
PHYSICAL REViEW D VOLUME 21, NUMBER 4 15 FEBRUARY 1980

Statistical mechanics of instantons in quantum chromodynamics
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We develop a field-theoretic method to investigate the statistical mechanics associated with the instanton-

antiinstanton ensemble in Yang-Mills gauge theory. This consists in exact rewriting of the partition function

in terms of collective fields and incorporation of short-range forces. In the framework of this effective field

theory we clarify the meaning of the continuum medium approximation introduced recently by Callan,

Dashen, and Gross. Furthermore, we present a direct treatment of the first-order liquid-gas phase transition

which is ultimately responsible for bag creation in quantum chromodynamics.

I. INTRODUCTION

The basic difficulty in understanding quantum
chromodynamics stems from the fact that the
standard perturbation theory applies only in the
large-momentum region and does not teach us
anything about the physical spectrum of the the-
ory. Confinement is a nonperturbative phenom-
enon and is partially understood in the framework
of strong-coupling lattice gauge theories. How-
ever, there the basic problem then comes in
taking the continuum limit in accordance with
asymptotic freedom.

In the last few years considerable progress
has been made in understanding field theories
through the semiclassical. path-integral method.
The hope is that in the Yange-Mills theory also
the semiclassical method represents an improve-
ment over the ordinary perturbation expansion
and consequently may offer some insight into the
spectrum of the theory. The Euclidean Yang-
Mills equations possess instanton solutions, and
it has been shown that this configuration plays an
important role in understanding the correct
vacuum state and the resolution of the U(l) prob-
lem"

Most of the literature on instantons deals with
investigating the properties of single-instanton
configurations and then translating this into prop-
erties of the ensemble. In this procedure no ac-
count of the instanton-antiinstanton interactions
is given and this is the basis of the so-cal. led
"dilute-gas" approximation, which is valid only
when the density of instantons is extremely
small. In the real. vacuum that is certainly not
the case and consequently the incorporation of
interactions must be done.

The importance of interactions in the example
of the three-dimensional. Qeorgi-Glashow model
was demonstrated in the work by Polyakov. ' There
the instanton interactions are-Coulombic, and
this had the important effect of producing the
Debye screening and consequently in generating

the mass for the photon.
Now in quantum chromodynamics (@CD) the

interaction behveen an instanton and an anti-
instanton is dipolar, and in recent papers Callan,
Dashen, and Gross ' pointed out how the in-
corporation of these effects l.eads to very im-
portant physical consequences. First of all they
showed in the framework of a certain approxima-
tion that the vacuum is now a paramagnetic
medium with a rather large permeability. This
then produces a large finite renormalization of
the coupling constant and causes the P function
to grow rapidly. Furthermore, they argued that
in the presence of strong external electric fields
the vacuum suffers a first-order phase transi-
tion." This effect may represent an important
step in understanding the baglike nature of
hadrons.

The methods employed in deriving the above
results consist in approximating the instanton-
antiinstanton statistical mechanics by a macro-
scopic continuum medium and then using mean-
field-type methods to calculate its properties.
For example, the expression for the permeability
p. as a function of the density was obtained by
generalizing the well-known Onsager method to
the instanton case. This formula for the perme-
ability is then used in the argument for the first-
order phase transition.

The purpose of the present paper is to develop
a method for investigating directly the statistical
mechanics of the interacting instanton-anti-
instanton ensemble. This consists in represent-
ing the partition function in terms of collective
fiel.ds and subsequently employing standard fiel.d-
theoretic methods and approximations.

Based on this collective-field formalism we
then proceed to understand and clarify the fol-
lowing important questions:

(1) the degree and nature of approximations
involved in the continuum medium approach,

(2) the question about the existence of a first-
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order phase transition in direct computation of
the instanton-antiinstanton partition function.

After clarifying the above questions we are able
in the present approach to develop improved ap-
proximation schemes and a complete computa-
tional procedure for the instanton-antiinstanton
ensemble.

Before proceeding to our calculations let us .

comment on the recent objection by Witten,
who argued in the framemork of the two-dimen-
sional a' modelv that instantions do not survive
quantum fluctuations and as such have no rele-
vance to the quantum theory. In a separate
paper, ' we reconsider this problem and demon-
strate that this is not the case. What we find is
that instantons are in fact present at the quantum
level.

The organization of this paper is as follows.
In Sec. II we develop the collective-field repre-
sentation for the partition function of the dipol. e
gas and resolve certain technical difficulties
which make this transition nontrivial.

In Sec. III we apply the developed method to the
Yang-Mills problem. Realizing the necessity
for short-range repulsive forces we describe
how they are incorporated in the colI.ective-field
formalism. Then we proceed and show how the
Gnsager-type continuum-medium ealeulations
correspond to neglecting in this fieM theory all
interaction terms, i.e., terms higher than quad-
ratic in the fieMs. We describe al.so a variational
method which is capable of producing a much
better approximation.

In Sec. IV me consider the question of a first-
order phase transition in the instanton medium.
We demonstrate how in direct field-theoretic ex-
pansion of the partition function one obtains a
Van der Waals behavior and a liquid-to-gas
phase transition.

II. DEVELOPMENT OF THE FORMALISM:
THREE- DIMENSIONAL DIPOLE GAS

In this section we develop the field-theoretic
representation for the dipole-gas partition function.
Since this is not quite straightforward and there
are some nontrivial technical points to be under-
stood, we shall consider for pedogogical purposes
the three-dimensional dipole gas in what follows.
After solving the formal problems and obtaining
a workable field-theoretic representation we pro-
ceed to answer some of the questions raised in
the Introduction about the continuum-medium ap-
proach. We shall show how this approximation
corresponds to dropping in our nonlinear field
theory (which is exact} all interaction terms,
i.e., terms higher than quadratic in the fields.

The idea of replacing the many-body integra-
tions by a functional integral is very well known

in statistical mechanics. This method is useful
for treatment of long-range forces and especially
relevant in the case of Coulomb interactions. One
version of this procedure (cal.led the random-
field method) goes as follows. " Consider the
grand-partition function

Z(P) = ~ x" dx ~ ~ dx}}}exp -P Z V(x&, x&)
~ 0¹'

(2.1)

where V(x, y) is a long-range two-body potential.
Writing

Eg V(x;, x,.) = —g V(x&, x&) QV(x, x, )f(j &=l

(2.2)

and employing the Gaussian integration method
I

[dy] exp ~ dxdy $(x)V '(x, y)Q(y) +zP gQ(x;)
'+e

PY'= exp ——~V(x„x~), (2.3)
2

we introduce a scalar field @(x}. Performing the
summation in (3.1) one obtains for the partition
function

I

Z(p}= [dp]e p--e'pp'pee f d e e'"'*e'eeee~e*'=
J a

(2.4)

which is the functional integral representation.
For exampl. e, in the case of Coulomb interac-

tions where

g2

(2.5)

V '(x, y) =- + }pP,'5(x - y)

this method gives the following Q-field Lagran-
gla, n:

(2.6)

Now one develops the perturbation expansion by
simply expanding the exponential in (2.6}. The
reason this approach is so useful lies in the fact
that already in the first approximation one ob-
tains the Debye-Huckel theory since the propa-
gator (-V'+4wPe') ' has a mass. Consequently,
there are no infrared divergences in higher orders
of this expansion.

Now for the case of dipolar interactions it is
straightforward to apply the above method and
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obtain formally an effective derivative-coupling
Lagrangian. However, as we shall show below
certain difficulties arise when one attempts to use
this Lagrangian and formulate a perturbation
theory. In fact the straightforward way of doing
this is incorrect, and for these reasons we shall
abandon this method and formulate a different
approach free of difficulties.

To explain the above comments let us consider
the three-dimensional dipol. e-dipole interaction

V(l, 2) =P2n~ ~ V„Az ~ '))'„ 1

1 2

where V„=&/Bx and nq are unit vectors. The
grand canonical partition function reads

(2.8)

V(1 2)=-(3P '&P '&-P 'P )~, (2.7)
X) X2)

where r =(x, —x)/j] x, -x,~. In order to apply the
Gaussian method one writes this in the form

gN
Z(P) = P —d(1) . d(N). . . e "~ '~~ exp ——P V(i, j)

N=o&
(2.9)

with d(i}=dx, dn; and V(n) —=V(n, A}. Now employing the random-field method, the partition function can be
written as

) "I

Z(P) = J) [dg] exp — dx
~

—,
'

P( V')P --z dn e ~" ~ 'exp[i(4wPP')' n ~ VP(x)] ~ (2.10)

Qxl -g~ y+ 471' 3 p

Now it looks natural to write this as

(2.11a)

This is a nonlinear field theory with derivative
couplings. Concerning (2.10) we mention that a
treatment of dipolar interactions along these lines
has been considered in Ref. 13 by Forster in con-
nection with instantons of the two-dimensional
O(3) o' model. There, at the classical level, in-
stantons do not interact among themselves and
the instanton-antiinstanton interaction is dipolar.
To account for the first fact in Ref. 13 it was
found necessary to introduce dipoles with imag-
inary dipole moments and then the resulting La-
grangian represents a slight generalization of
(2.10}.

To proceed in this approach one expands the
exponential in a (2.10) and then the quadratic
term reads

charges (q„q,) located at points (y„y,), re
spectively. The charge-dipole interaction in the
vacuum reads

1
V,~ = -qpA ~ V„~ (2.13)

In the partition function we therefore have the
additional interaction terms

N 3
&c

Z({)x„Z,) = xxV (-,() (-
q,q,

yj. -y2 ~

x dP exp — der. ,j (2.15)

where

(2.14)

and after the Gaussian integration we derive

—'({+ x)f {{-V'){, (2.lib)

with n =(4w/3)PP'x, and conclude that the Q-field
propagator equals

+z dnexpi 4n ' ~'n ~ V, 2.16

({(x)g(x)) = x —,X). (2.12)
with the source

(2.11)
Unfortunately as we shall demonstrate later, this
straightforward procedure is erroneous. Before
doing this, let us still explain how one is to
compute the dielectric constant in the field-
theoretic formulation and see what result follows
if one uses (2.12).

To define and compute the dielectric constant
& we introduce into the system two external

PV,«($„$,) = -InZ(P, q,q, ) . (2.18)

The dielectric constraint is given by the asymp-

representing the effect of external charges.
Now the effective charge-charge interaction in

this dipolar medium is obtained from the free
energy



STATISTICAL MECHANICS OF INSTANTONS IN QUANTUM. . . 995

totic behavior of this effective interaction, i.e., and then after another partial integration the re-
sult reads

e IJ},—521
(2.19}

Let us now consider the quadratic approximation

~ ~

1 2
(2.26}

(2.21)

which reduces to

v„, —
I+~ l&, -y.l' (2.22)

(2.20)

Use of the P-field propagator (3.12) then gives

which is a rescaled dipolar interaction.
However, this result is erroneous since, owing

to the highly long-range nature of the dipole-
dipole potential, surface terms in partial. integra-
tions do not vanish and give a nonzero contribution,
which was missed in the above calculation. To
obtain the correct answer the simplest way is to
avoid partial integrations and evaluate (2.23) di-
rectly. First, for the Fourier transform

From this we read the dielectric constant to be
& =1+a and this is what one obtains in the so-
called dilute-gas approximation. The above re-
sult makes sense and certainly does not lead one
to suspect the method, however, the foll.o~ing
argument does.

Consider the convolution

;), ,"n, n, -3A, ~ RA, i~ ~ ~ ~

a direct integration gives

V(k)=~(3 ]I(Sn, kn, k —8, n,).(4v&

Then for the convolution we have

(2.2V)

(2.28)

C(1 2)= d d x-x'
P+

Se '"' *i 'a d&sv(k, 13)v(k, 32), (2.29)2v'

(Sn, x„h, ~ %„-n, Il, ) (2.23)

A naive way to evaluate this convolution consists
in employing (2.8) and partially integrating to
write

which gives the result

dk )„„„.1 4vl 2

e '"' "& "2 — —
~

[Sn kn k+n n ](2v)' 3 3 &

(2.30)

C(1, 2}=-fd, ~ v,
(

1

1 3

x dn3 n3 ~ V„n2 V„
1

3 2
3 2

which becomes
(2.24)

4m
dx, n, ~ V, n, ~ V,5(x, -x,),3 1 1 x x 2 2

(2.26)

obviously different from (2.26).
Having exemplified the fact that partial integra-

tions with neglect of surface terms are dangerous
in the case of dipolar interactions, ' "we now un-
derstand why the propagator (2.12) is not correct.
Namely, the step from (2.11a) to (2.11b) involved
a partial integration and to see more explicitly
what is happening, consider evaluating the propa-
gator by treating the second term in (2.11a) as a
vertex and summing the series of insertions. A
general term in this series reads

I I~ 1~~

~1~I
~ ~ ~ V

x ~ xI
~ V

~

~ V
xI ~ x2

~ ~ I n I V x
1 1 1

'[x-x i"' '"' 'ix -x i
™ix -yi' (2.31)

and obviously what we have are nothing but con-
volutions of dipolar interactions. Doing partial
integrations naively corresponds to the propaga-
tor (2.12), while the correct answer should be
obtained by using iteratively the convolution (2.30).
As will be shown later, this has the consequence
that for the dielectric constant, one obtains the
Clausius-Mosotti formula instead of the dilute-
gas formula.

In order to avoid temptations such as (2.11b) we
shall now describe a slightly different formalism
which is more convenient when dealing with di-
polar interactions. In this derivation we shall
avoid doing any partial integrations and the field
which we introduce will have a physical meaning
of a density variable. This procedure is related
to the so-called collective-field formalism which
was developed originally by Gross, Bohm, and
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(2.33)

2
x exp — dxdyv S x, S x

(2.36)

Pines and also by Bogoljubov and Zubarev. "
Let us consider the partition function

Ze(S= f d(1) d(N)exp -8 P V(i, j) . . (2 22)
lt &4

We introduce the dipole moment density variable

S(x) = ga;6"l(x-x;)
&=1

through the following 6-function integral:
N

JI [dS(x)], , 6 ' S(x)-Q A)5(x -x)) =1. (2.34)
&~1

This is inserted into (2.32) and then the interac-
tion term reads

Jt d x d y S(x) ~ &,S(y)

dxdyv S x, S y 2.35

plus an infinite counterterm which comes from
identical points. To the order we will be working,
it is not needed but we shall keep it in mind.

The partition function (2.32) now becomes

8 (8) f[dp(x)]d«[8( =)]

N

de[8]=—f d(1) d(N) 5 8(x) —PS(5(x —x;)) .

(2.3'f)

To write this in the form which allows for ex-
plicit evaluation one introduces a new field Q(x)
to raise the 5 condition and then

d [8]=f [dP(x)]exp(-i f 8 ~ p)

x f dx dec'"'[&
w I

5

(2.38)

For the grand-partition function the summation
over N exponentiates the expression in the brack-
ets and consequentl, y the collective-field repre-
sentation r eads

namely, it is expressed as a functional integral
over a three-component scalar field S'(x).

The Jacobian J» present in (2.36) arises from
the fact that we have made a change from N-body
integrations to a functional integral and it is given
by

I

Z(8)=f [dpdp]expI- dxdpv[S(x) S(x)]+ dx iS(x} p(x)+ f dde'" '(*' I. (2.39)

Sd =8 ' ' +Sp f dxB(x) 5(x), (2.40)

where

g~g [ x —yei
(2.41)

The effective charge-charge interaction is then
given by

In comparison with the earlier random-field rep-
resentation, here we have two fields S and (T}.

Now, since 8 appears quadratica1. ly it can in
principle be integrated out giving a Lagrangian
for the field &p. This differs from (2.10), most
importantly in the fact that the present scalar
field T(} has three components while in (2.10) we
had a single field @.

Concerning the computation of the dielectric
constant we see that a coupling of two external
charges produces the following addition term in
the exponent of (2.39):

Q;~(x, y) =(S~(x}S&(x)), i,j =1, 2, 3. (2.43)

Obviously one can only calculate this propagator
and the dielectric constant in some approximation
and the simplest possibil. ity is to expand pertur-
batively in (PP')'~'.

The quadratic part of the action in (2.39) reads

PP' " z
J dxdyv[S(x), S(y)]+J dx iS ~ P+-

(2.44)

Since we only need the S propagator one can elim-
inate the field g to obtain

2

[v[8(x), 8(V}]+f dx —8'. (2.55)

V„, =
~

' ' ——'pp' d dy(f'( )G;,(,y)q'(x),3'1- 3'2 t

(2.42}

where G;& represents the exact S-field Green's
function, i.e.,
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Using the expression (2.28) we see that the mo-
mentum-space propagator G„(k) is obtained by
inverting the matrix

(
—PP' i (Sk, k~ —5„)+ —5„.4&,& . 3

(2.46)

Making the ansatz

G„(k) = —,'g(c, 5,~+c,k, k, ),
we easily find for the coefficients

1 -3y
(1+2y)(1- y)

'

where

4m
y = —pp'z.

9

(2.4V)

1-y 4',q,
1+2y (2.49)

Consequently, in this first approximation the di-
electric constant reads

Let us now evaluate the dielectric constant in
this quadratic approximation. The Fourier trans-
form of the effective potential (2.42) reads

3

ff (k) = 4W,q. k,
—PP'q q Q 4.(k)G.a(k)Ab( k)

ag&=1

(2.48)

where g(k) =4m k/k is the momentum-space
charge-dipole interaction (2.41). Substituting
the above expression for the propagator we ob-
tain

problem. However, in a sense, both these rela-
tions are equally good since when comparing with
numerical Monte Carlo computations it turns out
that they both deviate considerably at higher
densities. Consequently, &,~ and eo represent
empirically an upper and lower bound for the ex-
act dielectric constant.

A much better expression for c can be obtained
by a variational method which will be explained in
the following section, after the incorporation of
short-range forces is achieved.

III. INSTANTONS IN QCD: A COLLECTIVE FIELD
APPROACH

Let us now start with an investigation of in-
stantons and their physical effects in four-dimen-
sional Yang-Mills field theory. The purpose of
this section is twofold: First, we develop the
analog field-theoretic representation of the in-
stanton-antiinstanton ensemble, and second,
in the framework of this formalism, we clarify
the nature of the Onsager-type continuum-medium
approximation which was introduced and developed
by Callan, Dashen, an) Gross. '~

First, we introduce the notation and briefly
summarize some results of Ref. 4. The basic
building blocks of the semiclassical approxima-
tion to the Euclidean functional integral are the
instanton-antiinstanton conf igurations, which for
large separations read

N»
2p& & a(&)Qt~ (x-x&)

), (x —x;)'[(x —x))'+p, 'j
1+2y 6-1

or =y.1-y ~+2 (2.5Q)
N

g 2P~'&.~(i )n".(x -x~)"
), (x-xq)2[(x-x))'+p~'] '

(e —1)(a+2) (2.51)

which does not suffer from the above-mentioned

This is precisely the well-known Clausius-
Mosotti formula which is usually derived using
the Lorentz field as the local field in the con-
tinuum-medium approximation. We see there-
fore that this continuum-medium result corre-
sponds in negl. ecting in the present exact field-
theoretic formulation all terms higher than
quadratic.

Concerning the Clausius-Mosotti formula one
notices the obvious defect that is predicts & =~
for a physical density, i.e., y=1. One would
think that this may be an artifact of the quadratic
approximation. However, that is not so and the
solution of this difficulty lies in the inclusion of
repulsive short-range forces.

Another mell-known expression for the di-
electric constant is the Onsager formula

Here R,& and R,& are internal-symmetry matrices
describing the orientation of instantons and anti-
instantons, and we choose to consider the SU(2)
case in what follows. Furthermore, (x~, p~) and
(x„p,) are the positions and scales. We integrate

- over the positions but for notational. simplicity
keep the scales fixed to (p, p). This can be thought
of as some average seal.es.

Now the instanton-antiinstanton approximation
to the Euclidean path integral reads

N»

Z = ~ .„,(dx~dBq)„. , (dx&dR&)e ~~~t.
~ e(p)"'~(p)"- ".= .' — — -s,.„,

)~l
h

(8.2)

The fugacities s and Z are derived from the in-
stanton action and also the quantum correction
of 't Hooft." Sjgf represents the total interaction
energy and involves only the interaction between
instantons and antiinstantons,
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N~

~=1 g=l

where the potential reads

V{1,2) = 8v2D'„„D'„.„T„„T„1/r
A A

~u' w~' & u ~' ~

(3.3)

(3.4)

dilute-gas relation for the permeability, i.e.,
p, = 1+q. An improvement is achieved by invoking
the famous Onsager argument that the local field
does not equal the field at infinity and can be ap-
proximated by the fiel.d in a vacuum cavity. The
Gallan-Dashen-Gross (CDG) result for the latter
is

This is a dipole-dipole interaction and the dipole
moments are given by

Blocal (3.9)

a ~ +ab lb'~ P

and then they obtain the analog of the Onsager
formula which now reads

gp P +ab Obg& 0

a —2

a=1, 2, 3 (3.5)
(p —1)(p +1)

2g
P

(3.10)

for the instanton and the antiinstanton, respective-
ly. Obviously p and p play the role of dipole
moments and g2 represents the temperature.

The above dipoles one can term non-Abeli. an
since their orientation involves an 0(3) matrix.
The Abelian version would read

f v=-& +a'Oaw»

2 A
Dyv P ~a lay& y

with n and nz being unit vectors. The discussion
of Ref. 4 was almost entirely Abel. ian and we
mention that in low orders (i.e., when only two
orientational matrices are contracted) there is
indeed no difference between the two, but in

higher orders differences arise. Furthermore,
when coupling quarks it is certainly important
to consider the non-Abelian version and not the
Abelian.

I et us now briefly summarize the continuum-
medium approach of Callan, Dashen, and Gross.
Since it is rather difficult to deal directly with the
statistical-mechanics problem associated with the
instanton-antiinstanton ensemble (3.2), they pro-
posed to think in macroscopic terms and compute
the properties of the instanton gas using mean-
field techniques. In view of the dipole-dipole
interaction (3.4) this is a paramagnetic continuum
medium and one defines the permeability through

V(i, j) =8m'p'p' Q n, (i)v„( ;x—x, )m, (j) (3.11)

with

(5„„-4r„r„)v„(x-y)=q, , ""
4

" " )4 „. (3.12)

%e proceed as explained in detail in Sec. II by
introducing the density fields

S(,)(x) = Qn;5(4)(x-x, ),
{3.13)

Based on this result they proceed to argue that a
first-order phase transition occurs when a strong
external electric field is introduced into the
medium.

Now, concerning the above expression (3.10)
for the permeability, one would like to know
what kind of approximation this is to the full
statistical-mechanics problem associated with
the original. instanton-antiinstanton partition
function (3.2). This question can be rather easily
understood in the framework of the collective
field approach which we present in what fol. lows.

Inasmuch as we are not going to consider
quarks in the present paper, let us proceed using
the notationally simpler Abelian dipoles (3.6).
The interaction potential can be explicitly written
in a more compact form

p =fl )p v/+ )p v s (3.V) 8( )(x) = pm, 5("(x-x~).
where B„„represents the magnetic field and H~„
stands for the induced field

The magnetization M„„is in first approximation
obtained by neglecting all the interdipole interac-
tions and taking into account only the interaction
with the external field B„„.This then leads to the

I

The total interaction energy then becomes

8 2

S,„, =, p p* „(ds I dp gS(.)(x)p„(p —p)S(' )(S)int +2 a, b

(3.14)

and the field-theoretic representation of the in-
stanton-antiinstanton partition function equals

Z = JI [d 8, d(T)s] exp -S,.„, iJ dxS ~ P-+ dx z dn e'" (+) +7 de e'" 4( )'- (3.15)
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Based on this representation we can now ad-
dress the problem of computing the permeability.
Since here we are dealing with magnetic dipoles
there are no charges to test the system but the
permeability (and in fact the dielectric constant
also) can be defined by alternatively introducing
external dipoles. A similar calculation, as the
one done in Sec. II, shows that in the quadratic
approximation one obtains the four-dimensional
analog of the Clausius-Mosotti formula, i.e.,

p. —1 q
p+1 2

(3.16)

The problem of diverging p. is present here also.
In connection with this result we now have to
confront the fact that the partition function (3.2)
involves only dipolar interactions, and that the
system is then not stable. %hat is needed to
stabilize the system is a presence of short-range
repulsive forces.

Now one may wonder whether there are such
forces in the instanton-antiinstanton case. Since
one is dealing with configurations which are not
exact solutions, the analysis of the short-distance
behavior is conceptually and technically rather
difficult and has not been done up to now. One
way of approaching this problem should be through

I

the formalism of constraints developed in Ref. .

19. On the other hand, one can give a rather
simple argument for necessity of such forces.
Namely, when an instanton and the antiinstanton
are close to each other, the configuration looks
like the classical vacuum and one would double
count. Consequently, it is certainly more ap-
propriate to forbid them from approaching each
other by, for example, a repulsive hard-core
potential

(3.17)

Here R should be thought of as double the radius
of the instanton.

Let us now describe how one is to incorporate
this shoft-range force. In order to clarify the
statements made at the end of Sec. II, consider
the three-dimensional case first. The total
potential now contains two parts Vtat =V(1, 2)
+u(1, 2) and, furthermore, one knows that col-
lective fields are useful for long-range forces
only. Consequently, the hard-core part requires
an explicit treatment and the partition function is
now written in the form

Denoting

d~ ~&ff e(~) ee(x)

~ ~we see that the expression in the curly brackets represents the total partition function of the hard-
core problem in an external field Q(x}:

zN I

Z[x, p( ~)]= dx, ~ ~ dx„exp -P u(x~, x&}+g P(x, )
~=0 &l

(3.19)

(3.20)

This is formally written in terms of exact hard-
core correlation functions as

Z[x, P( ~ )]= exp[PVP„, (z)] exp[4(g)], (3.21)

where p„, is the exact pressure and

a(P) = Q Jt dx, ~ ~ dx„p, (x„.. . , x„)Q P(x, ) .1

(3.22)

Here the' p, 's are the so-called modified Ursell
distribution functions and are defined as follows. "
First, one has the ordinary correlation functions

1 — 1~ zN
P(1, , )=Z ~(~ ))

x Jt d(m+ 1)d(N)

&&exp -P gu(i, j), (3.23)

which in terms of functional derivatives over
x(x) =exp[j)(x)] read

mZ

The connected parts are the Ursell functions and
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are given by

Finally, the modified Ursell functions are ap-
propriate combinations of

and using the fact that at small momenta the
Fourier transform of the cutoff dipolar poten-
tial equals (2.28), we have for the propagator
in this limit the form

G ',„(k-0)=—pp'[3k, k, —(1 —u)0)5, b]+ —5,b.
4m 3

p, (x) =u(x),

lb(x„x,) =u(x„x,) + 5(x, —x,)u(x, ),
(3.26) (3.34)

The corresponding dielectric constant now equal. s

and they satisfy

p, 1, . . . , I)= 5 nZ(y)
5q&(x ) ~ ~ ~ 5q)(x„) b ()'

which is equivalent to (4.21).
The total action in (4.18}now equals

bPS ~ V S+iS ~ Q+&[@],

(3.27)

(3.28)

()i'ii((., R), Ii:, -x, l&B

w(1, 2), (x —x (&R.
(3.29)

Now on the exact level nothing depends on this
arbitrary potential u)(1, 2). However, in any ap-
proximate calculation things do depend on u)(1, 2}.
For example, the quadratic part of the action
(3.28) now reads

and comparing with the earlier expression (2.39)
we see that the presence of short-range forces
induces an infinite set of vertices given by b,[p].

Before proceeding to demonstrate the relevance
of these short-range contributions let us mention
an important point. Since the total potential now

contains a hard-core part obviously the long-range
part is not uniquely defined inside the core.
Namely, in (3.18) we can write

E +2 1+Wg (3.35)

exp(VP) = exp(VP„, )(detM(u))) '. (3.36)

Consequently, w is to be determined from the
var iational equation

5P(u)) 5 Tr 1nM(w)
5u)(1, 2) 5u)(1, 2)

(3.37)

and we see the explicit dependence on w(I, 2}.
Now the question is how should one fix this

arbitrariness. First, obviously there is a specif-
ic choice for u), so that (3.35) reproduces the
Onsager formula for the dielectric constant given
by (2.51}. However, there is no special reason
for this choice and the correct procedure which
l.eads to a much better approximation to E is to
treat u)(x} as a variational function.

Namely, one can turn this arbitrariness of
u)(1, 2) into an advantage and variationally deter-
mine the best possible choice. What one has to
optimize is obviously the total pressure of the
system. In the present approximation it is
obtained by performing the S-field Gaussian
integration and then

p~ 3
A. =-S ~ (P'v +u) ) ~ S+—S'(" 2 2p

(3.30) In view of the fact that the S-field Green's func-
tion equals

where v is the cutoff dipolar potential and we
have explicitly written out the dependence on m.
In deriving (3.30}we have integrated Q out and
used the fact that

j 3

P
(3.38)

the above equation is nothing but the require-
ment that

(i(x) =)n f dii e'"'= ——', (i'(i'), (3.31) G,b(x; y) =0 for i
x- yi &R . (3.39)

with p, (x) = p being the density. The S-field
propagator in momentum space is now obtained
as the inverse of the 3 &3 matrix

3
M, b(u ) =pp'v, b(k)+ pu)bb(k)+ —5,b .

p
(3.32)

4w ~limu)bb(k} =
3

p'u05bb,
A~o

(3.33)

Now the dielectric constant is obtained, as ex-
plained in Sec. II, from the small momentum be-
havior of the propagator. Denoting

One can understand these two equations (3.38) and
(3.39) as a system of equations for G(x, y) and

V(1, 2). The unknowns are V(l, 2) inside the core,
i.e., for x-y &R and G„(x,y) outside the core,
i.e., for x —y &R.

Concerning the above equations and their solu-
tion, we mention that they are analogs in the
present language to the well-known Percus-
Yevick (PY) approximate integral equation for
classical fluids. To summarize, the PY integral
equation is defined as follows. " One considers
the two-point correlation function
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g(l, 2) = —
~ P(12 2) =- 1+h(1, 2), (3.40)

h(1, 2)=c(1,2)+p f c(1,2)h(2, 2)d(2). (3.41)

Now the Percus-Yevick approximation demands
that

and also the Ornstein-Zernire direct correlation
function c(1,2) which is defined through the inte-
gral equation

FIG. 1. Comparison of various approximate expres-
sions for Ae dielectric constant: CM, V, and 0 stand
for the Clausius-Mosotti, variational, and the Onsager
curve, respectively.

h(1, 2)=-1 for! x, -«, ! &R, (3.42)

and

c(1, 2) =-pp'[](I, 2) for i«, -x, !&R. (3.43)

1g=l+
~ ~c (3.44}

and in this form we see the equivalence to our
equations. Specifically G„(x,y) is the analog of
g(1, 2), and V(1, 2) stands for c(1, 2).

An advantage of the Percus-Yevick system is
that it can be solved exactly for the present case
of three-dimensional dipolar interactions. This
was done explicitly by Wertheim, "who showed
that the solution can in fact be given in terms of
the solution to the pure hard-core problem, in
which case

c(1,2) =0 for !x, —x, !&R (3.45)

replaces (3.43). Now the analytic solution to the

The first requirement is in fact exact since g(l, 2)
=0 for z&R when'the hard core is present while
the second equation (3.43) is the approximation.

Now the integral. equation can be written as

pure hard-core PY integral equation was achieved
by the same author earlier and is given in terms
of a finite power series.

The dielectric constant obtained in this approx-
imation lies in between the Clausius-Mossotti
and Onsager curves (see Fig. 1}and compares
quite well with numerical Monte Carlo computa-
tions. For more details and a review of the
subject the reader is referred to Ref. 23.

Having understood how one has to incorporate
short-range forces and also their physical impli-
cations, let us now summarize the analogous
treatment of the instanton-antiinstanton ensemble.
First, for the canonical partition function we
have

8m2
Z(N„N ) =f [d S, d S ] d[S] exp (

— ", p'p'2 vS ) . .
(3.46)

Here, the Jacobian which is obtained in transition
from the N =N, +N body integrations to the func-
tional integral is given by

+ N

J[S]= d(i) ...d(j) „,5 S.(x)-QA, 5(x-x, ) 5 S (x)-~ m, 5(x-x&) exp —Pgu(«„X&) . (3.4V)
I

Introducing two scalar fields (p„$ ) and the notation

e'" = dne'"' ~" (3.48)

we have for the Jacobian the expression

d[S]=JI [dd, dh ]exp(—I f 2 5)S„,[S., P.],
where

I

%[2 P-]=f, .(«i)„., («)e*p ES(;e-x) 2E+P-(x)+QP (2)

(3.49)

(3.50)

Consequently, the Jacobian is obtained as a Fourier transform of the pure, hard-core partition function
with external potentials (I)).(x) and y (x) present.

Next, for the grand partition function we obtain the following representation:



1002 AWTAI JK VICKI

Z(ep)=exp((}pp„, }f '
dp dpexpI-

"
p p'f p, ~ v }).-1f p ~ p

(}O~ 1
+ d

)
d (dx)e(x„e„, , x„,e„),P„(x,)I.

@~ MI (,)
(3.51)

Here p„, and p, (x„.. . , x„}represent the pressure
and the correlation functions characterizing the
pure hard-core system of two types of particles.
As mentioned before, only different types interact.

It is this improved field-theoretic representa-
tion which takes into account both the long- and
the short-range forces that are appropriate for
investigating the properties of the instanton
medium. For example, making the quadratic
approximation for the action in (3.51}we can
easily reproduce the CDG formula for the per-
meability. This computation proceeds in pre-
cisely the same fashion as the three-dimensional
case.

What one is more interested in is deriving the
analog of the variational. formula. As in the
three-dimensional case, we have to solve in this
way the analog of the Percus-Yevick integral equa-
tion. However, in attempting to solve this equa-
tion we have found that in four dimensions it does
not allow for a closed analytic solution. What
happens is that the series expansion in this case
does not terminate and, in fact, this is true for
any even number of dimensions. Consequently,
in order to obtain an improved variation expres-
sion for the permeability one would need to use
approximate numerical methods.

IV. LIQUID-GAS PHASE TRANSITION OF THE INSTANTON
MEDIUM

In the vacuum, instantons and antiinstantons
are densely packed and one can think of this
medium as a liquid. In recent works ' the impor-
tant observation was made that in the presence of

I

strong electric fields the instanton-antiinstanton
medium suffers a first-order phase transition
to a more dilute phase. From this observation
there emerges then a baglike picture of hadrons
in QCD.

The argument of Callan, Dashen, and Gross con-
sists of employing their formula (3.10}for the
permeability as a function of the density and
deriving an approximate dependence of the den-
sity on the external electric field E. In this way
they derive in some sense a self-consistent rela-
tion between the induced field D and E. Plotting
the curve D(E) one finds that for a critical value
of the electric field, a first-order phase transi-
tion takes place.

It is our purpose to present in this section a
more direct derivation of this phase transition.
We consider directly the instanton-antiinstanton
partition function and since we have incorporated
both short-range and long-range forces there is
obviously a possibility for a first-order liquid-
gas phase transition.

It is well known that the liquid-gas phase tran-
sition arises due to a competition between repul-
sive short-range forces and attractive long-range
forces. The standard mean-field theory of such
phase transitions is given by the Van der Waals
equation.

I et us first summarize how the Van der Waals
theory is derived for usual potentials. We con-
sider the grand partition function corresponding
to a system with the long-range potential v(1, 2)
and a repulsive core u(1, 2). In the random-field
representation it reads

Z((},e)=xe(}}e)f (ddjexp —Pv 'P + P d(1) ~ d(m)p(l, . . . , m)P(1) ~ ~ ~ P(m}I.
1 x 1

(4.1)

The pressure and the density are given by

1 1 ~ InZ
P = —lnZ, p= —z

PV
' V &z

(4.2}

ii P

where V stands for the volume. Using the second
equation, one can eliminate the fugacity s in
favor of the density and obtain the equation of
state P =P (p, P).

The Van der Waals equation of state after
Maxwell's construction has the well-known
form given in Fig. 2. For densities larger than

I

I
I
I
I I

)/p )/p
G

FIG. 2. Equation of state exhibiting the first-order
liquid-gas phase transition.
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ZPP=ZPP. .(-', d) + Jd dp '(*,p). (d.d)

The appropriate value of Q is the classical sta-
tionary point of the action and is determined from

P 0
8$

Denoting g&- Q —g, p = inz, and also

(4.5}

v, = — d(1) d(2)u(l, 2), (4.6)

this equation becomes

( @)=p..(&) ~ (4.I)

Now to solve this equation for Q one would really
first need to know the exact bard-core pressure,
but for understanding the qualitative behavior it
is sufficient to know that it has the approximate
form depicted in Fig. 3. From this we see that
for attractive potentials (e, (0}and when we are
below a certain critical temperature, depending
on the value of the chemical potential p. , we have
one or three solutions for p. Namely, for smal-
ler values of g only a single solution for Q exists,
while for larger p's two additional stationary
points appear. The correct one is chosen by de-
manding that the pressure be maximal. Conse-
quently, in increasing the value of )((, Q changes

p~ one is in the liquid phase and for p & pz the
system is in the gaseous phase.

Now, in the framework of the functional integral
representation (4.1) the Van der Waals behavior
arises already at the tree-approximation level.
In this approximation one considers &P to be
constant, i.e., space independent, and then using
the identity

Z„.(z, d)vxp Q .

(
p((. . .. .vz)P }=Z„,(ze', d),ml

(4.3)the total pressure becomes

()) (~)

FIG. 3. Graphical representation of Eq. (4.7) showing
the multiplicity of solutions as a function of p: (1) for
p & p~ we have a single solution and (2) for p & p~ three
distinct solutions are possible. The right one follows
from an area rule.

continuously on them at some p. and a discon-
tinuous jump occurs to the upper solution. Since
the density of the system can be shown from (4.2}
to equal

p = p„,(e'), (4.8)

v, = Jdx JdddPzv((zl;Pz„d, )=P. (4.9)

However, as we shall show, the Van der Waals
phase transition, nevertheless, arises in the
instanton medium and now comes from higher
quantum corrections in our fiel.d-theoretic
language.

To obtain immediately the equation of state let
us work in the canonical ensemble with n, =N, /V
denoting the instanton and the antiinstanton den-
sities. Keeping the first two terms in the ex-
pansion for Z„,[Q] given in (3.49) we.have

we see that this implies a sudden jump in the
density and a gas to a l.iquid-phase transition.
For a more detailed discussion the reader
should consult Ref. 24.

Now, in the present case of dipolar interactions,
the situation is not as simple as above and there
is no phase transition in the tree approximation.
Owing to orientational integrations the analog of
vp now vanishes, i.e.,

(4.10)

where h represents the hard-core two-point
function. Consequently the action of the canonical.
partition function (3.46) can be approximated as

I

where we have used the definition (3.48) to
approximate

e, =--'. e,'( ). (4.12)

+ —x —,Jl h, , (x, -x,)$, '(x, )P, '(x,), (4.11)

8@2
dt= 2 p~p~S, v ~ S +i S ~ $- —, (n, g, '+n p 3)

(j),'(x, )y' (x,))0 =v,((x, -x,}, (4.13)

Since in the action (4.11), Q, appears as a quartic
term we now integrate out S, and obtain the fol-
lowing propagator for the (t) field:
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X V~b X~ -X2
ab

(4.14)

g, (x, —x,) =1+&, (x, —x,). (4.15)

Using the properties of the 't Hooft tensors which
enter the definition of v, b one easily simplifies
and

Q ' (,—,)'=12
(

1

ab
' Xl —X2

(4.16)

Consequently, in this approximation the total free
energy reads

(4.1V)

Here the second term effectively resembl. es a
contribution of an attractive 1/r ' potential and
therefore we have obtained the Van der Waals
behavior.

The approximate result (4.1V) exhibiting the
liquid-gas phase transition is obviously of qual-
itative nature only. However, we mention that
one can obtain a much more accurate numerical
answer for the equation of state by simply eval-
uating the next term in the large temperature
series and employing the Pade methods.

Let us now summarize the implications of this
result on the behavior of the instanton-antiinstan-
ton medium. First of all, the vacuum is described
by the grand-canonical partition function with
fixed fugacities (z, Z), and the unperturbed system
is in the liquid state. It is plausible that this in-
stanton liquid state represents the intermediate
phase in transition from weak to strong

which is nothing but the instanton-antiinstanton
interaction (3.12).

The perturbation expansion based on the above
propagator is a high-temperature expansion and
that is the reason we did not include the n, Q,'
terms in the propagator but treat them as vertices.
The high-temperature expansion is very useful
since in coalition with the Pade methods it can
lead to extremely good approximations for the
equation of state.

Let us now evaluate only the first term in this
expansion, which as will be seen already exhibits
the Van der Waals behavior. It is given by the
two graphs shown in Fig. 4. These two graphs
come, respectively, from the last two terms in
(4.11) and taken together give the following cor-
rection to the Helmholtz free energy:

((p p'nn -(-,
' (*f C,h, .dx, g(x, x,),.

FIG. 4. Feynman graphs which give the first correc-
tion to the Helmholtz free energy.

coupling. "~"
The above demonstrated Van der Waals be-

havior means that changing by hand the fugacities
one can induce a first-order phasetransition to a
gaseous state. In Ref. 4 it was argued that a
constant external electric field can cause such a
transition. Ultimately, what one would l.ike to do
is to introduce external quark sources and see
how they induce a space-dependent variation of
the fugacity and consequently a gaseous phase in
their vicinity.

The present formulation offers an effective
computational framework for discussion of this
problem and the associated baglike hadron states
at least for the case of heavy quarks. As the first
step, one is to couple point quarks to the Yang-
Mills field which can be done, for example, by
following the work of Ref. 27. Then one needs to
deduce how this quark degrees of freedom couple
to the collective fields and write down the effective
scalar-field theory in presence of quark sources.
In the framework of this effective field theory one
should proceed using soliton-type methods and,
after an analytic continuation, look for real time
baglike classical solutions. A WEB quantization
procedure would then produce the bound-state
spectrum.

The execution of the above steps is not a trivial
task and obviously a considerably amount of hard
work is needed to achieve a complete understand-
ing of the instanton-generated spectrum. How-
ever, we believe that the necessary ingredient
for such a picture, namely, the existence of a
phase boundary, is certainly generated by in-
stantons in this semiclassical approach.
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