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Essential Breaking of Scale Invariance in Nonlinear Chiral Lagrangian Models*
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We show that, in the conventional chiral SU(2) SU(2)-symmetric nonlinear Lagrangian models of
pseudoscalar mesons, scale invariance is essentially broken. Although a dilatation current $&(x) generating
a scale transformation for the meson Gelds can be explicitly constructed, it is impossible to choose a canonical
frame in which the axial-vector current transforms with scaling dimension 3 under' this scale transformation.
The convict between scale invariance and the nonlinear realization of chiral symmetry is exhibited through
the chirai nonvariance of the new energy-momentum tensor S», which gives 5)&(x)=xp»(x) and
8„$I'(x)=8„&(x).Furthermore, we also show that, in nonlinear models, there is no chiral-symmetric tensor
which can approach this new energy-momentum tensor in the free-Geld limit.

As shown in Ref. 4, the Lagrangian (1) is invariant
under an SU(2) transformationS INCE the possible relationship between scale trans-

formations and the dynamical structure of 6eld
theories became a subject of various investigations, it
was suggested that the breaking of scale invariance and
its interplay with chiral symmetry are important for
the understanding of hadron dynamics. ' In this paper,
we investigate the role of scale invariance in- the con-
ventional nonlinear Lagrangian models of chiral
symmetry. ' As we shall see, in contrast with the linear
models, s scale invariance and chiral SU(2)SU(2)
symmetry turn out to be two conQicting symmetries in
these nonlinear models.

The general SU(2) 8SU(2)-symmetric nonlinear
Lagrangian for a set of pseudoscalar mesons can be
written as4 '

Na ~ ga =ga &aaA+bgc

as well as under a chiral transformation

(4b)

(5)

nil~ pa =0'e B&sI Ns(p) p

I'ea(V )=d.S '(V )——e.S4y4

The vector and axial-vector currents generating these
transformations are given by

(6)

(7)

~a &abc~5 Pc p

A a"=Faye'y" )

whel e
(1)2, =f ' tr(B„UBI'Ut),

=4f 'ds, dg, B&(p—g

Lx,e(x,f),ys(x', f)j=—ib.sb(x —x'),

where U=U(sf', y, ) is a unitary, unimodular 2X2 B(B„y&)
matrix, and v are the usual isospin matrices. From the
unltRly RIll unlnlodulRl corldltlon we CRn write From the canonical commutation relation

U=id 4(y)rsU,
8ga

(2) we have

LV,e(x,f),ys(x', f)1=is,s,y, (x,f)b(x—x'), (9)
where d, q must satisfy the integrability condition, i.e.,'8, 8

d, s— d„= 2eg„d,dd4—, (3).
Pa
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3

LA,e(x,f),ys(x', t)g=sF, s(fII)B(x—x'). (10)

DiQerent models of the nonlinear relization of the
chiral syrnmetrye thus correspond to diferent forms of
d,q(q), and therefore F,q(q), satisfying the integrability
condition (3).

In all the models, it has been shown in Ref. 6 that

lim tr(B„UB"U+)= ',f'B„j,B&(p—,+O(f4). (11)
f~0

Therefore, in the limit f +0, the Lagra—ngian (1) be-
comes the Lagrangian of a set of massless free 6elds
which is exactly scale invariant. However, in the
presence of chiral-symmetric interaction, since the
parameter f has a physical dimension of (mass) ', the
scale invariance is expected to be broken. In the case

s P. Chang and F. Gursey, Ref. 2; F. Gursey, Acta Phys.
Austriaca Suppl'. V, 185 (1968).
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of broken scale invariance, we even have to define what
we mean by a scale transformation. This is usually
done by requiring that there be an interpolating Geld
transforming as~

q. (x) —+ p.'(x') =5'p. (sx), (12)

where / is the scaling dimension of the field y . The
scaling dimension l may or may not be equal to the
dimension 1 of the free meson field. ' However, in the
following discussion, it is not important to know the
precise value of l for these pseudoscalar fields. For a
constant 1, the current generating the scale transforma-
tion (12) can be written down in the usual way as

s~(x) = l~.~y.+—x„T~"
such that

LD (t),p. (x,t)]= i(t —x„B")y. (x,t),

tion of motion. For l=0, we can immediately see from
Eqs. (18a) and (18b) that the time component of the
vector current transforms with scaling dimension 3 but
the spatial components transform with scaling dimen-
sion 1. When the spatial and time components trans-
form differently under the scale transformation, one
cannot have asymptotic scale invariance without violat-
ing the principle of relativity, and therefore the scale
invariance must be essentially broken. '

For l/0, we can then see the convict between the
scale invariance and the nonlinear realization of the
chiral symmetry. It has been shown that' the time com-
ponents of the vector and axial-vector currents should
have scaling dimension 3 in order for the current
algebra to be preserved under a scale transformation.
On the other hand, as seen from Eq. (18c), the condition
for l@——3 is

where TI'" is the canonical energy-momentum tensor

(15)

BF,p

y~ —I" ~=0,
~Pa

(19)

and D(t) is the dilatation operator

(16)

which requires F,b(p) to be a homogeneous function of
q . As shown in Ref. 4, the general form of Ii ~ can be
written as

(20)

PD(t), V,'(x,t)]=i(—3—s„l9")V,'(x, t),

PD(t), V b(x, t)]= i(—1—x„B")V,b(x, t)

(18a)

+l d'x'L V,'(x, t),

vr b'(x', t) &pb(x', t)], (18b)

LD(t),A, '(x, t)]=i( 3 x„B")A—,'(x—,t)

where the commutator on the right-hand side of Kq.
(18b) can be explicitly calculated by use of the equa-

~ G. Mack and A. Salam, Ref. 1.
8 K. Wilson, Ref. 1.

Let us not investigate the scale transformation
properties of the vector and axial-vector currents. If
these currents have definite transformation properties,
we should have

LD(t), V.~(x,t)]=iD(V.~) —x.8"]V.~(x,t), (17a)

LD(t),A.~(x,t)]=iD(A.~) —x„B"]A.~(x,t), (17b)

where l(V) and t(A) are, respectively, the scaling di-
mensions of the vector and axial-vector currents. For
our purpose, it is sufhcient and more convenient to
consider all the space-time components of the left-
hand side of Eq. (17a) but only the time component of
the left-hand side of Eq. (17b). From the canonical
commutation relation, it is straightforward to show that

The integrability condition (3) together with the
de6nition (5) for F,b implies that. A and B must satisfy

dA
AB 1 2(A+ (p'B—) —=0.

p 2
(21)

Th.e functions A and 8 can thus be determined by Eqs.
(19) and (21).The result is

A (p2) b (p2)1/2 (22a)

where b is an arbitrary constant. In this case, the axial-
vector current is given by Eqs. (7), (19), and (22) as

A,&(x) = [i5.b(q')'"+by, yb(q') '"]~b". (23)

Due to the factor i in front of the 6 q term, the axial-
vector current becomes non-Hermitian. Therefore,
from the point of view of chiral symmetry, the condition
(19) for the axial-vector current to have the desired
scaling dimension 3 possesses no acceptable solutions.

We have thus shown that, within the general
formalism of chiral symmetric nonlinear Lagrangian
models, it is impossible to find any canonical frame,
specified by A and 8, in which the current algebra is
scale invariant. The convict between the nonlinear
realization of chiral symmetry and scale invariance
can further be made clear by considering the new
energy-momentum tensor P"." From the isospin

~ M. A. B. Beg, J. Bernstein, D. J. Gross, R. Jackiw, and A.
Sirlin, Phys. Rev. Letters 25, 1231 (1970).' C. G. Callan, S. Coleman, and R. Jackiw, Ann. Phys. (N. V.)
59, 42 (1970).
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An+ y'y= 1,

A p+&(~+~'p)+7=o

Ay+a =0.

From Eqs. (8) and (25), it can be shown that

~."~.=4f 'v.8"~.L~(v')+v'P(v')7

(26a)

(26b)

(26c)

(27)

The right-hand side of Eq. (27) can, therefore, be
expressed as a total derivative,

~,~y, = 8 "G(p2)

with G(y~) given by

dG/dp'=2f '(n+v'P)'

(2g)

(29)

Then, via the prescription of Ref. 10, we can construct
a new energy-momentum tensor

such that
8""=7'""+'a?(g""& 8"8")G(v')—

n~(z) =x 8~"(x)

a„n~(z) =8„~(x).

(30)

(31)

(32)

The relationship between the scale invariance and chiral
symmetry can, therefore, be understood by investigat-
ing the properties of this new energy-momentum
tensor 8~".

It is obvious that 8~" is isospin invariant. Further-
more, for the completely chiral symmetric Lagrangian
(1), the canonical energy-momentum tensor T"" is
chiral symmetric. Therefore, we only have to investigate
the chiral transformation property of the second term
on the right-hand side of Eq. (32). Since the axial
charge operator

Q,'= d'x A.'(x)

is independent of time, the commutation with Q,
and the space-time differentiation of G(p) is inter-
changeable. The chiral transformation property of
8&" is thus completely determined by the commutator
LQ, ',G(y')]. From Eqs. (10), (29), and (30), we have

invariance, d, i, (y) can be written as

d. i (q) =8.i,n(q')+q, pi,p(q')+c, i„q,y(q'), (24)

where n, P, and 7 are related to A and J3by the condition

d.~(~)d~. '(v ) =8-.
From Kqs. (5), (20), (24), and (25), we have

On the other hand, from Eqs. (25) and (26), we must
have

(A+ p'8) (e+y'8) =1,

which implies that neither A+y'8 nor n+p'8 can
vanish if both d, i, (y) and d, b '(&p) exist. As a result
G(q'), and therefore 8"", cannot be a chiral scalar if f
is a finite c-number parameter. Therefore, in no
canonical frame can we 6nd a new energy tensor satisfy-
ing (31), (32), and chiral invariance at the same time.
The chiral noninvariance of P" reQects the noncom-
mutativity of the dilatation and axial-vector charge
operators (which can also be shown directly), and
therefore the conQict between the symmetries gener-
ated by these two operators.

Furthermore, we also want to point out the follow-
ing question associated with the chiral noninvariance
of the new energy-momentum -tensor. As seen from
Eqs. (1) and (11),the nonlinear models have a massless
free-field limit when f approaches zero. If the new
energy-momentum tensor

8i»,""=8"p8" cp ~g""8"pN. q&+s (g""CI—8"8")y2 (35)

is indeed the energy-momentum tensor for a .set of
massless free scalar (pseudoscalar) fields, then can
we construct a new tensor, satisfying Eqs. (31) and
(32) or not, for the nonlinear models, such that it
becomes 8i„J'" in the limit f~ 0? As we shall see, the
answer is again negative.

It was shown in Ref. 6 that in all the known models
we have

(36)

In other words, we have

(37)

Therefore, taking l=1, the new energy-momentum
tensor 8"", given by Kq. (30), does have the limit (35).
As seen from Eq. (4b), a chiral transformation cannot
transform q, into some function containing the de-
rivatives of q, . Hence the only possibility of making
8&" chiral invariant and still having the limit (35) is to
add some other function of ic' to G(y') such that the
result is chiral invariant but the additional function
approaches zero in the limit f +0. However-, if we
call the resulting new function P(y'), it can be seen
immediately that

(38)

which can not vanish unless dF/d y'=0. For dF/8 &p'=0,
P must then be a constant c number and therefore

(g""l:j—8"8")F(v"') =0. (39)

=2' 'v.(A+v'&)(~+a'P)' (33) However, the tensor thus constructed just becomes thy
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canonical energy-momentum tensor which only ap-
proaches the canonical energy-momentum tensor of the
massless free fields instead of er„,&" in the limit f~ 0.

To conclude, we have shown that axial-vector current
can not have scaling dimension 3 in the presence of the
nonlinear realization of chiral symmetry for the con-
ventional models. In other words, if we require the
axial-vector current to have scaling dimension 3, then
it becomes non-Hermitian. The conQict between scale
invariance and chiral symmetry is further rejected by
the fact that in no canonical frame can one find a
chiral-invariant new energy-momentum tensor. Further-

more, we have also shown that it is impossible to
construct a new chiral-invariant tensor for the con-
ventional nonlinear models such that it will approach
the new energy-momentum tensor in the free-Geld
limit. The scale invariance is thus essentially broken in
the conventional nonlinear Lagrangian models of
chiral symmetry for a set of pseudoscalar fields, unless
the models are drastically modiGed.

The author would like to thank Professor Charles M.
Sommer6eld and Professor Roman Jackiw for helpful
discussions.
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A Veneziano model is presented for the scattering of pions on isoscalar vector mesons of arbitrary mass,
including photons. In addition to the leading term of the amplitude, we allow for satellite terms. The first
ones are determined by the requirements of the absence of daughters and the correct widths for the 6rst
resonances in all channels.

I. INTRODUCTION

'N this work we build a Veneziano-type amplitude'
~ ~ for the process m+ Vi ~ m+Vs (V; is an isosinglet,
C= —1, vector meson). The main feature distinguishing
this work from previous papers' is that particular em-

phasis is given to the structure of the amplitude in the
lowest resonance region.

Veneziano-type amplitudes enjoy the benefit of
crossing syrrimetry and correct asymptotic behavior,
displayed by the leading term. Their main defect is
generally the lack of unitarity. ' On the other hand, if
one wants to describe low-energy scattering, the best-
known way to do it is by means of dispersion relations.
There we run into the problem of subtraction constants.
In order to match these two approaches, the validity

*Based in part on a chapter of the thesis submitted to the
Senate of Technion by N. Levy in partial ful6llment of the require-
ments for the D.Sc. degree.

t' Research supported in part by Stiftung Volkswagenwerk.' G. Veneziano, Nuovo Cimento 57A, 190 (1968).
2A. Capella, B. Diu, J. M. Kaplan, and D. Schi8, Nuovo

Cimento Letters 1,655 (1969);P. Carruthers and K. Lasley, Phys.
Rev. D I, 1204 (1970); in contrast to these works our model does
not contain the e(0+) in the s channel. For ~=p scattering see,
e.g., E. S. Abers and V. L. Teplitz, Phys. Rev. Letters 22, 909
(1969);Phys. Rev. D 1, 624 (1970).

'For attempts of unitarizing Veneziano amplitudes, see C.
Lovelace, Proceedings of the Conference on ~~ and E~ Interactions

E,
'Argonne National Laboratory, Argonne, IIL, 1969l, p. 562.

of the Veneziano amplitude should be ensured at
lower energies. In doing so one has to resort to addi-
tional criteria in order to determine the next-to-leading
terms. The criteria used by us promise that the
Veneziano-type amplitudes will be free of daughter
trajectories and we fulG11 this requirement, at least in
the region of lowest resonances. The amplitude derived
here will be matched with a dispersion-relation approach
in a theoretical study of the decay s& —& 2w+y. '

The plan of this article runs as follows. In Sec. II
we define invariant and parity-conserving helicity
amplitudes. In Sec. III the asymptotic behavior of the
amplitudes is given. In Sec. IV we compute the con-
tributions of the p and fo exchanges. In Sec. V we build
the Veneziano amplitudes, and in Sec, VI the main
features of our amplitude are discussed, with particular
emphasis on the reasoning that leads us to eliminate
daughter trajectories.

4A Veneziano-type amplitude contains a priori an infinite
number of satellites whose coeKcients are usually determined by
additional requirements. In some cases, all satellite coefFicients
may vanish. This may happen for special values of e, &=a(s)
+o.(t)+cx(N), such as e=2 in the original work of Veneziano
(Ref. 1) or a=3 in our amplitude given in (5.1) and (5.2), while in
C. Lovelace's work t Phys. Letters 283, 264 (1968)j,. the require-
ment of Adler's consistency conditions on x~ and m-X amplitudes
eliminates the satellite terms.' N. Levy and F. Singer, Fhys. Rev. D g (to be published).


