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Two results for the classical SU(2) gauge field interacting with a static external source are given: (1) The
smooth solutions associated with a smooth non-Abelian source are non-Abelian. (2) The minimum-energy
field configuration for a smooth source is not smooth. It exhibits a pathological property we refer to as high-

wave-number screening.

I. INTRODUCTION

We present two results for the classical SU(2)
gauge field in interaction with a static external
source!

(¢, %) =6“%p(X) .

The first says that the smooth solutions associated
with a smooth non-Abelian source are non-Abelian
and the second that the minimum-energy field con-
figuration for a smooth source is not smooth.

A precise statement of the results requires some
definitions. A good function® is one which is
everywhere differentiable any number of times,
and all of its derivatives are

O(|x|™) as |x|—~= for all N.

(1.1)

(1.2)

A good source will be one for which each of the
functions p*(X) is good. We will say that two
good sources p and p’ are gauge equivalent if

p'=g"pg, (1.3)

with g a smooth SU(2) gauge transformation. A
source is said to be in Abelian form if
pA — 5A3p3 .

A good source is an Abelian source if it is gauge
equivalent to a good source in Abelian form.
Otherwise, it is a non-Abelian souvce. A gauge
field will be said to be an Abelian or non-Abelian
field according to whether its holonomy group?® is
Abelian or non-Abelian. With this tedium behind
us, we return to the introductory discussion.

'~ Many authors® have discussed the solutions to the
field equations with static sources. However,
little attention has been given to the geometry® of
the source. In most cases, it has been assumed
(either explicitly or implicitly) that the source is
Abelian. But what can be said about the gauge
field solutionif it is known that the sourceis non-
Abelian ? We find that the smooth solutions
(whether static or not) must be non-Abelian. In
this way, the gauge field inherits a geometrical
property of its source. Abelian sources admit both
Abelian and non-Abelian solutions (Sikivie and

(1.4)

Weiss, Ref. 4).

To discuss the second result, we begin by con-
sidering the simple Abelian solution for an Abeli-
an source. When the source is in Abelian form,
this is a Coulomb solution. Mandula® has shown
that for sufficiently strong sources this solution
is unstable. So what is the form of the field at the
global minimum of the energy? A body* of recent
work can be interpreted as contributions to the
understanding of this question. We will give a
general result which shows that the problem is
pathological.

The system is the energy functional

H:fdax%(Ej.‘E’} +BABR), (1.5)
with constraint
0,E4 +ey SPAPES =p* . (1.6)

Consider it defined on the space of smooth E and

A and assume only that p is good. Our result

is that H does not have a global minimum on the
space of smooth E and A constrained by (1.6).
Indeed on this space, which will be referred to

as S, H can be made smaller than any positive
‘number. We refer to this effect as high-wave-
number screening. It implies that there is no force
between good sources at the classical level.

In earlier discussions” of this problem, the
proofs were given for Abelian sources. Our work
is based on the same idea, but the treatment is
simpler, more precise, and valid for all good
sources. It shows that the earlier results repre-
sent an important general insight into the problem
of the gauge field with static external sources. A
discussion of the relationship of our contribution
to the work in Ref. 7 appears in Sec. III.

The result does not apply to singular (e.g.,
point) sources.® However, we can see that it
will be very difficult to treat the point-charge
problem as the limit of the problem with a smooth’
source.

It is also worth noting that the second result
makes the first seem somewhat irrelevant. The
restriction to smooth solutions may be ill-moti-
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vated. This is discouraging because a systematic
treatment of fields with complicated singularities
will be very difficult.

Finally, we may ask how the second result will
be expressed in a quantum-mechanical treatment
of the field with a classical source. Section IV
contains the speculation that the vacuum energy
will be independent of the source in order 7#Z°. A
very simple model is discussed.

II. NON-ABELIAN SOURCES AND NON-ABELIAN FIELDS

It will be shown that non-Abelian sources re-
quire non-Abelian fields. But first an example of
a non-Abelian source will be given. Consider

@ =540 E]), (2.1)

with o some good function satisfying
o(y)=0 for y<R,. (2.2)

A proof by contradiction shows that (2.1) is non-
Abelian. Assume that (2.1) is Abelian. Then
there exists a smooth g such that

pA=064%X|o=(g"pg)" . 4 (2.3)

Now consider a fixed |X|=R > R, for which o(R)
#0. Restricted to this sphere, p and p’ each
induce maps S* — S%. They are in different
homotopy classes. The restriction of g to the
sphere g|. is a map $*—S°. Since 7,(S°) is
trivial, we can find a homotopy which connects
1 and g{ - This will provide a homotopy between
p and p’. But that is impossible; so (2.1) is a
non-Abelian source. An attempt to force the issue
will net a g with a string singularity. An example
of this is the string singularity of the SU(2) mag-
netic monopole in the gauge where the scalar field
is

¢A:6A3d)3. (2‘4)

Recall that the holonomy group at x of a gauge
field A is all elements of the gauge group obtained
by varying the expression

P exp(f ax “Au)

over all closed paths beginning and ending at x.
It is easy to show® that the holonomy groups at
different points are isomorphic. Further,® if the
smooth field A has an Abelian holonomy group,
then a smooth gauge transformation will take A
to an Abelian form

Ar=0%%4% . (2.5)

Now suppose that A is a smooth solution to the
field equations

Fﬁv: auA‘:l - avAﬁ + €p CAAEAVC ’ (2'6)

auFAuu+eBcAAﬁFCuu:]-Av, (27)

that the current is given by (1.1), and that p is
non-Abelian and good. Then A must be non-
Abelian. To prove this, we assume the opposite,
i.e., that A is Abelian. Then gauge transform A
to an Abelian form and the field equations become

6A38“F3uv:6v0(g-1pg),4 . (28)

This implies that p is Abelian and is a contradic-
tion with the assumptions.

Thus, a non-Abelian source requires a non-
Abelian field and does not admit an Abelian solu-
tion. Theseresults require the smoothness assump-
tions. They are not true if singular fields are
allowed.

III. MINIMIZING THE ENERGY

The problem of finding the absolute minimum
of the energy

= [ aiEtEt BB, (3.1)
subject to the constraint
0,E + ey FATET =p*, (3.2)

with p static and good, will be discussed in this
section. It is known' that a minimum-energy
configuration with reasonable properties is a
static solution to the field equations. (The time
evolution is a gauge transformation.) We will
show that the absolute minimum configuration
does not have reasonable properties. In particu-
lar, it is not smooth where p is nonzero. This
generalizes earlier proofs’ which used Abelian
sources.

It is convenient to work in the

A,=0 (3.3)

gauge where the field equations provide a sensible
initial-value problem. If the constraint (3.2) is
satisfied at the initial time, then it is preserved
in the time evolution as is the value of the energy
(3.1). Thus, it will be sufficient for our purposes
to study the energies of certain initial configura-
tions. It is only the constraint (3.2) which pre-
vents the problem from being trivial. Even so,
it is not difficult.

Consider the space S of smooth E{ and A4 sat-
isfying (3.2). Suppose that at some point of S,
H has an absolute minimum H,,. Since (3.2)
implies that E4 is not zero on S, we conclude
from (3.1) that



0<H,. (3.4)
We will give an example of a path (parametrized
by «) in the space S with

limH(a)=0 . ©(3.5)

=

This contradicts (3.4), and we conclude that the
energy functional constrained by (3.2) does not
have an absolute- minimum on the space of smooth
fields.

A path in S satisfying (3.5) willnowbe given. 4,
is zero at all times. At the initial time, we take

A, =g, (3.8)
and
E,=g"Ejg. (3.7)

To satisfy the constraint, we require that

0,E;=gpg=p". (3.8)
If we take

Ef=-3,V4, (3.9)
then (3.8) becomes

-V2VA=p", (3.10)
and

VA=—~15p’A. ‘ (3.11)

v

The energy of this configuration is

-1
H:%fp’A<—€§>p’A (3.12)

=%f(—§;—;|i‘>”‘(k)|2%. (3.13)

Since a smooth g will be used, p’ is good and so

is p’. Thus, the convergence of (3.13) is assured.

For g take

1= paT 8T (3.14)

g

with o and B some yet to be specified functions
of X. This gives

plA:RABpB, (3.15)
with
cosB sinBsina - sinBcosa
R=| 0 cosa + sina . (3.16)

sinB - cosBsina cosBcosa

If we take
a=g-%and p=B"%, (3.17)
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then each component of p’ is a sum of terms each
of which is of the form

Gk+K), (3.18)

with ¢ some good function independent of & and E
and ‘

K=ta, iﬁ, @ +B), or +(a-p). (3.19)
* Then(3.13) will be a sum of terms each of which is
of the form
> - =01
dek&(k+K)5'(k+ K’)k—z. (3.20)

Now specify @ and E further by
a;=ad;, and §;=0ad,,. (3.21)

Each of the possible K’s then goes to infinity in
a different direction as a — «.
If we shift by -K in (3.20), it becomes

. - - 1
Lk (K+K —K) ===
fd % G(K)5( )(k_K)2 (3.22)
Since ¢’ is a good function, it has a finite maxi-
mum modulus somewhere and the modulus of
(3.22) is bounded above by

1
|6’Imufd3klé(k)|7§_—ﬁ)? (3.23)

which goes to zero as a goes to infinity. Thus,
in (3.6), (3.7), (3.9), (3.11), (3.14), (3.17), and
(3.21) we have the desired path.

To summarize: If the energy had an absolute
minimum on S, the field configuration would be
static and would have a positive energy less than
that of any time-dependent configuration. How-
ever, we have just shown that there are time-
dependent configurations iz S with arbitrarily
small energy. Thus, the energy does not have
an absolute minimum on the space S. It is clear
from the discussion that in attempting to mini-
mize the energy, one is driven toward fields
with arbitrarily rapid spatial oscillations. We
refer to this as high-wave-number screening.

This basic idea has been discussed by several
authors.” “The limitations of those treatments can
be characterized by saying either that the sources
were assumed Abelian or that for arbitrary
sources the path would not lie in S.

IV. QUANTUM MECHANICS

What does the result of Sec. III tell us about the
quantum mechanics of the gauge field interacting
with a classical static source? A careful treat-
ment of this problem may be difficult. One
strategy would be to begin with a Hamiltonian
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formulation.!* We will just discuss one specu-
lation and present a highly simplified model which
shares one feature with the real problem and
which tends to support our conjecture.

In simple field theories, the vacuum energy
can be expanded in powers of 7. When the field
is coupled to a classical source, the vacuum
energy often depends on the source in order 7°.
This is certainly the case for an ordinary scalar
field and for an Abelian gauge field. It is a reflec-
tion of the fact that the minimum-energy config-
uration of the classical field theory depends upon
the source. However, this is not always the case.
A free massive scalar field can be coupled to a
source with a term which is quadratic in both:

L, =-p*¢2. (4.1)

The classical minimum has zero field and zero
energy independent of p. The vacuum energy is
independent of p in order %°.

The situation with which we are confronted has
an additional feature. Although the minimum
value of the classical energy is zero independent
of the source, the field configuration at the mini-
mum is something horrible. Nevertheless, we
speculate that the vacuum energy of the quantum

1

gauge field interacting with a classical, static,
good source is independent of the source in order
7°.

For a relatively simple example,
the field theory with Lagrangian

12 consider

L= [ @[5t - \($A ¢ - 0]

_fdsxfd%m*‘(—;lz)w. (4.2)

The constants A, v, and o® are positive and the
field has two real components. Think of y as a
space-time-independent source. The classical
energy is bounded below by zero and can be zero
only if both

[ arx(stot ~ o7y (4.3)
and ‘
fd3x fd3y ¢A(‘Vﬁ)¢" (4.4)

are zero. With the choice
¢*=0cosax, and ¢*=o0 sinax, , (4.5)

(4.3) is zero and (4.4) becomes

02 3 3
e fd xfd y cosax, [(xl_yl)2+(x2

which vanishes as @ — . Thus, the classical
energy can go to zero independent of the “source”
7, and in so doing it runs out of the space of
smooth fields. This is similar to the gauge field.

A still simpler model is obtained by dropping
the interaction and reducing the field to one com-
ponent

L= [aiér-1y fdsxfdsy ¢(‘;12)¢. (4.7)

The classical minimum of the energy is zero in-
dependent of y. But besides the zero field, fields
of the form

¢=¢o cosdxl ’ (4.8)

with @ going to infinity also give zero energy.
This model is so simple that we can see that this
possibility is the result of symmetry.

To show this, a change of variables will be
made. Write

o(t, %)= fél—;;% eiEEg(4, k). (4.9)

- yz)z + (xs -

Y FFT cosay, + (cos — sin) (4.6)
3

I

Equation (4.7) becomes

1= 2% ot 603, -0

2 [ B D e, R (4.10)
Now let
56,0 =) (), (4.11)
which gives
_y [ &k 3l B _1?_)
L _% (27[)3 ks[B (t’ kz)B t; - kg
K K
3( kz)kzﬁ( k2>]
(4.12)
Changing integration variables to
=k/r? (4.13)

gives (up to an overall constant)
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ds K] - - - ~
L=y f ﬁ[ﬁ(t, DB, -B) - v3(t, DBt -P)]
(4.14)

=%fd’°fx(é"’-76,~ﬁaiﬁ). (4.15)

Thus, a choice such as (4.8) with ¢ — © corre-
sponds to taking 8 constant. L has a field trans-

lation symmetry and the classical energy is zero
for any constant field. Further, it is clear that
the vacuum energy is independent of y in order 7°.
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