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Ghost-pole subtraction and the cr-exchange XN potential
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The summing of all pion bubble graphs in the computation of the 0-meson propagator leads to the appearance of
ghost poles when om.m coupling strengths are equivalent to o-meson decay widths greater than 625.2 MeV. A result

satisfying dispersion relations is obtained by the. direct subtraction of the ghost pole from the results published

previously by this author. The effect is to decrease the sensitivity to the o -meson width of both the central and spin-

orbit nucleon-nucleon potentials. The potentials are small for separations greater than half a pion Compton

wavelength and decrease in magnitude with increasing width. Larger widths are more compatible with

phenomenological and dispersion-theory potentials.

I. INTRODUCTION

In Ref. 1 (hereafter referred to as 1.1), the con-
tribution to the nucleon-nucleon potential of the
infinite set of graphs indicated by Fig. 1 was com-
puted. These are all graphs consisting of a single
o -meson exchange but allowing the o meson to
decay into two pions and recombine any number
of times. It includes diagrams in which either
the 0 meson or two pions are attached to each
nucleon line.

(a)

(b)

FIG. 1. O.-meson-exchange contributions to the nucle-
on-nucleon interaction including any number of decays in-
to 2 pions. The use of the modified propagator enables
all the graphs to be represented by four graphs. (a) rV'~,

0) 'V~, (c)'V

The summation of each infinite set of graphs
consisting of any number of pion bubble insertions
on ao-meson line, leads, for each set of graphs
to the replacement of the free 0-meson propagator
G, (q') = [q' —(M', )'] ' by a modified propagator
G, (q'). The properties of G, (q') were extensively
discussed in Ll, including the appearance of a
pole on the real q' axis at q'& 4p' for very large
widths of a decay into two pions, l, &I"," (Mo

is the bare 0-meson mass, p is the pion mass, -

I'; is the 0-meson width, and q' is the virtual
barycentric mass of the cr meson and is also the
square of the four-momentum transfer between
the nucleons. We use units in which k =c = 1).
This pole was interpreted in Ll as the appearance
of an unobserved bound state of the two-pion sys-
tem when the pole q~' satisfied 0&q~'&4p'. %hen
q~' & 0, a real pole appears in the NN amplitude
which has no physical interpretation. The NN

potentials arising from cases with I' & I' ' were
presented but not accepted as meaningful.

It was pointed out' to the author that the real
poles in G, (q2) were in fact "ghost" poles. Red-
mond' has shown that if the required analytical
properties are imposed, through a dispersion
relation, on such a propagator, the answer is
equivalent to subtracting the ghost pole from the
summed perturbation series. The correct re-
sults corresponding to the infinite series of
graphs can be recovered from the singular per-
turbation result by locating the position of the
ghost pole, calculating its residue, and subtract-
ing the pole from the perturbation-sum result.
This corresponds to adding a term whose formal
expansion in powers of the coupling constant has
vanishing coefficients. '

In this paper the conditions for the appearance
of the ghost pole, its location, and its residue
are described. The ghost-free modified propa-
gator G is then applied to calculating the poten-
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h sical interest. The twotial for two cases of p ys'
d to the large widths predictecases correspon o e

d 1 of Gell-Mann and Levyb the original v mo e o
wit g„,~g„==1.37 or

del' is very nearlyhe Weinberg mo e
the wi or'dth f which the residue of the g os

e the potential for that case r-re-vanishes. Hence, e
en in Ll.mains the same as the result given in L .

l.0

II THE POSITION AND RESIDUE OF THE GHOST POLE -l.O

of all bubble graphs indicated in Fig. 2
is easily obtained by summing a geome ric

ra h with one bubble.
The result is [the content of q . ,E s. ,9), (11,
and (15) of I.l is repeated below in a more con-
venien ormt form for easy reference]

G '( 2) = q' —M I s (q ) +—ReI s (M ', (1)~a q =q — a — B

ass andwhere M, is eth physical o -meson mass

I ( ')=v'h. (-2+2Qtanh Q
-1 -1) q2 & 4)is (2a)

Is(q)=v s—'A. (-2+2Qtanh Q —isQ, , q '&0 2b)

with

-l.5

-2.0

—lO 0 45 IO

q'/)L(. ' l5 20 25 Mg

by

of ReI.C ~ (q2)jFIG. 3. e neTh l' ar and nonlinear terms o
as inEq. 1. e ss q. . Th traight lines represent, wit

(ii X ) (q -M~)+J(M~). The curve is
J'(q ). XB is proportional to I' . Inrsec ion
zeros of Be(C, ~

(q )).

Q=(1 —4&'q ')" ~s=6(») 'g»', M.' —4 p' = v')i.,'[2+J(M.')J, (4)

—vj2 ~ tan '8&v/2 for imaginary Q.

IThe Re[G, '(q')] vanishes when q2=M, in-

off the real axis on an unphysical sheet. is
is, of course, e rthe Breit-Wigner-type pole re-

ce. Thesponsl e oibl f the a -meson resonance. T e
e deca1m[Is(q')) & or q2jj 0 f 2&4W2 and determines the y

width

2 -2 1/2I', =7i'h. sM, '(1 —4P. M, (3)

and the correct two-pion S-waveave threshold be-
havior is given by the fac or
this po e move1 oves further away from the physical

' ions for the appear-
sheet.

We now examine the conditions
ance of apoe, i1 d'stinct from the Breit-Wignerp, th hysical sheet. The function

hass 'A. 'ReI ')=-J( ') is independent of Xs. It ha
f -2 at q' = 4y, ' where it has aa minimum value o — a

r cus . This is shown in Fig. 3 from
which it is also evident that for ~B &~B e erm'

th e are two non-Breit-W gi ner zeros ofer
Furthermore, one of the zerur, eros hasRe[G, (q . ur

2&4p2'&4 and the other q'&4p . For q p, ,
Im G, '] = 0 and we obtain a real roo .root. This root
is a ghost as it is on ethe physical sheet and must
b btracted. For M =765 MeV, I', '=6

=A~' in Eg. (3)]. ForM V [corresponding to As = As ine c
& ~B ', the pole moves onto the unp y

'
h sical sheetB B &

= —(1 —4p'q ')' ' and movescorresponding to Q = — — q
back along the real q' axis.

ro'of Re[G '(q')] for q'&4p', when
's not close to a pole of qis n

The latter vanishes as
h

' f the same order—4 ' '~ at q'=4&-', which is o e
as the is anceh d tance of the zero of Re[G, q r

ch oint. The result is that no value of
q in the vicinity satisfies G q = . a

e ro agatorth t th remaining poles of the p p g
2 —4p2are at distances greater than 4 &

2 from q =

1 sheets reached through theand are on unphysica s e
t '=0. A similarcu wt whose branch point is a q-

n A. &A™.Itsituation exiexists for this pole when» ™.
s onl forfollows that one ghost pole exists on y or

Gg

g
g —K

Gg k Gg

g-k g-k
+

Gg k Gg k' Gg

a hs of the bare propagator G~ with yith an numberro a ator G~ obtained by summing graphs o e-m sonp op g
of pion . ined from C by su a;c ionof pion bubble insertions. G is obtaxne
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X~&X&' and it is on the real q' axis, q2~4p'.
Near the pole G, '(q') = (q' —q~')8 ', where the

residue 8 is given by (q'&4P'),

(do-& ~ di&
( dq' ),2=..2 I,

{5/p c)
rVe
(p c')

r VON

(p c')
r V+I's'

(pc )

rV(ys
SO

(p c2).

TABLE II. The values of the spin. -orbit o.-meson-
exchange potentials defined as in L1, but with G, re-
placing G,. M =765 MeV, P, =1193 MeV.

= 1 —v'A. ~q~ '(I+4p'q~ 'Q~ 'tanh 'Q~ ') (5)

with @~=@(q~'). A more convenient form when
0&q &4p' ~s

f~ '=I-&'& qp '(1-4&'q, 'lap 'ltan 'le, 'I).
(5')

III. RESULTS

0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3

-V. 28
-2.54
-1.03
-0.46
-0.23
-0.12
-0.064
-0.036
-0.021
-0.013

5.69
2. 35
1.08
0. 53
0.28
0.16
0. 089
0. 053
0. 032
0. 020

-0.95
-0.45
-0.23
—0.13
-0.071
-0.042
-0.025
-0.016
-0.010
-0.006

-2.53
-0.65
—0.18
-0.054
-0.015
-0.003

0.0002
0. 001
0.0011
0. 0009

It follows from Eq. (5') that when q~'= 40',
B=0. Therefore, when j. =I', the residue
vanishes and a ghost-pole'subtraction is not re-
quired, leading continuously into the region
1 &1 ' where there are no ghost poles. There-
fore, the results of the Weinberg model, ' for
which I' = 620 MeV, remain unchanged from those
given in Ll.

Analysis of pion-production experiments (see
Refs. 4, 6, and 7 of Ll) indicates that 600~ I;
& 1200 MeV. The Gell-Mann-Levy model4 with

g„jg» = 1.37 gives I" = 1193 MeV near the upper
end of this range. We will present the results for
this case and also for the Gell-Mann-Levy model
with g„/g» = 1, corresponding to I'0= 2386 MeV
to indicate the asymptotic behavior.

Using Eqs. (1), (2a), (5), and (5'), and M
=765 MeV one obtains, for j." =1193 MeV,
q~2=2. 57043@~ and&=0. 14579; and for P
=2386 MeV, q~'= —0.88992 and R =0.18056.

For each value of I' one obtains

G.(q') =G.(q') -ft(q'-q, ') ' (6)

and then computes the contributions to the

TABLE I. The values of the central o-meson-ex-
change potentials defined as in L1, but with G~ replac-
ing G,. M =765 MeV, p, =1193 MeV.

nucleon-nucleon potentials using Eqs. (24)-. (31) of
Ll with G, replacing G in Eqs. (24a)-(24f). When
q~'&0, the range of integration in Eqs. (28) and
(29) includes the position of the subtracted pole.
Care must be taken to avoid integration points in
the region of uncertainty of the pole position, or to

o
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LdO
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Ld OQ

-0.5

-1.0
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(k/p c)

rVe
C

(pc )

r Verr
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rVaE
C

(pc )
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0.4
0.5
0.6
0. 7
0.8
0.9
1.0
1.1
1.2
1.3

-31.22
-15.99
-8.84
-5.17
-3.15
-1.99
-1.29
-0.85
-0.58
—Q 40

33.14
18.80
11.24
6.99
4.48
2.94
1.97
1.34
0.93
0.65

-V. 28
-4.54
-2.93
-1.93
-1.30
-0.89
-0.62
-0.43
-0.31
—0.22

-5.35
1~ 73

—0.52
-0.11

0. 028
0.064
0. 064
0. 055
0. 044
0. 034
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t
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FIG. 4. The total 0-meson-exchange contribution to
the nucleon-nucleon interaction. The solid curves are
the result of using the ghost-pole-subtracted G~ for I' as
marked in MeV. The dashed curve is the result of the
ghost-pole-unsubtr ached C for I' = 1193MeV. (a) The
central potential. (b) The spin-orbit potential.
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TABLE HI. The values of the central O.-meson-ex-
change potentials defined as in Ll, but with G~ replacing
G~. M~= 765 MeV, I'~=2386 MeV.

TABLE lV. The values of the spin-orbit 0-meson-ex-
A

change potentials defined as in Ll, but with G~ replacing
G~. I =765 MeV, I"~=2386 MeV.

(g/pc)

ryg

(pc')
rV~

C

(pc )

rpol'I'
C

(pc )

r&tys
C

(pc ) (I/pc) (pc')

0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2

-27.88
-13.66
-7.29
-4.14
-2.46
-1.52
-0.97
—0.63
-0.42

34.85
18.99
10.98

6.68
4.17
2.70
1.77
1.18
0.80

-8.24
-5.02
-3.15
-2.02
-1.33
-0.90
-0.61
-0.43
-0.30

-1.28
0.31
0.53
0.52
0.38
0.28
0.19
0.13
0.089

0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2

-7.54
-2.43
—0.93
-0.40
-0.19
-0.094
—0.050
—0.028
-0.016

6.70
2.61
1.14 .

0.54
0.28
0.150
0.084
0.049
0.029

—1.20
-0.55
-0.27
—0.14
—0.077
-0.044
—0.026
—0.016
-0.010

-2.03
-0.37
-0.056

0.005
0.013
0.011
0.008
0.005
0.003

use interpolated values of the integrand in that
region. The potentials are given in Tables I-IV
and may be compared with the results for I' =620
MeV given in Tables II and III of Ll. It is ap-
parent that cancellation is still very strong be-
tween the contributions of graphs with zero, one,
or two pion pairs connecting to nucleon lines,
especially for x &0.6p

The total contribution of o exchange to nucleon-
nucleon central and spin-orbit potentials is shown
in Figs. 4(a) and 4(b), respectively, for I', =620,
1193, and 2386 MeV, with and without the effect
of ghost-pole subtraction for I;= 1193 MeV. For
I;= 620 MeV there is no ghost-pole subtraction.
For I' = 2386 MeV, a principal-value integration

over the G, (q') pole in Eqs. (28) and (29) of Ll
gives an unphysical long-range behavior.

The result of the ghost-pole subtraction is to
decrease the sensitivity to I for I" &625.2 MeV
and to ensure a vanishing, physical asymptotic
behavior. An examination of Figs. 21-24 of Ll
indicates that the smaller V', and V'„, and
hence the larger I"„are more consistent with
realistic potentials.
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