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The strong decay w — 7*7~7% and the photopion reaction y+m — = are discussed using the hard-pion
current-algebra technique. We use the anomalous Ward identities for three- and four-point functions to
determine the structure of the contact term, but we are not able to determine it completely. Both the
w — 37 and the y—37 amplitude are then expressed in terms of three parameters g,,r, £ (which character-
izes the contact term), and § (the parameter which appears in the 4o system). We determine g, from
a fit to the experimental w — 7% decay width and use this value of g, to determine the w — 37 width and
the ratio I'(w — #%) /T'(w — 3x) for the various values of §, ignoring the contact term. Next we estimate &
by using the experimental decay width for w — 37 and use the resulting w — 37 amplitude to estimate
fy-3x. We also estimate the effect of anomalous Ward identities on the #? — vy form factor and obtain the

value of 7(0,0,0) for 5;=0 and 2b,=3y.

I. INTRODUCTION

EVERAL authors have successfully used the hard-

pion technique! to calculate the decay widths of
various vector and axial-vector mesons and the K3
and K;; form factors.? We further investigate this
method and apply it to the process w— 3x. In this
process we have to consider all the Ward identities ob-
tained from the four-point function (44A4V),, where
A and V are the axial-vector and the vector currents,
respectively. Brown et al.® have enumerated all the
anomalies which arise in this abnormal-parity series of
Ward identities. They have shown that it is impossible
to avoid anomalies in the abnormal-parity series. We
try to make use of these anomalies to determine the
primitive contact term appearing in the four-point
function (44A4V),. We find that whatever choice for
the b; we make, we are not able to completely determine
the contact term. Thus we are able to express the
w— 37 amplitude in terms of three parameters guor, &,
and .

We fix g,,r from the w— 7% decay and use this
Zupr to evaluate the decay width I'(w— 3xr) for the
various values of §, keeping £=0. We find that
I'(w—> 37) varies from 9.4 MeV for 6=—1 to 7.5 MeV
for §=0. We also estimate the ratio I'(w— 7%)/
T'(w— ntr 7% for the various values of §. Next we
determine £ by fitting the w— 37 amplitude with the
w— 37 decay width and use the resulting expression
(off mass shell) to find fy—_s,.

We also discuss the 79— 2y decay in the context of
anomalous Ward identities and obtain estimates for
F(0,0,0) for the various choice of b;’s.

In Sec. II, we write all the Ward identities necessary
for the problem and write the general expression for
the w — 37 amplitude. In Sec. ITI, we use the anomalous

1 H. J. Schnitzer and S. Weinberg, Phys. Rev. 164, 1828 (1967).

2S. Fenster and F. Hussain, Phys. Rev. 169, 1314 (1968);
Riazuddin and A. Q. Sarker, sbid. 173, 1752 (1968); C. S. Lai and
Bing-Lin Young, zb:d. 169, 1241 (1968).

3 R. W. Brown, Chia-Chang Shih, and Bing-Lin Young, Phys.
Rev. 186, 1491 (1969).

vector Ward identity to determine the structure of the
contact term. Section IV contains results and discussion.

+ We also present a brief derivation of the 7%— vy form

factor F(0,0,0).

II. WARD IDENTITIES FOR (444V) SYSTEM

The Ward identities which we use are not the naive
Ward identities, but are those which include the
anomalies after regularization and addition of counter
terms. This problem has been discussed in detail by
Brown, Shih, and Young® in a recent paper (see
Appendix B). The four-point function for our currents
is defined as

{71(q1) 72%(g2) 73°(g3) 1+*(q4))
E/d“xd‘yd“ze‘i“"““i”'”—i‘”'z

X{T{ j1%(x) j22(5) 5 () 142(0) } Do,

with similar definitions holding for three- and two-point
functions. Here 7:%, 7% etc., can be either vector,
axial-vector, or the divergence of axial-vector currents.
In particular, for the purposes of this paper we shall
consider all the Ward identities arising from (44A4V).
This gives rise to a so-called abnormal-parity series of
Ward identities. The explicit pole structures of the
four-point functions are displayed in Appendix A. The
relevant Ward identities then are -

Q3)\<6;‘A ua(QI)avA vb(q2)A x”(QS) Vad(q4)>
= —1(0,4 ,%(q1)3,4,°(q2) AN (q3) V +4(ga))
—i{o?*(q1+¢3)9,4,%(g2) V +4(g4))

—i{o?(ga+¢5)9,4,°(q1) V,(ga)), (2.1)
93x<3uA MG(QI)A vb(QZ)A )\c(q3) Vlfd(q4)>
= 1/<6‘LA na(QI)a)\A )\c(q:i)A vb(q2) Vad(q4)>
+2f°2%(8,4,%(q1) V., *(g2+¢5) Vo4(gs))
— (o (q1+95)4,(g2) Voi(gs)), (2:2)
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gan{d,%(q1)4,%(g2) Ax°(gs) V +%(gs))
= —i(MAr°(g3)44°(q1) 45%(g2) Vo(q4))
+2f°“<Vu°(ql+qs)A vb(q2) Vvd(q‘i»
+2/e5(A4,%(q) V,*(g2+q) Vo%(g4))
+Au(AAAV),

where a,b,c=1,2,3, and d=0 or 8. Here we have used
the wusual SUQB)XSU(3) commutation relations?
among currents along with the following additional
commutator:
d(@o—y0)[A0%(x),0ud 2(y) J=0t(x)3(x—y), (2.4)
where o?¢(x) =04%(x) because of conservation of the
isospin current. A,,(44AV) is the axial-vector
anomaly as discussed in Ref. 3, whose authors have

2.3)
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shown that if the general counter terms are nonzero,
then we must also have anomalies in the abnormal-
parity vector Ward identities. So, instead of the naive
vector constraint condition, we have

1:(4u*(g1)4,%(g2) 42 () V o%(g))

=AmV(4A44V), (2.5)
where A" (4AAV) is the vector anomaly (Appendix
B).

In the process w— w’(x*r™), the two pions must
necessarily be emitted in an 7 =1 state if the w meson is
to be an isosinglet. Hence the o terms, which are
symmetric in isospin indices, will not contribute in this
process. Using (2.1)-(2.3), after some algebra we can
write

(0,4 ,4%(q1),0,4,%(g2),0Ax°(g5),V s%(g4)) = —iq1ug257{ A u*(g1) A5*(g2) Ax*(g5) V +*(g4))

_l_fcae(ql - q3)ﬂ<Vﬂe(q1+q3)avA vb(q2) Va"(%))'f‘f”“(@ —qs)v(Vv°(qz+93)auA ua(q1) Vvd(q4)>
+ froe(q1—q2) u(V u*(g1+g2) MAN(g5) V o4(ga)) F1(q1—g5) u o4 Aus(A¥(g2) Ve(g1+3) VH(g4))
+i(g2—qa)s f°2°Ays(A%(g1) Ve(qat+g5) V(ga)) i (g1—q2) u f22°Auo(A%(g5) Ve (q1+g2) V¥(q4))

+ %”:ququAuw(AA AV)+quugandruc(AAAV)+gagndn.(AA4 V)], (2.6)

where A,,(AVV) is the three-point axial-vector anomaly. Equations (2.1)-(2.3) and (2.6) can be rewritten in
terms of the vertex functions M and T' defined in Appendix A. These are all standard techniques,’* and we shall
not give the details here. There will be two sets of equations depending on the choice of the vector current; i.e.,

d is either 0 or 8. Then from these two sets of equations we eliminate the ¢ vertex functions and write
M©(g1,q2,g5)o°% in terms of M*(g1,92,qs)wns®":

Me(g1,92,q3) 6% = —C 4%¢ 4, Fr3q10q20g\ M “’(41,42,%) wre®®e
+ f2¢(q1—2) wFa =28, A v (q1F92) uw TP (g5, rHg2)w e+ (@ > ¢; g1 ¢3)+ (0> €5 g2+ ¢3)

+8i(g1—gs)uf**[ (1/4/6) fz cosOy—% fy sinbz] cos™(0p—0y) Fr~*m, ™2
X (2b1—39)€uo ap(q1+45) aq1880~4(gs) sr+ (b > @5 g1 g2)+(c > b; g3 g2)
+1g1,92[ 3 f5 080y A e (AAAV?) —% fy sinbpAuye (AAAVE)]
XAy 1(g4) s Fr—3mu=2 cos (03— 0y)+ (g2 <> g3; b > 0)+(q14> ¢2; a > b) . (2.7)

Av(g1+g2)uw, etc., are the vector current propagators.
We will approximate the current propagators by the
corresponding meson propagators. We see here that the
anomalous terms have a zero at ¢s2=m,?* and hence will
not contribute to the physical process w— 3.6 How-
ever, they will contribute to y+#— r+=. In order to

¢ Our currents are normalized such that the commutators are
3(t0—y0)[Ao* (%), Vb () =25 fo2A ,* (x)8* (x— ), etc.

81. S. Gerstein and H. J. Schnitzer, Phys. Rev. 170, 1638
(1968).

6 Brown et al. have assumed explicitly that there are no vector
mesons in their model (free quark model only). If there are vector
mesons in their theory, then Ward-identity anomalies will in
general contain the vector-meson propagators. See Ref. 14 for
a discussion of this point.

utilize the tree structure implied by Eq. (2.7), we shall
define the contact term M¢* by subtracting the pole
structure from the function M(g1,g2,gs)wn.?%. The
advantage of adopting such a procedure is that the
Ward identities then contain the functions M ¢“, which
are simpler than the functions M in that, at least as far
as the current algebra is concerned, they do not have to
have any poles. Hence they can be approximated by
smooth functions of 4-momenta.? We define

M“(91,92;q3)uv)«a“b°5 Mc“’(?n%,q:«x)wm“bc
+[igP~2I‘ <2)w(q2y 41+qa)vaabeAV(91+Q3) aa’
XTD(g1,g8) uner 4 (q14> q2; > v; a<>b)

F (g2 gz; v o N b 0)]. (2.8)



1208 A. ALI AND F. HUSSAIN 3

Incorporating this into (2.7), we obtain

M(g1,g2,95) % = — C 4184 *F*q1,q290M ¢ (g1,G2,93) wrro®®
_.igﬂ—2CA2gA1——2F”—2q1“q2”|jI‘(2)w(q3, ql-l-q:)aa“AV(ql-I-t]z)aa'r(‘)((]1,92);”0"“‘"’

8(2b:—3y) ( fecosfy  fysinfp
F.m,? cos(03—0y)\ /6 3

bae

> e“«'va(ql+42)7q4aAw“(<14)wI"”(91,qz)wa"bc]

+ (91—42) wAv(g1+q2) uuw T P(g3, 1+g2) uo°

=€
1f2°8(2b1—3y) /fB cosfy  fysinfg
M’ cos(03—0y)\ /6

WA~ H(g4) oo 5 cosl sinf
Q1,92 g4 rf YA}IVV’ (AAAV0)— fr B
3F 3m,? cos(05—0y) L

)eua’ af (Q1 —(12)u(‘11+<I2) nq46Aw—l(q4) oo’

Auer(44 AVS)]

+(g2¢> g5 b 0)+(q1¢>ge; a2 D). (2.9)

In order to simplify further, we use the expression for if the primitive three-point function (in the A;-4;1-p
the proper A;1-A41-p vertex discussed by Schnitzer and system) is as slowly varying as possible, then the two-
Weinberg! in the context of hard pions. In our nor- point functions have the form of free propagators.

malization it has the following form: In our notation,
T (g1,ge)ine®re =21 f*bg, " m,? Cym,? 9ug»
XL (@290 o+ gre(k—ga)tgor(g1— Av(@w= 2(&»— 2)
mp*—gq My
—5(gvvk)\—g)\vkv)] ’ (210) (212)
where ¢1, ¢; are the 4; momenta and k= —¢1—¢:. We Aa(Q)w= CAmA‘2/ _ W%
write the phenomenological w-pr vertex ADw=" . 12_q2\g,,, ma2]
2w ab— Sab
T ®(q1,2)ox®* = 0"gupmespsadrogs - (2.11) Using (2.10)-(2.12), we can now write the proper

Furthermore, it was shown in Ref. 1 that the matrix element for the decay w— n*n~=? by taking the
Ward identities for the three-point functions imply that limit ¢,2— m.? in Eq. (2.9). We obtain

lim 2 M“’(Q1,92,93)a°"°€¢"’(94) = —CA3g.41_3F1r—3Q1;LQ2y(]3)«M0“’(91,(]2,Q3)m>\a“b”éu"’(%)+2f“b°gwpw€py)\u91uQ2yQ3)\Ea"’(l]4)

q42->mo
my? ga,® s u ¢ g 1 1 1
x[——”— ‘ F;2(1+a)( + + )+ —"( + + )] , (2.13)
4 m2—u  m2—t/  F\mpl2—s m,2>—u m,2—t

8o Ma mpz—s

where s=(g1+¢2)? t=(q11¢5)% and u=(ga+¢s)*
The expression (2.13) can be further simplified if we use (a) Weinberg’s first sum rule®

ga/ma*+Fet=g,*/m,;’, (2.14)
(b) the second spectral function sum rule?
[ EaST MR (2.15)
and (c) the KSRF relation®
g.2=2Fm,?, (2.16)

which together yield m4,2=2m,%

7S. Weinberg, Phys. Rev. Letters 18, 507 (1967).
8 K *Kawarabayashi and M. Suzuki, Phys. Rev. Letters 16, 255 (1966) ; Riazuddin and Fayyazuddin, Phys. Rev. 147, 1071 (1966).
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Using these expressions, (2.13) can be written as
WP

1
M(g1,42,03) s**°€,°(qa) = — ———quuq2.gnM ¢*(q1,42,03) sr e €s° (qa) 2 2P ——€uroq1uq2sqsr€0 (1)
2V2m,? F,

1 1 1 146 / s u ¢
x[\/im< et )— +— )] (2.17)
my2—s  m2—u  m,2—t Zx/fm,,\mﬁ—s ml2—u  mi—i

III. VECTOR-CONSTRAINT CONDITION

In this section we try to evaluate the structure of the contact term appearing in the physical w — 3= amplitude.
We make use of the work done recently by Brown et al. on Ward-identity anomalies. They show, and we have
already incorporated this in the work up to now, that after universal regularization and addition of counter terms,
the only first-order anomalies in the system under consideration are the axial-vector anomalies A(AVV) and
A(AAAV) and the vector anomalies A(AVV) and A(44A4V). We just cannot avoid anomalies in this problem.

To investigate the contact term, we use the vector constraint equation (2.5). Introducing the contact term,
the vector constraint condition (2.5) can be written as

fB cosfy fy sinfp
q4oM ¢®(q1,92,93) wro® 2 +-8b1848, "' C s m a2 cos™ (63 —0 Y)( 6 B )f" be(m 4, —qa?)

X{Zeu’v)\’vq1u’q3)\’q4¢gu)\_ev)\p’a(q1+q3)u’q4v(q1+2q3)p+€vu)\’a(q1+q3))\’q4a(2q1+q3))\
+5[6’")«a(Q1+43))\'(14a((]1+(13)x—Emua(l11+(13)u'¢I4a(l]1+q:;)u:|}
(g1 g25 a0 b5 p o) +(g2 > gs; v X b 0)

. fB cosOY fy sinﬂg
= 1921b2< 6 - 3 ) cos™ (0 —0y) (g4, Ca~ a2 [ (ma,2—q12) (M4, —22) (M.4,2— 5?) Qao€una

+ (mAlz—(JzZ) (mm2 —Q32)Q1uQIu' E,um;gu-l- (mA12—912) (m,hz—qf) G3Ng3N €uv)’ oG 4o
+ (mA12 —(Zs?) (mdlz_qlz)q2vq2v'euv’)\aq4u+ (mA12 _q12)92vq3)\6uv’)\’vq2y'q3)\’q4a
+ (”h!.l2 "'422)43)\91;46#'»)\'anu'Q3>\'94v+ (mAlz —q32)qlqueu’v’)\aqlu'qh’qdaj . (3' 1)

We assume the smoothness postulate of the contact term and write its most general form using Lorentz co-
variance, Bose statistics, etc., keeping terms up to second order in 4-momenta. The next higher-order (fourth-order)
contact term will make a contribution to w— 37 of the order of m,%/m4,? smaller than the second order so we
do not need to consider it. Thus

fB COSOY fy sinOB
MC’“’(ql;q%q:i)uv)\vabc _—_.fabc ,\/6 -
X{XeunetA 1L €unroqar (q1tg2)r+€urnoqrur (g2t+s) ut €wroga (gs+91), ]

+A 2(514;')\’ dq3)\’q3)\+eu'v)\oqlu’qlﬂ+euv’)\quV’qzu)

COS“I(OB '—oy)

+ A 3(€un og2ngant €unnr oqingant enur o@ew G1ut €nur o3 rut € o3y Govt- Enp 0q1,G20)
+ A s(eurnoQow gaut€nrmnogsw Gout€urnoqrr gsrt €uvneq1sgsy + €unr ogan gint-€uns og1nrgan)
+ A 5(€urvroquuges Guvt€urns oq1u gan gunt €uvrrr aQ2v gan gon)
+ A s(€urv 0G3r 3t Ervur Q3w Q3 €vunt ogorrgant Exvp o Q2pr Qout €un? o1 G1ot €vprrog1n1G10)
+ A1 grueirarg2(qs— 1)t Erromg1o(gs —g2)rtguerapmgsn(qr—ge)- 1} . (3.2)

Introducing (3.2) into (3.1), and noting that all the covariants euaegargssgur, €tc., are not independent, we
replace g4 by —g1—ga—gs in (3.1), and comparing the coefficients of the various covariants, we get

X =192ib,g4,°C4~3,
Ay—A3=1924byg4,3C 4 *m 4,2+ 16b1g4,8,72m,2C 4~ (14-0) ,
A1—A4=16b1g4,8,2m,?C 4~ (2+9), 3.3)
A1+A46=0,
As=—32b1g4,8,*m,*C4~; no constraints on 4;.
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We see that we have three independent parameters 41, 4, and 47 which are not determined. However, 4; does
not contribute to the w — 37 amplitude. Substituting (3.3) in (3.1) and utilizing (2.13), we find that the contact
term contains essentially one parameter, £ which is not determined.® This result is independent of the choice of

b.’s, as is obvious from Eq. (3.3). Thus the amplitude becomes

M”(91;92,q:x) %€, (Q4) = fa bceyv)\aquq2vq3hfvw(l]4)

1
x {7:5“'23”:(1?1)_ ‘[ﬁm,( +

My —s

IV. DISCUSSION AND RESULTS

We see from Eq. (3.4) that we are left with three
parameters, g, £ and 8. We evaluate g.,- by fitting
the expression for I'(w — 7%) obtained from the vector-
dominance model, to the experimental value for
I'(w— 7%) which is now known to be fairly accurately,
1.16 MeV. In this way we obtain a value of 1.70X 102
MeV—! for guor. We then feed this value of g,.» back
into the expression for I'(w— 37) and determine the
decay width for the various values of 8, by putting
£=0. With this approximation, the w— 37 system is
reduced to the GSW* model with only the p pole con-
tributing to the process. The values of I'(w— 3m) for
6=0 to 6=—1 are given in Table I. We observe that
for the choice of §= —1, I'(w — 3) is very close to the
experimental value, thus indicating that the contact
term may not be very important in this process. The
values for the ratio I'(w — my)/T'(w — 37) are also pre-
sented in Table I.

The photopion reaction y=4r—7-=n is related
directly to the w — 3x process through the off-mass-shell
amplitude (2.9) and we can evaluate the coupling
constant f,_s, defined in the following manner:

ef.,_3,/m,,3=F(s, 3 u'=m1r2) ’ (41)
where F is the form factor appearing in the matrix
element

(ylata=n) = Q2m)*s4(p7—k+—k~—k°)

Xenv)mﬁ;’(P)k;'—k)\_kaoF(sztyu) . (4'2)

We observe that the anomalous terms which do not
contribute to the physical w — 3 process will contribute
in this reaction, as the w is off its mass shell. Here we
have to make a choice of the two parameters &, b,
appearing in the anomalies. Bardeen’s choice! b;=56,=0
gives rise to only axial-vector anomalies. In the choice
2b,=3y, by=0, we eliminate A(AVV) but retain (4VV)
and out of the two four-point anomalies A(A4A4V) and
A(AAAV) we eliminate the latter. The question con-
cerning which set should be chosen is a dynamical one.
Additional experimental information is needed in order

? ¢ lumps together the two parameters A; and 4.

0 M. Gell-Mann, D. Sharp, and W. G. Wagner, Phys. Rev.
Letters 8, 261 (1962).

11 W. A. Bardeen, Phys. Rev. 184, 1848 (1969).

1 1
*7i0)
my>—u  my2—t

: "(1+5)( M )]} 34
2\/7.mp my2—s  mlP—u  m2—i o

to determine the specific values for the b;,’s. We have
made the choice 2b;=3y, b,=0.

We use the current mixing model, which Oakes and
Sakurai'? have shown to be the only one consistent
with Weinberg’s first sum rule for SU(3).7 Assuming an
octet symmetry breaking, they have calculated

Oy =35.0° 5 93=22.5°.

Knowing 0y, we can calculate fy by using the first
Weinberg sum rule

4.3)

g’ 3
—_—= —-;(m(,“’ cos2y+m,? sin%fy)

m,,z Y

along with the KSRF relation.® Thus we obtain
frt o1
47 sin%fy

=9, (4.4)

Using vector dominance, one can show that

oo NI, g

Tr—vyy) 3\ mum.

which on using (4.4) gives a value of 1.3X105 for
the ratio I(w— my)/T(r —vy), consistent with
experiment.!3

For the other mixing parameter fz, we use the fact
that g,yn is experimentally small and by putting
g.nn=0, we get

(4.6)

With these choices of the coupling constants and
with £=0, f,_s is listed in Table I. Alternatively,
instead of putting £=0, we can determine { by fitting
the expression for w— 37 to the experimental decay
width I'(w— 37)=10.9 MeV. The value of £ (and
consequently f,_s.) depends on §. Estimates of f, s
for =0 to 6=—1 are listed in Table II. We observe
that for 6=—1, f, s, is very close to the upper experi-
mental limit.

fr cosfp=— fg sinfy.

( 12 17{) J. Oakes and J. J. Sakurai, Phys. Rev. Letters 19, 1266
1967).

13 Data have been taken from the tables of Particle Data Group,
Rev. Mod. Phys. 42, 87 (1970).

14 Aruna Chatterjee, Phys. Rev. 170, 1578 (1968) ; K. Kawara-
bayashi and M. Suzuki, Phys. Rev. Letters 16, 255 (1966).
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Tasii I. Decay widths with §=0.
d 0 —0.25 —-0.5 —0.75 —-1.0 Expt
T'(p— 27) MeV 73 92.4 99.5 115 130 90-150
I'(w— 37) MeV 7.5 8.0 8.4 8.9 9.4 109 + 1.1
T'(w— 7%) T (w— 3m) 0.15 0.14 0.13 0.12 0.12 0.13%+ 0.04
Sy—32X 1072 16.1 16.2 16.2 16.2 16.3 4 +15

We have estimated the effect of the anomalies in
various Ward identities of three-point functions
(AVV) and (PVV) and their consequences on the
7%y form factor. Our approach is similar to that of
Young,'® and our results agree for a particular choice
of the b/s with his quark-model calculations. In our

TagLE II. Form factor for y+n — w+m.

—0.75
20.4

—1.0
19.5

8 0
fr-32X 1072 22.8

—0.25
22.0

—0.5
21.2

Expt
4415

normalization the 7%y form factor is defined as

; / dts 69-5(0| T(jom-(2)§.5m(0)) | w0(k)

=45pv)\a[>)\9rF(P,q)/m7f' (47)

We write all the first-order Ward identities relevant
for the three-point function (4VV). Using the defini-
tions of the I'’s from (AS5) and (A6), the anomalies from
Appendix B, and writing the most general form of
I'®e(k,p),n from Lorentz covariance, one can easily
obtain

T @e(k,p) 200 ={ —ga,Frma, 2 (T1g°+Top?+T'sk?) — g4, Fr'ma, 2 cos™ (65— Oy)
X [% f5de® cosfy — (1/V3) frd®®® sinfp ][ 8(201—3y)ma,*m,~2(m,*—p*) (my2—q%)]

- 8b1gA 1~2(m’1412 _kz)[('mwz _q2)mp2mw—2 - (mp2 - P2):|} éuvxapxqa .

(4.8)

A similar equation holds for T®¢(k,p),x**. Using (4.8), the analogous equation for T®e(k,p)ne® and Eq. (4.7),
one can obtain in a rather straightforward way the following relation for the #%y form factor:

162 M

P2, = — e (21— 3y)ms /o [

/B pPme—q*my"
x[(\—/g sinfy cosfy—+%fv cosfy COSOB)"'L—_:‘

22
Me"—¢q

20,

};l—’ (P2—mpz) Fama,®

fB
— (———— sinfy cosfy —3 fy sinfp sin0y>
V6

(mA12—k2) COS(@B —oy)_l

p2mw2 _quF 2] ]

mw2 .__q2

i€’ gamx [ &
—peg+— [ [
V3 Frma? j)z—m,,z m¢2_q2
Therefore,
4 my
F(0,0,0) = — — —1e2(2b1—3y) . (4.10)
3F.
If one uses the value 2b;=23y, then
F(0,0,0)=0, (4.11)

which is the result of Sutherland. If, on the other hand,
one uses b;=0, then

2 a my
F(0,0,0)= - — —=0.15c,

7T Fe

(4.12)

which is ~%, the experimental value for F(0,0,0).

15 B, L. Young, Phys. Rev. D 2, 606 (1970).

(T199%+T92p?+T'3%k%) +¢ <> w]} +{p—q}. 49
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APPENDIX A
In our normalization the proper vertices are given by
M<(g1,q2,93) s**€,°(qs) , etc.,

where €, is the w polarization vector. With this
normalization, we have the following definitions for the
various four-point functions:
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When V2=V,
(auA ua(ql) 3,4, b((h) VPN (93) Va8(94)>

3 (Fome?)’
=— ECOSOY m¢2A¢(q4) vu’M(P(ql)qZ)qK) J,abc

Ty (ma®—q:®) (ms®—qo®) (ma*—qs°
—-sin0y mszm((h) cm’Mw(quq2’q3) ’,abc] ) (Al)
(9,4,%(g1)9,4,%(g2) Ax*(g8) V 4*(g4))
‘/3 (F rmwz) ng 1—1

- ; (ma®—q1®) (ma2—q2?)

AAl(qfi)M\'[COSOY mv2A¢(q4) va’MP(QI)q%qs)A’ ”,abc

‘/3 Bty ¢ _SinaY mw2Aw(¢I4)u'M"’(‘Ih(Iz,q:»‘))\'w“b”] .
x Mr Q3N

I, 2 ab
- [cosby m4?Ay(q4) sar M #(g1,q2,98) o>
Fr (mg2—gs?) (ma2—qs?) (m2—gs?) ’ ’

_Sine}’ mszw(q«!)av’Mw(qhq%q:i) ’,abc] ’ (Az)

(8.4 u“(91)Av"(42)Ax°(<Is) V4(g4))

\/3 F"lr’”'trzglil—2
=1— —————A(g2)w A as(gs)rv[coshy Mm*Ao(g8) s M #(q1,92,98)w N o+

fr ml—q .
—smﬁy meAw(q4) W'M“’(Q1,q2,Q3)u'x'a'“b“]

—_——

'\/3{ l: F“lr277Z1r2q2vg111--1
fr

A 4:1(g3) (oSO 7,2 o (q4) sor M #(q1,G2,G3) 1 o+
(mf2—412) (mwz'—'q22) ' : o

—sinfy m,2Au(qe) o M ‘”(ql,qz,qs)xw“'”)]-l-[@ gz v\ berc]
V3 F ramr2q2vq3x

T () (g (e — )

[cosy m,2Ap(qe) oor M #(q1,92,3) 02
—sin0y mszw(q4) vc’Mw (91,42793) v,abc] ’ (As)

(A,(q1)4,%(g2) Ax(gs) V5(qs))

V3
= }'—gAl—sAAl(ql)uM’AAl(q2)W'AAl(q3))\)\'[C050Y M oA o(q4) e M #(g1,G2,98) w7
Y .
—sinfly mszw(QAl) u'M“’((Ithqs)u'v')\'v""”]

'\/3 Qv
+ "“ngm—z [ ZAAl(ql);m’AAl((h) M’[COSHY mpr(qD 00'M¢(q2191;93)u’)\’a"bac
M —42

Y
—sinfy m?Au(ge) oo M “(2,91,93) w1+ (g2 > qu; v p; b @)+ (g2 > gz5 v N b )
q1 q3)\AAl(q2)w’
- "“‘Frngl—l { : ECOS@Y m¢2A¢(Q4) vv’M¢(qlaq3)q2)v' .90
e (mz2—g1%) (ms*—qs?)
—sinfy m,*Au(q4) ser M “(q1,q3,92) % ¥ ]+ (24> q1; D> @5 v > )+ (g2 > g3; v <> N; Do)
\/g F13q1uq2vq3)\

[cosfy my2A4(q4) oeM #(q1,92,05) %
—'SinoY meAw((]z;) dr’Mw(quq%q:‘;) G,abc] ’ (A4)

fr (me—q1%) (ma?—qs) (ms*—gs?)
where we have used the field-current identity
V8= —(cosly m 2o —sinfy m,%w)) .
Y

The subscripts w and ¢ indicate whether the proper vertex functions contain the w or ¢ field. We have used the
convention of Ref. 5 in that in the M’s the divergences of the axial-vector currents stand to the left of the axial-
vector currents, which themselves stand to the left of the vector currents.
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q1=—q1—g2—q; and @, b, and ¢, are the SU(3) indices and vary from 1-to 3. Ay(q)uw and Ag,(g)uu are the
covariant spin-1 parts of the unrenormalized vector and axial-vector propagators as defined in Ref. 5. A, (k) is

the ¢ propagator,
1
Aw(k) ' =

and similarly for A, (k).

kukyr
mﬁ—kz(gw— m,,z)’

We further assume the p and A; dominance of the 1~ and 1%+ spectral functions, ie., Cy=—g,2/m,2%
Ca=—ga,2/ma4,2 The definition for the amplitudes (444 V?), etc., can be written in an analogous manner. The
pole structure of the three-point functions I'® can be seen in Ref. 5. T'® and T'® refer to the three-particle
vertices with the superscript (1 or 2) indicating the number of vector particles present.

For T'® we have the following definitions:

(42 R)V,H(P)V23(g))

V3
= —‘gArlgp_lAA(k);m’A V(?)w’[COSBY m‘,zA,,,(q))\wI“”"(k,p),,',.:y“"—sint’;'y mszw(Q)M'F (2)w(kyp)u’t")\'ab]

Y
Frg, %k, .
—f— - szv(p),,'[cosﬂy M2 (@A T @0(k,p),\ 2 —sinby mo2Au(@)an T @9 (k,p),n%%], (AS)
Yy My”—
(auAna(k) va(P) sz(q»
V3 Fom? .
=— Ay () [cosy my?A (@ T P 2(k,p)yn 2P —sinby my2Au(g) T D (k,p),¥].  (A6)

fr ma2—F?

APPENDIX B: ANOMALIES

We follow the notation of Brown et al.? The only
anomalies we are interested in are the two axial-vector
anomalies

An(A*(R)Vo(p)Ve(q)) =8(2b1—3y)d**€enappads
Ano(A%(R)A¥(p)A°(q) VA1) =2iemnga
X{W1[b1(g+28) a+8ibokaty(t—p)a]
+W oL 613t —k) a+8ibokaty(3t—F).]
+W oL —b1(p+2t) o —8ibskat+y(g—1)a]},

where the above anomaly refers to Ward identities
obtained by contracting on the first (leftmost) axial-
vector current.

WlE Tr[)\a)\b)\c)\d _—AaTbeAGT)\dT] ’
Wo=Wilced), Ws=Wi(b<>¢)
and
y=1/(24r%).

We also have the vector anomalies Ay as follows:

4 AnY(A(k) V¥ (p)V(q)) = 8b1d**eunappags
an

AunV(A°(R) A (p)A°(9) V4(2)) o
= 16b2€,‘y)\qtv(Wl+W2‘W3) )

where we have expressed the current which is contracted
in boldface. Fortunately, there are no anomalies left in
the normal-parity series of Ward identities after
introduction of counter terms, nor are there any
anomalies in the first-order Ward identities involving
9,4, in the abnormal-parity series.



