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The theory for all fundamental particles proposed earlier is further discussed and the higher hadron
supermultiplets and the corresponding mass levels of the various spins and parities have been calculated.
Each supermultiplet is designated by the principal quantum numbers No and N in the form [No,N], where
Ny and N refer to the dimension numbers of the groups SO (3,2) and U (3,1), respectively. The generators of
the groups SO (3,2) and U (3.1) constitute the algebraic basis of the fundamental wave equation. The results
of the theory and the experimental data on hadron masses are found to be in excellent accord. The parities
of the particles are obtained unambiguously, and the theory predicts 2~ and higher-spin mesons in addition
to known ones. In the extreme limit of the parameters p and A where p=0, A=0, the [5,4], [5,6], [5,10],
[5,15] levels each describe the photon, while the level [5,20] yields the graviton as a massless 2+ particle.
The limit p=0, A=0 for the baryon and the lepton supermultiplets [4+,N], [4:,IV], respectively, when
coupled together implies the existence, at the lowest levels [45,4] and [4:,4], of two s=% two-component
neutrinos. Higher-spin massive and massless leptons are also predicted.

I. INTRODUCTION

IN a previous paper,! to be referred to as I, a wave
equation describing the energy levels of the free
hadron was proposed. A preliminary numerical analysis
led to the identification of the first eight free baryon
levels in the mass relations

1 1 1 1
—_——— = (1.1)
Mz Mz-:“ MA' MY+
and
171 1 1
—(—--—):—— - (1.2)
4\M, My My Msz-

of the supermultiplets [4,6] and [4,1], [4,4], respec-
tively, where each supermultiplet is designated by its
principal quantum numbers N, [dimension number of
S0(3,2)] and N [dimension number of U(3,1)] in the
form [Vo,V]. It has been pointed out in I that the only
physically relevant representations of SO(3,2) are for
No=4, 5, and 10 dimensions, while N of U(3,1) ranges
over 1, 4, 6, 10, 15, 20, ... . However, there are two
sets of 4X 4 matrices which form the bases for the four-
dimensional representations of the group SO(3,2). These
two sets are 1iy,, 30,4, and 39ys5y,, 204, both of which
satisfy the commutation relations of the SO(3,2). These
two representations when combined can form the basis
for the four-dimensional representation of SU(2,2).
Thus in the latter sense the two representations of
S0(3,2), to be referred to as B and L representations,
respectively, are related within the SU(2,2). The L
representation (34ysyu,30u) of SO(3,2) will be applied
to lepton classification, where we shall see that the
parameter p in the lepton wave equation

(Twrysy*p?—imc)¥ ;=0 (1.3)
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will have to be restricted to p <1. The matrices r,,, as
in the baryon wave equation

(uy"p”—iMe) =0, (1.4)

are defined as the linear combination of the generators
T+ pguy and J,, of the group U(3,1),

Tuy= (va+Pguv+)\Jpv)/P )

where the range of the parameter A for the leptons
differs from its range of values for the baryons.

In this paper we shall continue with further investi-
gation of the hadron wave equation

(1.5)

(i’ — M) =0, (1.6)

where the four matrices {, belong to Noy=4 (for
baryons) or to No=35, 10 (for mesons) of the SO(3,2)
representations.

The quantized field theory of the present model
implies that the spin and statistics connection of the
elementary systems can be discussed within the frame-
work of SO(3,2)-symmetry breaking. Each member of
the supermultiplets [4,N |z and [4,N]; will obey the
Fermi-Dirac statistics, while each member of the
supermultiplets [5,N] and [10,N] will obey the Bose-
Einstein statistics. The relation between breaking of
the SO(3,2) symmetry and the spin and statistics
connection is based on the observation that the Dirac
and Kemmer wave equations break the SO(3,2) sym-
metry at a rate of p/Mc, where p is the momentum of
the particle. This property, in our theory, is taken over
and generalized further by including the group U(3,1)
(which has no double-valued representations) to induce
a level structure to all the states of the hadron.

Like the Fermi-Dirac systems, the mesons also are
of the two-prong type, i.e., both [5,N] and [10,N] are
meson supermultiplets obeying the same symmetry
laws, as contrasted to [4,N]; and [4,N |5, which have
different discrete symmetries. Both five- and ten-
dimensional representations of S0(3,2) obey the
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Kemmer-Duffin algebra
BuBsBs+B:8:8u=— (guvﬂp'f‘gvpﬁn) ’ (17)

just as both vy, and vsy. representations of SO(3,2)
obey the Dirac algebra

7#7v+7v')’u= '—zgw- (18)
Operating with p#p”p? on both sides of (1.7), we obtain
(Bp,)L(B*pu)*4$"1=0.

Hence, using the Kemmer equation

(B#pu—ime)p=0, (1.9)
we obtain
(P90,
which in momentum space implies
pP=m2c?. (1.10)

The same procedure applies for the Dirac algebra and
leads to the statement (1.10). We thus see that No=4,
No=4p and No=35, 10 are the only physically relevant
representations of the group S0O(3,2).

Finally, we remark that within the group SO(3,2)
there exists a possibility of obtaining mesons whose
discrete symmetries differ from [5,N] and [10,N]. For
example, the algebra (1.7) can be satisfied by taking
1358, in place of B,, where

:35ﬁll+:8ﬂﬂ5=07 ﬁsﬂuv=ﬁpvl35;
:81“‘= _imﬂﬂv_ﬁmgll) .

Thus, as can easily be verified, the matrices 358, and
Bu» belong to the Lie algebra of SO(3,2).

(1.11)

II. SUPERMULTIPLET [4,10]

The energy levels of the supermultiplets [4,47] and
[4,6] were discussed in great detail in I. The method
of I was useful only for the sake of a general presen-
tation of the theory and also for a systematic spin
decomposition of the wave equation. Here we shall
introduce a much shorter technique which yields the
same results and is based on the space-time symmetry
classification of the wave functions leading to coupled
sets of equations for each spin in a supermultiplet. For
the definition of the various symbols and quantities
the reader should consult I. In order to illustrate the
method we shall recalculate the levels for the [4,6].

The wave equation for the supermultiplet [4,6],
using the definitions of I',,, Ju and also the wave
function

W oo= _%Qwa‘lla[w] ]

can be written as
Clo—1)y*pu—imep]¥ un
+ (14N (Vi ? Y (o1 — V5 " (1)

-+ (1~i)\) (p“’y”‘l’[py]“f)v')’”‘]?[p#]): 0, (2‘1)
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where a square bracket around the indices implies
antisymmetry, while a curly bracket implies symmetry
under permutations of the respective indices, and where
the Dirac index a of the wave function has been sup-
pressed. The two 3+ wave functions of the [4,6] can
be represented in the form

1

n2= ;’y“j)“\ll[,‘,,] . (2-2)

m=v*y"Yw,

Introducing the definitions (2.2) in (2.1), we obtain
the coupled equations

[ (o4 2iN—3)y*pu—imcp Jni—4(p+2iN) pn2=0,
[lo+2in— 1)y p+imcp Jno— (1—iN) pp1=0.

Hence, eliminating n; or 9., we find that both 7, and 7,
satisfy the wave equation

[ pu—10c Jni= [v*pp—19Mc Jn2=0,

(2.3)
(2.4)

2.5)
with

N =[p*(p*+ 4N+ 3) —m*c**]/ 2mcp
from which, as in I, we obtain the mass spectrum

mp/M(Z,B)=ZB+B[p*+4(14+N) ]2,
PP =M% (2.6)
where
Z==41 and B==1 (baryon number).
The Z quantum number appears in all the baryon
multiplets. The two §+ wave functions

Mmp=7"Yw, nu=(1/p)p"¥u* 2.7)

obey the coupled wave equations
Clot+iN)v*pu—imep Inout (1—iN)pn1=0, (2.8)
L(o+iN—2)v*putimepIniut2(p+iN) p1ou=0,  (2.9)

where we used the fact that the wave functions 7,
and 7, as follows from the projection operators (6.2)
of I, satisfy the relations

Y11u=0, p*11,=0, v*2,=0, prn=0. (2.10)
Equations (2.8) and (2.9) lead to
(Y*pu—iNe)n1u= (v*pu—19Mc)n2u=0,  (2.11)
where now
M= [mPc*p*— p*(0*+N) 1/ 2mep,
and the corresponding mass spectrum is
mp/M (Z,B)=ZB+B(p*+N+1)"2.  (2.12)

For the supermultiplet [4,10], using the definitions
(A3.1) and (A3.2) of I for Ty, and J,, of I, the wave
equation can he split up in the form

(Y pu—imec)¥s,=0 (2.13)
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and
Llo—1)v#pu—rimep 1 s

+ (14+9N) (V™ (o1 =¥ 52" (1)

+ A= Py (o — oy V1) =0, (2.14)
which is the same as the wave equation of the super-

multiplet [4,6]. The four spin-1 wave functions of
[4,10] can be defined as

$1=7"Y"¥ (1,
§‘3= 7"\1/5“ )

$a= (1/P)7"PV‘I/[W] )
Sa=(1/p)p"¥sy,

where {3 and {4 are the wave functions? of a pair of 3~
particles and they satisfy the coupled set of equations

(v*put-ime)is+2p54=0,
('Y“Pu* imc)§‘4= 0.

From (2.14) we obtain the same mass spectrum (2.6)
of the supermultiplet [4,6]. Equations (2.16) and (2.17)
yield the mass m for the remaining two §~ particles of

[4,10]. In deriving Egs. (2.16)-(2.18), we used the
relations

(2.15)

(2.16)
(2.17)

YOy pe) = — (v’ pu)vH—2p*,
v (vpe)= (v po)v* v’ +2(p*y" —vp).
The three § states of [4,10] are represented by
Cu=7"Yuat, Su=1/p)pYunmt,

— (2.18)

where {3, represents a $~ particle and where, as in the
case of [4,6], the superscript (+4) of ¥ signifies the
action of the projection operator (6.2) of I on ¥y,
for the state of spin £, and each of (2.18) satisfies the
relations of the type (2.10). The wave functions {1,
$au Obey the same set of coupled equations as in [4,6]
and the wave function {3, satisfies the equation

(’Y“Pn— ima)ﬁ#: 0.

Hence the mass of the §~ particle is just #.

From the discussion in I of the [4,4] and [4,6]
mass spectra, it is clear that the parameters p and A
may, for the supermultiplet [4,10], assume a different
set of values from [4,4] and [4,6]. In I, it was also
shown that the mass formulas (1.1) and (1.2) could be
fitted with various other combinations of s=% and
s=%. All these fits correspond, of course, to different
sets of values for the parameters p and X\. Thus the pair
of 3+ and the pair of £+ of [4,10] mass levels are given

(2.19)

2The quantity 3e**¥p.), with A, w=1, 2, ..., 5, is a scalar
under SO(3,1) transformations and a four-dimensional spinor
under the SL(2,C) transformations, where oxo = — 37 (YAY0—Yw¥2)
are the ten generators of the group SO(3,2), and where {v),7v.}
=—2g,. The g\, is the metric tensor of the group SO(3,2),
g55=g44=1, g5“=0, g4,'=0, gjlc=_5jk, where 7=1, ey 4 and
7, k=1, 2, 3. The v, are the five Dirac matrices v, and vs. Hence
we see that the states ¥s, describe negative-parity particles.
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by (7.17) of I and therefore they can fit a mass relation
of the type (1.1) with mass values different from those
used in [4,6]. Furthermore, the parameters p and A
also assume values different from that of [4,6]. The
remaining pair of $~ and also the §~ are of equal mass,
represented by the parameter 7. All of these masses of
[4,10], as follows from (7.17) of I, can be expressed in a
single expression

mp/ M (Z,5)=ZB~+ B{p*+Z2(\+1)
X[19/4—s(s+1)1}2, (2.20)

where s=3, §, B (==1) is the baryon number, and
the Z quantum number assumes the values —1, 0, 1.
The mass formula (2.20) differs from (7.17) of I in the
appearance of Z? in the square root, and also in the
fact that the Z=0 and s=7% is doubly degenerate, while
Z=0, s=3% is a singlet.

III. SUPERMULTIPLET [4,15]

In order to compare our model with the current
theory and experiments and to derive further con-
clusions from it, we shall derive the mass spectra for
the [4,15] and also for one of the [4,207]. The wave
equation for the [4,15], as follows from the definitions
(A4.1) and (A4.2) of I for the generators Ty, and J,,
respectively, can be written in the form

Llo—3)v*pu—1imep ¥ (o)~ 58acgba¥* Pu¥ ca)
”i(1+i}\)'yﬂpv(]up)ub(]vp)cdq’[':dl
_%(1_i}‘)"yupv(]vp)ab(jup)cd‘l’[cd]=0, (31)

where the Dirac spinor index is suppressed and where
gab (a,b=1, ...,6) are the elements of the matrix I's
defined by (A2.20) of I. In the derivation of (3.1), we
used the relations

(3.2)

between the generators (Jyu,)qs of the N=06 represen-
tation of U(3,1). The relations (3.2), as will be seen,
play a fundamental role in predicting negative-parity
particles.

Now, on multiplying (3.1) through with the co-
efficients (J4)ep and summing over ¢ and b (=1, 2,
..., 0) and using the relations

I‘ﬁjmlz ]uvr5 )

%Jﬁwab]“vcdz audabc—Bacabd"i‘gadgbc_gacgbd

%(JM)ab(Jpa)ab=guagvp—gupgw, (3.3)

we obtain the wave equation for the supermultiplet
[4,6] given by (2.1). Hence we see that the [4,15]
contains a mass spectrum of the same form as the
spectrum of [4,6]. Thus the [4,6] subspectrum of the
[4,157] consists of a pair of 3+ and a pair of §* particles
described by the 24-component wave function

Nun =51 Tr(J,¥), (3.4)

where ¥ represents the matrix form of the wave function
W 45;. The sum rule for the mass spectrum of 5, is
the same as (1.1), but the parameters p, A, and m may
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assume different values from that of the [4,6] and
therefore the corresponding particle masses are also
different from the [4,6] supermultiplet.

The remaining members of [4,157], as indicated by
the reduction (A4.3) in I of the ¥ .3}, are described by
the wave function

Dl =31 Tr([,,T57), (3.5)

where (T'u)i.5) refer to the generators of the [4,6],
and where

¢;;“ = O . (3.6)

The corresponding wave equation can be obtained by
multiplying (3.1) through with the coefficients
(Tw)tarb}€are and summing over a, b, and o’ as

(v*po—ime)plun =0. 3.7)
The appearance of the I's (=g,s) in the definition (3.5)
of the wave function ¢y,,} implies, clearly, that it
describes negative-parity particles. This can more
readily be seen in terms of space-time transformation
properties of the wave function. Thus, using the
definitions (see Appendix A of I)

%igubQ;qupvb= €uvpoy gub= (7//8) euyquyqupnrb 3

the wave function ¢(,,) as defined by (3.5) can be
written as

(3.8)

d’{;w) = %1 (an)a’bga’a\yab
=€ (g3, (o1, po1 1 Evu¥ (1081, 1p011) » (3.9)

where
Y (w], [po]]1= % (quawa—quprm)‘I’[ab] . (3-10)

The wave function ¢(,,) can be decomposed, ac-
cording to its spin content, into the wave functions

b1=(1/9")p*p*twst,  b2=(1/p)v*p*dtu (3.11)

for a pair of ~ particles, and

b= 1/P)Pbtust, Su=7"blw!, (3.12)
with
Prou=p¢1, Y=o,
Prbow=—pd2, V'b2u=0
for a pair of §— particles, and
Su=0u— (pu/p)b1, p*u=0 (3.13)

for a §~ particle. A further reason for the presence of
negative-parity particles in the [4,15] is contained in
the structure of the Pauli-Lubansky operator

Wan/p*=3648—1 (T w)a(J*)s
— 507"y () 1am1
— @&/ p)v*po(Jw) a1y p”,

where the subscripts 4 and B are used in place of [ab]

(3.14)
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and [¢d], respectively, and where we used the relations

) aer (T iesr=— T w)a(J*) s,

6AB=6a05bd—6ad5bc 3
(o) tac1(J ") tes1=—1(J ) 1an1— 18w (J p0) a(J **) .

The second term on the right-hand side of (3.14) is
defined by (3.2). Hence we see that the presence of the
latter allows the presence of the negative-parity
particles. This observation is, of course, compatible
also with the structure of the wave equation (3.1).
Equation (3.1), because of its second term, can be
multiplied through by g.» to see the negative-parity
structure in all the terms.

From (3.7) and the definitions (3.11)-(3.13) of the
wave functions we obtain the coupled set of wave
equations

(v putime)pat2pp1=0,
(Y*putime)po,+2p$1,=0, (3.15)

(y*pu—rimc)p1=0,
(7ﬂpﬂﬁimc)¢'1p= 0,
(y*pu—imc)¢,=0.

Hence we see that all of the above five negative-parity
particles have equal masses represented by .

IV. SUPERMULTIPLET [4,20]

It has been pointed out in I that the group U(3,1)
has two 20-dimensional representations defined by
Wiap} (Yiaa}=0) and ¥ (... Here we shall discuss the
symmetric wave function ¥, and defer the fully
antisymmetric wave function W4 or its dual repre-
sentation §espcae/¥aes) to the future publications in
this series. The fully antisymmetric tensor €gpcacs, as
for €u,,s, has only one nonvanishing component, where
the indices @, b, ..., f (=1,2,...,6) have different

values.
The wave equation of the [4,207, as follows from

(AS.1) and (AS5.2) of I, can be written as

Clo v pu—imep ¥ v} —38arv*pul
—5(14+N)v?p (T o) tav)ps®
—3(1=Nvp (Tor) tas),
=+ (1/\/3)[gab')’”?”¢pv+ (Ts0) (ab)'Yqu‘]: 0, 4.1)

where

= %’L Tr(l’;,‘l’) y Pw= 3 Tr(Puv‘I’) , ¢ut=0, (4-2)

and where we used the relations

%(Pu;'){ab’ (Pw’){c(l} =084a0bc+04c0ba
—‘§5ab5cd"§gabgcd-

(4.3)

It must be observed that, because of the noncom-
pactness of the group U(3,1), the wave function { does
not vanish, viz.,

§=38atV 1an) =5 (¥ji— V) = § PV (11,1501},  (4:4)
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where

Wit YA 2B = (V)%
so that ¥ is just the complex conjugate of ¥;;. In all
the above relations the Dirac spinor indices have been
suppressed. The { is the wave function of a §~ particle,

where W{u1,1001), the space-time tensor-spinor form
of the [4,20] wave function, is defined by

W { [us], [pol} = — i‘ (anawa'{'qupraa)‘I'(ab} ;

gﬂpg”\l,([nv],[pc]}=0- (4:5)

Hence, by contracting, we obtain

gVU‘I/([uv],[pv])=%(ruv)(ab}\1/{ab) ) (46)
which is the same as (4.2). By using the definition (4.6)
in (4.1) and noting that g,s(T4,)(.5)=0, we obtain a

wave equation for the reduced wave functions ¢(,,)
and ¢,

Llo+3)vopp—1imepldius \
— (14N p (vupro v ib1u—38usb2)
— (1=19\) (pusport prbou— 58uvDP2)
=+ (2/\/3) ('Y#pv“"'yv?u'_%gM'YpPp)f: 0, (4.7
where
1= (1/P)p*up, b2u="7"bus»
d1= /P éw, 2= (1/p)p b,

and where we used the relations

(4.8)

%(I‘W)ab(rw)cdzgwgw'f‘gupgw_%guvgp«' (4.9)
Operating on the (4.7) by p#p’, v*p* and also on the
(4.1) by ga», we obtain the coupled set of equations

Llo—5—2iN)y*pu—imcp Jpr+ (2N —1)pés

:Evgv“Pu§=0, (410)
Clo—%—2iN)v*putimcplpat2(p—5—3iN) ps

+3V3pr=0, (411)

Llo—3)v*pu—1imepJi£V3pd2=0, (4.12)

which describe two 3+ (¢1,¢2) and one 3~ ({) particles.
From (4.10)-(4.12) it follows that the three wave
functions ¢1, ¢s, and { satisfy the wave equation

(y*pu—iMc)p=0, (4.13)
where ¢=6¢;, ¢ or {, and where
M/mp=— (g+a%)/ (h+ f+*)
f=i—p, g=—(F—3p+5T/448N),  (414)

h=(p—%) (8\*+p*—4p+23/4)+3(0+3),
x=mcp/p.
From (4.13) and (4.14) we obtain the cubic equations
2 fa? 4 geth=0, (4.15)

where the 4+ and — signs of f and % refer to particles
and antiparticles, respectively. Thus, if we let x1, 2,
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and x3 represent the roots of the cubic equation (4.15)
with the + sign, then —wy, —x,, and —a«; are the roots
of (4.15) with the — sign.

The roots x1, s, and w3 satisfy the linear relation

x1+x2+x3= —f (416)
Hence we obtain the “sum rule”
1 1 1 1
b= —— e, (1D)
My M: M; m 2mp

where, as will be shown, the M; and M, refer to negative
masses, and where 7z and p on the right-hand side will
be eliminated in favor of the masses for the §+, =, and
5~ particles.

The =+ signs in Eqs. (4.1), (4.7), and (4.10)-(4.12)
originate from the V=20 representation of the I',, as
given by (AS5.1) of I, where it has been pointed out
that the + sign (or — sign) can be transformed into
— sign (or + sign) by a parity transformation on the
two pairs of indices of the (T'u)((as).(ca)} affected by
(T4s) (a5} (T'4s) {ca). Tt is interesting that the commutation
relations of the group U(3,1) contain, for the N=20
representations, those solutions in its structure which
make the emergence of a negative-parity state { along
with a pair of positive-parity states ¢; and ¢., as seen
from (4.10) and (4.11), a Lorentz-invariant fact.

Now from the theory of cubic equations it follows
that the three roots of (4.15) are given by

v=4(—3a)2(3—22) cos(3Zr+3¢)—3%Bf, (4.18)
where Z=0, &=1, B=41,

—1
x= (mp/M)B|—1| ,
1
and
a=—4(/+2043),
b=B[8(1+\3) —(16/27) f(f*+IN\3) ],
(v/27)b
cosp= ———, A=4a3427h2,
2a+/(—a)

— B A=1+6(1+1)+(21/4) (1+7?)*+8(1+7%)°
+ FAFN) (249N + (N 120249+ 12) ,

and therefore

—A>0, (4.19)

so that the cubic equations have three pairs of real
and unequal roots. The functions y (=Bx’+ fa?
+Bgx+h) assume their maximum (minimum) and
minimum (maximum) values at the points

X;=—3[/—v(@a)] (>0)
and

X =—3[f+v(=3a)] (<0),
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respectively. At the points X; and X,, the second
derivative y” for B=1 satisfies the inequalities
" (X1)>0 and y”(X,) ©0. Therefore, because of the
relations |Xz|>|X1|, #>0 of the three roots of y=0
(with B=1), the two of them are negative and one is
positive, while for the case B=—1 the two roots are
positive and one is negative. Hence we see that we have
three positive and three negative roots corresponding
to baryons and antibaryons, respectively. These roots
are as given by (4.18).

The higher-spin reduction of Eq. (4.7), after using
the projection operator (8.7) of I for the spin §, con-
sists of the coupled set of equations

Llo—35—N)y"py—imepJprt— (1—iN) pgot=0, (4.20)
L(o+3—iN)y"pytimep Jpou™
+2(p—5—3iN)pp1, =0, (4.21)

which describe two $* particles. The mass spectrum
corresponding to (4.20) and (4.21) is given by
mp/ M =ZB~+ B[3+s(s+1)+p(p—1)+522]"2,

where s=% and Z=+1, B==1. Hence, putting M =M,
for Z=—1, B=1 and M=M; for Z=1, B=1, we can
write the relation

(4.22)

2 1 1

—_—=——— (4.23)
mp M5 M4
On combining (4.17) and (4.23) we obtain
1 1 1 371 1 1
—_t—4—= h<——— — ———)—!—~—-, (4.24)
Ml M2 Ms 4 ]l14 M5 m

where m will be eliminated with the use of the mass
relations for the other members of the [4,20].

The wave functions of the remaining two §— and
three $~ baryons can be constructed from

Sluny =751 Tr(T,,Ts0H),

. (4.25)
St = %7' Tr(],“,I‘5‘I’+) s

where the superscript + signifies the absence of spin-}
states in the wave functions (4.25). Now using the
relations

TI'(I‘,“,P{,I‘N-) =Tr (J,,,I‘;,I‘,‘,,) =0

and the wave equation (4.1) of the [4,207], we find that
the wave functions (4.25) satisfy the equation

[(P"‘%)'Y”Pa—imCP]g'(uui

=[(o+3)v po—imcp ]S un=0.
The T, and J,, in (4.25) and (4.26) refer to N=06
representation of U(3,1). From (4.27) it follows that
the two £~ and the three 5~ baryons described by the
wave functions (4.25) have equal masses given by

M o= Bmp/ (p+3). (4.28)

(4.26)

(4.27)
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It is interesting to observe that the mass (4.28) was
obtained in I for the spin singlet 3+ of the supermulti-
plet [4,4]. This kind of periodicity in the baryon
spectrum is one more novel aspect of the present theory.
Now, on eliminating the parameters p and m between
(4.23), (4.24), and (4.28) and remembering that M,
and M, in (4.17) referred to negative mass, we obtain
the sum rule of the supermultiplet [4,20] in the form

1 1 1 1 1

—— —— —_——_—_——,

My Ms Ms

M,

where My, Mo, and M3 are spin 3, M4 and M spin 3,
M both spin £ and spin §, and, furthermore, M3 and
M refer to the masses of the negative-parity baryons
of the [4,207. All of the masses appearing in (4.29) are
now positive.

V. DISCUSSION OF BARYON SPECTRUM

The mass levels of the supermultiplets [4,/V] depend
on the baryon number B, the spin s, and also the space-
time quantum number Z. The dependence on Z, for
some supermultiplets, is of the form BZ. Therefore, a
different classification can be based on a quantum
number @ defined by

B+Z=Q. .1)

We may thus eliminate the baryon number B in favor
of @ and Z. For the supermultiplets calculated so far,
the number @G assumes the values 0, 1, and 2 for the
baryons and 0, —1, and —2 for the antibaryons. The
additive character of @ as defined by (5.1) is similar
to the hypercharge quantum number of SU(3), but
it is quite clear that @ is not related to the hypercharge.

Each member of a supermultiplet with fixed parity
® (==1) can be depicted in a space spanned by the
quantum numbers @, Z, and s. The numbers @ and Z
belong to the category of external quantum numbers
like the spin and parity of the Poincaré group. The
four numbers @, Z, s, and ®, because of the absence of
a definition for the electric charge, do not completely
specify the baryon. We need to discover the internal
quantum numbers connecting different supermulti-
plets. In other words, the members of an ‘“‘internal
supermultiplet” consisting of particles with the same
spin and parity lie in different space-time supermulti-
plets described by the four numbers @, Z, s, and @.
For example, the mass relations

mp/M=ZB+BL (o=} +3 004",

mp/ M =ZB+B[p*+4(\*+1) ]2
for the s=3% members of the [4,4] and [4,6], respec-
tively, do indicate an internal structure in their de-

pendence on \*+1 and on p. The same type of p and
A24-1 dependence arises for the pair of §* part of the
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[y p=ime]y =0

oP =+1
oy =—1

20,

F1c. 1. Baryon supermultiplets. The planes perpendicular to the axes contain baryons of different spins and parities, forming the
space-time supermultiplets. A hyperplane through the central axis may be constructed in such a way that it contains baryons of equal

spin and parity, hence defining an internal supermultiplet.

[4,20] as
mp/ M =ZB~+ B[ (o—3)*+5(14+)\2) J2.

However, it is not, as yet, clear enough to deduce some
new ‘numbers” from them.

Figure 1 constitutes a diagrammatic illustration of
the space-time and internal structure of the baryons.
The perpendicular intersections of the coaxial “cylin-
ders” for fixed internal quantum numbers yield con-
centric “spherical” shells. Each spherical shell contains
baryons of fixed spin angular momentum with the
appropriate values of @, Z, and ®. Particles of negative
parity are placed on the plane Z=0, but not all par-
ticles with Z=0 have negative parity. Thus the space-
time supermultiplets result from the perpendicular
intersection of the coaxial cylinders by a plane specified
by fixed internal quantum numbers, and no two
members of a supermultiplet assume the same values
of all the four numbers @, Z, s, and ® and carry the
same electric charge. In the latter sense, in the space
spanned by @, Z, and s (together with the parity and
electric charge), the baryon classification behaves like
the electron configuration in the atoms determined by
the Pauli exclusion principle operating in the position
and spin spaces. In the present context, the many-
particle behavior arises from the assignments of dif-
ferent values (not different space-time coordinates) of
the quantum numbers @, Z, s, @, and electric charge,
etc., to the various particle states described by the
wave function of a supermultiplet. Thus a “super-
exclusion principle” in the above sense may be the basis
for the proliferation of the strong-interaction resonance
states. Therefore, in the space of @, Z, s, @, and electric

charge all the baryons are identical particles and no fwo
baryons can occupy the same state. Thus, if the quantum
numbers of one baryon are interchanged as a group with
those of another, the baryon wave function must change
sign.

An “internal supermultiplet” lies in a plane con-
taining the axis of the coaxial cylinders and the baryons
of equal spin and parity. It is quite conceivable that
different internal supermultiplets lie on planes oriented
with respect to one another with fixed angles between
them. Such relationships between these internal planes
is expected to emerge from the theory as a result of the
representations of some internal group.

Another regularity to be observed refers to the re-
currence of the low-lying mass structures at the higher
mass levels. Thus the [4,17] mass level recurs in the
supermultiplet [4,10] for the pair of #~ and also for
the pair §—. Furthermore, the mass relation of the s=$%
member of the [4,4] recurs for the mass of the s=$ and

=4 members of the [4,207], while the entire mass struc-
ture of the [4,6] recurs in the mass spectra of the [4,10]
and [4,15]. This type of recurrence may be used to
describe decay processes of higher-spin states into the
lower-spin states which lie in different supermultiplets.
Thus the intersupermultiplet transitions are induced
according to the above recurrence rules. The above
interpretation of the theory had also the expectations
pointed out there have constituted the bases for the
choice of this paper’s title.

VI. MESON SPECTRUM

In accordance with the discussion in I, the wave
functions of the massive integral-spin supermultiplets
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can be represented as

d’)\a;
N=6,

¢’)\u’
[\T=4y

4’)\)
N=1,

P label s

N=20,

DA [n0), (1]
N =45,

with

Prlaat =0, atars} =0,

where the subscript A is acted on by the SO(3,2) and
its subgroup of homogeneous Lorentz group trans-
formations and ranges from 1 to 5 for Ny=5, or from
1 to 10 for No=10 representations of the S0(3,2). All
the other indices are as defined in I. Thus the mesons
are classified according to five- and ten-dimensional
representations of the group SO(3,2). Both classifi-
cations contain 0%, 1% 2% ... mesons. The properties
of these two sequences of mesons and their dynamical
and symmetry differences may lead to some new infor-
mation on these particles.

Appendix A 7 of I contains a brief discussion of the
group SO(3,2) and its integral-spin representation in
terms of the B matrices. The 8 matrices for Ny=5
representation of SO(3,2), in terms of tensor notation,
can be represented by

(ﬂy).’zv:iapv, (62)

(ﬁﬂ)l‘5=igﬂl’) (Bw)o"=0,

where
By 2y py0=1,2,3,4.

These relations aid considerably in the discussion of
the meson wave equation

(TusBEp* —imc)p=0

describing the bare supermultiplets [5,/ ] and [10,N].
The total angular momentum operators of these super-
multiplets can be represented as

G#V =an+6uv+-]uv )

where, as before, L,,=x,p,—x,p, and J,, are the six
generators of SU(3,1). The B,, are the spin matrices
in the five- or ten-dimensional space of the .SO(3,2)
transformations. The operators G,, commute with the
TuB*p”. Under a Lorentz transformation of the co-
ordinates x* — A,*x”, the wave function of the meson
supermultiplet transforms according to

(6.3)

(6.4)

¢(x) = S(A)p(Ax) =¢'(x), (6.5)
where the nonunitary operator S(A) is defined by
SA)=exp[—3if** Bu+Tw)], (6.6)

and it acts on both the SO(3,2) and U(3,1) indices of
¢. The Lorentz matrix is as defined by Egs. (2.5) and
(2.6) of I. The Lorentz invariance of the wave equation
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Prlwn]y  Prlabls  Prlabl,
N=10, N=15, N=20, (6.12)
Balabe) ;PN Inol L& 50 - - s
N=350, N=355, (6.1b)
(6.3) further requires the transformation rules
SAN) 78S (A) =Au7,8”, (6.7)

which entail the statement that the operator 7,,8”
transforms as a vector. The statement (6.7) is valid
also under the unitary representations of the Poincaré
group. As in I, it is easy to show that the wave equation
(6.3) is, for all the supermultiplets [5,/V] and [10,N],
Poincaré invariant, and therefore the Poincaré group
is implemented unitarily.

The supermultiplet [ 5,17 is described by the Kemmer
wave equation

(B pu—1imc)p=0. (6.8)

The discussion in Appendix A 7 of I on the composite
structure of its spin shows that the meson of (6.8) is
of 0~ type. Equation (6.8) is invariant under the
reducible Lorentz transformations D®P4DO.0 gen.
erated by the B,, which leave B p)=Bs¢s+B4p, also

invariant.
By using the definitions (6.2) in (6.8), we obtain the

coupled equations

prou—mops=0, (6.9)

pubs—mcd,=0.
Hence
(PP—m*cD)ps=0, (p*—m*)pre.=0.

The Pauli-Lubansky operator for Eq. (6.8) is given by
W/pr=2[1+1/p%) (B*pu)*], W:=2Wp*
which can be used to construct spin-0 and spin-1
projection operators
To=32-W/p"), T1=3W/p* (6.10)

Thus from T'o(8#p,) =B*pu, T'1(B*p.) =0 it follows that
¢(s=1)=T1¢=0. Furthermore, the corresponding cur-

rent density is given by

Ju=—i¢B.p=bs5'u+¢.'¢s

Hence Eq. (6.8) corresponds to a 0~ meson described
by a wave function ¢, (=¢s, ).
VII. SUPERMULTIPLET [5,4]

From the meson wave equation (6.3) and the
definitions (6.2) we obtain the coupled equations

(Tus) p P "bo* —mis, =0, (7.1)
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(TIW) p D se —me,=0. (72)

In general, to obtain the mass levels corresponding to
the various spins within a supermultiplet, one uses the
spin projection operators. For the [4,57] the corre-
sponding projection operators are given by

1 w w

ro=—(2- —)(6— =), (13)
12 P2 P2
1w w

ry= - —(6-— —) (7.4)
8 PZ PZ
1ww

Iy= ——-(— - ) (7.9)
24 P2 PZ

where
Pr=pupr=pi—p*, TotI1+T2=1,
(W/p*)P=8(W/p*)*—12(W/p*),

and W is the Pauli-Lubansky operator of the super-
multiplet [5,4] defined by

W=W,,W", Spa=ﬂpv+Jp0"

The operator Ty projects out the spins 1 and 2, and
retains the spin 0. Similar actions are performed by
the 'y and T's as indicated by their subscripts 1 and 2,
respectively. The spin matrices S,, are the sum of the
spin matrices of the SO(3,2) for No=5 and of the
U(3,1) for N=4, respectively. The B,, can be written
as

W":%GMVWSMPH

Buv=A+Muv, (7.6)
where the 5X35 projection operators A, are defined by
=5(1£85), (7.7)

and where the 4X4 matrices M, are of the same type
as J,, defined by (8.2) of I. However, the M, intro-
duced in (7.6) commute with the J,, of the U(3,1) for
N =4,

Now, using the definitions (8.24) of I, the spin
matrices of the [5,4] can be written as

S=3A_(To+To)+3A1(To+Tot%at7s), (7.8)

where the 4 X4 matrices T,;and T, as in the definitions
of 74; and 7p; in terms of M,,, are defined by

T.=M'—iN’, T,=M'+iN’, (7.9)

and they satisfy the commutation and anticommutation
relations (8.25) of I. The two terms in the parentheses
of (7.8), because of the completeness relations

A++A..= 1 3 A.{.A__=A_A+=O y

commute, and the first and second terms result from
adding two and four one-half-spin angular momenta.
Because of their transformation properties under
parity operation, as discussed in Sec. VIII of I, the
resultant spin angular momenta refer to the 0-, 1+
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mesons. In fact, this spin and parity assignment is also
evident from the transformation properties of the wave
function ¢y, (A=1,...,5,u=1,...,4). Thus the
parities of the [5,4] are fixed unambiguously.

However, only the component ¢s, of the wave
function @iy ( ¢4, dyu) generates a nonvanishing
current, just as in the case of the [5,1] only the ¢; part
of ¢ appeared in the current vector (6.11). Hence the
¢ describes one 0~ meson and one 1+ meson.

On eliminating ¢,, from (7.1) and (7.2), we obtain
an equation for the component ¢s, in the form

(N+p*+p+5/4) p*bsu+2 (N2 —2p+2) pup’bsy
—m*?p?ps,=0. (7.10)
Introducing the wave functions
u=(1/p)p bsp, w=¢su—(1/p)pure  (7.11)

for the 0~ and 1t mesons, respectively, we find that
they satisfy the equations

(P—MEDu=0, (P—M2Du,=0, (7.12)
where, as seen from the definition (7.11),
pru, =0, (7.13)
and where
Onp/ M= (o= 3000,

(mp/ M= (31,

Under a reflection of coordinates, the SU(3,1) index
u of the wave function is acted on by the matrix F (see
Sec. IV of I), while the SO(3,2) index A, as pointed out
before, transforms by the action of 8¢. Therefore, the
space-parity operation on the wave function consists
of writing

Cp=LoFp(Ix). (7.15)

This means that the components ¢s, and ¢,, of the
wave function ¢, transform like pseudoscalar® (polar
vector) and (axial vector)® (polar vector), respec-
tively, where we employed the symmetry properties of
the wave function ¢, for the [5,17], the Kemmer wave
function.

Let us now introduce the dimension formula of the
group U (3,1) in the form

N=Y (2J+1), (7.16)
where J=0for N=1, J =% for N=4, J=0, 2 for N=6,
J=1,3 for N=10, J=1, 2, 3 for N=15, J= 2,2,2,;

for N =20, and J =0, 2, 2, 4 for the other 20-dimensional
representations of U (3,1). This type of J structure was
discussed by Flowers? for the group U(4).

In terms of the J number, we can combine the mass
formulas (7.14) into a general mass formula for the
supermultiplet [5,4],

(mp/M)*=[p+s(s+1)—J
+[27=s(s+1)I+1), (7.17)
3 B. A. Flowers, Proc. Roy. Soc. (London) A212, 249 (1952).
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where /=3 and s=0, 1. However, in analogy with
baryons, here also we can introduce the Z quantum
number by writing (7.17) in the form

(mp/M)*= (p—5+2)*

s (D —22]00+1),  (1.17)
where the meson masses are identified as (s=0, Z=—1)
and (s=1,Z=1).

The conserved current vector of the [5,47]is given by
Ju=—idB8r,u. (7.18)

By using the relations (6.2), the definitions of the T',,
Ju for N=4, and also by eliminating ¢,, in favor of
¢4, through the use of (7.1) and (7.2), we obtain
m6p2f,, = %¢5P*p#¢5p+4(¢5#*Pp¢59+¢5ﬁ*p p¢5ﬂ)

+2>‘2(¢5p*Pu¢5p+¢50*Pp¢5;4+¢5u*?p¢5p)

+2p2¢5p*Pu¢5ﬂ+4p(%¢5P*P#¢5p—¢59*pp¢5n

— 5" PPPs5) -

Introducing the definitions (7.11) and (7.13) and then
using (7.14), we find

2m? 2m?
o’mel = —;u*p,,u—l— —jup*p,‘u”
0 1

F2Q24N~2p) (w,* pu+u*pu,) ,
where the last term can be written as

2(24-N*—2p) (u,* pu~u*pu,)

-G e

Hence the current density vector becomes
Ju= —27—n<iu*p,,u—l— —1~u,,*p,,w) ,  (7.19)
c M02 M12
which is the sum of the 0~ and 1* currents

2m

J= (7.20)

2m
* _ *
wpun, Jut=—u,pur.
CM()? C 12

We observe that in the configuration space, the currents
(7.20) are of the form

ihm ou  Jou*
on o)

cM32\  dx*  Ix+
(7.21)
ihm dur  Ou*r
e I
M2 IxH dxH

The currents J,~ and J,* differ from the (6.11) of the
[5,1] in the mass factor, since in (7.21) in place of M,

and M. we have the “effective masses” Mo=M¢/m
and M1=M12/m.
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VIII. SUPERMULTIPLET [5,6]

From the definitions of the I',,, J,, for N =6, the
wave equation (6.3) can be split up in the form

(Tuv)u hj) Vd’“b - ”L(Xp.')u =0 )

(8.1)
(Tuv)avp P50 —Mmchua=0.
Eliminating ¢, and using the relation
PPTuT o p"p? = (2N 4-3+p") p?+ 2oL prp”,  (8.2)
we obtain
L(2N+3+p%) p2 201, pp* —mPc?0* Jaspso =0.  (8.3)
Hence, using (T, p*p*)*=p* we get the equation
LN +p*£20+3) p> —mPc*p* Jp5a =0, (8.4)
which describes a 1~ and a 1+ meson with masses
(mp/M_)*=(p+1)*+2(1+)?) , (8.5)

(mp/ M1 )*= (p—1)2+2(1+)N?),

respectively. The corresponding wave functions can be
written as

Uiy = (1/P)7’”¢5w ’

where

= (1/29)8ur € popsps,  (8.6)

¢5uv = %vaa¢5a .

Thus the supermultiplet [5,6] consists of a pair of
vector and axial-vector mesons described by ¢
(=¢54, Pua). Using the J structure of the U(3,1)
representations introduced by (7.16), we may rewrite
the mass formulas (8.5) in the form
(mp/M)*=[p+s(s+1)—T —1P~+s(s+1)(\2+1), (8.7)
where s=1 and J =0, 2. In terms of the Z number, the
masses (8.5) can be combined into

(mp/M)*=(p+2)*+s(s+1)(\*+1),

where s=1, Z=+41.
The conserved current vector of the [5,6] can be
written as

Ju=—1¢B"7,,p= (2/mcp*)p5*T 1
XL (0*42N43) pu+2pTp" Jb5, (8.8)

where the U(3,1) index & has been suppressed. Intro-
ducing the projection operators

St =3 (1T wp*p’/p%)

and the definitions

(8.7)

Uy =Si¢_r, y ?Z—-‘—"M*FM,

we obtain
2mp? 2mp?
mep®S = —_272+P wtt++
" _

+4(a-pu——ispuaty+sTup ) -

U_P U
S bu
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From
Tupp?Se=puS+
it follows that
o= (/M D pyaus+(2m/ M 2Yi_puu_, (8.9)
where #.. satisfy the Klein-Gordon equations
(p*—*M 1 Puy=0.

IX. SUPERMULTIPLET [5,10]

From the wave function ¢xap (4,B=1,2,...,9)
it is clear that it describes the mesons corresponding to
the states @ssu) and ¢spus1. The presence of the states
¢s1us1 Implies that the mass spectrum of the [5,6] for
the pair 1~ and 17 mesons recurs, with, of course,
different values of the parameters p, A\, and m. The

states @554, as follows from the wave equation of the
(5,10],

Ll—1)8°p,—imcplpram
- (1+i>‘)]up[AB]6“Pvﬂvp_ (1 _i)‘)]vn [ABlﬁ"Pv"lnp

+8ps(gsab1581—gsnbrs41) =0, (9.1)
satisfy the equation
(B2pp—ime) s =0, (9.2)

where the SO(3,2) index N has been suppressed, and
where 9, =3J 4148194581, The J,, are of the same form
as the B,, of SO(3,2) and they satisfy the relations

3 uias) oo 48 = 1000 —8up8ro 9.3)
3 wiam)J* (01 =G apfBc—§acfsp, (9.4)
where
M, 0
Z4B=gAaB—gA:EB;, Juv=[ 0 O]=A+Mﬂm

and the coefficients g5 are the same as 8 or g of the
S0(3,2).

The wave equation (9.2) can be replaced by
9.5)
(9.6)
Hence, with the obvious steps we obtain the equation

[p2—mc* Jps 5 =0, 9.7

which describes a 0~ and a 1t meson with equal mass .
The corresponding wave functions are

n=1/p)p bst5u1, Mu=Ps15:1— (Pu/ D)7,

where p#y,=0.

We have thus obtained a spectrum of a doublet of
1* and 17, a 0~ and a 1* mesons whose masses can be
represented by ’

(mp/M)*=(p+Z)+Z%(s+1)(N+1),  (9.9)

where we have s=0, 1 when Z=0, and where we have

P’bvi5u) —MChs 501 =0,

Pubssv1 —MChursy) =0.

(9.8)
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s=1 when Z=441. The current vector is of the same
type as (7.19) and (8.9) and is given by

2my 1 1
Ju= *(M——2u+*h%++ 5{‘;”—*?;4%)

c + —

2mys 1 . 1 .
— — )
+ . (M,Zn punt M1277p Dun > . (9.10)

X. SUPERMULTIPLET [5,15]

As in the lower meson mass levels, the states ¢siqs)
are the only ones appearing in the current vector. Thus
from the spin decomposition (1,1)4(0,1)4(1,0) it
follows that the wave function ¢rias; (=ds1a61, Pulas))
of the [5,157] describes a pair of 1t and 1~ mesons
arising from the recurrence of the [5,6] structure in
the [5,15], and it also contains a Ot, a 1, and a 2+
meson.

In this case the wave equation(6.3) can be split up

as
(T”V)ABP"¢;¢B—MC¢5A =0, (101)
(Tuv) ap’dsp—mcdua =0,

where the indices 4 and B represent the indices [ab]
and [¢d], respectively. Eliminating ¢,4 from (10.1),
we obtain

PP (T o201y +N2T 2T 5y +-p28us) anbss

—m262p2¢5A=0, (102)

where
Touanlipiseiphp’ = —3$p wat e,  (10.3)
Jurani prise1ptp’ = — 10 wa*c,  (10.4)

and where we used the definitions in Appendix A 5 of I.
Hence Eq. (10.2) becomes

[t =D =D eaT*u+ 0
—pJ pyaJ s BpPP 7 Jbss —mAc P54 =0. (10.5)
Using the wave functions 5, and £¢,,} as defined by

(10.6)

and using the property Tr(I',,I's)=0 in the wave
equation (10.5), we obtain the results

Lo—1)2+2(1+N2) 1p*n ) —m2c*0™n 1n)
+4PP(PI‘¢IW_PV¢PM) =0 )
(P2—m2cA) ity =0.

Npr] =%]ﬂv[ab]¢5[ab] ) t(uv’ =%an(ac)gab¢5[ab] ,

(10.7)
(10.8)

Equation (10.7) yields the same spectrum as the [5,6].
Equation (10.8) is satisfied by the wave functions

1=/ PP, L= (1/0)p"lun1 = (pu/p)t,  (10.9)
Swr=11t— (1/9) (putstputs) +gut
—(4/3p")pupst  (10.10)
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of the 0%, 1=, and 2+ mesons, where

S#=0, $"S,=0. (10.11)

Hence the meson mass formula of the [5,157] can be
expressed as

(mp/M)*=(p+2)*+2%s(s+1)(\+1), (10.12)

where Z=-41, s=1 masses correspond to the recur-
rence of the [5,6] structure. The values Z=0 with
s=0, 1, 2 yield the degenerate mass m for the 0+, 1—, 2+
mesons in which the Z=0 with s=0 is just the recur-
rence of the [5,17] with opposite parity.

The corresponding conserved current vector of the
[5,15] can be written down as the sum of five meson
currents, each of which is separately conserved.

XI. SUPERMULTIPLET [5,20]

As in the case of the baryons, we shall discuss only
one of the V=20 representations. Thus the [5,207’s
spin decomposition (0,0)®[(1,1)+4(0,2)4(2,0)+(0,0) ]
shows that it contains 0=, 0+, 1*, 2+ 2+ 2~ mesons
described by the wave equation

[I‘#nrpv+>‘2jnn]pv+l’2guv+)‘ (I‘MPJ,,,,—{—]I,,,I‘,,P)
+2PI‘MJABP Ep¥sp— m?*c*ppsa =0 )

where 4 and B represent, now, {ab} and {cd}, respec-
tively, and the components ¢,4 of the wave function
have been eliminated. As before the mesons of the
[5,207 are described by the wave function ¢ra (=54,
¢u4). By using the results of Appendix A 5 of I, it can
easily be shown that

(11.1)

(TupT¥) anprp” =3p* (48488 +Tural'*’5)
+Tupal s prp”— (2/V3)

X (P#vAgB+PvagA)P"P” 5 (11.2)
(o) 48D p” =5 ur aT* 5 +T o sl Pppp?
p*p? CurT oyt J o L) an = (2i/V3) (11.3)

X (gAF;wB —gBFuvA)P”PV bl

where g4 =gqs and I',,4 refer to the N =06 representation
of the U(3,1). On substituting from (11.2) and (11.3)
in (11.1) we get
PP (P —m*c*)psa
+3gap*+((p—2—2iN) /N3)pop T paa 1
Feal ((p—242iN) N8P ot (Vp+-3)
XPZFM!KM"" (1 +>\2_P)PPP T pyala?= 0,

where

(11.4)

Stund =T ppadsa, w1=gadsa,
2= (1/P2)P#PV§KMH .

By multiplying (11.4) by g4 and T',,4, we obtain the
equations

L(*+9)p*—m*c*p* Jm1+2V3 (p—2+2iN) pPr2 =0,

(11.5)

(11.6)
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L1 +2(14N) p2 =P I ()
F4A(1+N—p) p*(PuS tod+ Do L ou) —3Dogurm2)
+(&/V3) (p—2—2i\) (pupy— 18w p*)m=0. (11.7)
Hence, using the definition (11.5) of the s, we obtain
the equation

(=2 +5+80Tp —miceym,

+ 23 (p—2—2iN)pr, =0, (11.8)
which together with (11.6) yields the spectrum
(mp/M)*=[(p—1)*+4+4(1+N)]

H4Z[ AN = (p—=1)Y+1+N) (p—1) ] (11.9)

for the 0~ (m3) and 0% (71) mesons corresponding to
Z=1and Z=—1, respectively.

The wave functions for the 1+ and 2~ mesons are
given by

Tou= (1/P)p*¢ tuk — (pu/ P) 72,

Tl = o) — (/) (Pumreytpomap) +5guvme
—(4/3p?) pupys,

where, as can easily be seen, the restrictions

(11.10)

(11.11)
Prren=0, g¥mu=0, p'7r(w=0

are satisfied. From definitions (11.10), (11.11) and
Egs. (11.7), (11.6), and (11.8), we obtain

(172—M12C2)772#=0, (PZ—M2262)7I'(,“,}=0, (1112)
where
(mp/ M 1)*= (p—1)2+6(14)?) (11.13)
and
(mp/ Mo)*= (p+1)*+2(14)?) (11.14).

represent the mass spectrum of the 1+ and 2~ mesons,
respectively.

The remaining pair of 2+ mesons are described by a
wave function whose spin content is of the form
0,2)4-(2,0). If we multiply (11.4) by 3[ @Tu+iJu)
XT'5]as and contract with respect to U(3,1) indices,
we obtain the equation

(p2—m2D)kiuy =0, (11.15)
where we used the relations (4.26), and where
kuy=% Tr[ (TwIs+1J 0 5)d5]. (11.16)

Equation (11.15), with the restrictions g*’x,,=0 and
p*kuy=0, describes the pair of 2+ with the equal mass
m.

The mass spectrum corresponding to the states iy,
i}, and ku, can be expressed in a single mass relation
of the form

(mp/M)?= (p+2)*+[s(s+1) —4Z]2*(1+N?),
where (Z=—1,s=1), (Z=1, s=2), (Z=0, s=2).

(11.17)
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XII. SUPERMULTIPLETS [10,1] AND [10,4]

So far we have only discussed the No=4; (baryons)
and No=5 (mesons) representations of the group
S0(3,2). The No=10 representation of the SO(3,2)
in the wave equation (6.3) together with the N=1, 4,
6, 10, 15, ..., representations of the U(3,1) also de-
scribe mesons. As pointed out before, the two-sequence
structure of the mesons as described by No=5 and
No=10 is similar to the two-sequence structure of the
fermions (baryons and leptons) described by the No=43
and No=4; representations of the SO(3,2). One basic
difference between No=5 and No=10 arises from the
fact that the latter supermultiplets are more crowded
than the former ones.

The N¢=10 representation of the SO(3,2) can be
obtained from the analogy with the No=35. First we
observe that the ten matrices for the five-dimensional
representation of the SO(3,2) can be expressed in the
form

Bz =1(8e2gm —8,ga\’) (12.1)

where the indices & 7, A\, w=1, 2, ..., 5, and where
gn’ represents the matrix 8580, Bo being the metric in
the space of SO(3,2) [see (3.8) of I]. The definitions
(12.1) do, of course satisfy commutation rules of the
SO (3,2). From (12.1) it is easily seen that

Bsu=Bp (4, r=1,2,3, 4), g =8uw,

and the remaining six components are just B, the
spin matrices of the Kemmer algebra.

The ten-dimensional representation of the SO(3,2)
is given by

(Ben) 11rod ire11 = — 1L (Bea)re (B
- (ﬁndr))\w (6$¢)I€] )

where all the indices run from 1 to 5, and where

g55,=_17

(12.2)

3 (Beno (B se=ge 8w’ — 8&'8ne - (12.3)

The ten B’s as defined by (12.2) obey the com-
mutation rules of the S0(3,2). By using definition
(12.1), Eq. (12.2) can be written in the form

(Ben) i, irer1 = — 53080 (8on' &’ —gat )
+gut’ (g0 g0’ — s 0i)
+ar (ot gn’ —gan'8c")
F g0 (gn'gr’ —go'gn)],  (12.4)
where

ﬁl‘=35ﬂ:

and the remaining six are the spin matrices of the
No=10 representation of the SO(3,2).
The action of the new §’s on the wave function ¢
of the [10,1] is given by
(Ben) (el 1ren1® ¥4 =1 (gon Grewr +8ut' d0rm
+ge b rae1 T Broz)) -

Hence putting £=35, 7=y, we obtain the action of the

(12.5)
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ten-dimensional 8’s on the wave function as

(Bw) 1ra1, 1re11® ¥ =1 (gu' D 1sn1F8us b rsr
g5\ D w1+ gur B rus)) -

Thus the wave equation

(Bpu—ime)p=0 (12.6)

of the [10,1] can be split up as
DD uv] —MCD 5] =0, (12.7)
Dubsn1 — Prprsur+med un =0. (12.8)

From (12.7) we get the restriction p*¢s,;=0 and from
(12.8) the equation

(p*—m*)pr5u =0. (12.9)
Hence the wave function ¢y (=51, Prus1) describes
a 1~ meson of mass m.

Tor the supermultiplet [10,4], the wave equation
(6.3) can be written as

(P“’7+>\J”7)P ”P7¢ [pv] 6+PP"¢ [uvlp

+mepbisn,=0, (12.10)
(PV‘Y+)‘]v‘Y)pUP7¢[5u]v—' (I‘u7+)\-]’u'y)paf’y¢[5v]v
+o(psbisu1o—Pudbis1s) —Mepdrun,=0.  (12.11)

Now the wave function ¢iene (=dsvius Proo1s) Of
the [10,47], as follows from the spin decomposition
1 (},1), describes two 0 mesons, a pair of 1, 1~
mesons, a 2~ meson, and a 1~ meson. Upon using the
definitions of the I'y,, J,» of N=4in (12.10) and (12.11),
we obtain the equations

(p+%)PP¢ [pvle— (1+1}‘)P}1¢ [pv]P

— (1 —i)\)[)%[,,,,],,—}—mcpqﬁ[.r,,]“ =0, (1212)
(P‘*“%) (PM¢[5V]p_pll¢[5}l]p)
— (14iN) po (P t5v1u—P15u1»)
- _ix)Pd(gllP¢[5"]V -gvp¢[5ﬂlﬂ)
+mcp¢ [urlp =0. (1213)

On eliminating ¢ .1, between (12.12) and (12.13), we
get the equation for the components ¢su1» in the form
{{(o+3)*+ (1+N) Jp* —m*Co Y b 5014

— (14N @ psu15+ (0—5 —13N) (1+iN) ppunsy

— (p+3)2ppunsut (\24-3—4p) ppum1,+ (1 —4N)

X (p -3 +i>\)17pv771u+[3)\2+4_ (P+%)2?#Pv772

+8u (p+3) (1—iN) pPne

+(o43) (14N pupsm=0, (12.14)

where the wave functions of the two 0, two 1=, and
one 1t mesons are given by

m=éwu*, n=1/Pppém.,  (12.15)
Nip= (1/P)Pp¢’[5n]n_ (P#/P)m; 12.16
3= (1/p)p*d 15016~ (Pu/ D)2, (12.16)
Nou= (1/2) Gur € **PsP 15010, (124N

respectively.
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The above definitions of the wave functions together
with equation (12.14) yield the mass spectra

(mp/M)*= (p+3)*+3(1+)?) (12.18)
for the 0% pair and
(mp/M)*= (p+3)*+2(1+)\?) (12.19)

for the 1+ meson. The wave functions 71, and 73, lead
to the spectrum

(mp/M)?*=3A+32[A2—8(1-+N2)2]2 (12.20)
for the two 1~ mesons, where

A= (p—3)"+3(1+)\) (12.21)

and Z==1.
The wave function of the 2~ meson is given by

N = (1/2p?) epwﬂpvtgﬂppvqs[5a15+gvpf7u¢[5a]ﬂ]

—(1/p) (punastpinn),  (12.22)
which satisfies the five restrictions
20wt =0, P =0.
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The wave function 5¢,,}, like n2,, satisfies the equation
L((o+3)22(142))p2 —m*c* i,y =0, (12.23)

Hence we obtain the interesting result that the mass
of the 2~ meson is equal to the mass of the 1* meson

given by (12.19).
XIII. SUPERMULTIPLET [10,6]

The supermultiplet is described by the wave function
dnwla (=510, Pluria) Which satisfies the equations

(72) at)* b (1o HMed 5010 =0, (13.1)
(T4p)atp PP 5u16— (Tup) asp PP 5516 —MCP v =0.  (13.2)
Hence, eliminating ¢,,(q, We obtain the equation

(Tva/.w)abpyp ‘rd’ [5p10— (TvapU)lleyp a'¢ [5u1b

+mpsu1.=0, (13.3)

where
Pty = (N3P 20T
By using the definitions of the I',, J,, as given in

Appendix A of I, Eq. (13.3) can be expressed in the
form

{Lo—12+2(1+N) Jp*—m*c*0*} bi5u1, 1501 — (0= 1)*Pup "b1531, o1+ (LHN—4p) P b (501, 1y — Db 1501, o1 ]
+ (1+>‘2)[(gupl7v_gﬂ»'Pp)PP1+P7(Pp¢[5VJ,[w] _Pv¢[5p],[uvl)+P2(¢[5p].[uv} _¢l5V],[uo])]+ (1+i>\)
X (p+iN) put” (D156, 1vs1 — b 1551. 1301) + (1=3N) (0 —iX) P (P pb 1571, 11 — Pob 151, 1) + (0— 1) (14-3N)

XPZ (gﬂvp3p—gupPSV)+ (P— 1) (1’“1'}\)?# (Pvrlp—'?prlv) =0 3

where
D51, lvp] =QVpa¢[5n]a )

and the definitions

Ti=(1/p)p*d 1501, 1001 »
Tw=01s01, 11— (1/p)pul1,
Tau=(1/p")pPp 1581, tuo)

represent the wave functions of the 0+, 1=, 1~ mesons,

respectively. The wave functions of the remaining 0-,
1+, 1%, 2=, 2~ mesons are given by

(13.5)

To=(1/2p) " *°pup (501, 101 (13.6)
o= (l/ZPZ)gMGWMP«PW’[M,[pv] ’ (13.7)
Ty= (1/2172)&&757””?&1)”‘75[5/91 JIvel, (13-8)

T = (1/2;9) ewwpa(gﬁwd’[h].[Vv]+gw¢’[5p],[w])
—1/p) (pul's+p. L), (13.9)

Tatu) = (1/29) €7 po(Zur® (501, 1p01 +ZorvP15u1, 501)
—(1/p) (puT2t+p,T2), (13.10)

respectively. Thus, as seen from the spin decomposition

3,3)®[(0,1)+(1,0)], the supermultiplet [10,6] con-
tains eight mesons. As in the previous computations,
once the wave functions are defined, the calculation of

(13.4)

the mass spectra follows from performing the implied
operations on Eq. (13.4).

From the definitions Ty and I's and Eq. (13.4) we
obtain the mass spectrum

(mp/M)*= (p+Z)*+4(14+)7), (13.11)

where Z=+1 and —1 for the I'; and Ty, respectively.
The spectrum corresponding to the pairs (I'1,,I's.) and
(T'24,T'4,) is given by

(mp/M)?=3C+3Z[C*—8(1+N2)2 ]2, (13.12)
where

C=(p+2")*+3(\2+1) (13.13)

and Z'=7F1 corresponds to the pairs of 1~ and 1,
respectively, and where in both cases Z=4-1.
For the pair of 2~ mesons we get the results

(mp/M)*= (p—1)*+4(1+N?),
(mp/M)*= (p—1)*+1+42,

respectively. Hence we see that the masses of the 0~
and one of the 2~ mesons are equal.

(13.14)

XIV. DISCUSSION OF MESON SPECTRUM

The branching of the meson spectrum into two
classes arising from the five- and ten-dimensional rep-
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resentations of SO(3,2) does not necessarily imply a
classification of the strange and nonstrange mesons
into different groups. Like the half-integral-spin
particles (fermions), the integral-spin particles (bosons)
belong to two different reducible representations of the
G symmetry [=S0(3,2)QU(3,1)]. The fundamental
differences (if any) between No=5 and Ny=10 mesons
could manifest themselves in their strong, weak, and
electromagnetic interactions.

However, like baryons, mesons also can be regarded
as identical objects in the space of spin, Z, charge,
parity, etc.: No two mesons can be put into the same
state. Thus the wave function of two mesons must be
antisymmetric with respect to an interchange of their
spin, Z, charge, parity, etc., quantum numbers as a
group. In this way the “super-exclusion principle” can
form the basis for the proliferation of mesons. Figure 2
is a diagrammatic illustration of the meson spectrum
where, as in the case of baryons, an “internal super-
multiplet” of mesons lies in the plane containing the
axis of the coaxial cylinders and the mesons of equal
spin and parity. Therefore different internal super-
multiplets of mesons are obtained by fixed rotations of
the plane around the common axis of the cylinders.

The predicted periodicity, observed for the baryons,
as based on the recurrence of the low-lying level
structures, like [5,17, [5,6], at the higher levels prevails
also in the meson spectrum. Although the spectra

o P=-1

e P=+1

‘o P =to be
calculated

1 4

110
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[10,107, [10,157, etc., have not been calculated in this
paper, we expect that the low-lying levels [10,1],
[10,6] will recur in the higher mass levels. Figure 2,
which represents the low-lying levels from [5,1] to
[5,207] and [10,1] to [10,6] and also the uncalculated
levels [10,10] to [10,207], contains only ten JP=0~
mesons, where the parity assignment is based on the
wave functions ¢, of [5,1] and ép.; of [10,1] which
describe JP=0~ and JP=1~ [since 17=(0,3)® (3,0)]
mesons, respectively.

As in the case of the baryon spectra, here also we can
derive “sum rules.” Thus we may write

() -2ert-2) oo

for the [5,47, and

() -Go) -
M_ M. + me
for the [5,6], [5,107, and [5,157], where in each case m
has a different interpretation. Because of the insuffi-
cient number of relations, p and m are not eliminated.
The inverse-mass-squared relations, as contrasted to
the inverse-mass relations for the baryons, are the
characteristic feature of the meson sum rules. For the
[5,20], putting p?=3%(p+1)243(p—1)2—1 and solving

(14.2)

N=10

5

I'1G6. 2. Meson supermultiplets. The planes perpendicular to the axes contain mesons of different spins and parities, forming the space-
time supermultiplets. For each branch, a hyperplane through the common axis may be constructed in such a way that it contains mesons
of equal spin and parity, hence defining an internal supermultiplet.
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(11.9), (11.13), and (11.14) for (po+1)%, (o—1)%, and
1422, and substituting in the identity

(G041 — (=D} =3[(o+1)*+ (p—1)*]—1,
we obtain the sum rule -

[(a1+a2—2a0) (a1—as)+4(7Ta1—as—10a) T

=4(4+(11—02) (4(10-{-02'—301) , (143)
where
m? m? 1 1
B=—, Gg=_—), a0=%m2< + )
M12 M22 M7l'12 ]l[ﬂ'z2

For the [10,4], from (12.18)-(12.20), we obtain the

sum rule
ez =300) =)
me M) 2\mm )’
where Mo, M1, and M. are defined by (12.18), (12.19),
and (12.20), respectively.

The sum rules for the [10,6] follow from the four
mass relations (13.12) in the form

MM 4=M,~M_~, (14.5)

where lower and upper (4, —) signs refer to Z=-1
and Z'=21, respectively. From (13.11) and (13.14)
we further obtain the sum rule

1 1 3 1

My Mg NIMM_*

where M is the mass value corresponding to Z=—1in
(13.11) and M, is given by the second relation of
(13.14). The remaining sum rule involving M, [Z=1
in (13.11)]is

(14.4)

, (14.6)

14\? 1 \? 1\ 1 1
)G
M, M+ M_+ V2 MMt
Others are given by
1\2 1 4\? 1\ 1 1
-6z oo
M My M - VZMiM_-
and
1 \? 1 \? 1\2 V2
() ) s oo
M~ M M MM -

In the absence of the internal quantum numbers,
the best way to compare the above results with the
existing (and in some cases changing) experimental
data is by a direct computer analysis.*

#The computer scanning of the haryon and meson spectra of
this theory has been carried out by A. Perlmutter and the results,
which compare favorably with experiment, appear in Proceedings
of the Coral Gables Conference on Fundamental Interactions at High
Iinergy, University of Maimi, 1970, edited by J. Iverson, R.
yg;l(l)i)ams, and A. Perlmuytter (Gordon and Breach, New York,
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XV. MASSLESS SPIN-1 PARTICLE AND PHOTON

It has been pointed out that in the limit p=o0 the
wave equation reduces to Dirac or Kemmer type of
equation describing equal-mass particles of different
spins and that the resulting equation is invariant under
U (3,1) transformations. An entirely different class of
equations refer to those arising from the limiting case
of p=0, A=0, viz.,

T.uB4p'e=0. (15.1)
For Eq. (15.1) the G symmetry [=S0(3,2)®@ U(3,1)]
is exactly broken. We have thus obtained a new formu-
lation of the massless particles. Consider now the p=0,
A=0 limit of the supermultiplet [5,4] where now the
components ¢;, and ¢,, of the wave function ¢,
(¢=1,...,5,u=1,...,4) decouple and (15.1) yields
the equations

3Dubss— Prbsu— Lurp b5, =0, (15.2)
20" b= P bur— Puspy”=0. (15.3)

Multiplying (15.2) by g**, we get
Prdsu=0, (15.4)

and using this result in (7.10) and setting p=A=0
there, we get the wave equation

P2¢5u =0

for a massless spin-1 particle, the photon. Equation
(15.3) together with (7.1) and (7.2) leads to

(15.5)

p2@,=0, (15.6)
where
Qu= (1/P)Pp¢/m_ (ZPP/P)QSM
+2u(1/ 90700, (15.7)
pr@L=0.

Thus the remaining components ¢,, of the wave func-
tion ¢, provide the same result as do the components
¢s5u. From (15.4) and (15.5) or (15.6) and (15.7) it is
clear that for the supermultiplet [5,4] the limiting case
p=A=0 yields the description of the spin-1 massless
particle in terms of the vector potential rather than the
electromagnetic field itself.

A more interesting result is obtained from the limiting
state of the supermultiplet [5,6]. In this case also the
components ¢s, and ¢, (¢=1,2,...,6) for p=A=0
are decoupled and Eq. (15.1) yields the field equations

ZupD "P51vo1 — LuvP "D 1001

—(p.“d)f’f”ﬂ]+pﬂ¢5[pu]+/)p¢5[uv])=0, (158)
Pud” 1001 — PP L)
+Pp(¢/‘ivﬁl+¢l'[pu]+¢MMI)=0; (15~9)
where
D5 [uv] =%Qnm¢5a s Dofun) = %Q‘lva¢pa . (15.10)
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From (15.8), multiplying by g**, we obtain

PPDs1up1 =0. (15.11)
Hence Eq. (15.8) becomes
Duds el T Pobs1ou1 P o5 11 =0 (15.12)

Equations (15.11) and (15.12) are just Maxwell’s
equations, and in this case the spin-1 field (photon) is
described by fields rather than by potentials. Equation
(15.9), putting ¢?(,,1 = @, yields

fu"+Pﬂ(f#[rp]+fV[pul+fp[ul'])=0; (15-13)
where
Jur=puQw—p,Qp. (15.14)
Operating by p” on (15.13), we get
" fur=0, (15.15)

which together with (15.14) leads to Maxwell’s equa-
tions, where we used the fact that the tensor ¢,(,,
+éou1FDp1un is fully antisymmetric.
In the presence of a source, Eq. (15.1) can be re-
placed by
(PuVﬂ“Py>ab¢b=quaﬁ“J” ) (15-16)

where the SO(3,2) index ¢ (=1,2,...,5) has been
suppressed, and where the source J” represents five
currents of the form J’; The explicit forms of Eq.
(15.16) are given by

ZupP  D51v01 — LurP “P5 1001
- (P#d’«i [¥p] +I>V¢5 [oul +Pﬂ¢5[w])

=gupd v —8guJ (15-17)
and
PuP’ 1901 — PP ()
+Pp(¢p[#vl+¢u[vp]+¢v[pu]) =J[m] ) (15~18)
where
J[w] =]MV"‘JM'
From (15.17), multiplying by g**, we obtain
P, =J ,
PPstue1 =Y (15.19)

Pubsivo1 T Prds o1+ P oBs1u1 =0.

Equations (15.18) also lead to Maxwell’s equations
where the current vector is defined as

Ju= (I/P)?v][w] )

which, of course, is conserved since p*J,=0.

According to this theory the photon is described by
the wave function ¢z, (=¢sq, Pua) obeying Eq. (15.1).
However, the components ¢s, and ¢, are decoupled
and each, both in the absence and also in the presence
of external sources, describes the same field. Although
Eq. (15.1) is a special case of the fundamental wave
equation (1.6), the former could form a basis to propose
the latter equation for all the particles.

(15.20)
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From the periodicity or the recurrence of the [5,6]
in the [5,10] and [5,157], it follows that the special case
p=A=0 recurs as Maxwell’s equations in the latter
supermultiplets.

XVI. MASSLESS 2+ PARTICLE AND GRAVITON

The special state p=0, A=0 for the supermultiplet
[5,20] leads to an interesting result. For N =20, the
wave equation (15.1) for the massless integral-spin
particles becomes

o T
{ } +3g%f { } (8u°8ovt06,"8ou—05"gur)
wov a B

—(1/V3) (8, pu+ 8,25 —38wp?)11=0, (16.1)
where Christoffel symbols
L
uov
are defined by
L 1
=§gp”(Pv7#a+p#'YW'-PvVW) , (16.2)
uov
and where the wave functions v,, and v, are
Yur= (I‘nv)(ab}qsﬁab} ) 71=gab¢5(ab} ) (16-3)
and
2*"vuy=0. (16.4)

Furthermore, Eqgs. (11.6)—-(11.8) yield, for p=0, A=0,
the results
(16.5)

(16.6)

p271=0) P272=07
P%’w'*'%?” (P#’Y vp+PV'Yup) - (16/3\/3)17#?#71 =0,
where

PY2=P"P"Yur (=0).

However, the wave function ¢s(as} for p=0, A=0 is
real and therefore v;=0. Hence, contracting Eq. (16.1)
with g#*, we obtain the result

P”Y;w=0, (16.7)
and (16.6) yields the equation
p27nv=0 . (168)

Equation (16.8) together with the restrictions (16.4)
and (16.7) describes a massless 2+ particle. Now using

(16.2) in the form
p
ol
v op

we can rewrite Egs. (16.7) and (16.8) in the form
Ruv=0 ) (16.10)

(16.9)
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where

I(uy={),{ ? ]*lh{ g } (16.11)
u v uop

is the linear and flat space form of the curvature tensor
in general relativity.

If the reality of the ¢s(43} is not assumed, then the
contraction of (16.1) with respect to the indices p and
v yields

Puy1=(4/3V3)p*y pp - (16.12)

Using this in (16.1) and the equation obtained from
(11.7) by setting p=\=0, we obtain the results

PiYvo—PsYup— PV ur

50758V ou—gusYor—guYp0) =0, (16.13)
p27“'+§-(P"pa}yI‘”- (7/9)P”P”’YVV
—(1/18)gupv2) =0. (16.14)

By operating on (16.13) with p# and then eliminating
the resulting expression for vy, from (16.14) we obtain

P27I‘V_ (44/45) (Pu?p')’vp _‘PVf’anﬂ) =0, (16-15)
which implies
PYw=0, pup*Yvo—Psp?Yu,=0.

Equations (16.16) are satisfied by (16.12). Thus,
together with (16.4) and (16.12), Egs. (16.16) provide
eight conditions on the wave function or the “gravi-
tational potentials” v,,. Therefore, like any other
massless particle of any spin, the graviton has two
independent states of polarization.

(16.16)

XVII. SUMMARY AND CONCLUSIONS

The detailed discussion of the wave equation for all
the particles (hadrons, leptons, photon, graviton, ...)
first presented in I has been continued here. From the
G-symmetry [=S0(3,2)® U(3,1)] point of view, all
free particles can be put into three classes.

(i) For massless particles of all spins, the special
case of p=0, A=0, the G symmetry is exactly broken.

(ii) For massive leptons (p;<1), the G symmetry is
badly broken.

(iii) For hadrons (oz> 1), the G symmetry is approxi-
mately broken.

All free leptons belong to the [4;,N] reducible rep-
resentations of G. All free baryons belong to the [45,N]
reducible representations of G and all the free mesons
as well as photons, gravitons, ..., belong to the [5,N]
and [10,N] reducible representations of G. Further-
more, we have seen that in the space of s, @, Z, charge,
etc,, all baryons and also all mesons are identical
particles obeying a ‘“‘super-exclusion principle.” The
wave function of any pair of baryons or pair of mesons
is antisymmetrical with respect to an interchange of
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their respective quantum numberss, Z, @, ... . Thus
the super-exclusion principle can form the basis for
the meson and baryon proliferation. The limiting case
p= as pointed out in I results in the Dirac or Kemmer
type of equation depending on the representation of
the G symmetry. However, the limiting case p=0,
A=0 leads for the [5,4], [5,6], [5,10], and [5,15] to
Maxwell’s equations and for the [5,20] to the wave
equation for a 2% massless particle, the graviton. In
fact, the result for the [5,20] has been expressed in
terms of the linearized form of Einstein’s field equations
in general relativity.

The limiting case p=0, A=0, in the free massive
lepton and the baryon wave equations (1.3) and (1.4),
yields

Fuy757“P”¢z=0 (17.1)
and

Tu*p’es=0, (17.2)
which, by applying the projection operator %(1-+iys),
can be transformed into the same type of equations.
In fact, both (1.3) and (1.4) and also (17.1) and (17.2)
have the same principal quantum numbers [No,N ],
which is not the case for the [5,N] and [10,N], where
Ny assumes different values. Therefore a real physical
situation (i.e., the presence of interaction) does require
a coupling between Egs. (1.3) and (1.4) to describe
weak interactions. The coupling in question, because of
the requirement of Lorentz invariance, is between
[4;,N] and [4,,N], where N is the same for both
leptonic and baryonic supermultiplets. It must be
observed that the requirement of identical IV for the I
and b supermultiplets does not rule out the possibility
of weak interaction of a higher-level b multiplet with
a lower-level / multiplet. The periodicity of the level
structure does allow intersupermultiplet interactions.
Furthermore, the lowest supermultiplets, because of
(17.1) and (17.2), in the weak interaction of leptons
and baryons are [4;47] and [44,4]. The levels [4;,1]
and [4,,1], being of U(1) symmetry, do not recur.
Hence we see that this theory, in the lowest level
[4,4] for p=0, predicts two different s=% two-com-
ponent neutrinos. All of the above points and appli-
cation of the same ideas to the strong interactions will
be amplified in the next paper.

For the baryons, as seen in Fig. 1 and in the corre-
sponding mass formulas for the various supermulti-
plets, the mass region in the neighborhood of » is, for
both parities, densely populated. All of these, with the
right parities, are found to be fittable with m, assuming
the mass value in the range 1650-1700 MeV. The five
JP=1~, & baryons of equal mass in the [4,15] and
also the two J”=1 baryons in [4,10] fall into line with
the experimental range of mass measurements. The
situation with the mesons presents the same kind of
picture. At this point we do not anticipate a strenuous
effort in establishing further accord between this
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theory and the experiment. The presence of normal
spin-parity series (J?=0%, 1=, 2t) in the [5,15] has a
good candidate for it in the 1270-1300 MeV region,
e.g., the 4,. Of the 50 mesons analyzed so far, only ten
JP=0" have been predicted. The theory also predicts
JP=2"mesons for which there is no strong experimental
evidence at present.

In both Figs. 1 and 2, different supermultiplets may
be related by means of the internal symmetries for
which, we believe, the theory does contain sufficient
provisions. Therefore the various members of, for
example, pions and kaons should lie in different super-
multiplets. Thus a plane through the equal-spin and
equal-parity mesons (or baryons) of a given period
like, for example, the [5,6] and its recurrence in the
[5,10], [5,15] will contain snternal supermultiplets or
two isospin triplets of 1~ and 1+ mesons in contrast to
the space-time supermultiplets which lie in a plane
perpendicular to the axis of the concentric cylinders.
The latter supermultiplets contain particles of different
spins and parities but belong to the same representation
of the G symmetry. No one supermultiplet (internal or
space-time) can be defined (ie., s, Z, @, @®, internal
quantum numbers) completely without the other.

The algebraic structure of the mass levels for the
baryons and mesons are shown in their sum rules. The
sum rules for the baryons are linear in the inverse
masses, while for the mesons the sum rules are obtained
in terms of the squares of the inverse masses. This
property prevails throughout all the supermultiplets.
Furthermore, the recurrence of the lower-level mass
relations in the higher levels, like the recurrence of the
[4,6] in [4,10], [4,15] for Z==1 and of [4,10] in
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[4,157] for Z=0 and similar recurrences in the meson
spectra, should aid in the identification of the members
with similar properties but in different supermultiplets.
This periodic nature of the hadron spectroscopy which
extends through the entire spectrum of the G symmetry
is a fundamental result of the theory. The periodicity
discussed for the hadrons is also valid for the leptons
and will provide a desirable flexibility for the concept
of interaction in this theory.

Finally, we must point out that the representation
of SO(3,2) as well as of the Kemmer-Duffin algebra
(1.7) by the set of ten matrices 858, and 8,, implies the
existence of integral-spin lepton supermultiplets [5;,V]
and [10;,N] with similar properties as the [4;,N]. It
is quite reasonable to assume that the [5,N] and
[10;,N] are coupled to matter very weakly. For
example, the so-far-unobserved W boson (or the
integral-spin leptons) may be classified within the
supermultiplets [5;,N] or [10;,N]. Furthermore, the
presence of [5;,N] and [10,,V] type of particles could
imply the existence of a new kind of weak interaction.

The next paper of this series, besides leptons, will
discuss the weak, strong, and electromagnetic inter-
actions as inferred from this theory. In particular, we
shall derive the sum rules for the magnetic moments of
the baryon supermultiplets.
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