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Theory of Relativistic Supermultiplets. II. Periodicities in Hadron Spectroscopy*
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(Received 15 January 1970)

The theory for all fundamental particles proposed earlier is further discussed and the higher hadron
supermultiplets and the corresponding mass levels of the various spins and parities have been calculated.
Each supermultiplet is designated by the principal quantum numbers N0 and N in the form I N0, N$, where
N0 and N refer to the dimension numbers of the groups So(3,2) and U(3,1), respectively. The generators of
the groups SO (3,2) and U(3.1) constitute the algebraic basis of the fundamental wave equation. The results
of the theory and the experimental data on hadron masses are found to be in excellent accord. The parities
of the particles are obtained unambiguously, and the theory predicts 2 and higher-spin mesons in addition
to known ones. In the extreme limit of the parameters p and X where p=0, ) =0, the I 5,4j, I 5,6j, I 5,10j,
L5,15j levels each describe the photon, while the level 15,20) yields the graviton as a massless 2+ particle.
The limit p=0, X=O for the baryon and the lepton supermultiplets I 4&,Nj, $4&,Nj, respectively, when
coupled together implies the existence, at the lowest levels L4I„4j and L4g,4j, of two s=-', two-component
neutrinos. Higher-spin massive and massless leptons are also predicted.

I. INTRODUCTION
' 'N a previous paper, ' to be referred to as I, a wave
- - equation describing the energy levels of the free
hadron was proposed. A preliminary numerical analysis
led to the identification of the first eight free baryon
levels in the mass relations

will have to be restricted to p &1.The matrices 7-„„, as
in the baryon wave equation

(r„„y"p" iMc)+a =—0, (1 4)

are defined as the linear combination of the generators
I'„,+pg„. and J„„ofthe group U(3,1),

r~.= (I'u.+ug~.+&~u.)ln, (1 5)

and

Mg Af=o Sf'- 3fy+

1 1

4 M„Mg Sf' 3f-. —

where the range of the parameter ) for the leptons
differs from its range of values for the baryons.

In this paper we shall continue with further investi-
(1.2) gation of the hadron wave equation

(rq, ygy"p" inc)%(=0— '(1.3)
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of the supermultiplets [4,6] and [4,1], [4,4], respec-
tively, where each supermultiplet is designated by its
principal quantum numbers No [dimension number of
SO(3,2)] and N [dimension number of U(3, 1)] in the
form [No,N]. It has been pointed out in I that the only
physically relevant representations of SO(3,2) are for
NO=4, 5, and 10 dimensions, while N of U(3, 1) ranges
over 1, 4, 6, 10, 15, 20, . . . . However, there are two
sets of 4&(4 matrices which form the bases for the four-
dimensional representations of the group SO(3,2).These
two sets are -,'~y„, -,'o-„„and -',iy5y„, -,'o-„„, both of which
satisfy the commutation relations of the SO(3,2). These
two representations when combined can form the basis
for the four-dimensional representation of SU(2,2).
Thus in the latter sense the two representations of
SO(3,2), to be referred to as 8 and 1. representations,
respectively, are related within the SU(2,2). The I.
representation (2iyqy„, ~o„,) of SO(3. ,2) will be applied
to lepton classification, where we shall see that the
parameter p in the lepton wave equation

(r„„pp" iMc)—4~= 0, (1 6)

where the four matrices f„bel ong to No 4(for-—
baryons) or to No ——5, 10 (for mesons) of the SO(3,2)
representations.

The quantized field theory of the present model
implies that the spin and statistics connection of the
elementary systems can be discussed within the frame-
work of SO(3,2)-symmetry breaking. Each member of
the supermultiplets [4,N]a and [4,N]~ will obey the
Fermi-Dirac statistics, while each member of the
supermultiplets [5,N] and [10,N] will obey the Bose-
Einstein statistics. The relation between breaking of
the SO(3,2) symmetry and the spin and statistics
connection is based on the observation that the Dirac
and Kemmer wave equations break the SO(3,2) sym-
rnetry at a rate of p/Mc, where p is the momentum of
the particle. This property, in our theory, is taken over
and generalized further by including the group U(3, 1)
(which has no double-valued representations) to induce
a level structure to all the states of the hadron.

I.ike the Fermi-Dirac systems, the Inesons also are
of the two-prong type, i.e., both [5,N] and [10,N] are
meson supermultiplets obeying the same symmetry
laws, as contrasted to [4,N]~ and [4,N]&, which have
different discrete symmetries. Both five- and ten-
dimensional representations of .5'0 (3,2) obey the
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Kemmer-Dugan algebra

'Yppv+pvpp= 2gpv ~ (1.8)

just as both y„and y&y„representations of 50(3,2)
obey the Dirac algebra

where a square bracket around the indices implies
antisymmetry, while a curly bracket implies symmetry
under permutations of the respective indices, and where
the Dirac index o. of the wave function has been sup-
pressed. The two —,

'+ wave functions of the [4,6] can
be represented in the form

Operating with p&p "pp on both sides of (1.7), we obtain

(p"p )$(P"p )'+p']=0.
12 7 P +f~~i .

p
(2.2)

Hence, using the Kemmer equation

(p~p„—imc)y= 0,
we obtain

(p' —m'c')4 =0,
which in momentum space implies

p'= m'c'.

(1.9)

(1.10)

Introducing the definitions (2.2) in (2.1), we obtain
the coupled equations

[(p+~zli 3)y"P~ imcp jiii 4(p+—2ih) pq, =0, (2.3)

[(p+2iX—1)y&p„+imcp jg, (1 —iX—)pq, =0. (2.4)

Hence, eliminating gi or g~, we find that both g~ and q2

satisfy the wave equation

[q~P„imtc j-~,= fq~P„inc]-~, = 0,
The same procedure applies for the Dirac algebra and
leads to the statement (1.10). We thus see that cVO

——4i,
Sp=4g and Ep= 5& 10 are the only physically relevant
representations of the group SO(3,2).

Finally, we remark that within the group 50(3,2)
there exists a possibility of obtaining mesons whose
discrete symmetries differ from [5,1V] and [10,Ã]. For
example, the algebra (1.7) can be satisfied by taking
iP5P„ in place of P» where

P5Pp+P.Pe= o, P~Pp. =Pp.P~

P~.= &(PpP. i3A—) — (1 11)

Thus, as can easily be verified, the matrices P,P„and
P„„belong to the Lie algebra of SO(3,2).

11. SUPZRMULTIPLZT [4,1O]

The energy levels of the supermultiplets [4,4] and

[4,6] were discussed in great detail in I. The method
of I was useful only for the sake of a general presen-
tation of the theory and also for a systematic spin
decomposition of the wave equation. Here we shall
introduce a much shorter technique which yields the
same results and is based on the space-time symmetry
classification of the wave functions leading to coupled
sets of equations for each spin in a superrnultiplet. For
the definition of the various symbols and quantities
the reader should consult I. In order to illustrate the
method we shall recalculate the levels for the [4,6].

The wave equation for the supermultiplet [4,6],
using the de6nitions of I'„„, J„„and also the wave
function

can be written as

[(p 1)q~p„i—mcp j@&„—„i

+ (I+il )h.p'+i "i—v.p "+i-i)
+ (1—iX) (p r 0 i„„i—P„Y"%i „i)=0, (2.1)

with

Sic = [p'(p'+4k'+3) —m'c'p']/2mcp,

(2 5)

from which, as in I, we obtain the mass spectrum

mp/3f (Z,B)=ZB+B[p'+4(1+X')]'",

where
p'= 3I2c' (2.6)

Z=&1 and B=&1 (baryon number).

The Z quantum number appears in all the baryon
multiplets. The two ~+ wave functions

e~= v "+~.+, n» = (1!p)p "+,.+ (2.7)

obey the coupled wave equations

[(p+il )y"p„imcp]g—»+ (1 iX)pq» —0, (2.8——)
[(pjiX 2)y"p„—+imcp]g»+2(p+iX)pq2„0, (2——.9)

where we used the fact that the wave functions q~„
and q», as follows from the projection operators (6.2)
of I, satisfy the relations

(y"P„imc)~TI ;„=0— .(2.13)

'r"g&„=0 ) p"s» = 0, y"q2„0, p&g» ——0. ——(2.10)

Equations (2.8) and (2.9) lead to

(y&P„iBRc)ir» —(y"P„i5E——c)q»—0, (2——.11)

where now

OR= [m2c~p —p (p jX')]/2mcp

and the corresponding mass spectrum is

mp/3f(Z, B)=ZB+B(p +X~+1)' . (2.12)

For the supermultiplet [4,10], using the definitions
(A3.1) and (A3.2) of I for I'„.and J„„ofI, the wave
equation can be split up in the form



THEORY OF RELATIVISTIC SUPERMULTIPLETS ~ ~ Zi9

where 1'b and 14 are the wave functions2 of a pair of ~~

particles and they satisfy the coupled set of equations

(7I'p„+imc) f'b+2pf'4 0,=

(7~P„im-c) t.,=0

(2.16)

(2.17)

From (2.14) we obtain the same mass spectrum (2.6)
of the supermultiplet [4,6].Equations (2.16) and (2.17)
yield the mass m for the remaining two —,

' particles of
[4,10]. In deriving Eqs. (2.16)—(2.18), we used the
rela, tions

7"h "p.) = —(7"p.)7'—2p",

7'7 "(7'p.) = (7'PP)7"7 "+ 2(p"7" 7"p") . —

[(p 1)7"P &mcp]+ [" [

+(I+~~)(7' +[»l 7~P +[»[)
+ (1—i~) (p.7"&'[..[—P.7"+[»[)= o

which is the same as the wave equation of the super-
multiplet [4,6]. The four spin- —', wave functions of
[4,10] can be defined as

4=7"7"+["[i t 2= (I/p)7"p "+["[
(2.15)

t b= 7'+b. , i 4= (I/p) p'+b.

by (7.17) of I and therefore they can fit a mass relation
of the type (1.1) with mass values different from those
used in [4,6]. Furthermore, the parameters p and X

also assume values different from that of [4,6]. The
rema, ining pair of ~ 'ind;~iso the ~= are of equal nxass,
represented by the parameter m. All of these masses of
[4,10], as follows from (7.17) of I, can be expressed in a
single expression

mp/M (Z,s) = ZB+ B(p'+Z'(X'+ 1)
&& [19/4—d(~+1)])"', (2 2o)

where s=~~, b2, B (=~1) is the baryon number, and
the Z quantum number assumes the values —1, 0, 1.
The mass formula (2.20) diGers from (7.17) of I in the
appearance of Z' in the square root, and also in the
fact that the Z=0 and s= —,

' is doubly degenerate, while
Z=O, s= —', is a singlet.

IIL SUPERMULTIPLET [4,15]

In order to compare our model with the current
theory and. experiments and to derive further con-
clusions from it, we shall derive the mass spectra for
the [4,15] and also for one of the [4,20]. The wave
equation for the [4,15], as follows from the definitions
(A4. 1) and (A4.2) of I for the generators I'„„and J„„,
respectively, can be written in the form

The three 2b states of [4,10] are represented by

f iq —7 +l„„l, fgq (1/P)P—4[q„[+,
(2.18)

[(P 2)7 Ps imcP]+[ bl 2g cgbd7 PP[ d]

—
d (I+'~)7"p"(J.,).b(J.')'+['[

—-'(1—»)7"p"(J.~).b(J.').d+[.d[ =o (3 1)

where f „breprese nts a —,'particle and where, as in the
case of [4,6], the superscript (+) of 4 signifies the
action of the projection operator (6.2) of I on 4'[„„[
for the state of spin —'„and each of (2.18) satisfies the
relations of the type (2.10). The wave functions 1»,
f» obey the same set of coupled equations as in [4,6]
and the wave function l b„satisfies the equation

(7~P„imc) l.,-„=0 (2.19)

Hence the mass of the ~ particle is just m.
From the discussion in I of the [4,4] and [4,6]

mass spectra, it is clear that the parameters p and X

may, for the supermultiplet [4,10], assume a different
set of values from [4,4] and [4,6]. In I, it was also
shown that the mass formulas (1.1) and (1.2) could be
6tted with various other combinations of s= —,'and
s=2. All these 6ts correspond, of course, to diferent
sets of values for the parameters p and A.. Thus the pair
of —',+ and the pair of 2+ of [4,10]mass levels are given

~The quantity —',0.""0p, ~, with X, co=1, 2, . . . , 5, is a scalar
under SO(3,1) transformations and a four-dimensional spinor
under the SL(2,C) transformations, where 0.

7,„———qi(y),p„—y y),)
are the ten generators of the group SO(3,2), and where (y)„y„}= —2gq„. The g7[„ is the metric tensor of the group SO(3,2),
g5, ——g44

——1, g5„——0, g4;
——0, g;I,= —8;Ic, where 7=1, . . ., 4 and

j, k =1, 2, 3. The y), are the fIve Dirac matrices y„and y5. Hence
we see that the states +S„describe negative-parity particles.

where the Dirac spinor index is suppressed and where

g, b (a, 5= 1, . . . , 6) are the elements of the matrix I'b

defined by (A2.20) of I. In the derivation of (3.1), we
used the relations

2 JpvabJ cd= [iud~bc ~ac~bd+gadgbc gacgbd (3 2)

between the generators (J„„),b of the %=6 represen-
tation of U(3, 1). The relations (3.2), as will be seen,
play a fundamental role in predicting negative-parity
particles.

Now, on multiplying (3.1) through with the co-
efficients (J„„),b and summing over a and b (=1, 2,
. . . , 6) and using the relations

'(J").b(J").b-= g"g" g-g- ( —)
we obtain the wave equation for the supermultiplet

[4,6] given by (2.1). Hence we see that the [4,15]
contains a mass spectrum of the same form as the
spectrum of [4,6].Thus the [4,6] subspectrum of the
[4,15] consists of a pair of ~i+ and a pair of ~~+ particles
described by the 24-component wave function

(3.4)

where%' represents the matrix form of the wave function
+~,~~. The sum rule for the mass spectrum of g~„„~ is
the same as (1.1), but the parameters p, X, and m may
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assume different values from that of the L4,67 and
therefore the corresponding particle masses are also
different from the (4,67 supermultiplet.

The remaining members of (4,157, as indicated by
the reduction (A4.3) in I of the 4'(, b(, are described by
the wave function

@(„„[=',i T-r(1'u„l'b%'), (3.5)

where (I'„„)[,b} refer to the generators of the L4,67,
and where

0. (3.6)

gigabQuv Qpvb= buivvpv i gnb= (b/8) &
"

QuvcQpvb i (3 ~ g)

the wave function lt(u„[ as defined by (3.5) can be
written a,s

where

[=2~(1'uv)a'bga'a+ab

(gVv+[[ub( [pvll+gVu+[[»( [pvll) i ( )

+[fuv(, [pv(1 b (Q vuQpvb QuvbQp«)+[, bl (3 10)

The wave function p~„„) can be decomposed, ac-
cording to its spin content, into the wave functions

4 i= ( I/'P) P" P4 ( .u,(((2= ( I/P)v" P' ((t.u[(3 11)

for a pair of -„' particles, and

The corresponding wave equation can be obtained by
multiplying (3.1) through with the coeKcients
(I'uv)(~ b[g, and Summing OVer a, fl, and a' aS

(yPP p
—imc)l('l(„„t = 0. (3.7)

The appearance of the I'b (=g, b) in the definition (3.5)
of the wave function p~„„} implies, clearly, that it
describes negative-parity particles. This can more
readily be seen in terms of space-time transformation
properties of the wave function. Thus, using the
definitions (see Appendix A of I)

and fcd7, respectively, and where we used the relations

(tu.) [Ac((J"")[c» = —(Iu )A(I"")B

4a =- ~ Abd —~ Ab. ,

(Jup) [A&((J ) [cBI= i(tu ) (AB(jgu (~p )A(J )B.

The second term on the right-hand side of (3.14) is
defined by (3.2). Hence we see that the presence of the
latter allows the presence of the negative-parity
particles. This observation is, of course, compatible
also with the structure of the wave equation (3.1).
Equation (3.1), because of its second term, can be
multiplied through by g, b to see the negative-parity
structure in all the terms.

From (3.7) and the definitions (3.11)—(3.13) of the
wave functions we obtain the coupled set of wave
equations

(yuPu imc)$—[=0, (ruPu+imc)ltpg+2P@[=0i

(y P„imc)—itpi, 0, ——(ruPu+imc)ilia p+2Pyip 0, ——(3.15)

(pup„i mc) f,=—0.

Hence we see that all of the above five negative-parity
particles have equal masses represented by m.

IV. SUPERMULTIPLET t 4,207

It has been pointed out: in I that the group U(3, 1)
has two 20-dimensional representations dined by
4'(, b[ (4(„[=0)and 4[,b.(. Here we shall discuss the
symmetric wave function O' I,b ) and defer the fully
antisymmetric wave function 4

~ b, ~
or its dual repre-

sentation 6 6 b d f% f g f] to the future publications in
this series. The fully antisymmetric tensor 6 b g y as
for ~„„„„hasonly one nonvanishing component, where
the indices a, fl, . . . , f (=1, 2, . . . , 6) have di(ferent
values.

The wave equat. ion of the L4,207, as follows from
(A5.1) and (A5.2) of I, can be written as

with

4'i = (1/P)P ltp(l v[ i ltp, u='Y"le(u [ i

P"4liu=plti v"ltliu=42,

P"42u= -Pl('l2, V"lP~u=0

(3.12) L(P+k)7"Pu bmcP7+(ab( sgabr"Pul-
—k( +Ii)lVippg', b) (.b(4."
—

2 (1—ili)pr 'pp'. )(.bb(ltip'

~(I/~3)Lg 7'P'4' +(p )( ['Y'P 77=0 (4 1)

for a pair of —,
' particles, and

[.=~ . (P,/P)ltl—, P"f.=0 (3»)
for a ~ particle. A further reason for the presence of
negative-parity particles in the L4, 157 is contained in
the structure of the Pauli-I ubansky operator

where

',i Tr(Ib+)-, (ti„„=2 Tr(I'u„4), lti„u=0, (4.2)

and where we used the relations

2(1'„)(.b(g'"")t.d(=ii i[fib.+f( Abi[

~"—-'g. g" (4 3)
II AB/p Af(AB A (+uv)A (J )B

2i'Y 7 (Juv) [AB(

(&/P')7'P p(t") [»n—"P",

It must be observed that, because of the noncom-
pactness of the group U(3, 1), the wave function f does

(3 14) not vanish, viz. ,

where the subscripts A and 8 are used in place of fab7 i'= -', givb%'(v b[= ~ (0 &&
—Vip) = s bu p 0 ( [u] [p ] ( (44)
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Qjj gg11+gzz++zz (+, ,)+

so that 4"' is just the complex conjugate of 0,;. In all
the above relations the Dirac spinor indices have been
suppressed. The f' is the wave function of a —', particle,
where 4([„„~,[„~), the space-time tensor-spinor form
of the L4,20j wave function, is defined by

snd xz represent, the roots of the cubic equation (4.15)
with the + sign, then —xl, —xz, and —xz are the roots
of (4.15) with the —sign.

The roots x~, x2, and x3 satisfy the linear relation

xl+xz+ xz = f.—
Hence we obtain the "sum rule"

+~&»~l ~ l»~]~= a(Q»«Q»~&+Q»»Q»«)+(»zl i

g" g" +([tv], [pe]I=0 ~ (4.5)

3—+ +
Mg M2 313 m 2' (4.17)

0 1.= (1/P)p'4»„4 z.=v'4». ,

41= (I/P)p"el», 4z= (I/P)p"4z»

and where we used the relations

(4.8)

—:(I'").z(1'")"=g"g"+g-g-—lg"g". (4.9)

Operating on the (4.7) by p"p", y»p" and also on the
(4.1) by g, z, we obtain the coupled set of equations

f (p ,' 2i—x)~—»P„imcpj—pl+ (2' 1)Py,—
a&3~»p„f =0, (4.10)

L(p —
z
—2z~)V"P»+z~cpj4z+2(p —5—3+)P41

~3v3pt =0, (4.11)

Hp 2)V»p» zzz—lcp jl ~V3—P4'z= o (4.12)

which describe two -', + (pl, pz) and one —', (f') particles.
From (4.10)—(4.12) it follows that the three wave
functions pl, pz, and f' satisfy the wave equation

Hence, by contracting, we obtain

g +"'~1 I"~I,~. z=(I' ).i , ».+i bL. , (4.6)

wlllcll ls flic sRIIlc Rs (4.2). By using thc dcflnltlon (4.6)
in (4.1) and noting that g, z(I'»„)(„z~=0, we obtain a
wave equation for the reduced wave functions @I„„)
and t,
Dp+ z)V'P, z~cp]4—i„~

—(I+zX)P (y»zbl „+ y pal» ,g»„yz)—

(1 '&—) (p,~—.,+p,~.. ',g„p~—.)
~(2/~3)(v. p,+~,p. ,'g. ,~—p,)i=0, (47)

where, as will be shown, the jfj and 3I2 refer to negative
masses, and where m and p on the right-hand side will

be eliminated in favor of the masses for the ~3+, 2, and
particles.

The & signs in Eqs. (4.1), (4.7), and (4.10)—(4.12)
originate from the %=20 representation of the F„„as
given. by (A5.1) of I, where it has been pointed out
that the + sign (or —sign) can be transformed into
—sign (or + sign) by a parity transformation on the
two pairs of indices of the (I"„„){~,&},(,zi~ affected by
(F44) (~z) (F44) f zgf. If. Is ill fcl cstlllg that tllc commutaf ion
relations of the group U(3, 1) contain, for the %=20
representations, those solutions in its structure which
make the emergence of a negative-parity state f along
with a pair of positive-parity states qhj and @2, as seen
from (4.10) and (4.11), a I.orentz-invariant fact.

Now from the theory of cubic equations it follows
that the three roots of (4.15) are given by

x=4(—aa)"'(z —Z') cos(zzx+z4) zBf—, (418)

where Z=O, ~I, 8=~1,

x= (zlzp/M)B —1
1

a = —4(-',f'+2Xz+3),

b = BL8(1+hz) —(16/27) f(f'+9K') j
(+27)b

cos@= 6 =4a'+27b',
2a+(—a)

(q»p„zMc)y=—0,

where g=—&I, g, or 1, and where

(4 13) —(-,')4D =1+6(1+V)+(21/4) (1+2) '+8(1+X')'

+f(I+X') (f'+9hz)+ f'(X'+12k, '+9+f')

M/zrzp= —(g+xz)/(b+ fx'),

f= zz p, g= —(p' ——3p+57/4+8K'),
b= (p z) (@'+-p 4p+23/-4)+3(p+ zl),

x= mcp/p.

(4.14)

From (4.13) and (4.14) we obtain the cubic equations

where the + and —signs of f and b refer to particles

Rnd antiparticles, respectively. Thus, if we let xl, xz,

and therefore
(4.19)

so that the cubic equations have three pairs of real
and unequal roots. The functions y (=Bx'+fx'
+Bgx+b) assume their maximum (minimum) and
minimum (maximum) values at the points

Xl= —»Lf—&(3a)j (&o)

Xz———IzLf+g( —3a)j ((0),
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respectively. At the points Xi and X2, the second
derivative y" for 8= 1 satisfies the inequalities
y" (X,))0 and y" (X,) . 0. Therefore, because of the
relations

~

X, t ) ~
Xi ~, h) 0 of the three roots of y= 0

(with B=1), the two of them are negative and one is
positive, while for the case 8= —1 the two roots are
positive and one is negative. Hence we see that we have
three positive and three negative roots corresponding
to baryons and antibaryons, respectively. These roots
are as given by (4.18).

The higher-spin reduction of Eq. (4.7), after using
the projection operator (8.7) of I for the spin 2, con-
sists of the coupled set of equations

L(p —
2
—iX)y"P.—imcp]4i. +—(1—il )P4,+=0, (4.2o)

[(p+ ,' iP, )y-"—P„+imcp]@2„+

+2(p ,' 3—iX—)—P&i„+=0, (4.21)

which describe two 2+ particles. The mass spectrum
corresponding to (4.20) and (4.21) is given by

mp/cV=ZB+B[2+s(s+1)+ p(p 1)+5X2]'~2 —(4.22)

where s=-,' and Z= &1,8=&1.Hence, putting 3f=3II4
for Z= —1, 8=1 and 3II=iV5 for Z= 1, 8=1, we can
write the relation

2 1

It is interesting to observe that the niass (4.28) was
obtained in I for the spin singlet ~+ of the supermulti-

plet [4,4]. This kind of periodicity in the baryon
spectrum is one more novel aspect of the present theory.
Now, on eliminating the parameters p and m between

(4.23), (4.24), and (4.28) and remembering that 3IIi
and M2 in (4.17) referred to negative mass, we obtain
the sum rule of the supermultiplet [4,20] in the form

1 1 1 1 1—+ — = — ——, (4.29)
3fg 3f2 JIII3 iV 5 354 3f6

where M~, M~, and M3 are spin. —,', 3II4 and M5 spin ~,
M6 both spin ~3 and spin ~, and, furthermore, M3 and
M6 refer to the masses of the negative-parity baryons
of the [4,20]. All of the masses appearing in (4.29) are
now positive.

V. DISCUSSION OF BARYON SPECTRUM

The mass levels of the supermultiplets [4,1V] depend
on the baryon number 8, the spin s, and also the space-
time quantum number Z. The dependence on Z, for
some supermultiplets, is of the form SZ. Therefore, a
different classification can be based on a quantum
number 8 defined by

mp Mg 354
(4.23) 8+Z= 0', . (5.1)

On combining (4.17) and (4.23) we obtain

1 1 1 3(1 1 1
+ + = -i ——+ —, (4.24)

4&~4

where m will be eliminated with the use of the mass
relations for the other members of the [4,20].

The wave functions of the remaining two ~ and
three —,

' baryons can be constructed from

f~~.~=-' 2»i( ~F. +F2+)

f t„„j= ',i Tr (J„„F,%'+), - (4.25)

where the superscript + signifies the absence of spin- —',

states in the wave functions (4.25). Now using the
relations

Tr(I'„„F F,.) = Tr(J„„F,I'„„)=0 (4.26)

and the wave equation (4.1) of the [4,20], we find that
the wave functions (4.25) satisfy the equation

[(p+2)V'P. imcp3 i,.i-
= [(P+2)7'P. imcp]i fP.1

=0 (4—27)

The F„„and J„„in (4.25) and (4.26) refer to AT=6
representation of U(3,1). From (4.27) it follows that
the two 2 and the three ~ baryons described by the
wave functions (4.25) have equal masses given by

M6 ——Bmp/(p+-, ') . (4.28)

We may thus eliminate the baryon number 8 in favor
of 8 and Z. For the supermultiplets calculated so far,
the number 8, assumes the values 0, 1, and 2 for the
baryons and 0, —1, and —2 for the antibaryons. The
additive character of 8 as defined by (5.1) is similar
to the hypercharge quantum number of SU(3), but
it is quite clear that 8 is not related to the hypercharge.

Each member of a supermultiplet with fixed parity
P (=&1) can be depicted in a space spanned by the
quantum numbers 8, Z, and s. The numbers 0', and Z
belong to the category of external quantum numbers
like the spin and parity of the Poincare group. The
four numbers 0!, Z, s, and 6', because of the absence of
a definition for the electric charge, do not completely
specify the baryon. We need to discover the internal
quantum numbers connecting different supermulti-
plets. In other words, the members of an "internal
supermultiplet" consisting of particles with the same
spin and parity lie in different space-time supermulti-
plets described by the four numbers 0,', Z, s, and 6'.
For example, the mass relations

mp/M =ZB+B[(p—-')'+3P, '+1)]"2
mp/M=ZB+B[p +4/ +1)]'

for the s= ,' members of -the [4,4] and [4,6], respec-
tively, do indicate an internal structure in their de-

pendence on X'+1 and on p. The same type of p and
X2+1 dependence arises for the pair of 2+ part of the
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Fzo. 1. Baryon supermultiplets. The planes perpendicular to the axes contain baryons of diferent spins and parities, forming the
space-time supermultiplets. A hyperplane through the central axis may be constructed in such a way that it contains baryons of equal
spin and parity, hence defining an internal supermultiplet.

L4,20] as

mp/3II =ZB+B/(p ', )'+5 (1+—X'-)]".

However, it is not, as yet, clear enough to deduce some
new "numbers" from them.

Figure 1 constitutes a diagrammatic illustration of
the space-time and internal structure of the baryons.
The perpendicular intersections of the coaxial "cylin-
ders" for fixed internal quantum numbers yield con-
centric "spherical" shells. Each spherical shell contains
baryons of fixed spin angular momentum with the
appropriate values of 8, Z, and (P. Particles of negative
parity are placed on the plane Z=O, but not all par-
ticles with Z=O have negative parity. Thus the space-
time supermultiplets result from the perpendicular
intersection of the coaxial cylinders by a plane specified
by fixed internal quantum numbers, and no two
members of a superrnultiplet assume the same values
of all the four numbers O', , Z, s, and (P and carry the
same electric charge. In the latter sense, in the space
spanned by 8,, Z, and s (together with the parity and
electric charge), the baryon classification behaves like
the electron configuration in the atoms determined by
the Pauli exclusion principle operating in the position
and spin spaces. In the present context, the many-
particle behavior arises from the assignments of dif-
ferent values (not different space-time coordinates) of
the quantum numbers 0!, Z, s, 6', and electric charge,
etc. , to the various particle states described by the
wave function of a supermultiplet. Thus a "super
exclusion principte" in the above sense may be the basis
for the proliferation of the strong interactionresonance-,
~tates. Therefore, in the space of 8, Z, s, tP, and electric

charge alt the baryons are identica/ particles and no two

baryons can occupy the same state Thus, if. the quantum
numbers of one baryon are interchanged as a group with
those of another, the baryon wave function must change
sagÃ.

An "internal supermultiplet" lies in a plane con-
taining the axis of the coaxial cylinders and the baryons
of equal spin and parity. It is quite conceivable that
diferent internal supermultiplets lie on planes oriented
with respect to one another with fixed angles between
them. Such relationships between these internal planes
is expected to emerge from the theory as a result of the
representations of some internal group.

Another regularity to be observed refers to the re-
currence of the low-lying mass structures at the higher
mass levels. Thus the L4,1] mass level recurs in the
supermultiplet L4,10] for the pair of i, and. also for
the pair —', . Furthermore, the mass relation of the s= ~
member of the L4,4] recurs for the mass of the s = —,

' and
s = ~s members of the $4,20], while the entire mass struc-
ture of the L4,6] recurs in the mass spectra of the L4, 10]
and $4, 15]. This type of recurrence may be used to
describe decay processes of higher-spin states into the
lower-spin states which lie in different supermultiplets.
Thus the intersupermultiplet transitions are induced
according to the above recurrence rules. The above
interpretation of the theory had also the expectations
pointed out there have constituted the bases for the
choice of this paper's title.

VI. MESON SPECTRUM

In accordance with the discussion in I, the wave
functions of the massive integral-spin supermultiplets
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can be represented as

JAP, ) 'II5'A, a ) fX [au)I] ) QX [ab] ) /XI ab] )

N=i, N=4, N=6,
JR[abc] ) @X[[))or],[$g]] )

%=20, N =45,

N= 10, N= i5, N =20,
QX[abcf ) QX[ [)Io)], [$t ]] ) ~ ~ ~ )

%=50,

(6.1a)

(6.1b)

with

@xIaa] 0 ) Qx[abb} 0 )

(6.3) further requires the transformation rules

$(jt ').„„P$-(A) =A„",„P, (6 7)

where
(P.) "= ~." (P )'= g... (P ).'=o, (62)

where the subscript X is acted on by the $0(3,2) and
its subgroup of homogeneous I.orentz group trans-
formations and ranges from i to 5 for No ——5, or from
1 to 10 for JVT0 10 rep——resentations of the SO(3,2). All
the other indices are as defined in I. Thus the mesons
are classi6ed according to five- and ten-dimensional
representations of the group $0(3,2). Both classifi-
cations contain 0+, 1+, 2+, . . . , mesons. The properties
of these two sequences of mesons and their dynamical
and symmetry differences may lead to some new infor-
mation on these particles.

Appendix A 7 of I contains a brief discussion of the
group SO(3,2) and its integra, l-spin representation in
terms of the P matrices. The P matrices for JV0 5——
representation of $0(3,2), in terms of tensor notation,
can be represented by

(PuP„imc—)y =0 (6.8)

The discussion in Appendix A 7 of I on the composite
structure of its spin shows that the meson of (6.8) is
of 0 type. Equation (6.8) is invariant under the
reducible I.orentz transformations D&' &'+D& 0) gen-
erated by the P„„which leave P"itii=P&i', +Puitiu also
&nvanant.

By using the definitions (6.2) in (6.8), we obtain the
coupled equations

which entail the statement that the operator ru,P"
transforms as a vector Th. e statement (6.7) is valid
also under the unitary representations of the Poincare
group. As in I, it is easy to show that the wave equation
(6.3) is, for all the supermultiplets L5,E] and [10,1V],
Poincare invariant, and therefore the Poincare group
is implemented unitarily.

The supermultiplet L5,1]is described by the Kemmer
wave equation

p) v) p) o.= 1) 2) 3) 4.
Hence

These relations aid considerably in the discussion of
the meson wave equation

puQu me/5 =0, p—u$5 mcgu =0.

(p' m'c')p—5 0(——p' m'c') pu—p =0.

(6.9)

(ru„PuP" imc)&=—0
The Pauli-Lubansky operator for Eq. (6.8) is given by6.3

describing the bare supermultiplets L5,1V] and [10,iV].
The total angular momentum operators of these super-
multiplets can be represented as

II'/P'= 2t I+ (1/P') (p"P.)'] ll"=2~P'

which can be used to construct spin-0 and spin-1
projection operators

G"=I"+p"+~" (6 4) r, =-,'(2 —w/p), r, =-,'w/P2. (6.10)

where, as before, tu„=sup„x„pu and J„„are the—six
generators of SU(3,1). The p„„are the spin matrices
in the five- or ten-dimensional space of the $0(3,2)
transformations. The operators G„, commute with the
7.u„PuP" Under a L. orentz transformation of the co-
ordinates x& ~ A„&x", the wave function of the meson
supermultiplet transforms according to

y(z) ~ $(A)y(A
—'x) =y'(x'), (6.5)

where the nonunitary operator $(A) is defined by

Thus from I'o(P"P„)=P"P„, I'i(P"P„)=0 it follows that
P(s=1) =rig=0. Furthermore, the corresponding cur-
rent density is given by

~u= &4'pubs=A 4' +4u'r 4's

1A 8/5 Bfg
(6.11)

trtc Bx" Bx"

Hence Eq. (6.8) corresponds to a 0 meson described
by a wave function Pz (=P&, Pu).

$(A) = expL —kif"'(P"+~u.)], (6.6)
VII. SVPERMVLTIPLET [5,4]

and it acts on both the $0(3,2) and U(3,1) indices of
P. The Lorentz matrix is as defined by Eqs. (2.5) and
(2.6) of I, The Lorentz invariance of the wave equation (ru„)u p"Q,u mcipiu=0, — (7.1)

From the meson wave equation (6.3) and the
definitions (6.2) we obtain the coupled equations
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(r„,), p "y,.—mcus„, =o. {7.2)

In general, to obtain the mass levels corresponding to
the various spins within a supermultiplet, one uses the
spin projection opcrRtols. Fol tllc $4,5j 'thc col 1c-
sponding projection operators are given by

(7.3)

(7.4)

(7.5)

~here
p'= p.p" =p4' p' I'0—+I'1+1'l=1

(Wlp*)'=8{W/p')'-»(W/p'),

P„.=jl+jlII„., (7.6)

where the 5&5 projection operators A~ are defined by

and 8' is the Pauli-Lubansky operator of the super-
rnultiplet P,4) deined by

W =W„W~, W~ = ', e""S,.-p„S,.=p,.+J„.
The operator I'0 projects out the spins 1 and 2, and
retains the spin 0. Similar actions are performed by
the I"~ and F2 as indicated by their subscripts 1 and 2,
respectively. The spin matrices S„„are the sum of the
spin matrices of the SO(3,2) for Jj/0=5 and of the
U(3, 1) for %=4, respectively. The P„„can be written
as

and where

(~pljlf o)'= (p —5)'+3(1+~'),
(jjjp/i' 1)'= (p+2)'+1+~'

(7.14)

Under a reflection of coordinates, the SU'(3, 1) index
jj of the wave function is acted on by the matrix F (see
Sec. IV of I), while the SO(3,2) index X, as pointed out
before, transforms by the action of Po. Therefore, the
space-parity operation on the wave function consists
of writing

mesons. In fact, this spin and parity assignment is also
evident from the transformation properties of the wave
function pz„(X=1, . . . , 5, jj=1, . . . , 4). Thus the
parities of the P,4j are fixed. unambiguously.

However, only the component @5„of the wave
function g'1„(=pl„, g,„) generates a nonvanishing
cul1cllt, lust Rs ill 'tllc cRsc of tllc P,1]only thc Ps pR1 t
of rdjl appeared in the current vector (6.11).Hence the
P),„describes one 0 meson and one 1+ meson.

On eliminating $„„from (7.1) and (7.2), we obtain
an equation for the component $l„ in the form

(~'+P'+P+5/4) p'0"~+2{7' 2P+—2)pup "05.
—jjj'e'p'$5„=0. {7.10)

Introducing the wave functions

I= (1/p) p y;„N„=y;„—(1/p) p„g {7.11)

for the 0 and 1+ mesons, respectively, we 6nd that
they satisfy the equations

(p' —Mo'c')I =0, (p' —3E12c')u„=0, {7.12)

where, as seen from the definition (7.11),

(7.13)

6~=pa~(&.~). (7.»)
and where the 4X4 matrices M„„are of the same type
as J„,defined by (8.2) of I. However, the M'„„ intro-
duced in (7.6) commute with the J„„ofthe U(3, 1) for
X=4.

Now, using the definitions (8.24) of I, the spin
matrices of the P,4) can be written as

8=21K (T +Tb)+12K+(T +Tj+so+Cl), (78)

where the 4X4 matrices T„and T~;, as in the de6nitions
of 7' j and T'pj ln terms of M„„,are deined by

T =M' —iN', Tj,=M'+iN', {7.9)

and. they satisfy the commutation and anticommutation
relations (8.25) of I. The two terms in the parentheses
of (7.8), because of the completeness relations

A++A =1, A+Jt =AM+ ——0,
commute, and the 6rst and second terms result from
adding two and four one-half-spin angular momenta.
Because of their transformation properties under

parity operation, as discussed in Sec. VIII of I, the
resultant spin angular momenta refer to the 0, 1+

This means that the components &5„and @» of the
wave function Ql„ transform like pseudoscalargl (polar
vector) and (axial vector) 3 (polar vector), respec-
tively, where we employed the syrn. metry properties of
the wave function Q&, for the p, 1j, the Kemmer wave
function.

I.et us now introduce the dimension formula of the
group U(3, 1) in the form

&=K(2J+1), (7.16)

where J=O for %=1,J=~ for %=4, J=O, 2 for %=6,
J=1, 3 for %=10, J=l, 2, 3 for &=15, J=~, &, ~, ~

for E=20, and J=0, 2, 2, 4 for the other 20-dimensional
representations of U(3, 1).This type of J structure was
discussed by Flowers' for the group U(4).

In terms of the J number, we can combine the mass
formulas (7.14) into a general mass formula for the
supermultiplet P,4j,

(jib/M)'= Lp+s(s+1) —J7'
+(2J—s (s+1)g(X'+1), (7.17)

3 B. A. Flowers, Proc. Roy. Soc, I',I ondon) A212, 249 (1.952).
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where J= ~ and s=0, 1. However, in analogy with
baryons, here also we can introduce the Z quantum
number by writing (7.17) in the form

(»ip/~I) —-- (p —l+Z)"
+L1+s(s+I) —2Z](X'+1), (7.17')

where the meson masses are identified as (s =0, Z = —1)
and (s = 1, Z = 1).

The conserved current vector of the L5,4] is given by

(r„„)„iP"@4q '&i@:$—„„=0,
(rpv)asap Ag me/pa=0.

Eliminating P„, and using the relation

(8.1)

p~r„„r" p "p~ = (2Z'+3+ p') p'+2pI'„„p~p" (8.2)

VIIL SUPERMULTIPLET t 5,6]
From the definitions of the I'„„, J„„for X 6, the

wave equation (6.3) can he split up in the forni

7.18
we obtain

By using the relations (6.2), the definitions of the I'„„,
J„„for %=4, and also by eliminating p„„ in favor of
&5„, through the use of (7.1) and (7.2), we obtain

&p'JR=24'. *P~4 '+ (4' ~*p'& .+& n*p'& u)

+2li'(4 s,*p,4 5'+4 5,"p'4 5p+4 ~~"P '4 ~ p)

+2p Ap PpA +4p(2Ap PA'5 An P 4'5v

P 4'&i )

Introducing the definitions (7.11) and (7.13) and then
using (7.14), we find

2m2 2m2

p mcJ~= u ppu+ up ppu~
~02

+2(2+X' 2p) (—u„*pu+u*pu„),

(mp/M )'= (p+1)'+2(1+X')
( /M+)'= ( —1)'+2(1+X'),

(8.5)

respectively. The corresponding wave functions can be
written as

ui„= (1/P)P "P.;„„, ui„= (1/2P)C»er"~ P„A„, (8.6)

where
1nn

f(2li2+3+p2) p2+2pl' p~p" —m2&2p2] ~A~
—0 (8 3)

Hence, using (I'„„p&p")'=p', we get the equation

$ (2X'+p'& 2p+3)p' —m'c'p']y;, =0,
which describes a 1 and a 1+ meson with masses

where the last term can be written as

2(2+iX' —2p) (u„*pu+u*pu„)

Np Q+Q Qp =0 ~

Hence the current density vector becomes

2m 1 1
"P„g+ g, "P„u ), (7.N)

~02 ~12

Thus the supermultiplet L5,6] consists of a pair of
vector and axial-vector mesons described by
(=—&5„&„,). Using the J structure of the U (3,1)
representations introduced by (7.16), we may rewrite
the mass formulas (8.5) in the form

(mp/M) ' = (p+s (s+1)—J—1]'+s (s+1) (X2+1), (8.7)

where s=1 and J=0, 2. In terms of the Z number, the
masses (8.5) can be combined into

(mp/M)'= (p+Z)'+s(s+1) ( '+1), (8.7')

which is the sum of the 0 and 1+ currents

2m 2m
u ppu, J~+= — up ppu~.

C3f02 CAE g2

where s=1, Z=~1.
The conserved current vector of the L5,6] can be

written as
(7.20) J„= ubP "r„„P= (2/mcp2)A*—I'44

&L(p'+2l '+3)p.+2pl'"P "]A (8 8)
We observe that in the con6guration space, the currents
(7.20) are of the form where the U(3, 1) index b has been suppressed. Intro-

ducing the projection operators

~+ = 5 (I~I'"P"P"/P')

and the definitions

Qy=Syf5, R=N I 44,
we obtain

The currents J„and J„+differ from the (6.11) of the
L5, 1] in the mass factor, since in (7.21) in place of 3IIO

and Mi we have the "effective masses" Mo=MO2/m
and 37i ——IVY/m.

2m p 2m2p2
mcp'J„= —u+p„u++ u p„u

3f '

+4(u P~u u+P~u++AI ppP~$5) ~—
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it follows that

s=1 when 8=+1.The current vector is of the same
type as (7.19) and (8.9) and is given by

2m 1 1
J„=(2m/cM+')u+p„u++ (2m/cM ')u p„u, (8.9) J„= u~*puu~+ — u *p„u

c M+'
where Ng satisfy the Klein-Gordon equations

(p' —cd') ug =0.

IX. SUPERMULTIPLET LSv10]

From the wave function pb[AB) (A, 8=1, 2, . . . , 5)
it is clear that it describes the mesons corresponding to
the states qb5t5„~ and @~t„„~.The presence of the states
q4[u, ) implies that the mass spectrum of the $5,6] for
the pair 1 and 1+ mesons recurs, with, of course,
different values of the parameters p, X, and m. The
states @5|5„~,as follows from the wave equation of the
L5, 107,

L(p 1)P—p- bmc—p]4 [Aa]

(1+5~)Jup[AB]P p r] (1 5~)J p[AB]~ p Vu'
+P'pv(gbA4[ba] —gba4 [5A]) =0, (9 1)

satisfy the equation

(P pp bmc)4'[but =0v (9 2)

where the 50(3,2) index )1 has been suppressed, and
where q„„=-,'J„„I~g~g~" . The J„„areof the same form
as the Pu„of 50(3,2) and they satisfy the relations

g Jpv [Xa]Jpu —gp~gpp
—

gppg~r ) (9.3)

2 Jpv[AB]J [CD) gADgBC gACgBD v (9 4)

2'ffI 1 1
+ —— n*pun+ np—*pun'

I
(9.10)

c Mg'

(ruv)ABP "qua —mC45A =o,
(ruv)ABp 45B mcfuA =0v

(10.1)

where the indices A and 8 represent the indices L[bb]
and. Lcd], respectively. Eliminating puA from (10,1),
we obtain

P P (Pp Pvp+2PPuv+~ J uJpv+P guv)ABC'ba
—m'c'p'&5A ——0, (10.2)

X. SUPERMULTD LET L5,1S]

As in the lower meson mass levels, the states $5[ab)
are the only ones appearing in the current vector. Thus
from the spin decomposition (1,1)+(0,1)+(1,0) it
follows t11a't the wave function fb[ab] (=$5[ab]v pu[ab])
of the L5,15] describes a pair of 1+ and 1 mesons
arising from the recurrence of the L5,6] structure 111

the L5,15], and it also contains a 0+, a 1, and a 2+
meson.

In this case the wave equation(6. 3) can be'split up

P u(AB)Pvp(BC]P P sP JpvAJ Cv

J u[AB)Jpv[ac]P P aP JuvAJ" cv (1o 4)

and the coefficients gAB are the same as pb or gb„of the
50 (3,2).

The wave equation (9.2} can be replaced by

P "4 „[5ul mc'Ivb[bul =—0,

pufb[bv] mC4'u[bv] =0 ~ (9 6)

Hence, with the obvious steps we obtain the equation

pp' —m' ]pc[ )5=b0u,

which describes a 0 and a 1+meson with equal mass m.
The corresponding wave functions are

7)= (1/P)P"$5[bu] v r]u 4'5[bu) (Pu/P)1)v (9 8)

Where Pu1)u =0.
We have thus obtained a spectrum of a doublet of

1+ and 1, a 0 and a 1+ mesons whose masses can be
represented by

(mp/M)'= (p+Z)'+Z's(s+1) (X'+1), (9.9)

where we have s=O, 1 when Z=O, and where we have

and where we used the definitions in Appendix A 5 of I.
Hence Eq. (10.2) becomes

L(a p 5) ' s)p'J—p.AJ"—B+p'p'4B
pJp„AJv&ap pp']pba —m'C p'$5A 0. (10.5—)——

Using the wave functions g~„„~ and t(„„)as dehned by

r)[uvt 2 Juv[ab)4'5[ab) v ~(uv) =2puv( vlgab45a[ab) v
(10 6)

and. using the property Tr(t'u. I'5) =0 in the wave
equation (10.5), we obtain the results

L(p —1)'+2(1+X')]p'))[„,) m'c'p'r][—„„)
+4p (p.e,. pW„) =o, («.7—)

(p mc )(( „)=0. — (10.8)

Equation (10.7) yields the same spectrum as the L5,6].
Equation (10.8) is satisfied by the wave functions

t = (1/p') p p')( ), u)u = (1/p) p")(u„)—(p„/p)f, (10.9)

5..=[(.,) (1/p)(p. ~.+p.[.)+l-g..[
(4/3p') pup. ~ (1o 1o—)
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of the 0+, 1, and 2+ mesons, where

Spp=0, p "Sp,=0. (10.11)

E((p+I)'+2(I+) '))p' —~'c'p'7{ ) )

+4(I+~' p)—p'(P.{)")+Pf)-) l p—.g" )
+ (8/W3) (p —2 —29.) (p„p„4g—„„p')xi 0.——(11.7)

XI. SUPERMULTIPLET L5,20j

As in the case of the baryons, we shall discuss only
one of the Ar=20 representations. Thus the L5,207's
spin decomposition (Ov0) L(1,1)+(0,2)+ (2,0)+ (0,0)j
shows that it contains 0, 0+, 1+, 2+, 2+, 2 mesons
described by the wave equation

$I'„„Fp„+X'J„,Jp„+p'g„„+) (I'„pJ,„+J,„I'„p)

+2pFpv)ABP"p "4 pB p)3'c'p'43A =—0, (11.1)

where A and B represent, now, {ub} and {cd},respec-
tively, and the components P» of the wave function
have been eliminated. As before the mesons of the
L5,20] are described by the wave function pzA (=—$3A,
ppA). By using the results of Appendix A 5 of I, it can
easily be shown that

F„,F„) p p"=-,'p'(4g„g +F„„F" )
+F„,AF P,BP P" (2/V3)—

X (F„AgB+Fp,BgA) p"p", (11.2)

(JppJ v)ABP P AP FpvAF B+FppAFv BP P
P"P"(FpvJp„+Jp„I'„P)AB

——(2i/V3)

X (gAFpvB gBFpvA)P P

(11.3)

where g~ =g, b and F„„~refer to the E =6 representation
of the U(3,1). On substituting from (11.2) and (11.3)
in (11.1) we get

Hence the meson mass formula of the L5,15j can be
expressed as

(mp/M)3= (p+Z)3+Z3s(s+1) ()i3+1), (10.12)

where Z=~1, s=1 masses correspond to the recur-
rence of the $5,6j structure. The values Z=O with
s =0, 1, 2 yield the degenerate mass m for the 0+, 1—,2+
mesons in which the Z=O with s=0 is just the recur-
rence of the L5, 11 with opposite parity.

The corresponding conserved current vector of the
$5,15j can be written down as the sum of five meson
currents, each of which is separately conserved.

Hence, using the definition (11.5) of the 3 3, we obtain
the equation

{P(p—2)3+5+8$ jP —p)3~c p }33

+2v3 (p —2 —2g )p33.,=0, (11.8)

which together with (11.6) yields the spectrum

(~p/~)'= L(p —I)'+4+4(1+) ')j
+4Zt (I+X —(p —1))3+(I+X) (p —1)j'~ (11.9)

for the 0 (m3) and 0+ (iri) mesons corresponding to
Z=1 and Z= —1, respectively.

The wave functions for the 1+ and 2 mesons are
given by

,= (1/p) pV), .) (p./p)— (11.10)

~)pv) =l ) pv) (1/P) (Pp~3v+Pv~3p)+3gpv~3
—(4/3p') ppp„7r3, (11.11)

where, as can easily be seen, the restrictions

pp7r3„= 0
v

gI""~~„„»=0, p' ~„„»=0

are satisfied. From definitions (11.10), (11.11) and
Eqs. (11.7), (11.6), and (11.8), we obtain

(p' —SIi3C3)ir3„=0 (p' 3E33C')ir)—„„)=0, (11.12)

where

(ppip/3Si) 3 = (p —I)3y6(1+X')

(mp/M'3)3 = (p+1) +2(I+& )

(11.13)

(11.14)

(p' —m'c')~)„, ) =0, (11.15)

represent the mass spectrum of the 1+ and 2 mesons,
respectively.

The remaining pair of 2+ mesons are described by a
wave function whose spin content is of the form
(0,2)+(2,0). If we multiPly (11.4) by 33L(Fp„+iJp,)
XF,),3 and contract with respect to U(3, 1) indices,
we obtain the equation

p'(P' —p)3'C3) y3A

g L33gAP3+(( —p 2 —2'X)/v3)ppp. F,.A)~,
+gAL((p 2+»~)/~~)p 3-3-+:P +p+3)-
Xp'F, f'"+(I+X' p) p pp'F „A—f.'=0, (11.4)

where we used the relations (4.26), and where

".= 3 TrL(F"F3+iJ"F3)433. (11.16)

Equation (11.15), with the restrictions gp"~p„=0 and
p"lip„=0, describes the pair of 2+ with the equal mass
m.

The mass spectrum corresponding to the states xi„,
~~„„», and f(„„can be expressed in a single mass relation
f f r

where

C) pv) FpvA4'5A v
31 gA43A,

~3= (1!P3)P"PY)").
(11 5)

p(p3+9)p3 m3c3p377ri+24—3(p 2+2i)t)P3ir3=—0, (11.6) where (Z= —1, s=1), (Z=1, s=2), (Z=O, s=2).

o the om
By multiplying (11.4) by gA and F„„A, we obtain the

equations (p)3p/~)3= (p+Z)'+fs(s+1) —4ZjZ'(1+)i') (11.17)
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2 (P(«)iu(P )rv g$v g«r g(r g«v (12.3)

The ten P's as defined by (12.2) obey the com-

mutation rules of the 50(3,2). By using definition

(12.1), Eq. (12.2) can be written in the form

(] $«) [[iu], [r ]] 22[ger (gu«gr g(g$ g«)
+g r (g(] g« g( gi«)—
+g&v (gur g«r gu«g(r )

+g-'(g grr' gr. 'g, r')]—, (12 4)
where

(3u =P5u,

and the remaining six are the spin matrices of the
N«=10 representation of the SO(3,2).

The action of the new P's on the wave function p[r, ]

of the [10,1] is given by

(4;) (( ],(r»4 (r'=i(g «'&(s ]+g A( «]

+g[i'@(,-]+g.~'&(-H) (12 5)

Hence putting &=5, r[=](], we obtain the action of the

XIL SUPERMULTIPLETS [10,1] A1%D [10v4]

So far we have only discussed the N]]=4]] (baryons)
and No ——5 (mesons) representations of the group
50(3,2). The N(]=10 representation of the 50(3,2)
in the wave equation (6.3) together with the N =1, 4,
6, 10, 15, . . . , representations of the U(3,1) also de-
scribe mesons. As pointed out before, the two-sequence
structure of the mesons as described by EO=5 and
No ——10 is similar to the two-sequence structure of the
fermions (baryons and leptons) described by the N]]——4z
and N(] ——4i representations of the SO(3,2). One basic
diGerence between Np=5 and Np=10 arises from the
fact that the latter supermultiplets are more crowded
than the former ones.

The 1V]]——10 representation of the 50(3,2) can be
obtained from the analogy with the NO=5. First we
observe that the ten matrices for the five-dimensional
representation of the 50(3,2) can be expressed in the
form

(Pr«)i Z(b( g„——i' 8«g(), '—), (12.1)

where the indices $, «], ]i, a&=1, 2, . . . , 5, and where

g«&,
' represents the matrix P&ao, P]] being the metric in

the space of 50(3,2) [see (3.8) of I]. The definitions

(12.1) do, of course satisfy commutation rules of the
SO(3,2). From (12.1) it is easily seen that

(]2~ "= 1~ 2~ 3~ 4) ~ guv =gu»

and the remaining six components are just Pu. , the

spin matrices of the hemmer algebra.
The ten-dimensional representation of the 50(3,2)

is given by

(] k«)(Pu], (rvl]
—[2($2[4)4a(P )r«v

-(P«4)~-(P[')r.], (» 2)

where all the indices run from 1 to 5, and where

((3upu —inc)Q =0

of the [10,1] can be split up as

(12.6)

P Q[uv] 52C(j[v[»] =0 ) (12.7)

PA'(»I Pv4'(&l l+ 4'(uvl ( 8)

From (12./) we get the restriction pup(«„] ——0 and from

(12.8) the equation

(p' —]«22c2)g(»] =0. (12 9)

Hence the wave function p((«] (—=Q[»], $(u„]) describes

a 1 meson of mass m.
For the supermultiplet [10,4], the wave equation

(6.3) can. be written as

(I 7+~~ «)u P @luvlv+Pp t'(uvlu

+2]ic]tuP «vlu ——0 ) (12.10)

(F„+»„),.p ~(.].—(1.,+».,),.p ~;,].
+p(p„p(»]u pug[, „],)—iiicpp(„„—],=0 (12.11).

Now the wave function p([«]u (=P(«,]u, P(„») of

the [10,4], as follows from the spin decomposition

(2,—,')g (—'„—',), describes two 0+ mesons, a pair of 1+, 1

mesons, a 2 meson, and a 1 meson. Upon using the
definitions of thei'„„, J„„ofN=4in (12.10) and (12.11),
we obtain the equations

(p+2)pub'(, „]u—(1+8)pu«tv(v „]
—(1—iZ) pv4 [u„]u+mcp4(„]u=O, (12.12)

(P+2) (Pu t'«vlu Pv@«ul p)

—(1+&)pu(4'[5vtu 4[»]v)
(1 i~)p (g 4' u»v] v(gvA'[»] v)

+«]icpg[„„l,=0. (12.13)

On eliminating g[u„]v between (12.12) and (12.13), we

get the equation for the components $~5„~„in the form

{[(+l)'+(1+]'))P' —i]2"'p')&[ l

—(1+F2)P2&« l + (p
', iX) (—I+——iX)PPu«]«v

—(p+2)'Pp, «]2„+(& +3 4p)PP„«]i,+ (1—A—)
X (p —-', +i1 )PP,«]iu+[31 '+4 —(p+2)'PuP, «]2

+g"(p+2) (1 i1 )P'n2-
+(p+-,') (1+i]i)p„p„«](=0, (12.14)

where the wave functions of the two 0+, two 1, and

one 1+ mesons are given by

vi=4 «.]", n2= (1/P')P"P "4 (5.]., (12 15)

ni. = (I/P)p'4 [sulu (Pu/P)~2 (12 16)
«],u

= (1/p) pu«P «, l „(pu/p) «]2, —

~2u = (1/2P) gu«&'""P @[".].
respectively.

ten-dimensional ]3's on the wave function as

(3u)(D l, [r ]]4' =2(g u ~(5&l+g» O'Pul

+g&& 0 luul+gu& '(('(u»]) ~

Thus the wave equation
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The above definitions of the wave functions together
with equation (12.14) yield the mass spectra

(mp/M)'= (p+-', )'+3(1+X')

for the 0+ pair and

(mp/M)'= (p+-,')'+2(1+X')

(12.18)

(12.19)

for the 1 meson. The wave functions g~„and g3„ lead
to the spectrum

( p/3II)'=-'A+-, 'Z[A' —8(1+X')']"' (12.20)

for the two 1 mesons, where

The wave function q(„„), like q2„, satisfies the equation

[((p+-', )'+2 (1+X'))p' —m'c'p'jI][„„]=0. (12.23)

Hence we obtain the interesting result that the mass
of the 2 meson is equal to the mass of the 1+ meson
given by (12.19).

XIIL SUPERMULTIPLET [10,6j
The supermultiplet is described by the wave function

Ijh[ya]a (—= /[5~]av Q[pv]a) wlllell satlsfles the CqllatloIIS

(T )apvP Q [pa] /+WC( [jja]a —0
v ( ~ )

(rvp)a[p ~[41& (rve)a[p 4'[»]I 'III&4'[Ivv]a=0 ~ (13 )

A = (p ——,')'+3 (1+X')
and 8=+1.

The wave function of the 2 meson is given by

{1221) Hence, eliminating p[»[av we obta]n the equatfon

(r vruv)afvp P 4'[5pl & (r vrvv)a&p P 0'[nu]&

+~ ~ 'lf'[&v]a 0~ (13 3)

1 [av] (1/ P ) ~ PvfgypPv4[5al I]+gvpPp4'[Ga]fl j
(1!P)(P—.n2.+P.n2.), (12 22)

which satisfies the 6ve restrictions

g""'If[i vl =0, P"'gf pv] =0 ~

f 'r'. r .P "P = (2]'+3+~')P'+&sI'~ P"P "v.

Sy using the definitions of the I'„„, J„„as given in
Appendix A of I, Kq. (13.3) can be expressed in the
fOITQ

([(P 1) +2(1+~ )jP ~ ~ 0 )~[5~] fvvl (P 1) P p"a4'[ vt,5[ l+vv(I+~ 4P)p [PA'[5~], [vv] Pv4'[5s I [v~]3
+ (I+~ )[(RI vpv guvpv)PFI+P (PA'[»l ~ [vv] Pv4[&p], [yv])+P (4[5vl, fav] 4'[»]. [vn]) j+(1+&~)
&(@+I~)p~p (4'[5u], [7 ] 4'[5] [v 1)+(1 +)(P—~][)p"(P 4[sr], [~.] —PA[sv]. [ n])+(P 1)(1+i")

&&P'(g"I'~.—g.P'3.)+ (] —1)(1—i~)p. (P.I'I.—P.i'I ) =o, (13 4)

~2 = (1/2P) ~ PIv4'f~v]. [vvl ~

(1/2P )g~v~ PaP P[»l [ v]v (13.7)

~4a (1/ P )aim~ PaP @[vvl [vali (13.8)

~[5~],[vu]
=

Qvp& 4'[5~]a v

and the definitions

(1/P)P 4'[»l [ vi)

'lf'[5vl, [i vl (I/P)PP I v

(1/P )P P ~[ P] tv]

represent the wave functions of the 0+, 1, 1 mesons,
respectively. The wave functions of the remaining 0—,
1+, 1+, 2, 2 mesons are given by

the mass spectra follows from performing the implied
operations on Eq. {13.4).

From the definitions I'I and I'2 and Eq. (13.4) we
obtain the mass spectrum

(mp/M)'= (p+Z)'+4(1+]j.'), (13.11)

where Z=+1 and —1 for the I'I and I'2, respectively.
The spectrum corresponding to the pairs (I"I„,I'3„) and
(I 2~)F4~) IS g]VCII by

(~p/~)'= 2f-+2Z[c' —8(1+&')'1'" (13 12)

C= (p+Z')'+3 (X'+1) (13.13)

and Z'=%1 corresponds to the pairs of 1 and 1+,
respectively, and where in both cases Z= +1.

For the pair of 2 mesons we get the results

F1[Iv]= ( / p) pa(gP Y4 [5p] [vv]+gv'Y4 '[&P] [l4v])
—(1/P) (P.i',+P.l'.), (» 9)

(mp/3f)'= (p —1)'+4(1+X'),
(mp/M')'= (p —1)'+1+X', {13.14)

p2[pv] =' (1/2p) ~ pa (gay4'['5vl, [v ]+gvv4'v[5al, [pv])

-(1/P)(P.I',+P,i .), (».»)
respectively. Thus, as seen from the spin decomposition
(-',-,—.')]3[(0,1)+(1,0)j, the supermultiplet [10,6j con-
tains eight mesons. As in the previous computations,
once the wave functions are defined, the calculation of

respectively. Hence we see that the masses of the 0
and one of the 2 mesons are equal.

XIV. DISCUSSION OF MESON SPECTRUM

The branching of the meson spectrum into two
classes arising from the Ave- and ten-dimensional rep-
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4

resentat&ons of SO(3,2) does not necessarily imply a
classification of hthe strange and nonstrange mesons
into diIIferent groups. I.ike the half-integral-spin
particles (fermions), the integral-spin particles (bosons)

e ong to two di6erent reducible representations of the
G symmetry [=SO(3,2) V(3,1)7. The fundamental
differences (if any) between Xo ——5 and Xo ——10 mesons
could manifest themselves in their strong, weak. , and
electromagnetic interactions.

However, like baryons, mesons also can be regarded
as identical objects in the space of spin, Z, charge,
parity, etc. : No two mesons can be put into the same
state. Thus the wave function of two mesons must be
antisymmetric with respect to an interchange of their
spin, Z, charge, parity, etc. , quantum numbers as a
group. In this way the "super-exclusion principle" can
form the basis for the proliferation of mesons. Figure 2
is a diagrammatic illustration of the meson spectrum
w ere, as in the case of baryons, an "internal super-
multi let" of'p " of mesons lies in the plane containing the

4 0

axis of the coaxial cylinders and the mesons of equal
spin and parity. Therefore diferent internal super-
multiplets of mesons are obtained by fixed rotations of
the plane around the common axis of the cylinders.

The predicted periodicity, observed for the baryons,
as based on the recurrence of the low-lying level
structures, like [5,1], [5,6], at the higher levels prevails
also in the meson spectrum. Although the spectra

~, ~&10,15~~, etc. , have not been calculated in thisI 1010" ~'

paper, we expect the, t the low-lying levels [101]
, ~ wil. recur in the higher mass levels. Figure 2,

7

which represents the low-lying levels from [5,1] to
[5,20] and [10,1] to [10,6] and also the uncalculated
levels [10,10] to [10,20], contains only ten J~=O
mesons, where the parity assignment is based on the
wave functions Px of [5,17 and p~q„~ of [10,1] which
describe JP=O and 7~=1 [since 1 = (0,~)S(-'„0)]
mesons, respectively.

A
'

s in the case of the baryon spectra, here also we can
derive "sum rules. "Thus we may write

for the [5,4], and

(14.2)

for the [5,6], [5,10], and [5,15], where in each case m

has a different interpretation. Because of the insu%-
cient number of relations, p and m are not eliminated.
Th e inverse-mass-squared relations, as contrasted to
the inverse-mass relations for the baryons, are the
characteristic feature of the meson sum rules. For the
[5»0] p«t»g ~'=2(~+1)'+-. ( —1)'—1»d so»»g

—Ho= 5—N ~15

2
e ~ +*

l
P

4
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0

4
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o 9'=—
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p
.'p . planes perpendicular to the axes contain mesons of di6erFxo. 2. Meson su ermulti lets. The l
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~ ~

e xroug t e common axis ma be cons r
ons o i. erent spins and parities, forming the space-

of equal spin and panty, hence dehning an internal supermultiplet
y t ucted in such a way that it contains mesons



(11.9), (11.13), and (11.14) for (p+1)', (p —1)', and
1+X', and substituting in the identity

4L(I +1)'—(~—1)'3)'=2I:(~+1)'+6 —1)'3—1,
wc obtmn the sum iulc

L(RI+R,—2u,) {oI—R,)+4{7RI—o,—10m,)g
=4(4+uI —a2) (4uo+a2 —3aI), (14.3)

XV. MASSLESS SPIN-I PARTICLE AND PHOTON

It has been pointed out that in the limit p= ~ the
wave equation reduces to Dirac or Kemmer type of
equation describing equal-mass particles of different
spins and that the resulting equation is invariant under
U(3, 1) transformations. An entirely diferent class of
equations refer to those arising from the limiting case
of p=o, X=0, viz. ,

(15.1)

For the P0,4j, from (12.18)—(12.20), we obtain the
sum rule

(14 4)

where Mo, 3fI, and ~~ are dcfjned by (12.18), (12.19),
»d (12.20), respectively.

The sum rules for the $10,6j follow from the four
IIIRss relations (13.12) III thc fol'III

(14.5)

where lower and upper (+, —) signs refer to Z=&1
and Z'=&1, respectively. From {13.11) and (13.14)
we further obtain the sum rule

(14.6)

where M~ is the mass value corresponding to Z= —1 in
(13.11) Rnd 3II2 Is given by tile sccolld I'cIRtloII of
(13.14). The remaining sum rule involving 3f, LZ=1
in (13.11)j is

2pr4'5 P 4p"p g» P 4" =0

kp"4 p P"4p —Pp4
—"=0.

{15.2)

(15.3)

Multiplying (15.2) by gp', we get

P"45p=o (15.4)

and using this result in (7.10) and setting p=X=O
there, we get the wave equation

(15.5)

for a massless spin-j. particle, the photon. Equation
(15.3) together with {7.1) and (7.2) leads to

(15 6)

~.=(1/P)P 4,. (2P /P)4. , -
+P.(1/P')P'P'4", (15.7)

For Eq. (15.1) the G symInetry L=SO(3,2) U(3, 1)j
is exactly broken. %C have thus obtained a new formu-
lation of the massless particles. Consider now the p =0,
X=O limit of the supermultiplet I 5,4j where now the
components @,-„and @„„of the wave function y&„
(&=1, . . . , 5, p=1, . . . , 4) decouple and (15.1) yields
the equations

Others aI'c glvcn by

In the absence of the internal quantum numbers,
the best way to compare the above Iesults with the
existing (and in some cases changing) experimental
data ls by a direct colTlputcr analysis.

'The computer scanning of the baryon and meson spectra of
this theory has heeII carried out by A. Per')mutter and the results,
which compare favoraMy with experiment, appear in I'roceedings
of the Coral Gabkes Conference on Fundamental Interactions at High
J.":nergy, University of Slain7i, &70, edited hy J. Iverson, R.
Williams, and A. Perlmutter (Gordon and Breach, New York,
j.970).

Thus thc remaining colTiponcnts @ps of thc wave func-
tion p~„provide the same result as do the components
45p. From (15.4) and (15.5) or (15.6) and (15.7) it is
clear that for the supermultiplet L5,4j the limiting case
p=X=O yields the description of the spin-1 massless
particle in terms of the vector potential rather than the
electromagnetic field itself.

A more interesting result is obtained from the limiting
state of the supermultiplet j5,6j. In this case also the
components 45, and 4p (a=1, 2, . . . , 6) for p=X=O
are decoupled and Eq. (15.1) yields the fieM equations

gppP 4 5fvvl fpvP 4 v[pvl

(P.4;i.,~+P.4. ~-I—+Pp4 r"t) =o (15 8)

PA' E~P'j P~4' fuf]

+P (4'pivpl+4'vfppJ+4'pb vl) 0
v (15 9)

whel c

4 ~"~=kQ" 4.. 4.(")=20-p-4p' (15 1o)
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From (15.8), multiplying by g"", we obtain

P ']It'5[apl

Hence Eq. (15.8) becon]cs

(15.11)

From the periodicity or the recurrence of the [5,6]
in the [5,10] and [5,15], it follows that the special case
P=X=O recurs as Maxwell's equations in the latter
supermultiplets.

PA4[vp]+P lb[pa]+Ppk[pv] 0 (15 ) XVI. MASSLESS 2+ PARTICLE AND GRAVITON

where

fp. =Ppov P.+p-

Operating by p" on (15.13), we get

(15.14)

Equations (15.11) and (15.12) are just Maxwell's
equations, and in this case the spin-1 6eld (photon) is
described by fields rather than by potentials. Equation
(15.9), putting qY[„,] = []',p, yields

fp.+P'(f.["]+f[p.]+f.["])=o (15 13)
P +1grxP (4'g-+~'g p ~'gp. )

n P

(I/~~)—(&'P.+~:P. lg"P')—7 =o, (16 1)

The special state P=O, X=O for the supermultiplet

[5,20] leads to an interesting result. For X=20, the
wave equation (15.1) for the massless integral-spin
particles becomes

P"f"=o (15.15) where Christoffel symbols

(I'p.P"P").b4] =Op-P"~", (15.16)

which together with (15.14) leads to Maxwell's equa-
tions, where we used the fact that the tensor @p, [ pl

+p [pp]+Qp [p ] is fully antisymmetric.
In the presence of a source, Eq. (15.1) can be re-

placed by P =kg" (p.v"+p.v- p.v.,)—, (16.2)

where the 50(3,2) index $ (=1, 2, . . . , 5) has been
suppressed, and where the source J" represents five
currents of the form J"~. The explicit forms of Eq.
(15.16) are given by

gppP Qb[vv] gpvP lb[pa]

(Ppkb [v p]+Pv4'5 [p p] +Pp4'5 [pv])

=g„pJ„—g„„J, (15.17)
and

gl[b vpy —O (16.4)

Furthermore, Eqs. (11.6)—(11.8) yield, for p=O, X=O,
the results

and where the wave functions y„, and y~ are

'rpv (I pv) [ab]$5[ah] & |1 gabgb[ b] &
a(16 3)

p'y] =0, p'y2 ——0, (16.5)
Pp4' [vp] PA' [pp]

+p Qp[pv]+4p[vp]+tv[pa]) J[pv] & (15~ 18)
where

J [pvl Jpv ~vp ~

From (15.17), multiplying by gp", we obtain

P 4'b[ p]

PA b]"P]+Pv P& [Pp]+PP4 b [pv]

Equations (15.18) also lead to Maxwell's equations
where the current vector is defined as

P'~..+lp'(p. v"+P.v-) (16/3~~)p.p.v—=o (16 6)

where

p'r =p p"&p„(=0).

P"~"=0

and (16.6) yields the equation

(16.7)

However, the wave function &~I,~» for P=O, X=O is
real and therefore y] ——0. Hence, contracting Eq. (16.1)
with gp", we obtain the result

~p= (I/P)p"J ["], (15.20)
(16.8)

which, of course, is conserved since ppJp=O.
According to this theory the photon is described by

the wave function pr, (—=&t&b„pp,) obeying Eq. (15.1).
However, the components &5, and p„, are decoupled
and each, both in the absence and also in the presence
of external sources, describes the same Geld. Although
Eq. (15.1) is a special case of the fundamental wave
equation (1.6), the former. could form a basis to propose
the latter equation for all the particles.

(16.9)

we can rewrite Eqs. (16.7) and. (16.8) in the form

E„„=O, (16.10)

Equation (16.8) together with the restrictions (16.4)
and (16.7) describes a massless 2+ particle. Now using
(16.2) in the form



BEH RAM KURSUNOC LU

J~ »»=P» (16.1.1)

P» r»» P»7»p Pp r»»

+9P (5g"~" g-~-—g"v")—=o (16 13)

is the linear and Rat space form of the curvature tensor
in general relativity.

If the reality of the @&( q) is not assumed, then the
contraction of (16.1) with respect to the indices p and
p yields

P»~~= (4I3)l3)p»v»» (16 12)

Using this in (16.1) and the equation obtained from
(11.7) by setting p =X=0, we obtain the results

I'»»vsv»P "4)=0 (17.1)

their respective quantum numbers s, Z, O', . . . . Thus
the super-exclusion principle can form the basis for
the meson and baryon proliferation. The limiting case
p = ~ as pointed out in I results in the Dirac or Kcmmer
type of equation depending on the representation of
the 6 symmetry. However, the limiting case p=0,
X=o leads for the [5,4], [5,6], [5,10], and [5,15] to
Maxwell's equations and for the [5,20] to the wave
equation for a. 2+ massless particle, the graviton. In
fact, the result for the [5,20] has been expressed in
terms of the linearized form of Einstein's 6eld equations
in general relativity.

The limiting case p=0, X=O, in the free massive
lepton and t:he baryon wave equations (1.3) and (1.4),
yields

P'~"+3(p P ~" (7I9)p.-p ~-
(1/1g—)g"P'v2) =o (16 14) ~»VY p A Ol (17.2)

By operating on (16.13) with p» and then eliminating
the resulting expression for p2 from (16.14) we obtain

P'~" (4/44)5(—p.p'v. , P.p'v-) =—o (16 15)

which i:mplies

p ~„,=O, p„p ~„,—p„p r„,=O. (16.16)

Equations (16.16) are satisfied by (16.12). Thus,
together with (16.4) and (16.12), Eqs. (16.16) provide
eight conditions on the wave function or the "gravi-
tational potentials" y„,. Therefore, like any other
massless particle of any spin, the gra.viton has two
independent states of polarization.

The detailed discussion of the wave equation for all
the particles (hadrons, leptons, photon, graviton, . . .)
erst presented in I has been continued here. From the
G-symmetry [=50(3,2)U(3, 1)] point of view, all
free particles can be put into three cia,sses.

(i) For massless particles of all spins, the special
case of p=O, ) =0, the 6 symmetry is exactly broken.

(ii) For massive leptons (p)(1), the G sy)umetry is
badly broken.

(iii) For hadrons (prr) 1), the G symmetry is approxi-
mately broken.

All free leptons belong to the [4&,X] reducible rep-
resentations of G. All free baryons belong to the [4s,S]
reducible representations of G and all the free mesons
as well as photons, gravitons, . . . , belong to the [5,1V]
and [10,%] reducible representations of G. Further-
more, we have seen that in the space of s, (P, Z, charge,
etc., all baryons and also all mesons are identical
particles obeying a "super-exclusion principle. " The
wave function of any pair of baryons or pair of mesons
is antisymmetrical with respect to an interchange of

which, by applying the projection operator , (1+—iy)),
can be transformed into the same type of equations.
In fact, both (1.3) and (1.4) and also (17.1) and (17.2)
have the same principal quantum numbers [EO,E],
which is not the case for the [5,A] and [10,$], where
Xo assumes different values. Therefore a real physical
situation (i.e., the presence of interaction) does require
a coupling between Eqs. (1.3) and (1.4) to describe
weak interactions. The coupling in question, because of
the requirement of Lorcntz invariance, is between
[4),Ã] and [4)„N], where X is the same for both
leptonic a.nd baryonic supermultiplets. It must be
observed that the requirement of identical Ã for the 3

and b supcrmultiplets does not rule out the possibility
of weak interaction of a higher-level b multiplet with
a lower-level / multiplet. The periodicity of the level
structure does allow intersupermultiplet interactions.
Furthermore, the lowest supermultlplcts, because of
(17.1) and (17.2), in the weak interaction of leptons
and baryons are [4),4] and [4q,4]. The levels [4g, l]
and [4)„1],being of V(1) symmetry, do not recur.
Hence we see that this theory, in the lowest level
[4,4] for p=o, predicts two different s=-,' two-com-
ponent neutrinos. All of the above points and appli-
cation of the same ideas to the strong interactions will
be amplified in the next paper.

For the baryons, as seen in Fig. j. and in the corre-
sponding mass formulas for the various supermulti-
plets, the mass region in the neighborhood of m is, for
both parities, densely populated. All of these, with the
light paritics aI'c found to bc 6ttablc with fg assuming
the mass value in the range 1650—1700 McV. The 6ve

baryons of equal mass in the [4,15] and
also the two J~=-,'baryons in [4,10] fall into line with
the experimental range of mass measurements. The
situation with the mesons presents the same kind of
picture. At this point we do not anticipate a strenuous
C6ort in establishing further accord between this
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theory and the experiment. The presence of normal
spin-parity series (J~=D+, 1, 2+) in the P,15] has a
good candidate for it in the 1270—1300 MeV region,
e.g., the A2. Of the 50 mesons analyzed so far, only ten
J~=O have been predicted. The theory also predicts
J~=2 mesons for which there is no strong experimental
evidence at present.

In both Figs. 5 and. 2, diferent supermultiplets may
be related by means of the internal syxnmetries for
which, we believe, the theory does contain sufficient
provisions. Therefore the various members of, for
example, pions and kaons shouM lie in different super-
multiplets. Thus a plane through the equal-spin and
equal-parity rnesons (or baryons) of a given period
like, for example, the [5,6] and its recurrence in the

[5,10], p, 15] will contain Antermal sgpermulHp/e)s or
two isospin triplets of 1 and 1+ mesons in contrast to
the space-time supermultiplets which lie in a plane
perpendicular to the axis of the concentric cylinders.
The latter supermultiplets contain particles of different

spins and parities but belong to the same representation
of the G synnnetry. No one supermultiplet (internal or
space-time) can be defined (i.e., s, Z, 8, (P, internal
quantum numbers) completely without the other.

The algebraic structure of the mass levels for the
baryons and mesons are shown in their sum rules. The
sum rules for the baryons are linear in the inverse

masses, while for the mesons the sum rules are obtained
in terms of the squares of the inverse masses. This
property prevails throughout all the supermultiplets.
Furthermore, the recurrence of the lower-level mass
relations in the higher levels, like the recurrence of the

[4,6] in [4,10], [4,15] for Z=+1 and. of [4,10] in

[4,15] for Z=D and similar recurrences in the meson
spectra, shouM aid in the identihcation of the members
with similar properties but in different supermultiplets.
This periodic nature of the hadron spectroscopy which
extends through the entire spectrum of the G symmetry
is a fundamental result of the theory. The periodicity
discussed for the hadrons is also valid for the leptons
and will provide a desirable flexibility for the concept
of interaction in this theory.

Finally, we must point out that the representation
of 50(3,2) as well as of the Kemmer-Dugan algebra
(1.'/) by the set of ten matrices P5P„and P„„implies the
existence of integral-spin lepton supermultiplets p~,Ã]
and [10~,$] with similar properties as the [4g,E]. It
is quite reasonable to assume that the [5~,$] and
[10E,X] are coupled to matter very weakly. For
example, the so-far-unobserved IF boson (or the
integral-spin leptons) may be dassi6ed within the
supermultiplets [S~,X] or [10',X]. Furthermore, the
presence of [5~,$] and [10~,Ã] type of' particles could
imply the existence of a new kind of weak interaction.

The next paper of this series, besides leptons, will
discuss the weak, strong, and electromagnetic inter-
actions as inferred. from this theory. In particular, we
shall derive the sum rules for the magnetic moments of
the baryon supermultiplets.
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