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Coherent States and Indefinite Metric —Applications to the Free
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JAGANNATHAN GOMATAM

Physics Department, Syracuse University, Syracuse, New York 13Z10
(Received 16 October 1970)

The "coherent states" are constructed within the framework of an indefinite-metric linear vector space.
It is found that these states have positive de6nite norm and are eigenstates of the annihilation operator.
The theory is then applied to the free electromagnetic field and the linearized free gravitational 6eld in the
Gupta formulation. The "coherent states, " restricted by the weak subsidiary condition, decompose into the
usual coherent states involving only the physical degrees of freedom and an orthogonal vector of vanishing
norm.

I. INTRODUCTION remarkable result that every C-state vector decomposes
into a physical coherent-state vector containing only
the physical degrees of freedom and an orthogonal
vector of vanishing norm.

The coherent representation of the electromagnetic
field has been extensively investigated' in the frame-
work of a positive-definite-metric Hilbert space. Start-
ing with the quantization condition for the physical
degrees of freedom of the vector potential, the coherent
states were constructed7' using standard techniques.
In our investigation based on the indefinite metric, we
mete out equal treatment to all four components of the
electromagnetic vector potential and show that the
Gupta subsidiary condition on the C states leads to only
the physical degrees of freedom. The result that the
C states are eigenstates of annihilation operator a„with
eigenvalue s„provides a remarkable advantage, viz. ,
Gupta's' weak subsidiary condition on the four-vector
potential is most easily realized as a restriction on the
four-dimensional complex manifold of vectors by stipu-
lating k&s„=0, where of course k&k„=0. Thus, in our
formalism, while the totality of all C states

~ {s„))
already possess an essential ingredient of acceptable
physical interpretation, viz. , positive definiteness of the
norm, the subclass obtained by imposing the constraint
k&z„=0 satisfies the weak condition automatically. This
subclass turns out to be the same (modulo vectors of
vanishing norm) as the coherent states constructed by
starting with the commutation relations between
physical degrees of freedom only.

The insight provided by the indefinite-metric ap-
proach to coherent states raises the possibility of a
similar approach to Einstein's linear model of the
quantized gravitational' field. Here again the Gupta'
method of quantization of the gravitational field pro-
vides the basic framework. The degrees of freedom that
introduce an indefinite metric are suppressed in the

7 V. Chung, Phys. Rev. 140, B1110(1965).' T. W. B. Kibble, J. Math. Phys. 9, 316 (1968).
9 The construction of an overcomplete family of states starting

with commutation relations belonging to an affine group has been
considered by J. R. Klauder, in Relativity: Proceedings of the
Midwest Conference, Cincinnati, Ohio (Plenum, New York, 1970),
where models that are algebraically similar to gravitational theory
are discussed. Here the Hilbert space considered is of positive
de6nite metric. Our approach is based on an inde6nite metric.
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'HE coherent-state representation' has found use-

ful applications in quantum optics and quantum
field theory. But these coherent states were constructed
by an infinite superposition of state vectors belonging
to a Hilbert space with a positive definite metric. In
view of the usefulness of the indefinite metric in quan-
tum field theory, the properties of "coherent states"
(hereafter called C states)' in indefinite-metric vector
spaces are of importance. Previous studies4 in this
direction were primarily confined to the so-called
pseudo-oscillator in one dimension. We propose here a
method of constructing covariant C states with an
indefinite metric, with applications to the electro-
magnetic~ and Einstein's linearized gravitational' fields
in the framework of the Gupta formalism. The most
important property of C states which has not been
emphasized in earlier attempts4 is the positive definite-
ness of the norm. The fact that the C-state vectors are
amenable to direct physical interpretation, coupled
with their positive definiteness despite the basic vector
space being of indefinite metric, suggests the possibility
that the C-state vectors may point to a way of ex-
tracting physical states out of the totality of indefinite-
metric states. Imposing the Gupta subsidiary con-
ditions' ' on the C-state vectors, we arrive at the

* Work supported by the National Science Foundation.' The literature on coherent states is vast. A concise report of
references especially 'on finite degrees of freedom is found in
J. R. Klauder and E. C. G. Sudarshan, Fundamentals of Quantum
Optics (Benjamin, New York, 1968) and H. Haken, Light and
Matter (Springer, New York, 1970).For infinite degrees of freedom
leading to the quantum-field-theoretic case, see S. S. Schweber,
J. Math. Phys. 3, 831 (1962) and F. Rohrlich, in Analytic
Methods in Mathematical Physics, edited by R. P. Gilbert and
R. G. Newton (Gordon and Breach, New York, 1970).

2 K. L. Nagy, State Uector Spaces with IndefI, nite Metric in
Quantum Field Theory (NoordhofF, Groningen, The Netherlands,
1966).

s The term "coherent states" is used in the literature where the
underlying Hilbert space has a positive definite metric, with
definite physical connotation. In our case although the algebraic
construction resembles the standard techniques, the underlying
Hilbert space has an inde6nite metric. To avoid confusion, we
will call our coherent states the C states.

4 M. G. Gundzik, J. Math. Phys. '7, 641 (1966); G. S. Agarwal,
Xuovo Cimento 65B, 266 (1970).'S. N. Gupta, Proc. Phys. Soc. (London) A63, 681 (1950);
K. Bleuler, Helv. Phys. Acta 23, 567 (1950).' S. N. Gupta, Proc. Phys. Soc. (London) h65, 161 {1952).
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physical state by imposing subsidiary conditions on the
C state. The treatment is quite analogous to the electro-
magnetic case.

The construction of C states with an indefinite metric
is outlined in Sec. II. The theory is applied to the free
electromagnetic field in Sec. III and to the linearized
free gravitational field in Sec. IV. A discussion is
presented in Sec. V.

aIO) =0,

(0I at=0.
(2.2a)

(2.2b)

Note that ut is the pseudoadjoint of a. We define the
vectors In) by

II. CONSTRUCTION OF C STATES WITH
INDEFINITE METRIC

The construction4 of C states in an indefinite-metric
linear vector space V is straightforward. However, we
adopt a normalization different from the one used in
the literature4 with a view to exhibiting covariance
explicitly in the four-dimensional case. We start with
the so-called pseudo-oscillator quantization condition

(2.1)

A realization of (2.1) in V is the analog of the usual Fock
representation, however, with indefinite norm for the
vectors In)g V. The vacuum states are defined in the
usual way:

Note the positive sign in front of
I
sI' and the negative

sign in front of s. The adjoint state is

QQ

(sI =—e~*~"' P (nI . (2.10)
n=o (n!)'»

The vectors Is) constitute a linear vector space 8 with
the inner product

("I s& =exp(o I sl '+o I"I'—"*s)
=exp(o I

s' —s
I

' —i Ims'*s) .

(2.11a)

(2.11b)

For our purposes, the most significant property of the
inner product (2.11) is that it leads to a positive definite
norm for Is):

II I s) II'=—(sl «) =1. (2.12)

Thus, the C states
I
s) constructed by an infinite super-

position of indefinite-metric states
I n) possess a positive

definite norm. This is understandable in view of the
exponential-type summation involved in the definition
of C states. The previous term dominates the subsequent
term, thus sequentially making the vacuum state the
most important term in the summation leading to a
positive norm. This property plays an important role
in the construction of C states for the electromagnetic
field in the Gupta formalism.

The "completeness" condition needs careful handling
when the metric is indefinite. The relation reads as
follows:

(a')"Io),
(n!)'" (2.3)

where

(2.13)

P In)( —1)"(nI =1,
n=0

(2.7)

where the quantity (nIno) is the inner product in V.
Since

II ln&ll'=( —1)", (2.8)

where n is a positive integer. Now the definition (2.3)
together with (2.1) and (2.2) implies

aIn) = —(n)'"In —1), (2.4a)

at In) =(n+1)'"In+1). (2.4b)

The operator ¹

—atu plays the role of the usual
number operator:

(—a'a) In) =nIn). (2 3)

Thus the Hamiltonian B=EX has positive definite
eigenvalues nE. The orthonormality and the complete-
ness conditions are, respectively,

(nI ~&=(—1)"S...

dp(s) —= (1/ )ire-'~'~'dxdy, (2.14)

with s=x+iy Note th. at the factor e @*~' is in. troduced
to secure convergence of the measure. Though this
might seem artificial at this point, we have to bear in
mind that the degrees of freedom leading to the inde-
finite metric occur in addition to those that possess
positive-definite-metric vector spaces. Then the finite-
ness of the measure will be related to the physical
dominance of the positive definiteness over negative
definiteness in the exponent. The subsidiary condition
will provide a precise statement of this dominance. Thus
the completeness relation will find expression only in
terms of physical degrees of freedom.

The states Is& are eigenstates of the annihilation
operator with eigenvalue s,

Q (2.15)
The C states

I s) can be obtained from the vacuum by a
pseudounitary transformation

ls&=U(s, s*)l0),
the metric in V is indefinite.

We define the C state Is) through

(—s)"
I
s&—= e~'~"' P

~=o (n!)»'
(2.9)

where

U(s, s*)=expL —(ats —as*)j. (2.17)
That U is pseudounitary can be inferred from the
fact that

(ats —as*)' = —(a's —as*) .
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III. FREE ELECTROMAGNETIC FIELD

A. Monochromatic Model

Note the important result that

II I f")&f1'=1. (3.»)

[an, av ]=gnv (3.1)

We will generalize the results of Sec. II to four
degrees of freedom, one of which leads to an indefinite
Inetric. The C states for the Minkowski oscillator

Therefore, the covariant C states possess positive norm.
The completeness condition on

I fs„}I
merits a careful

study. When all s„are independent, we define the
weight function

dp({s„))—= (liar') e—a~*'~'dx, dxadxadxpdyidyadyadyp (3.12)

and the completeness condition reads
(where the signature of g„„ is +2) will be first con-
structed. We call such states covariant C states. These
results will later be generalized to the electromagnetic
field. The spatial components ui, u2, c3 satisfy the
norma, l oscillator commutation relations, while up obeys
the pseudo-oscillator commutation condition of Sec. II.
A realization of (3.1) in V4&a1 is governed by the
following:

d~({s.)) Isa, sa, sa, —zo)(si, z., sa, +s, l
=1. (3.13)

However, in physical applications, not all s„are indepen-
dent because of the subsidiary condition, as we will see
presently. We stipulate that the states (3.8) satisfy the
subsidiary condition in the Gupta' form,

a„lo,o,o,o)=—a„lo)=o, (3.2a)

(3.2b)(ola„t=o,
7 "a.

l fz.)&=o (3.14)
for all p.

SQSQS3S(} = Sp,
where k!" is the null vector kl"k„=0. Since the C states
are eigenstates of a„with eigenvalue s„, we can replace
the left-hand side of (3.14) by k"z„l fs„)). Thus the
subsidiary condition will be satisfied if

(a t)nt(a t)na(a 1')na(a t)na

lo), (3.3)
(ni!notna!no!) /

knz„l {z„))=0. (3.»)

(3.16)

G]8283Cp Ãp

This implies that= —(ninanano)' lni —1, na —1, na 1, no 1—), (3 4)—

(3.7)

The covariant C states belonging to 64&4) are defined by

I {z.}&=—exv( —as"*s.)

(»)"'(»)"'(za)"'(—zo) "'
I fn„)), {3.8)

t .!=o (ni!na!na!no!)'~a

where z"*sn =za*za —
I
s'I '=

I
za

I

'
joint states are introduced in an obvious manner. It is
easily checked, using (3.4), that

8!u S~ =S~ Sp, (3.9)

Of course, there is no summation over p in (3.9). The
inner product in 64{4) is

aitaataaaaot
I fn„))

=f(ni+1) (n, +1)(no+1) (np+1)]"'

X I ni+1 no+1 no+1 np+1) (3'5)

({nn ) I {nn}) ( 1) 8np'no~nl'nl~na'nanna'na ~ (3 6)

We recall that ({n„'}
I {n„))is the inner product in the

indefinite-metric linear vector space V4"'. The com-
pleteness condition is

is necessary and sufficient to guarantee (3.14). We will
denote the class of C states restricted by (3.16) by
p64( &. Dbviously, p64&"&64&4).

There exists a pseudounitary transformation

such that
&[{z.),{z.*)]=—exV(s"a."—z"*a.)

I {")& = Uf{s.),{z.*)]
I o&.

(3.17)

(3 18)

To see this we rewrite (3.8) as follows:

I {z.}&=exv(—a lsnI') exv(z"a. ') IO& (3.19)

=exp( ——,'lz„l') exp(s a„a) exp( —s *a„)
I 0) (3.20)

and use the identity e'&" ~&e& + &=—e~e .
An interesting aspect of

I {z„})is revealed by
relation (3.20). With due regard to the commutation
properties of a„, we rewrite (3.20) as

I {")& =exp[ —s(l»l '+
I zal ')] exvL —a(l za I

' —
I sol ')]

Xexp(zla1 +zaaa ) exp[ (zl a1+za aa)]
Xexv(zaaat —soaot) exPf—(zanaa —zo*ao)] I 0)

(3.21a)

=exp[ ——', (I zil '+
I zal ')] exp(ziaat+zaaat)

Xexv f—(zinai+sanaa)] exPf{zaaa"—soap")
—(sa*aa —sp*ap)]

I 0), (3.21b)

where we have used

S303 —SpGp —Sa Gg —Sp gp = S3 —Sp
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Note that in the calculation from (3.19) to (3.22) only
the commutation properties of a„were used and the
subsidiary condition was not used. The appearance of
the factors exp[ —z(l si

I
'+

I
so

I
')7 exp(ziai" +soaot)

Xexp[—(si*ai+so*ao)7 as a unit is significant. Now we
will realize the subsidiary condition (3.16) in a special
frame of reference F,

completeness condition reads

where

F4 F(s182) I
si &so) F E(sl)so I

dy p(si&zo) —= (1/m') dxidxodyidyo.

(3.35)

k1 ——k2 ——0, k3 ——kp, s3 ——sp. (3.22)
B. Construction of C States for Free

Electromagnetic Field

Thus
[e,e'7 =0. (3.24)

I (s.k)F expL —z(l sil'+ I sol ')7
Xexp(siai'+soao') exp[ —(«*ai+s2 ao)7

Xexp(soSt) exp( —so*8)
I 0) (3.25a)

=expL —z(l zil '+
I so I ')7 exp(ziai'+zoao')

Xexp[—(zi*ai+zo*ao)7 exp(zog ) I
0). (3.25b)

The operator exp(soO', t) generates exactly those vectors
that satisfy the subsidiary condition in Ii because

8 exp(soo,")
I 0& =0. (3.26)

We rewrite (3.25b) as

The frame of reference F is not a covariant frame. But
since every observer can choose the frame F, the treat-
ment remains invariant. With this choice, we have

1(s.}&~=exp[ —z(l zil '+
I
so

I
')7

Xexp(siai +soao ) exp[ —(si*ai+so*as) 7
Xexp[so(ao —ao) —so*(as —ao)] I 0) . (3 23)

With 0', =a3—ap, we note that

The states (3.8) can be extended to the field-theoretic
case by suitably replacing each degree of freedom repre-
sented by a„by an in6nite degree of freedom, a„(k),
where k is the momentum four-vector. The basic equa-
tions" for the vector potential A„(x) are

~A„(x)=0, (3.36)

[A'(x),A (y)7 = —4g"D(x—y), (3 37)

a»A„i-&(x)
I
e&=0, (3.38)

(f,g) = f"*( )~.g.(*)d "(*), (3.39)

where the integration is to be carried out over a space-

like surface and 8„=8„i—l„I—f f".(x) and g„(x) are
solutions of (3.36), then the inner product (3.39) is
independent of time, and therefore we can choose a
constant-time surface to carry out integration. Then

where A„& &(x) is the negative-frequency (annihilation-
operator) component of A„(x) and I+) is an arbitrary
physical state in V„&4). We introduce the inner product

where
I &s.)&~—

I
si so&~+ I

zi so x(»)&~ (3.27) (f,g) =i f&'( )x74g„o(x)d'x. (3.40)

Xexp[ —(si*ai+so*ao)7
I 0), (3.28)

(3.41)fo(x) = f~(k)e"*b(k')d4k
(24r)'

1

(z gt)n
I »,»,x(so) &~=—I zi,z.)~ 2 —

I o)
n=i

(3.29)
d'k

[f"(k)e'"*+f&( k)e '~*7 — (3 42)
(2z)'

(3.30)
Since f"*(x)=f"(x), we obtain

We see easily that

II I », so& ~ll'=1,

lllzi so &(zo)&~ll'=0

F(sl z2
I
zi s2 x(z3)) ip =0. (3.32) f„( )

1

(2or)"'Thus
I (s„))i decomposes into a vector of unit norm

and an orthogonal vector of zero norm. Since d'k
X [fl"(k)e'~*+fo*(k)e '"*7 (3 43)

(2lkl)'"(3.33)

the states
I si,so, x(so)&& do not make a physically rele-

vant contribution to the C states and we can set

where
f"(k)—= (4x lk I) '"f"(k)

f *(k)=—( 4lk4rl) '"f ( k). —
and

~p, F ~1)~2 F ) (3.34)

where lsi, so)& are just the coherent states for the
degrees of freedom a1 and a2 in the frame P. Then the

1o J. Jauch and F. Rohrlich, Theory of Photons and Flectrons
(Addison-Wesley, Reading, Mass. , 1959).

I zi zg) F=exp[ —
z ( I

si
I
'+

I
so I

')] exp(siait+soaot) Since f&(x) is a solution of (3.36),
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Thus, in terms of momentum variables, or

(3.58)fp"u„(k)
I
g)d'k =0.

(f,g) = d'&Lf""(k)g.(k) —f"(k)g.*(k)j. (3.44)
(2&r)

Note that
(f,g)*=&g,f& = &f,

—
g&

Now, using (3.54), we rewrite the left-hand side of

(3 45) (3.58) to obtain

Similarly, we can introduce

A„(x)=
(2n) "'.

d'k
X Ea„(k)e*'*~a„t(k)e *'*j-, (3.46)

(2lkl)"'
with corresponding inner product &a,f) The c.omrnuta-
tion relations (3.37) can be written down in terms of
a„(k):

L&.(k),o.t(k') j=g"&(k—k')

k&g„(k)ds}'t
I g) =0. (3.59)

k~g„(k) =0, (3.60)

satisfy the subsidiary condition (3.58).
As before, we can rewrite (3.52) with the help of the

inner products

(fi gt)=(f g)i= f'*(k)Z&(}'p)d ~,

etc., to obtain

(3.61)

(2&r)

Thus the C states
I g), constructed using g„(k) such that

The subsidiary condition (3.38) reads

k~a„(k) I @)=0. (3.48)
I f) —e-t[(f,f&1+&f,f&s]e(a, f&g+(a, f&se-[&f, a&g+&l, a&2]

Xe(' &'&3 "f» [&f '» «'»]I0). (3.62)

We are now equipped to write down the C states by
replacing various inner products in the previous section
by their suitably generalized version. We define the
product

We realize the subsidiary condition (3.60) in the special
frame F introduced in the earlier section. Then

I f&& e *'[(f,f&i+—&f,-f&s]e(~,f»+(~, f&2

[&f &I+(f &s] exp(g f)sl0&
(f,g) = — f&"*(k)g„(k)d'k

(2s)

This product is related to (3.44) through

&f,g&
= (f,g) (g,f)—
=(f,g) (f,g)*. —

The commutation relations (3.47) can be

L(f,~) (~,g)j=(f,g).
Note that the product (f,f) is indefinite.

Ke define the states

f)—=e y&r r&e( r&e &f'&
I 0)

or, equivalently,
If&=—e& "Io&.

It is easy to check, using (f,a)
I
0) =0, that

(f o) I g) =(f,g) I g&

The inner product in 6„&4) is

(g I f)=, ~&r .,r .&+[&&,g&

—e-k(f, f)-k(g, g)+(g, f)

We note the important result,

(3.50a)

(3.50b)

expressed by

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

where, in the frame F,

fs(k) fp(k=) and (e,f)p= (as —ap)tfs(k)dk'. (3.63)

Then the states
I f)s decompose into

I f)~=
I fi,fs) F+ I ft,fs,]((fs))r (3.64)

in a way analogous to (3.27), with

I fi fs)& e
—[(f.f&1+(f f&——2]e a'f&1+(a, f&s

)&e
—r(x ~»+&& '»] I(}), (3.65)

I fi fs x(fs)&p
—e—2 [(f,f&y+(f, f&sl e(a, f»+(a, f&s

- (O', f)p"
&&e

—[u', ~»+v, ~&s] p I0) (3 66)
n=i n!

5'&fl fs I ft,fs,x(fp))~=0, (3.67)

II I fi,fs,x(fp) & pll'=0. (3.68)

Thus the physically relevant coherent states" are given
by (3.65).

~' late ad'd'edin proof. Result (3.65) is valid also in three dimen-
sions. To see this, we introduce the coordinate system de6ned by
the unit polarization vectors such that e„&~)e(~'» =g ~'. Any vector
valued function V„(k) can be expanded in terms of the set $e„&~)J.
We have

&flf&=»0. (3.57)

The C states
I f) thus form a submanifold ('„&'& with

positive definite norm. The physical states are restricted
by (3.38). The C states satisfying (3.38) are given by

&"~.(k)lg& =0

V„(k)= P V& ) (k)e„( ) (k).
a=0

The commutation relations (3.67) are imposed on a&")(k). We
then realize the weak subsidiary condition in the frame G de6ned
by ki'e &') (k) =0=k['e„(') (k) and kI'e„&3) (k) =~k&e„(0){k). Then
we have k&g„(k) =k&e„(') (k)g(') (k)+kf'e„&0) (k)g&0) (k) =0, i.e.,
k e„&'&ik}Lg&'&(k}Wg&'&ik}j=(k Lg&'&ik}wg&'&ik})=0. Thus we
choose states lg} such that g&p&lk} =&g«&ik}.
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where

Thus

(f f)*=2 If""'I',
n=l

f(0)=, (Is, (n) f).
(3.69)

(3.70)

Now we can introduce a complete set of orthonormal
Maxwell wave packets (h ")}„1 „with 2=1, 2 with
respect to the inner product (3.61). Then

V(x) = [(2(k)e(sr,
(23r)"'

d'k
+(2.(k)e

—"'] . (4.6)
(2lkl)"'

The quantization conditions between the y's lead to the
following commutation relations between a„„and u:

[~. (k),o.,f(k')] = (g. g.,+g.,g. )b(k-k'), (4.~)

I fi fs)~=«p[ —
2 2 (I f1'"'I'+ Ifs'"'I')]

n=I
[(s(k),af(k')] = —b(k —k') . (4.8)

The completeness condition now reads bii=——2'((311—a22),

b22= 2 ((sli+(322) y

I5'lk= ~lk )

~l0= ~l0 )
I fi,fs)»(fi, f2 I di (fi,fs) =1, (3.72)

bss =—(333/V2,

boo=—~00!~&,where

ds (fi,fs)
-

I
fi'"'I d

I
fi'"'1«1'"'I fs'"'

I
d

I

fs'"'
I
«2'" )

where the last three deinitions are introduced for the
sake of consistency of notation. We note that

) ~

[biipii'] =1) [bss,b22'] =1, [bssPssf] =1,
=1, [b,b ]=1

[bsi,bsi ]=1, [bip, bip ]=—1, (4.10)

[bsoPsof] = —1) [bso,bsof] = —1,
[b,bf] = —1.

where
t) (0) —argf (0)

IV. LINEAR MODEL OF GRAVITATIONAL FIELD

A. Construction of C States

We note that (s)0(k) and (3(k) satisfy the pseudocom-

Xexp(g (si(0)ff1(0)) exp(Q (32( )ffs( )) Io). (3 &1) mutation relations. Suppressing the momentum depen-
n=l dence, we introduce the following new operators;

Z~„.(x) =0,
CI7(x) =0.

The commutation relations for the y's are

(4.1)

(4.2)

5"(x),V,(3)]=—2(g.ig.,+g„g 1)D(x—3), (4 3)

b(x),V(y)] =42D(*—y), (4.4)

where D(x) is the usual zero-mass Green's function. "
Ke express the y's in terms of their Fourier transforms:

y„,(x) = [(2 (k)ez7iz
(2fr)"'

+(s„„f(k)e-'"*] (4.5)
(2lkl)"'

The coherent states with one of the degrees of freedom
leading to an indefinite metric has been already con-
sidered in connection with the electromagnetic 6eld.
The construction for the linear gravitational 6eld is
completely similar. In this section, we will outline the
procedure very briefly with a model where the infinite
degrees of freedom arising from the momentum variable
have been suppressed. The basic equations are adopted
from the Gupta formalism' with a few minor changes in
notation.
The field equations are given by

b„, l 0)=0,
(olb„„f=o,

(4.11a)

(4.11b)

((~. '}l (~"})=(—1)""'"'""-'"b( l(-, l (4»)
Note that the metric is indefinite.

We introduce the complex numbers z=x+sy and
s„„=s„„=x„,+iy„, to define the C states.

=exp[ —-'2(b, b)] exp($, 5) exp[ —(5,$)]I 0), (4.13)

where the product ($,b) is defined by

($&&)=ziibii +zssbss +zssbss

+»ppbpo +»12b12 +»23b23 +»31b31
—(ziobio +»sobso +zsobso +zb ) ~ (4 14)

The following relation is useful in computations:

[(&',$),($,&)]=(&',&).

Using (4.15), we can rewrite (4.13) as

(4.15)

I (»„„;z})=exp[($, 5) —(5,$)]I0). (4.16)

Ke can introduce the occupation-number space in a way
quite analogous to the electromagnetic case. %e merely
outline the salient features.
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It is easily checked that

=expL —2(b', b') —2(b, b)+(b'b)7.

Ke further notice that in the frame Ii, the operator

(4.17) Q=zss(bss —b)+zaa(boa+boo —~2bso)

+z28(b28 b20)+zsl(bsl bio) (4 3o)

(4.18) coIIIIIllltes wltll Q . Thus~

We a,rrive at the most signi6cant result that

II I
(z"' z) &II'=1.

B. SUbsM3. 81'g COQditloQs

(4.19)
I(z. z)&~

=exp[ —2(l»1 I
'+

I z» I
')7 e~p(z»b»'+»sb»')

Xexp[ —(zll*b»+z»*b»)7e& e—o
I 0) (4.31)

aors„.&-I(x)
I +}=0,

I v."' '(~) —v' '(*)7l +}=o.
(4.20)

(4.21)

The subsidiary conditions in the Gupta' formalism
are imposed on the state vectors.

I zlbz»} Ip
I z»P&»~(z24zss zssP81)» (4.33)

=exp[ —-'(
I
z»

I
'+

I »2 I
')7 exp(z»b»'+z»b»")

- (Q')-
X«p[—(zll*b»+z»*bio)7 1+& I 0) (4.32)

k a„,le}=0,
(a„o—2a) I

0}=0.

(klal„+ks«„+ks«, +ko«0)
I
4'}=0,

(Isla+«2+«8 —«0 —2II)
I +}—0.

where

(4 23) I zl1rz12}P
—=exp[ —2(l z»I '+ l»2 I

2}7exp(z»b»'+z»b»'}
Xexp[ (zll bll+z12 bls)7 (4 34)

I z»,z», ~(zss zss zss zsl) &~

[k'(bII+b22)+k'boa+a'bsl+k'bo17
I
'p) =0,

[k'bls+ks(bss —bII)+ksbss+k'b027I +}=o,
[k'bls+k'bss+V2k'boa+i'b087I +}=0, (4 24}

[k'blo+k'bso+k'bso+v2k'b007I +}=0
~

[2b +&2(b —boo) —2b7I +}=0.

- (Q')'
=

I zl„z»}zgP I o). (4.35)
r!

II I z», z») ~ll'=1 (4.36}

p(zll, zlsl zll, z12,71'(zss, zss, zss, zsa))» =o, (4.37)

Slncc wc wRnt thc C states to SRtlsfy thc subsldlRI'y Rnd

conditions (4.22) and (4.23), the z„,'s and z are con-
strained as follows:

II I z», z», &(z»,zss, zss, z»)) ~ll —o (4.38)

k'(zII+z22)+k'zsl+k'zsl+k'zol =0,
k'zls+k'(zss —zll)+k'zss+k'zos ——0,

k'zls+k'zss+V2k'zss+k'zos =0,
k'zol+k'zos+k'z„+v2k'zo, ——0,

2Z22+V2(Z88 —Zoo) —2Z =0

(4.25)

Since the above system calls for a tedious algebraic
solution, we will realize the subsidiary condition in a
particular frame of reference F:

This implies that

kg-—k2 ——0, k3 ——ko. (4.26)

zsl =zol, zoo=zoo, ~»ss =zoo, zos =~zoo. (4.27)

The last two constraints in the system (4.27) imply that
833=800 Rnd hCncC

Thus only bye and b)2 gravitons contribute to the
coherent stRtcs.

V. DISCUSSIOÃ

We have dealt with the construction of C states for
zero-mass boson systems wherein the basic 6eld vari-
ables are further constrained by subsidiary conditions.
Ke have arrived at a remarkable result that the C-state
vectors have positive de6nite norm. We have shown

that in a special frame F (chosen for the sake of sim-

phcity of algebraic treatment), the C-state vectors
decompose into the usual coherent-state vectors in-

volving only the physical degrees of freedom and an
ol thogonRl null vector'. Slncc the frRrnc F CRn bc chosen

by every observer, relativistic invariance is preserved.
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