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Two-dimensional solvable 6eld theories provide examples of anomalous dimensions and conserved dilata-
tion current, while in four-dimensional calculations anomalous dimensions occur together with strongly
broken dilatation invariance. We show that the situation in two dimensions arises from peculiar phase-
space properties which do not generalize to four dimensions. It appears that two-dimensional physics is not
a good "laboratory" for studying scale invariance: Even the free-Geld theory behaves anomalously. We
argue that at the present time there is no theoretical or experimental evidence for the consistency of anoma-
lous dimensions with conserved or weakly broken scale invariance in physically realistic models.

r. IMRODUCTION
' 'N the contemporary development of the theory and
~ ~ application of scale symmetry in high-energy phys-
ics, it has been suggested by VVilson that scale dimen-
sions of operators are dynamically determined quanti-
ties, not necessarily equal to their canonical values. ' It
is supposed that this cari occur even in a scale-ievariaet
theoI'y. KvldeDcc fol this phcDOIDcQOQ dcl lvcs fl om
model calculations. Computations have been performed
for exactly solvable, scale-invariant theories in two
dimensions, ' ' as weH as for four-dimensional theories, in
perturbation theory. ' However, the latter results do not
provide, illuminating information about anomalous di-
mensions in scale-ielriaNI, theories, because it is found
that scale invariance cannot be maintained in pertur-
bative calculations. Thus in these theories the anoma-
lous commutators and %ard identities, which lead to
anomalous dimensions, are correlated with anomalous
divergences of the dilatation current. This is in complete
analogy with the state of affairs previously discovered in
conventional current algebra: Commutators and %'ard
identities involving the axial-vector current, are in
general anomalous; correspondingly the divergence of
the axial-vector current is anomalous. 4

%c hRvc cxamincd thc remaining cvldcDcc fol dy-
namical dlIDcnslons —thc two-dimensional calculRtlons.
Our conclusion is that, although anomalous dimensions
indisputably occur in these models, this happens for
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reasons which are peculiar to two dimensions, and there
is no evidence that they generalize to the physically
interesting case of four dimensions. Indeed it is likely
that two-dimensional physics is not a good "laboratory"
for thc study of scRlc lnvarlanccy %'c demonstrate that
even the free field thewy behaves anomalously with re-
spect to scale transformatlons, Thc puI'pose of this
paper is to report the investigation which has led us to
these results.

In Sec. II we summarize the evidence for anomalous
scale dimensionality in solvable models. The pathologies
of a free, scale-invariant boson 6eld q are explained in
Scc. III. It ls showD that contrary to CRDonical cxpccta-
tions, this 6eld does not have zero dimension, but
rather the commutator of y with the dilatation genera-
tor D yie]ds a singular operator. ID Sec. IV we show how
the singular behavior of y leads to well-defined,
anomalous dimensions for fermion fields tb. Finally,
concluding remarks are made in Sec. V.

p =g p gradient-couphng Inodcl. (2.2c)

Here 50&+& is the free-6cld version of 5&+&, and e is a
~ The original calculations which at the present time are used

to exhibit anomalous dimensions are due to K, Johnson, Nuovo
Cimento 20, 773 (1961)fox the Thirring model; and to B.Schroer,
F01tschr. Physlk 11, 1 (1963) fol' thc gradient coupling model. IQ
conncct1on w1th thc T1MT1ng modely scc also C. R. Hagcn& Nuovo
Cimento 513, 169 (196'l).
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Two Inodcls RI'c known to cxhlblt anoIQRlous scRlc
dimension: the Thirring model and the closely related,
but simpler, gradient-coupling model. ' The respective .

Lagrangians are

&i=~Vs"~A+g(AV)(kent) (2»)
&a=~Tv"~.4+a~"v ~.v+g(4v'V)~. ~ (2 &b)

Both models Rre exactly solvable. The fermion two-
point expectation value is found to be

~. (*)=«i«*v(0) Io&
=&e'+'(&) ( esxs+t'std—s) &t'r, (2-.2a)

V= (g /sr)(& —
g /4tr') ', Thirring model (2.2b)
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(3.2a)ip(x) = y+(x)+ip (x),

dk
e+ikza+(kl)

(2ko) "' (3.2b)
V+(x) =

(2~)"'

k'= (ko)' —(ki)'=0,

ta (k'),a+(ti)]=8(k' —ti) (3.2c)

cutoff which evidently must be introduced to avoid operators:
divergences.

In both theories it is possible to introduce a sym-
metric, traceless energy-momentum tensor 8&" which
indicates that scale invariance is present. ' In scale-
invariant theories, two-point functions should behave as
g '", where d is the scale dimension of the field. Ex-
amining (2.2), we find that for the fermion field d takes
on the noncanonical value

d =-', +p/4m.

(Canonical reasoning gives d= —,
' for the fermion field,

and d=0 for the boson field. ) Equation (2.3) may be
further substantiated by explicitly constructing the
dilatation generator D= J'dx'x'Boi. The commutator of
D with iP is now carefully evaluated; the result is

iTD,&(x)]=x~&„P(x)+diP(x), (2.4)

with d given by (2.3).'
One may inquire how it is that the Lagrangian con-

tinues to possess the scale-invariant dimension of 2, if P
no longer has dimension ~. (It can be shown that 8'~p

continues to have the dimension 1; see below. ) The
answer lies in the fact that the anomalies are not
distributative: The dimension of:PP:, considered as a
well-defined (normal-ordered) operator, is not neces-
sarily 2d. Indeed explicit calculation shows that: iPyg:
= j& has dimension 1.' This also follows from the
commutator satisfied by j',

L4 (t,x'), i'(ta") j=4(x)b(x' —X') (2.5)

jjtt —/It p

8qj"= p= 0.

III. SPIN-0 FIELD IN TWO DIMENSIONS

Consider the Lagrangian

Z3= 28t"yB„y. (3 1)

The theory is formally scale invariant, the boson field

carrying the canonical dimension 0. In the usual way,
we may expand p in terms of creation and annihilation

In the remainder of this paper we explain how these
anomalies arise from the peculiar behavior of a free
boson field under scale transformations. We shall con-
cern ourselves only with the simple gradient-coupling
model, (2.1b), where the field ip is manifestly free. That
a free spin-0 field is also present in the Thirring model,
albeit in a recondite form, follows from the fact that the
current jt" is given by the divergence of such a field,
since the dual current j5&= e"j„is also conserved:

It is trivial to form the two-point function

D'+'(x&=&0l ~(x) v(0) I0&=&0l ~ (*)v'(0) Io&

(3.3)

Here p(ko) is a regulator, vanishing at the origin. At the
end of the calculation p is set to unity whenever pos-
sible. The two-point function has now the following
form:

1
D(+i(x)—

4x
p2(k )e ikz-

kp
(3.5a)

If p(ko) is chosen to be 8(ko—e) and e —+ 0, one finds

1
D&+'(x) = ——ln( e'x'+i—rtxp) .

4x
(3.5b)

In presenting (3.5b), we have dropped unimportant
constant terms; i.e., the normalization of D'+i(x) is
arbitrary. The same structure appears in S&+i (x),
Eq. (2.2).

The regulated field continues to satisfy Q y= 0; hence
the energy-momentum tensor

(jp v gp +g v + & ~ttt v g a +g (3.6)

remains symmetric, conserved, and traceless. Therefore,
a conserved dilatation charge can be constructed.
However, one can no longer say that this free field
transforms canonically under scale transformations:

However, it is now seen that it is a nontrivial task to
perform the indicated integration, since the integral is
logarithmically divergent at k'=0. It is important to

notice that this divergence is peculiar to two dimensions If.
we were dealing with a four dimen-sional, massless boson

jietd, the corresponding integral would converge
To mak. e progress, the theory must be regulated. Since

we are studying scale-invariance properties, it is neces-
sary to regulate in a scale-in', riant fashion. This may
be achieved by replacing (3.2b) by a regulated formula:

1 dk
V'(x) = p(ko)e+'"*a~(k') . (3.4)

(Z~) itn (2k,)it2

i[D,(p(x)]=x 8 q(x). (3.7)
' C. G. Callan, Jr., S. Coleman, and R. Jackiw, Ann. Phys.

(N. Y.) 59, 42 {1970). For if (3.7) were true, the conventional argument would
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compute the con1mutator of D with Bi'p. Here every-
thing works out canonically, as can already be seen
from the two-point function for BI'y ..

(0 (
B&y-(x}8"(p+(0) (0)= 8&—B"D(+'(x)

1( xi'x" gi'"

i- (x) '. (3.14)
s.4(x' i—gxo)' - 2(x' ig—x(,)l

We may therefore replace the commutators (3.10) by
their CGective values as p —+ 1:

i[~" (p'(*)]=~"(p'(g), (3.15a)

i[MOI, (p+(x)]= (x'8' —x'8') q+(x), (3.15b)

i[D,y+(x)]=x 8.(p+(x)+3+, (3.15c)

i[D,B&ip+(x}]=B&ip+(x)+x 8 B&ip+(x) . (3.15d)

The anomaly is

dk' 8
a+(k') e+"*k'—p(ko)

(4irko)'(' Bko

dk' 8
a+(k')k'- -p(ko)

(4s ko) "' Bko

~ (6/4')"'[(I+(6)+a+( —r)). (3.16)

Therefore, we And

i[D P(x)]= (-+x'8 )P(x)—igx 8 y+(x)P(x)
i—gP(x)g (t q (x)

+i[D sigi'+(z)]~ —i«+(ziP(x)
+P(x)e-'«-(*&i[D,e'- (*&]. (4.3a)

The remaining comrnutators with D are evaluated from
(3.15c):

i[D,Q(x)]= (-,'+x B„)$(x)
jigA+iP(x)+i'(x)A . (4.3b)

The singular contribution to (4.3b) may be extracted by
scaling f(x)g (0):

i[De (x)4(0)]
=(1+ ~-V(*)~(0}+gi ~,&( )]~(0}

+i'(x) [A ,P(0—)]
=(1+ -~.)~( )6o)

+ipse(x)e *--*&[a+,e'- ( &]y(0}

+ig4 (x)P ~ ""'"']s""""0(0) (4 4)

From (3.16) it follows that

g 8
e *«( ii-['A+, e*«(*1]='—dk' p'(ko)s-'"*

Sg Bkp

g 8—+ — dk'—p'(ko), (4.5a)
8+ Bkp

g 8
i+i- s-'«'«i]e'~~'«& = — dk' — p'(ko). (4.5b)

Sg 8kp

j[D,Q(x}ti (0)]

Our conclusion therefore is that the scale-invariant
boson free 6eld possess a singular commutator with the
dilatation generator. This singular operator has the
appropriate matrix elements, so that the scaling equa-
tion for the I-point function agrees with explicit
coDlputatlon. Thc phcnonlcllon dcl lvcs froIQ spcclal

Therefore, (4.4j becomes
phase-space properties of two-dimensional physics, and
does not occur in higher dimensions.

The Lagrangian (2.1b) possesses the formal solution
f=e'«$0, where ip is a free boson field and $0 is a free
fermion field. The well-defined quantum-mechanical
solution ls obtalncd by nolIQal ordering

P(x) =e' '(*&P,(x)e' (4 1)

—jp g~D(+1(g)

I vx"
x '. (4.2}

Using the results of Sec. III, we may compute the scale
diiIlellsloll of f.Tile dilatation geilel atol D liow llas two
pieces, one generating scale transformations on the free
fermion field $0, the other performing the same task for
v. There are no scale anomalies associated with fo,. the
scale dimension remains 2, as is seen from the two-point
function

g2
dk'----p' kp x B„x 0 4.6a

Bkp

(1+g'/2 +x ~-)a(x)~(0) (4.6b)

as the anomalous scaling law for D(+1 (x); This, of course,
is as it should be; the fermion anomaly is a consequence
of the free boson anomaly. Evidently (4.3b) may be
replaced by the effective transformation law, which

verifies (2.3):
i[De(x)]=($+g'/4 +x ~A(x) (4 7)

In terms of our formalism, we may also understand

the nondistributive property of dynamical scale dimen-

In (4.6b) we have set p(ko)=p'(ko)=8(ko —6) and let
e —+ 0. Note that the dynamical dimension of f(x)f(0)
involves exactly the same expression,

8
ak'- —p'(k.),

4g Bkp
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sions. Although

y(g)yg(g) e ~op+(*)iso(/)o ~ oo '(*)pu

ye'go+i*)lp (z)e'oo (*) (4 ga)

has anomalous dimensions, the normal-ordered product

J"(*)=:4(*)vV(*):=:4.(*)vVo(*): (4 gb)

is independent of the boson field, and carries the
canonical dimension 1.

V. CONCLUSION

Our purpose here is to demonstrate that the scaling
behavior of two-dimensional models is not a useful
"laboratory" for discovering the nature of dilatation
symmetry in realistic, four-dimensional field theories.
Thus we conclude that at the present time there is no

- reason to believe that anomalous, noncanonical scale
dimensions are consistent with a conserved or meekly

broker scale-invariance current. Perturbative calcula-
tions in four dimensions, which indicate that anomalous
dimensions exist, also show that scale invariance is

strongly broker: The divergence of the dilatation current
is not a "gentle" operator involving mass terms, but
rather it is a complicated q-number operator, whose
reduced matrix elements diverge quadratically at large
momentum.

Neither do the renormalization-group arguments
appear to provide useful information. In the Xq4

theory, for example, one can derive the following
formula~:

8
LP ~-+4—2d P )]G-(P)=4(l~)—G-(P) (5 &)

BX

Here G„(p) is the asymptotic form for the boson field

propagator, d(X) is the dynamically dependent scale
dimension of the boson field, and |P(X) is the Gell-Mann-
Low eigenvalue function. For arbitrary X, the non-
vanishing of the right-hand side indicates that scale
invariance is strongly broken. Moreover, even if it is
supposed that there exists a Xo such that |P(ho) vanishes,
no information about d(Xo) is available. In the first
place, it is not impossible that d(Xo) is equal to its
canonical value. More importantly, it is not clear, that
even if |P(X&)=0, it follows that weakly broken scale
invariance can be implemented in an operator fashion.

It is hoped the nature of the scale dimension can be
studied experimentally. In this connection, it is useful to
remark that the MIT-SLAC electroproduction experi-
ments, ' which gave the initial impetus to the study of
scale symmetry, provide no support for the hypothesis

7 S. Coleman and R. Jackiw (Ref. 3).' E. D. Bloom et a/, , Phys. Rev. Letters 23, 930 (1969) and in
Proceedings of the Fifteenth International Conference on High
Energy Physics, E'iev, 1970 (Academy of Science, IUPAP, Moscow,
1971).

of dynamical dimensionality; indeed the hypothesis ap-
pears troublesome in that context. The reason for this is
the following. The electroproduction cross sections are
parametrized by two scaling functions Fz, (oo) and
Fq(ro) (co = —q'/2pg; q= photon four-momentum, p = tar-
get four-momentum). Experimentally, it is indicated
that moments of the F,(cu) are finite:

I

0( da) (o'"F;((o)(oo, I=0,1, . . . .
0

On the other hand, it is also possible to relate these
moments to forward matrix elements of equal-time
commutators of time derivatives of the electromagnetic
current J&':

1

d~o co'"F,((o) ~ lim
pO-+co

(p 2)++i

—$2n+I

&& d'x(p
~

J (f,x),J"(f,O)
~ p) . (5.2)

g]2n+1

Therefore, the finiteness of the left-hand side of (5.2)
imposes constraints on the coefficient of the 8 function
in the equal-time commutator on the right-hand side of
(5.2). This constraint may be summarized by the state-
ment that there must exist operators of spin 5 and scale
dimensionality S+2, S=2ii, whose forward matrix.
element are nonvanishing. Furthermore, since the pro-
ton data appear to di6er from the neutron data, these
operators are not isoscalars. Therefore, if scale dimen-
sionality is a dynamical quantity, it is difFicult to
understand why it nevertheless happens that an infinite
set of operators exists with integer dimensionality.

To summarize, we believe that at the present time
there is no theoretical or experimental evidence for
anomalous scale dimensions. It should also be noted that
recent studies of the scale dimension of the SV(3)
)(SU(3) symmetry breaking of the Hamiltonian indi-
cate that if that quantity is 1, the behavior of certain
amplitudes in the low-energy domain is maximally
smooth. "
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