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We show (1) that the two-body cross section for monopole-antimonopole annihilation is
smaller when photon discreteness effects are included than previously believed; (2) that
the three-body annihilation process should dominate the two-body process; but (3) that,
even when monopole clumping and monopole dilution by entropy production is taken into
account, these processes do not appear to provide a solution to the cosmological monopole
problem in that either the monopoles do not annihilate or they annihilate so late that an

unacceptable amount of entropy is produced.

I. INTRODUCTION

Grand unified theories' of the strong and elec-
troweak interactions offer the possibility of ex-
plaining the baryon excess of the Universe? but
have the apparent problem of producing too many
magnetic monopoles.>* Mechanisms have been
suggested for reducing the initial monopole produc-
tion,> 7 but they are uncertain and generally have
undesirable side effects. Gravitational clumping
has been suggested* and analyzed®’ as a possible
means for enhancing the radiative recombination
and subsequent annihilation of monopole-
antimonopole pairs, but this mechanism is not suf-
ficient.

In this paper we shall show that the cross sec-
tion for two-body annihilation is even smaller than
that previously used. We then investigate the
consequence of a number of multibody interac-
tions, particularly three-body recombinations, that
have not been considered before for monopoles.
Some of these mechanisms are much more effec-
tive than those previously analyzed and a priori
might lead to the annihilation of most monopoles.
However, we have not succeeded in finding a
mechanism which can get rid of the monopoles
early enough so that they do not produce more en-
tropy than is allowed by present upper limits on
the photon-to-baryon ratio.

For notational simplicity, we shall set i=c=G
=k =4mep=1 to obtain Planck units in which
every quantity is dimensionless. To obtain the esti-
mates which are sufficient for our purposes, and to
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emphasize the basic physics without getting bogged
down in numerical details, we shall usually neglect
factors that are close to unity, such as 4, the
number of participating particle species, various
logarithms, etc. Only when one finds a marginally
effective mechanism for solving the monopole
problem would it be worthwhile to go back and
put in these numerical refinements. When it is
necessary to put in numbers, we shall take the elec-
tric charge as e =a!/?~ 107, the magnetic charge
of monopoles as g =integral multiple of %e -1
a~1/2-10, and the mass of the monopole'® as
m ~10'® GeV ~10~2 in Planck units.

The early Universe contains number densities ns
of free monopoles, n;, of bound monopoles,
ny =spatial average of ns+n, (all monopoles), n,
of charged light particles (plasma), n, of photons,
and 7y, Of other particles. During the times of
interest, n, ~n, ~Roher ~Tp 3, where T, is the plas-
ma temperature. The plasma will be relativistic
for T, > Mejectron ~ 1077, so the charged-particle
rest mass will be ignored, but the monopoles will
have temperature T); <<m and so will be nonrela-
tivistic. The entropy density is then

~

3
S~np +np +ny+nother~Tp ’

and the energy density is p=pys +p, ~mmnp +T,*.
When the Universe is nearly homogeneous and iso-
tropic, the spatial curvature is negligible at early
times, and the Einstein equations imply an expan-
sion time scale ¢ ~p~!/2 (roughly the age of the
Universe then).

It is convenient to choose a comoving scale
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length a such that a cell of this size would contain,
on a spatial average, one unit of entropy S (i.e.,
roughly one particle) at some initial time after
monopole production. As the monopoles annihi-
late far out of equilibrium, S =sa> will increase
above its initial value of unity. Then one may dis-
tinguish between the decreasing number v=na>
of monopoles per comoving cell volume and the
more rapidly decreasing ratio

e=v/S=nya’/sa*=ny /s ~ny/n,~nyT,™*

(1)
of monopoles to entropy. Since the annihilation of
one monopole releases energy m which is then
thermalized at temperature T, to increase the plas-
ma entropy by m /T, >>1,

m m
=— —dy=—— S+Sd 2
ds T, dv T, (edS+Sde) (2)
or
€ de
InS = __a€e
nS = ffi i T, /m (3)

where €; =v; is the initial monopole-to-entropy ra-
tio at § =S;=1. Contributions to the integral are
only significant during periods of monopole dom-
ination of the Universe’s energy density. Since the
effective initial time is after the production of the
supermassive bosons that decay into a baryon ex-
cess? of no more than 10~2 of the entropy, one
must have today Sy < 10° to avoid diluting the
baryon-to-entropy ratio below the presently ob-
served lower bound (10~!!).8 On the other hand,
the present cosmological limits on the density of
the Universe imply*® that €, <107*%. Then if we
assume that the plasma temperature is monotoni-
cally decreasing with time (since it is hard to see
how the monopole annihilation rate could be fast
enough to raise 7, without thereby cutting itself
back), we have

€ de
In10°>1nS,;=Ins— [/ —%5 —
n ZnSf InS fe e+Tp/m
€+T,/m
InS +In | —2—
>InS+1In ef+T,,/m] 4)
which implies
v=Se< 1071+ (10°-8)T,/m (5

at the time the plasma temperature is 7,. Thus
the monopole number per initial entropy must de-
crease at least to 107'° by T, ~107*m ~10 eV.
There are corresponding looser bounds on v at
higher temperatures. There may also be a problem

with thermalizing the annihilation radiation if it
occurs too late. See Appendix A for a very brief
discussion of thermalization.

Zeldovich and Khlopov?® estimated the annihila-
tion of monopoles diffusing through the plasma
when their mean-free path is short compared with
the size 7y of bound pairs with an ionization ener-
gy ~a~'ro™" equal to T,; ro~(aT,)~!. Preskill*
used an improved estimate of the monopole-plasma
scattering time

rs~mTp“2 (6)

to deduce by the same method that the monopole
number is reduced to

y~e~ma’~10"° (7)

at a temperature T, ~ma?~10'? GeV, which is
well within the limit (5). (Preskill actually ob-
tained 10~ '° by including a factor £~!/2 for

£ ~100 relativistic particle species.) However, at
lower temperatures the scattering by the plasma
becomes ineffective in binding monopoles into
pairs with 7 <r( so negligible additional annihila-
tion can occur by this mechanism. Zeldovich and
Khlopov® perform a classical calculation, which
Preskill* and later references®® also cite to give the
radiative recombination cross section for a
monopole-antimonopole pair to go into a bound or-
bit by the emission of bremsstrahlung radiation.
They find that for an incident velocity
v~(T/m)V?,

Oe~m 2a" W5 m 3572, 775, (8)

which is too small to reduce v significantly.

At temperatures below ma’/?~10'! GeV, radia-
tive recombination is even less effective than this
estimate because the classical calculation becomes
invalid. The incident motion of the monopole-
antimonopole pair may be treated classically since
they can be in wave packets which spread negligi-
bly during the magnetic Coulomb collisions for the
relevant large values of the angular momentum.
However, it is also important to consider discrete-
ness effects for the bremsstrahlung photons. The
classical calculation predicts capture for incident
angular momenta [ <I, ~a~'v~2/%, but for
I>1p ~a=*? (which is less than I, for v <a
the expected energy emitted is less than the dom-
inant emission frequency e ~ma~217? corre-
sponding to the time scale at closest approach. In
a quantum analysis of the electromagnetic field ra-
diated by the monopoles during their classical
motion, the number of photons emitted with
©> mv? has a Poisson probability distribution with

5/4)
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an expectation number N; ~(ly /I )26(1,, —1), with
the cutoff at I,, ~a~2/°v~2/3 where the dominant
photon frequency falls below the incident kinetic
energy. For v <a’/*, most captures occur when at
least one photon is emitted with o > mv 2, leading
to a quantum capture cross section

og~4mTm 22 ; (2I+1)[1—exp(—N;)]
~m =2~ 1y%In(l,, /1)
~m 2" (e /v) . 9)

For a®*<v «<1, I, <, so that capture generally
occurs by the emission of many photons, each with
© <mv? but whose total energy exceeds the in-
cident kinetic energy. This gives the classical cross
section (8).

Appendix B gives a more detailed analysis of the
classical and quantum cross sections, including the
numerical factors omitted in the body of this pa-
per. For monopoles of equal mass m and equal
but opposite magnetic charges i%na"l/ 2, the
cross section to leading order in @ ~>/%v or its re-
ciprocal is

0~37322.50m " a3 2
XIn(142-1/533/25=1,2/5, =20, —4/5) |
(10)

In any case, radiative recombination produces
only a negligible amount of monopole annihilation
after € is reduced to ~ 1071 by diffusion-induced
annihilation, because this two-body process has a
time scale

Ty~ {nyov) ' ~e7 T, 3m3 2Ty 2, (1)

which is far longer than the expansion time scale ¢,
just as it is for electron-positron annihilation in the
late Universe.!""!?

II. THREE-BODY RECOMBINATION
BEFORE DECOUPLING

Three-body collisional (nonradiative) recombina-
tion (M +M +M — MM +M) very early becomes
more important than radiative recombination for
the monopoles, as it also does for electrons and
positrons in the late Universe.!""'? Applying de-
tailed balance and an electromagnetic duality
transformation to the atomic collisional ionization
cross section!® gives a recombination rate coeffi-

cient into the nth bound level of
Ci,n"’n""n_:;TM_I(TM‘*'In)_1 ’ (12)

where the binding energy of the monopole-
antimonopole pair is

I,~ma=n"2, (13)

If we consider only binding into states with
I,>Ty (n <np~m'2a~'T),~'/?) which are not
likely to be broken up again, the three-body recom-
bination rate per monopole is

nr
-1 2
T3 ~Hy 2 Cin

n=1

~nf2m—1/2a-—5TM—9/2 . (14)

Using ny ~np~€T,’ the time scale 75 is shorter
than 7, for T, ~TM5mea—2~ 1078~ 10" GeVv
but is longer than the expansion time ¢ until much
later when the monopole temperature T, can drop
below the plasma temperature T),.

So long as the monopole-plasma scattering time
Ty ~mT, p_2 is short compared with the expansion
time ¢, the monopoles are kept in thermal equilibri-
um with the plasma. This has the advantage of
producing a drag force® on the monopoles which
causes bound pairs with I, > T, (and hence orbital
velocities higher than thermal velocities) to spiral
together and annihilate in a time 75 < ¢, but it has
the disadvantage of keeping Ty ~ T, so that 73 is
long. The ratio 7,/t ~mp,~"*p!/? is always small
when the Universe is radiation-(plasma-) dominat-
ed and becomes of order unity only when the
monopole mass density dominates that of the plas-
ma by m ~2~10% This occurs at the decoupling
temperature T; ~m>e. Only after decoupling can
Ty drop faster than 7,.

During radiation domination (7, > T'; ~me
~107 GeV), Ty ~T,, ny~ny, and 73/t
~m'2a%€2T'/2 > 1, so not very much three-body
binding occurs. Once the Universe becomes mono-
pole dominated at T, ~ T, 73/t ~ma’e /%, which
for e~10~? is within an order of magnitude or so
of unity. Hence there may be a small amount of
three-body binding followed by plasma-induced
spiraling and annihilation at this stage. Although
the number of monopoles is not reduced much, a
small reduction in number can reduce € significant-
ly by increasing the entropy per comoving volume,
S=sa’«T,%a’. Differentiating this expression
and using (1) and (2) gives
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-1

dInT, _ 1+_TL _Ig_dl]’ld_i

d Ine me m dlny 3
1
“met 3
~a%e T, — 5, (15

which has the approximate solution € ~a*7,*’* for
T, <me. This is valid until the temperature drops
to the decoupling temperature

Ty~m3eq~m3®T>~m3a'®3~10"2~1 MeV ,

(16)
at which point the rate of monopoles to entropy is
€g~m2a'?3~1071% (17

a factor of ma!/3~10~* of what it was at 7> T.
Very little of this decrease directly reflects a
change in the monopole number v, since Inv de-
creases by only a small amount ~m!a~1/>~1.
Most of the decrease reflects an increase in the
plasma entropy S by a factor ~10*. This by itself
lies within the bound Sy < 10°, but now the limit
(5) is being violated; the temperature is now so low
that if the remaining v~ma>~10~° monopoles
annihilate they will produce too much entropy (un-
less the temperature can be raised again without
cutting off the annihilation).

III. RECOMBINATION AND ANNIHILATION
AFTER DECOUPLING

Despite the entropy problem that apparently
arises if the monopoles do annihilate, let us exam-
ine what may happen to them after decoupling.
Three-body recombination becomes more effective
as Ty drops below T, but now the plasma drag
no longer causes the monopoles to spiral together
and annihilate on a time scale short compared with
the expansion time. Thus even if 73 drops below ¢
so that most remaining monopoles become bound,
they will exist in bound states a long time before
they annihilate; this worsens the entropy problem.
Later we shall examine the question of gravitation-
al clumping, which may increase the annihilation
rates somewhat,*®° but first simply ask how fast
bound monopole pairs can annihilate when 7, > ¢
and Ty < T,. For pairs with absolute energy
I, >T,, the plasma drag force® on the monopoles
causes them to spiral together with

dlnl T,?
n =_1_~_P_. (18)
dt Ts m

But if 75 > ¢, only a small amount of spiraling in
occurs before T, becomes too low to be effective in
this way.

When the plasma and monopoles reach densities
so low they do not have a significant effect on the
bound pair, it will spiral in from high principal
quantum number n and angular momentum / in a
time!*

2n30°
tdipolez mglo(n +l)2
~m~&’nb~m?a~1, 3 (19)

by the spontaneous emission of magnetic dipole ra-
diation. This can be a very long time. For exam-
ple, in the case I, ~ T; ~m’a!%/3, we have
Laipote ~m ~ Ba ~11_10% ~ 101! yr, so such mono-
pole pairs would still be around today, probably
greatly in excess of the cosmological upper limits.
One must consider, however, the effects of the
plasma and other monopoles. For a long time the
orbital frequency of the bound monopole pair,
o~ma~n"3~m~1%al,’”?, is much lower than
T,. One might think there would be a large num-
ber of photons per mode, leading to absorption and
stimulated emission of radiation. But such elec-
tromagnetic modes do not exist below the relativis-
tic plasma frequency

wp~al/2Tp , (20)

so no photons can be emitted or absorbed for
® <w,. One can calculate the energy dissipation
of the orbiting monopoles’ evanescent fields due to
ohmic losses in the plasma, which has a mean-free
path A, ~a™*7,~" and a conductivity ~a~'T,.
This turns out to be essentially the same as the dis-
sipation (18) due to the plasma drag force, which is
calculated® by assuming the charged particles act
independently on the monopoles. (The individual
particle effects must go over to the collective parti-
cle effects at an impact parameter roughly that of
the mean-free path, which explains the approxi-
mate equality between the two since the ohmic
losses are greatest near this distance.) There is also
some energy radiated into phonons, but generally
much less power goes into sound than into heat.
Thus none of these plasma effects lead to much
monopole annihilation if 75 > ¢.

Now consider magnetic Coulomb collisions be-
tween monopoles. Free monopoles with tempera-
ture T), undergo large-angle scattering with a cross
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section o ~a 2Ty, 2, which leads to a free-free
thermalization time

Teg~m 1/2(12’1 _ITM3/2 . (21)
This is less than the expansion time for
e>m a4(nM/nf)2( Ty /T, 3,

so until or unless € becomes smaller than €4, the
free monopoles are kept nearly in thermal equili-
brium with themselves, though not with the plas-
ma when 7 >¢. Bound monopole pairs with

I, < Ty, will also be kept in thermal equilibrium at
the Saha abundances, but there will be a deficit of
pairs with I, > T, as the three-body recombination
rates are not fast enough to maintain the thermal
abundances. Collisions with free monopoles will
cause the abundances to diffuse inward to lower
quantum levels #, but this will be limited by the
collision rates. For bound pairs with I,, > Tj,; and
| ~n —1, the magnetic analog of the Stark effect
pulls in an incident-free monopole with energy
E~Ty and angular momentum L <7 to a close
collision'! which should lead to a nonperturbatlve
redistribution of energy (e.g., with the ejected
monopole carrying off energy ~1I, and the remain-
ing pair being left roughly twice as strongly bound
as before). The cross section for this

MM +M— MM +M is 0 ~n’m ~'E~1, which
gives a bound-free collision time per bound pair of

Tog~m 1 2ain L Ty 2 (22)

These collisions will cause the pairs to become
more tightly bound until

Tof/t ~ma26_’/2nMnf‘II,, TMx/sz —3/2

becomes of order unity, thus leaving most bound
pairs with

n~mnpnp 12T V4 (23)

If most monopoles become bound (n, > ny), it
may also become important to consider bound-
bound collisions between pairs of bound mono-
poles. Since the force between pairs falls off more
rapidly with distance than the angular momentum
barrier (unlike the case of a free monopole attract-
ed to a bound pair with a 1/7? potential), the cross
section will be given roughly by the size of the
larger pair,

—2.2.4 _

O~ry2~m2a’n a™,7?%,

leading to a bound-bound collision time scale

Top~m 2a’n, ~,2 Ty, ~ 12 . (24)

However, this will be longer than 7,; unless

ng/ny < Ty /1, which is unlikely to occur while
these collisions are important, since they them-
selves tend to replenish the free monopoles by
MM +MM — MM + M + M, which occurs as well
as MM + MM — MM +MM.

To calculate the three-body collisional recom-
bination rate by (14), we need to know the time
evolution of the number density n, of free mono-
poles and their temperature T),. After decoupling
from the plasma, the bound monopoles take a
much longer time to annihilate than they did to
form, so during the recombination stage we may
ignore the decrease in v due to annihilation. Then
y=ny/ny ~nsmt* decreases as d Iny /dt = —7,~"
with the rate given by (14). If the monopoles were
completely decoupled from the plasma, we would
have Ty «a ot =%/ from the expansion of the
Universe, assuming for now it is isotropic and
homogeneous (no gravitational clumping), and ig-
noring the heat released by the binding of the
monopoles into pairs. But the coupling with the
plasma only decreases gradually, so there will be
heating by the plasma and T, will not drop quite
so fast. There are far more plasma particles than
monopoles, so this coupling will have a negligible
cooling effect upon the plasma itself. The slow an-
nihilation of the monopole pairs will actually cause
the plasma entropy to increase somewhat, but as a
first approximation we may ignore this and assume
the plasma cools purely by the expansion of the
Universe:

T, B R FP S VM V2

~m— a—10/9t—2/3 (25)

Combining the effects of the expansion and the
plasma coupling on the monopoles, using (6), we
get

dInTy /dt ~2d InT), /dt
+m AT, T~ 1), (26)
which for T, << T, has the solution
T ~Tg(Tp /Ty > ~m 2%, 1t~}
~m "m0 -1 (27
Then the three-body recombination proceeds by

—dIny /dt ~m37  ~ynyPm ~ V25T, %72

~y m31/2a1()t1/2 (28)
with the solution

yEnf/nM~(1+m31/2a1°t3/2)_1/2 . (29)
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Extrapolating to the present time ¢y~ 10'° yr
~10°%! gives yo~ 10713, so nearly all monopoles
would be bound today by this process, though dis-
ruptive collisions between bound pairs are likely to
make the fraction of free monopoles somewhat
higher. The majority would be bound (y < %) by

ty ~m ~313q=2073 _10% <1 sec. (30)

Collisions with the free monopoles would, accord-
ing to (23), leave most pairs bound somewhere near
the quantum level

n~m="3q=32_102, (31)

which decays to small n and annihilates only after
the dipole emission time

taipote ~m ~ a6 ~m ~15a~10.- 1056 1015 yr.
(32)

Thus, most of the monopole pairs in a homogene-
ously expanding universe would not have annihilat-
ed yet, in violent disagreement with the limits im-
plied by the density of universe.*®

IV. GRAVITATIONAL CLUMPING

Preskill suggested* that the gravitationally in-
duced growth of density inhomogeneities (clump-
ing) may increase the annihilation of monopoles.
Goldman, Kolb, and Toussaint® (hereafter GKT)
and Fry’ found that the enhancement of the (in-
valid) classical two-body radiative recombination
rate is not sufficient to produce enough monopole
annihilation. As discussed above, correcting the
error for the radiative recombination rate merely
makes the problem worse. However, we need to
examine to what degree the more effective three-
body nonradiative recombination rate is enhanced
by gravitational clumping. We find that this does
not work either, for hydrodynamically stable
clumps can form only after decoupling,® which is
too late for the monopoles to annihilate without
producing too much entropy. However, it is of in-
terest to consider what would happen to monopole
clumps that form after decoupling.

Density inhomogeneities can grow gravitational-
ly only on scales larger than the Jeans length,'® and
only after this length comes into the horizon,
which requires that the Universe be matter dom-
inated.” As GKT discuss,® this first occurs long
before decoupling, so there can be clumps of cou-

pled monopoles and radiation. But the pressure is
then dominated by the relativistic plasma, so such
clumps cannot attain hydrostatic equilibrium un-
less they expand to R > e~ 'M, before which decou-
pling occurs. Hence, the gravitationally bound
clumps which stay coupled will either recollapse all
the way into black holes of unacceptably large
mass,® or else they will fragment into pieces even-
tually small enough for the plasma to leak out. In
any case there will not be a significantly enhanced
(say more than a factor of 2) annihilation of mono-
poles before decoupling.

After decoupling, the monopoles can collapse in-
dependently of the plasma, in which case the Jeans
mass becomes'®

MJ ~m —-ZnM— 1/2TM3/2

<My~m —2ed'—1/2~m 353101210 g .
(33)

M4, the Jeans mass at decoupling, corresponds to
Ny=m " My~m~4a=33 10" (34)

monopoles. Clumps will first form with this num-
ber of monopoles and greater, and then later as M,
decreases smaller clumps may form or possibly
fragment out of the larger clumps. If an isolated
clump starts at radius R; as a small density pertur-
bation (8p/p);, 8p/p will grow «t?/?« R until it
becomes of order unity at R,, ~R;(8p/p); . Then
the clump will stop expanding and undergo violent
relax?tion” as it condenses to a virialized state at
R~3R,,, Tyy~mM /R. The virialized state will
have a gravitational potential energy ¥ ~ —M?/R,
kinetic energy K = — -;—v, and hence negative total
energy E=K+V=—K= % V (not counting the
rest mass energy or the internal kinetic and
Coulomb energies of monopole-antimonopole pairs,
though these latter energies also obey the virial re-
lations).

Once a quasiequilibrium clump forms, it will
evolve primarily by gravitational and magnetic
Coulomb interactions, with radiative processes be-
ing much less important. Since in the nonrelativis-
tic limit both kinds of interaction energies go as
1/r, the evolution of the clump is invariant under
the scaling transformation X —AX, t—A3/%, ignor-
ing radiation and quantum effects. Thus the ratios
of different time scales of interest may depend
upon the number N of monopoles in the clump but
not upon the clump radius R. Competing process-
es will be the formation of magnetically bound
monopole-antimonopole pairs (which releases ener-
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gy and thus tends to make the clump expand) and
the evaporation of monopoles from the clump
(which carries away energy and thus tends to make
the clump contract). If the clump has N free
r{lonopoles and Ny =N — Ny bound monopoles in
<N pairs,

E=—K=—3(N;+3N,)Ty
~—m*N(N +Ng)R™!. (35)

The time scale for three-body recombination (per
free monopole) is

T3~ml9/2a5N9/2Nf—2R3/2 . (36)

The evaporation time scale has two limiting forms,
depending upon whether the free-free monopole
scattering time (21),

Tff~m7/2a2N3/2Nf—1R3/2 , (37)

is greater or less than the gravitational crossing
time

Tgrav~m—1/2N—1/2R3/2 . (38)
If T¢¢> T4ray, Which occurs for
N>m~*a=*N;/N ~10"N;/N ,

the free monopoles oscillate through the clump
many times before scattering significantly. When
a monopole does experience large-angle scattering,
there is a probability of order unity that it will
gain sufficient energy to escape the gravitational
field of the clump, thus giving an evaporation time
scale ~7¢. If on the other hand

N<m ~4a—N £/ N SO Tgf < Tgray, the free mono-
poles scatter many times in passing through the
clump and hence evaporate from the suface at the
diffusion time ~ 7~ '7y,% In either case we get

-1 2
Tevap ~ Ttf + Ty Tgrav (39)

for free monopoles. Including the evaporation in-
duced by the collisions with or between bound
monopole pairs will decrease the evaporation time,
especially if Ny <<N, but the actual rates will de-
pend upon the orbital sizes of the bound pairs. In
any case

Tevap/T3<m ~Sa >N Ny +m ~“a='N N/}
(40)
is less than unity for N > No=m ~"?a~7/* ~10",
so for a clump with a larger number of monopoles
(e.g., with Nyg~m ~*a=3/3~10"), the collisions
will cause the free monopoles to evaporate from
the clump faster than they form bound pairs.

Thus, gravitational clumping cannot be effective in
leading to the magnetic binding and subsequent an-
nihilation of a very large fraction of monopoles,
unless somehow nearly all monopoles condense into
small clumps.

For clumps with N <N, if we ignore collisions
with and between bound monopole pairs in order
to obtain a minimum for N (since such collisions
can only tend to replenish Ny), we obtain
dNy/dt <N f1'3_1 by three-body recombination, and
—dN /dt > NTeys,” ' by evaporation of free mono-
poles. (Evaporation of pairs or evaporation of the
free monopoles ejected during three-body recom-
bination increases the evaporation rate.) Combin-
ing these with N =N;+ N, and (40) gives

dNf /AN <1+ Teyap/ T3
<1+m~%aN7Ny+m~"a 'N7'N; .
(41)

If one starts with a clump of mostly free mono-
poles with initial monopole number N; > N~ 10",
then (41) implies that the monopoles do not form
pairs significantly until N <N, so most monopoles
escape. If N; <N,

AN > (m?*aN;)3=N;(N;/Ny)*?

escape while the rest go into bound pairs, except
for a possible imbalance of monopoles and an-
timonopoles,'8 SN = | Ny, —N 7 |- In order for the
excess particles to be bound to the clump despite
their mutual magnetic repulsion, 6N < m?ZaN,
which is less than AN for N; >m ~2a=2~10°% or
AN > 1. Thus this imbalance, which will eventual-
ly escape as N decreases, is relatively unimportant.
To reduce v from ~107° to <10~ as required
so that they do not today have a mass density
more than 10 or so times the baryon mass density,
we need AN /N; <107, which requires all but
~107% of the monopoles to condense into clumps
with N; <No(AN/N;)*”*<10'". Comparing this
with the Jeans number with T, given by (27),

N;~m ——3nM—-1/2TM3/2~m —5/2tTM3/2

~m —V12q=5=172
(42)
one sees that such clumps can form only after
t~m =%~ BN, /No) 2
> (1 sec)AN/N;)7**>10 yr . 43)

At this time the monopole energy density exceeds
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the plasma density by a factor of

pu/pp ~m a3

~m "33 (N /N) T3 > 101, (44)

so far too much entropy would be produced by the
annihilation of the monopoles.

V. CONCLUSIONS

Three-body nonradiative recombination of mono-
poles into bound pairs is far more effective than
the radiative recombination heretofore considered.
However, it is not effective enough to lead to suffi-
cient monopole annihilation before the annihilation
would produce far too much entropy. Gravitation-
al clumping may also help but occurs too late to
avoid too much entropy generation.
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APPENDIX A: THERMALIZATION
OF ANNIHILATION PRODUCTS

Assuming that MM annihilate into 4 light parti-
cles (4 ~100—1000), say y’s for convenience, the
rate for their scattering off the thermal back-

ground, yy—ete ™, is
77 '=(nov)~m ~'a®AT,’In(mT, /4Am,*?)
~40m ~'a?AT,* . (A1)

Scattering continues until the rate becomes less
than the reciprocal of the expansion time. This
happens at

T,~107°m?a %4~ % ~1 MeV (A2)

for e=10"1,

If the annihilation photons are not thermalized
shortly after being produced, then their energy red
shifts as E,=(m /A)T /T,, where T, is the tem-
perature when the monopoles annihilated, and 7!
in (A1) should be multiplied by T, /7. Thus
scattering will begin again when

T <10°m ~*a*A%~'T,2~(T, /1 MeV)T, .

The above assumes the Universe is dominated by
the monopoles. If the Universe somehow becomes
radiation dominated then thermalization through
the scattering of the annihilation photons off the
background and the subsequent scattering of the
produced electrons off the thermal background
proceeds much more easily. In either case, howev-
er, for T, < 10~3 MeV photon production processes
(bremsstrahlung and double Compton emission) be-
come inefficient so that energy fed into the photon
background distorts the background, raising y en-
ergies by 8T without increasing the ¥ number den-
sity by on,/n,=38T/T.

APPENDIX B: RADIATIVE CAPTURE
CROSS SECTION

Two monopoles of reduced mass p=mm,/
(m;+m,) and equal but opposite magnetic charges
g will be captured radiatively if they emit more en-
ergy E, than their initial kinetic energy E; = %y.vz,
where v <<c=1 is their initial relative velocity. If
the initial angular momentum / is large compared
with #i=1, the monopoles may be considered to be
in wave packets whose spread is small during the
important part of the magnetic Coulomb collision.
It may be easily checked that almost all collisions
that lead to capture have nearly parabolic motion
in the vicinity of the closest approach, the region
where most of the radiation occurs. (Monopoles
which are captured enter this region in hyperbolic
orbits with eccentricity just slightly greater than
unity and leave it in elliptic orbits with eccentricity
just less than one.) Thus one may approximate the
monopole motion while they are radiating by clas-
sical parabolic orbits, for which wave-packet
spreading and radiation back-reaction are only
small perturbations. (Of course, whether or not
the monopoles remain unbound depends on these
small perturbations, but they do not have much ef-
fect on the motion until the monopole separation
becomes sufficiently large that the small difference
between the kinetic and potential energies can as-
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sert itself.)

When the monopole motion is a given classical
trajectory, the electromagnetic field radiated is a
coherent state whose expectation value for the field
strengths is given by the classical Maxwell equa-
tions.!” This gives a Poisson distribution of pho-
ton numbers, with the expectation number in a
small frequency interval being N (w)dw=dE, /.
Classical Maxwell theory can be used to derive the
expected energy dE, radiated in this frequency in-
terval. Applying a duality transformation to the
results of Landau and Lifshitz?° [e.g., to their Eq.
(70.18) in the limit €2—1=g ~%vl << 1, or, more
directly, to Eq. (70.10)—but note that their un-
numbered equation following this has a factor of
(1—€?)? missing] yields

N(w)do=8r"'g8 1 [K, s2(x)+K,3%x)]xdx ,

(B1)
x=1g u Po=cg W 0/E . (B2)
The total expected energy radiated is
(E,)= waN(m)wdw
=2mg"%ul—?
=4mg'% 2 ~°E, , (B3)

which is greater than the incident kinetic energy
for

I <l,=(4m)Sgp =25, (B4)

PAE, > E)=exp(—(N) 3, == [ [] Nw)dor6
n=1"" i=1

Thus if the monopoles always radiated exactly the
expectation value, they would bind for all incident
angular momenta less than [, giving a classical
cross section

—2v-2lc2=24/5,n_7/5 4, -2, —14/5 .

o, =T gu

(BS)

But integrating (B1) shows that the total expect-
ed number of photons emitted,

(N)= fowN(co)dw
=233—1/2g6l—2
=211/53—1/2g204/5(l/lc)-—2 , (B6)

is much less than one for I ~1I, if v <<g ~*/%. Be-
cause photons are quantized, they will be emitted
only probabilistically with this mean number per
collision, so most collisions with [ ~I. will not re-
sult in radiation or binding. (An irrelevant in-
frared divergence in the number of very-low-energy
photons does not show up in this analysis because
of the approximation of a parabolic orbit.)

To calculate the actual cross section when the
discreteness of photons is important, one must cal-
culate the probability that the total energy emitted
is greater than the incident kinetic energy of the
monopoles. Since the probability of emission in
each frequency range is an independent Poisson
distribution, this probability for a given v and [ is

) (B7)

n
2 wi""Ek
j=1

where the sum and integral is over all the ways that E, =Y . @; > E; can be emitted into n photons. By

writing the step function (for w;,E; > 0) as

n +o  SINERT n
0|3 oi—E |=1— [ “dr——exp | 3 ioy7 |, (B8)
i=1 T T i=1
a few steps of simple algebra lead to
+ o0 SiﬂEk’T © .
P|(E,>E})= f dr 1—exp [f (e"‘”—l)N(co)da)” . (B9)
—w T 0

This expression is well defined even when (N ) has
an infrared divergence. The cross section is then

00

Z,z 20(2l+1>Pz(ErzEk) : (B10)

o=
u

It appears difficult to evaluate (B9) exactly with
the spectrum (B1). However, one can easily get the
cross section in the two limiting cases in which the

[

photon discreteness is either unimportant or very
important. When g ~%/% <<v << 1, (N') is large for
I <., so the classical calculation is valid and leads
to the classical cross section (B5). (Note that for
elementary charged particles, g2 is replaced by
e’=a <<, so the nonrelativistic classical calcula-
tion never applies for them.) On the other hand,

when v «<g 32 ~a’”*~1072, (N ) << 1 for
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I>>1p~g>. The dominant part of the spectrum
occurs for x ~1 or o ~g*ul 3 ~g* 2 3E,
which is larger than Ey for I <I,, ~g* v =2 >>1,.
Hence, when emission leads to capture, it almost
always occurs because at least one photon emitted
has o > E;. That is, for / <I,, most photons emit-
ted each have o > Ey, and for [ > ,,, multiphoton
emission is so rare they seldom add up to E, > E;
if the highest energy individual photon does not
have w > E;. Thus the probability of capture is al-
ways essentially the probability that at least one
photon is emitted with w > E;. This is
1—exp(—N;), where

® 4g° , w23 v
lefEka(w)dw=?v IK1/3 ? 2/3 ?
(B11)

is the expected number of photons emitted with
o> Ey. Forl<«l,,, Ny~ (N), the total expecta-
tion number given by (B6), but for I > [, it drops
off exponentially with /3. Then

oommu w72 (21 +1)[1—exp(—N))]
1

—2U -2

I 6
m 16g°dl

e 317

~2%373 20~ %% 2n(g =32 /v) . (B12)

This is for lp ~g*>>1; if g* << 1 (as for charged
particles), Iy is replaced by unity and
32

oo(g << 1)=2°373au=2g% ~2n(g? /v) .

(B13)

Setting = %me and g =e in (B13) gives the low-
velocity radiative capture cross section for posi-
tronium,!! for which the numerical factors essen-
tially go back to a very early calculation for hydro-
gen by Kramers.?!

We may now combine (BS) and (B12) by an in-
terpolation formula valid to leading order in g*/%v
or its reciprocal for both velocity regimes, assum-
ing v<<1<<gk

a~3—3/2401'rp_2g6v -2

Xln(1+2—11/533/25—11T2/5g—20»—4/5) . (B14)

If the monopoles do not have equal but opposite
magnetic charges g, = —g,, set g?=—g,g, and re-
place u =% by g ~Xgym; " '—g,m,")? in the final
cross-section formulas. (The analysis was given
only for g; = —g, for simplicity.) In this appendix
(only), all leading-order numerical factors have
been carefully kept, using units in which fi=c =1.
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