P&(x )+2Zpm„'L&" (x„)}. (3.24)

xL&'&(x) =x+12x-'—6(x-'+2x ') ln(1+x)

L'"(x.) =12x. ' —6[x. '+2(~.+x.")x=']»[(~.+x.')j(N.+x.")].
In Eq. (3.23) the 6rst curly bracket arises from the seagull diagrams, the second curly bracket arises from the
crossed-channel poles, - and the third term comes from the direct-channel E*pole. The first curly bracket in Kq,
(3.24) comes from the seagull diagrams and the second from the crossed-channel poles. The functions L"&(x,)
and L&P&(x,) have the threshold values L&'&(0) =0 and L&'&(0) = —1/I '.

C. Thresh01d Parameters

The scattering length el~ and the eQ'ective range rl~ are defined by the threshold expansion

(m +mrr)k" Re(Ari) '=(ari) '+-', t'ik'+

The 5-wave scattering lengths" are obtained directly from Eqs. (3.21) and (3.22). Thus

Svr(m~+m&r)a i p=Zi+(so+up)Zp+Z4m. '—2(so —Np)(Z»+Z»m, ')

(3.25)

3 1
+Zp~ +— +(so—No —2m'')(Zs —Zv)mir" ', (3.26)

+stn. o—uo+m—.
Svr(m +mn)iv p=Zi+(sp+vtlp)Zp+Z4m +(so—sp)(Zlo+Ziim& )

—2Zp( —No+m. ') ' —oi(so —uo+4mrr')(Zs —Zv)mz' ', (3 2'7)

'7 Hard-meson 8-wave scattering lengths have also been obtained by L K. Pande (private communication).



PAUL POX D

where the threshold values of the invariants s and I are so ——(mx+m )' and No ——(mx —m )', respectively. The
eRective ranges are

—Ss(m +m )(a'" )'r""o

m1 mx
=4(Z, —Z,) —4Z4m. '+32Z„—+

mp mmmm+

6Sp So+No
Zs +

(—so+m„.s)' (—I+m„')'
—3lp

+8(m mx —so)(Zro+Zttm~ s)+(Zs —Zv)
m~*'

Sv—r(m +mx)(as"o)'r"'o

1
+—- 2$p——&o+mrr*'

(so+Io) (so+ mx ')&

)
(3.28)

mmmm+

=4(Zs —Zs) —4Z4m, '—16Ztt
m4

P

2 so+No
Z5 +2(m mx —so)(Zto+Zrtm, ')

m.mx (—I,+m„')'

+(Zs —Zr) — — 2so-—No+mx *

(No+so) (&o+mx')
(3.29)

2m~ ~

The soft-pion analysis of Weinberg" predicts the S-wave
scattering lengths to be

a'i'o ——21.(1+m /mx) '=0.130m

a'~'o= —L(1+m /mx) '= —0.065m
(3.30)

where I =(m, /Sm. F ') =0.0825m '. To compare these
results with our hard-meson calculation, the scattering
lengths are computed for three representative values
of Frr/F . The results are displayed in Table I. The
I= 2 S-wave scattering lengths are insensitive to
the value of Frr/F and di6'er from the soft-meson
value by 10—15%.On the other hand, the I= so scatter-
ing lengths change rapidly with the ratio Fx/F and
correct the soft-meson values by as much as 40%. Both

I
p and 3 ~'p contain terms which behave lik.e

nm„'/mx' and arm„'/m '. These terms represent the
"nongentle" behavior created by the current algebra
conditions. Thus, the hard-meson corrections are rather
modest considering the size of some of the terms in the
Em amplitude. In applying the Veneziano model to Em.

scattering, Lovelace" finds that the S-wave scattering
lengths have the values a'/'p=0. 215 m ' and a"'p
= —0.097 m '. This result deviates from the soft-pion
values considerably.

&ro=(m +mx)[aro (aro) rr—o/o—+' ' '] (3 31)

is reasonably convergent in the low-energy region. In
fact, Eq. (3.31) represents a good approximation (to
within 15%) to the full 5-wave amplitude for gs& 900
MeV.

Next we discuss the P-wave scattering lengths and
eA'ective ranges. Using Eqs. (3.23) and (3.24) in the
expansion (3.25), the F-wave scattering lengths are

TABLE II. Hard-meson S-wave Em effective ranges for I=-', ,
$ in units of m

Hard-meson effective
ranges in (m)

pl/2

~8/20

/P' 1.169

—12.0
+14.2

1.190

—10.6
+20.9

1.220

—11.0
+39.6

Next we use Eqs. (3.28) and (3.29) to compute the
hard-meson S-wave eRective ranges. The results are
recorded in Table II.

lt is interesting to notice that the expansion (3.25)
has an S-wave spurious zero at about 100 MeV above
threshold. Thus, this eRective range expansion is valid
in only a small region about threshold. However, the
expansion

Hard-meson scatterin
lengths in (ns )

/Ii 1.169 1.190 1.220

gl/2

gg/2

+0.115 +0.117 +0.112
—0.090 —0.072 —0.049

S. Weinberg, Phys. Rev. Letters 1V, 616 (1966)."C.Lovelace, in Ref. 1.

TABLE I. Hard-meson S-wave E~ scattering lengths for the
I=~, —,

' channels in units of m~

F-wave threshold+Fx/F
parameters

1.169 1.190 1.220

g1/2, (»i.-a)
g3/2 (»2

—3)

(»g )r" (»s )

15.3X10 ' 15.0X10 ' 14.1X10 '
5-OX10 ' 12.0X10 ' 24.0X10 '
—35.5 —36.6 —46.8

—350 —48.6 —81.3

TABLE III. Hard-meson P-wave E~ scat tering lengths (in
units of m ') and effective ranges (in units of m ) for the I=-'„
—,
' channels.
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$0—So
12or(ss +mz)all'I ——Zs —Zs+Z4~II '—2(ZIo+III» 'Zll) —2 —Zll

8$p

+(Zs —Z7)
3 / 1 ) so+Iwz' Zs

—+, (3.32)
—s—o+slsz* ~28$z' & —No+tÃz~- —No+84

$0—No
12~(~.+lllz)II"'I=Zs Zs+—Z4sls. '+(ZIo+~, 'ZII)+ ZII

and the CGective ranges are

(m—+benz)3or(u"sI)srI"I

so+tsz» —2Zs =, (3.33)—sso+Ilsz ' —slo+'ll»

No —$0—5$& So $0 3 I—2Zosrl» '—4ZII — — —2— Zllll» '+(Zs —ZT)-—
fÃ p fÃ~5$+ m slz (—so+mz')s (—uo+mz')s

so+slz *

-(Zs —ZI)llsz ' — —Rz +2Zsm.-'—— = R„(3.34)
8$g ' (—I+m.s)'

So+ Nlz '
+2(Zs —Z7) mz Rz"—4Zgte„"s — R.., (3.35)

No+—ssz" ( No+—84 )

so +2loso —No
R.—= (16sls.'mzs) ' (so+Iso)'+

The values of the I'-wave threshold parameters ob-
tained from Kqs. (3.32)—(3.35) are shown in Table III
with the appropriate units given in parentheses.

As %'Rs thc CRsc fol 5 %'Rvcs, thc E wRvc pRrRmctcrs
Rlso cxlliblt thc scnsltlvlty of thc I=& quantltlcs to thc
ratio Fz/F, .

rv. coMXWRraom WITH EXPERIMENT

In this scctlon, the hard-meson phase shifts RIll cross
sections are compa, red with experiment. I.ater in the
section a comparison with the predictions of the Love-
lace-Veneziano model is also made.

l. 5 maes. As previously indicated, thc expansion
cqllatloll (331)Illay bc used as a good RpploxlIIlatloll to
the full I=-', amplitude equation (3.21) for Qs&900
MCV. However, as %C approach the x resonance it be-
comes necessary to use the full amplitude of Eq. (3.21).
In this region the I=—', channel is dominated by the g

pole with the threshoM parameters u'I'0, r'~'0, making
negligible contributions and the amplitude is effectively
controlled by the parameters Pz/P and Il4s (and hence
tllc r w1dth). Ill older to cxtlact tllc phase slllfts flolll

the current, -algebra amplitudes, we proceed by imposing
two-body unltRrlty on each pRl tlal-%'Rvc amplitude
separately. We assume that Eqs. (3.21) and (3.22) cor-
rectly detel'Inlllc Rc(A o)

I hilt not Im(Alo) I. Uni-
tarity is restored by replacing ks '~'AID by tan610 in
these equations. ' Theoretical curves obtained from the
unitarized 5-wave current-a3gebra amplitudes are dis-
played in Fig 1for t.he representative values Fz/P

CURRENT ALGEBRA
S"WAYE K vrPHASK SHIFTS

800 , 900

y-= l. l89
»

1000 ll00 l200
ENERGY lN MCV

»»»t»~I»=i.»»o

l 500 i%00 l500

I:IG. 1. Current-algebra curves for the 5-wave phase shifts
. (I=-', upper curves, I= ~~ lower curves) with m„= 1100MeV.
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CURRENT ALGEBRA
S-NAVE K7r PHASE SHIFTS
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I I

CURRENT ALGEBRA
P-WAVE K7TPHASE SHIFTS
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hJ~ 90-
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900 I 000 I IOO
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135
lA
Lal

~ 90
a
z

45

X
N
W

Cx
Q.

45 I-

800 900 IOOO I I 00
ENERGY IN MeV

Std
t

I200

-30-
-60-

3/2
0

Fro. 4. I'-wave phase shifts (upper curve for I= &, lower curve
for I= ).The experimental points are from Mercer et al. (Ref. 20);
Fg/F„= 1.220.

FIG. 2. S-wave phase shifts with m, =1100 MeV and F~/F
=1.220. (a) I=-,' channel; the experimental points are the
Mercer et al. down-down solution (Ref. 20). (b) I=~3 channel;
the experimental points are the Mercer et al. down-up solution
(Ref. 20).

=1.169, 1.190, and 1.220. These values of Frr/F corre-
spond to a ~ width 1'(~ —+ Xm.)—450,'525, and 850 MeV,
respectively, for ~ mass m„=1100 MeV of Trippe
et at."The condition (2.27d) establishes 450 MeV as
the minimum allowed width for this JI, meson in good
agreement with the experimental estimate of F(x~X~)—400 MeV of Trippe et al. '4 Contrary to Trippe et al. ,
however, a non-negligible I=—, interaction is predicted.
The I=~~ phase shifts are seen to be sensitive to the
ratio Fz/F over the entire energy range The .I=~~
phase shifts are insensitive to the value of Fx/F in the
threshold region and vary by less than 15% in the region
below the ~ mass. Above this energy region, the theo-
retical curves are governed solely by the parameter

Fx/F . Thus with good phase-shift data an accurate
experimental determination of this ratio is feasible.

Next we consider the experimental analysis of Mercer
et al. '0" This analysis implies that the I=-,' 5-wave
phase shift rises slowly toward 90' in the 900—1200
MeV region and that the corresponding I=-,' phase
shift is negative and general1y small over the entire
energy domain. The I=-,' interaction is exa.mined in
Fig. 2(a), the experimental points being the "down-
down" solution. "We exhibit the current-algebra, '6t to
these data for F /xF„=1.220 and m„=1100 MeV. The
theoretical curve follows the general trend of the ex-
perimental points, but it does not produce the dip at
900 MeV and overshoots the data above 1050 MeV.
These results appear to be consistent" with a broad
resonance at the mass of Trippe et a/. with a width of
850 MeV. In Fig. 2(b), the I= 3~phase shift is shown, the

CURRENT ALGEBRA I= I/2
P-WAVE K7r PHASE SHIFTS
T HE JOHN S HOP KIN S UNI V E R S)TY DATA

IBO- I

S-WAVE Km' PHASE SHIFTS
POLE CONTRIQUTIONS

135-

IIOO I200

90 ~

~ ~s~ tt,
0 &

'800 900 IOOO

CO ENERGY IN MeV

{a)

hl
hd
g I35-
C5
Lala
z

904

Lal

45-
K

0
700 800 900 I000 I IO0

ENERGY IN MeV
I200 l300

4J
M

J

K I

-30-
"60-

f I

I, &' g5/2
0

(b)

Fyo. 3. S-wave phase shifts obtained from direct-channel and
crossed-channel poles only. Fz/F =1.220 and m„=1100 MeV.
The experimental points are from Mercer et al. (Ref. 20). (a) I =-',
channel; the data points are the down-down solution. {b) I=$
channel; the data are the down-up solution (Ref. 20).

Fio. 5. I=-', P-wave phase shift with Fz/F =1.220. The experi-
mental points are from Mercer et al. {Ref.20).

2IIR. Mercer, P. Antich, A. Callahan, C.-Y. Chien, B. Cox,
R. Carson, D. Denegri, L. Ettlinger, D. Feiock, G. Goodman,
J. Haynes, A. Pevsner, R. Sekulin, V. Sreendhar, and R. Zdanis,
The Johns Hopkins University report (unpublished)."It is worth noting that the analysis of Ref. 20 does not a priori
assume a negligible 5-wave I=-, interaction as is done in many
other analyses (see, e.g., Refs. 14 and- 1).

» A number of solutions exist for the S-wave phase-shift ana1ysis
Ref. 20. Of these, the I=& down-down and the I=-', down-up
solutions lead to total cross sections which best represent the
cross section obtained by extrapolation.
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experimental points being the "down-up" solution of
Mercer el, al. '0 The theoretical curve is that for
F~/F =1.220.

The amplitudes of Eqs. (3.21) and (3.22) contain a
set of terms which. are characteristic of the current
algebra solution, namely, the seagull terms. These
terms generally tend to cancel the crossed-pole contri-
butions to the 5-wave amplitudes. This behavior is
illustrated by considering an amplitude composed of
only direct- and crossed-channel poles:

]6org&l&p~ —6zo( —g+m p) ~+2{zom. 'L~'&(oo )
+Z4m 'x, ' ln(1+x~) —Zp

+,'(Zp—Z7—)mlr' '(so+so »—m—z*'
+sppip/m~*')L ' (xx )+2znmp 'Po+opo
—2s+-,'(m 'y» —~o —~o)~pL"'(~p)3, (41)

16~pe p'= 4Z,m„'I.—' (x„)+-2Z4m. 'x 'ln(1+* )
+ 4Zo —2 (Z, —Z7) mrs

"—'(so+up —2s —m~ "'

+Jplp/mlr )L (ga *) 2zg jmp L 0+ 0

+—(m, +2s —so —uo)~, L"'(~,)7 (4 2)
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These amplitudes do not satisfy the current-algebra
constraints since the seagull parts are needed for that
purpose. The agreement with the data is drastically
changed as shown in Fig. 3. The theoretical curves ex-
hibit significantly larger phase shifts in the low-energy
and high-energy regions, thus illustrating the cancel-
lations that occur between the seagull and crossed-pole
pieces of the current-algebra amplitudes.

2. P maze. The extraction of the P-wave phase shifts
is accomplished by unitarizing the current-algebra
amplitudes in analogy with the 5-wave case. Thus, in

Eqs. (3.23) and (3.24) ks '~'Arz is replaced by tan8r&.

The I=-,' phase shift is compared with the experimental
data of Mercer et a/. "This analysis presumes that the
I=

~ P-wave interaction is negligible, in accordance
with the current-algebra prediction shown in Fig. 4.
A good theoretical 6t to the I=2 experimental points
shown in Figs. 4 and 5 can be obtained for Fir/F
=1.220. The current-algebra phase shifts are essentially
independent of Fir/F below 1000 MeV.

700
I

900 IIOO

ENERGY IN Me Y

I 300

FIG. 7. Total Em cross sections. F~/F = 1.220. The solid curve
represents the current-algebra results for the elastic cross section
and the dashed curve corresponds to twice the charge-exchange
cross section. The experimental points (black dots for elastic
and white dots for twice charge exchange) are those of Trippe
et al. (Ref. 14) obtained from the reaction E+p ~ EwA++.

The unitarized I=2 P-wave amplitude is well ap-
proximated by a simple direct-channel E* pole. This
behavior is illustrated in Fig. 6 where curve A represents
the full theoretical amplitude, and curve B represents
that amplitude with the direct E*pole deleted. For the
I=2 5-wave amplitude, it was shown that the seagull
and crossed-channel poles mostly canceled each other
both in the threshold region and in the region past the
~ pole. In the P-wave case, the seagull and crossed-
channel terms are individually small over the entire
energy range under consideration, yet they have a
tendency to cancel. Thus the direct E*pole completely

Ieo

IO

hd
I35-

CO
Lal
CI
K

90-
x
Vl

Lal

45-
O.

URRENT ALGEBRA I*I/2
-WAVE K7r PHASE SHIFTS

C

96

80
K
cC
fn

~ 64
E

x
O 48
I-
CJ
4I

V)

O

TI ON

8

600 700 800 900 IOOO IIOO 1200 I300 I400 I500
ENERGY IN IpleV

FIG. 6. I=-,' P-wave phase shift. Ii~/Ii =1.220. Curve A is
the total theoretical amplitude. Curve B is the total amplitude
with the direct E* pole deleted. Curve C is the amplitude
obtained from direct-channel and crossed-channel poles only.
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FIG. 8. Total elastic E+7r cross section. F~/F =1.220 and
m„=1100 MeV. The experimental points are from Mercer et al.
(Ref. 20) for the reaction E+p -+ J+7f g++.
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dominates the full amplitude. If the seagull parts are
deleted, we obtain for the I'-wave amplitude in the I=

2

channel

12zrk 'A' 'q'=+3(Zq —Zz)( —s+zzzzr') '
—Z zzz. 'L"'(x„)—Z zz4, 'f1 —L&'&(x,)]
+2Zzzzr4„4(so+gq —2s —zm, ~)L1 —L I'& (x,)]
——', (Z8 —Zz) zzzzr

—
4(sb+44b —

zmzz
'—2s+Nbsb/zzzzr ')
XLL"'(&x')] (4 3)

The predictions obtained by unitarizing this amplitude
are presented as curve C of Fig. 6. There is no significant
deviation from the full t'-wave current-algebra ampli-
tude. Experimentally, the I=—,

' E-wave amplitude is
well represented by a Breit-signer form over the en-
tire energy range. Thus we 6nd excellent agreement
between the current algebra and experiment for this
case.

3. E/astic amd charge-exchange cross sections. Next we
consider the elastic and charge-exchange cross sections
predicted by current algebra. In the region of validity
of the present calculation, only the 5 and P waves are

3/R
&0

I I l

FIQ. 11.Veneziano S-wave Ew phase shifts (solid curves) from
Lovelace (Ref. 19). (a) I= ~~ channel; experimental points are the
down-down (lower set above 800 MeV) and the down-up (upper
set above 800 MeV) solutions of Mercer et al. (Ref. 20). (b)
I=-,' channel; experimental points are the down-up of Ref. 20.
The dashed curves represent the current-algebra phase shifts
of Fig. 2.

important and the D and higher partial waves are
negligible. First we consider the experimental data of
Trippe et a/. '4 Hard-meson cross sections are given in

Fig. 7. The solid curve should coincide with the black
points and the dashed curve with the white points. This
experimental analysis supposes that the I=~ inter-
action is negligible. The current-algebra curves are in

good agreement with the data through the E~ resonance
and are insensitive to the parameter F~//F in this
region. Above this energy region, the theoretical curves
are consistent with the data, although they do not
reproduce the dip at 1050 MeV.

Next, the experimental cross sections of Mercer et at."
are examined. A current-algebra curve with Fzr/F
= T.220 is 6tted to the E+7r ~ E+m data as shown in
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FIG. 10. The current-algebra (F& ) moment for E+~ elastic
(solid curves and black points) and charge-exchange (dashed
curves and white points) processes. m. =1100 MeV. (a) F~/F
= 1.220; experimental points are from Ref. 14. (b) F~/E~' =1.169;
experimental points are those of Ref. 24.

Fm. 12. Veneziano P-wave Ew phase shifts (solid curves)
from Ref. 19. The experimental points are from Ref. 20. The
current-algebra phase shifts (dashed curves) have F~/F =1.220
and m„=1100MeV.
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curve lies somewhat higher than the experimental
points.

4. Mongnt (I'io). It is interesting to consider the
(F'i') moment in the angular distribution for the lt+n-
elastic and charge-exchange processes. - The moment is
de6ned by

FIG. 13.Total Veneziano cross sections from Lovelace (Ref. 19).
The solid curves represent the elastic cross section and the dashed
curves represent twice the charge-exchange cross section. The
experimental points are from Trippe et ul. (Ref. 14).
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FIG. 14. The Lovelace-Veneziano elastic cross section (solid
curve). The experimental points are from Mercer eI al. (Ref. 20).
Thc dashed cur vc rcprescnts the current-algebra prcdiction
shown in Fig. 8.

Iig. 8. Excellent agreement with the experimental
elastic cross section is obtained through the E* region.
However, the theoretical curve passes above the data
in the 1000—1200-MeV region. In Fig. 9 the experimental
points for the charge-exchange cross section for E+m —+
E'no are given. Again the theoretical curve has F„/F
=1.220. Reasonable agreement with experiment is
attained up to the ~ mass, above which the theoretical

Re(A~A&*)/(I A8L '+3L A&I '), (4.4)

wllele As= s(2A i 0+A~t 0) fol' the elastic pl'ocess, and
Ae=-', v2( —A't'0+A'~'0) for the charge-exchange pro-
cess. The 5-wave amplitudes A'"0, A't"0 have been
defined in Eqs. (3.21) and (3.22). Ai is similarly con-
structed using the P-wave amplitudes of Eqs. (3.23)
and (3.24). The current-algebra (Fio) moment. for
K+s -+ K s is independent of Fir/F throughout
most of the energy range under consideration. On the
other hand, for E+x- —+E'x' the moment is inde-
pendent of Fx/F only through the X* region. Above
this energy region the angular distribution is very
sensitive to Fx/F, . The hard-meson (Fi') moment is
compared with the experimental data in Fig. 10.23

The solid curves correspond to the black points and the
dashed curves correspond to the white points. The
theoretical curve having Fx/F =1.220 is in good agree-
ment with the analysis of Trippe et ul. ,

'4 as shown in
Fig. 10(a). In Fig. 10(b), the current-algebra curve
Fs/F =1.169 is compared to the CERN analysis'~
(at higher energies there is some discrepancy with the
preceding analysis). Clearly a significant success of the
current-algebra results in the moment analysis is the
prediction of the dip above 900 MeV for the charge-
exchange reaction and not for the elastic reaction, as
con6rmed by expeI'llrlent.

5. Gontporison with the Loeetace Venesiano ntodet. -

We wish to compare the hard-meson current-algebra

"The hard-meson moment (I'10) for the elastic process has
been normalized at 810 MCV to the data of Ref. 14.

'4 CERN, private communication, as cited by C. Lovelace,
in Ref. 1.
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Fro. 16. The Lovelace-Veneziano (VIO) moment from Ref. 19.
The solid curve and black dots represent the elastic K+~ moment,
and the dashed curve (and white dots) represents the charge
exchange E+~ moment. The circular experimental points are
from Trippe et cl. (Ref. 14) and the square ones from CERN
(Ref. 24).

results with the recent work of Lovelace, " who has
used the Veneziano formula to analyze E7r scattering.
In Fig. 11, the S-wave Lovelace-Veneziano results are
compared with the experimental analysis of Mercer
et al." and the current-algebra results. The experi-
mental points for the I=—,' channel correspond to the
down-down (lower) and down-up (upper) solutions,
The Lovelace-Veneziano model predicts a broad
resonance in this channel at about 900 MeV as opposed
to that of Trippe et al." at 1100 MeV. Referring to
Fig. 11, we 6nd that the Lovelace-Veneziano model in
this channel divers considerably from the current-
algebra result and is a poor fit to the experiment over
the entire energy domain. We note that the down-down
points are the favored solution in this channel. "On the
other hand, the Lovelace-Veneziano model gives an
5-wave phase shift which is consistent with experiment
)see Fig. 11(b)] for I=~~scattering. In Fig. 12, the
Lovelace-Veneziano I'-wave phase shifts are compared
with the data of Ref. 20 and the current-algebra results.
Here the I=-, prediction is in good agreement with

these other results up to 1000 MeV. However, the
I.ovelace-Veneziano phase shift in this channel passes
through 180' at 1100 MeV. There appears to be no
experimental evidence to substantiate this behavior. "
On the other hand, both the current-algebra and the
Lovelace-Veneziano model predict negligible inter-
actions in the I'-wave I=~3 channel, in agreement with
experiment.

The Lovelace-Veneziano cross sections for the elastic
E+x —+ E+~ and charge-exchange E+7r ~ Eon"
processes are plotted against the experimental points" '"
in Figs. 13—15. The model exhibits poor threshold
behavior, while the hard-meson cross sections are in

good agreement with experiment in this region. On the
other hand, the cross sections of the Lovelace-Veneziano
model are in somewhat better agreement with the ex-
perimental data above the 1000-MeV region. Finally,
the lovelace-Veneziano predictions for (I &') are shown
in Fig. 16 and are seen to be a poor ht to the data. "
In particular, this model does not produce a dip around
900 MeV for the charge-exchange reaction, convicting
with current algebra and experiment.

In conclusion, we remark th at the hard-meson
current-algebra results are in excellent agreement with
experiment below the 1000—1100-MeV region. Above
this energy region, one must take into consideration
other channels like Ep which become physical for a
more quantitative comparison with experiment.
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