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This new many-body quantum formalism retains all
correlations between particles in a correlation function,
whereas the conventional formalism puts part of the
correlation in the choice of symmetries or antisym-
metries of the wave functions and part in the form of the
interaction potential. The possibilities opened by this
new format for the treatment of physical problems are
now being explored.

In summary, the developments presented here give
further support to our contention that much of the
formal structure of physical theory can be deduced
directly from the statistical properties of experimental
data. Perhaps one of the most exciting possibilities
opened up by this is that it indicates the way for
applying the formal structures of physical theory to
nonphysical problems as well.
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The formulation of quantum theory on the basis of the statistical definition of a duplicated experiment, as
initiated in a recent paper, is used to reexamine the embedding formalism introduced in earlier papers. It is
shown that the familiar relations between momentum and coordinate representations are given a statistical
basis by the embedding theory. It is also shown that a complete quantum theory includes three fundamental
sets of operators and that one of these seems to represent an operator formalism for thermodynamics.

INTRODUCTION
' 'N the development of any new way of looking at old
~ ~ ideas, one progresses in an irregular fashion and
must continuously reexamine each step. A recent paper'
presented a derivation of a generalized quantum for-
malism directly from the statistical definition of a
duplicated experiment, but two earlier papers" pre-
sented derivations of some parts of the formalism on the
same basis by a very diferent argument; these em-
ployed an embedding of one space in another.

These embedding arguments were rather crude and,
in the case of the first paper' particularly, they now
seem rather contrived and definitely improperly pre-
sented. After finding the more direct path from the
statistical description of an experiment to a quantum
formalism, as presented in the most recent paper, ' the
embedding formalism has been reexamined. This has
yielded what seems to be a more coherent picture of the
statistical basis of quantum theory. In particular, it
provides a purely statistical formulation of representa-
tion theory as used in conventional quantum mechanics.
However, this reexamination has also yielded a better
understanding of the operator structure of the recent
paper' as well, and points to an enlarged operator
formalism for thermodynamics. This is presented here
beginning with the statistical definition of a duplicated
experiment.

* Supported in part by a Frederick. Gardner Cottre11 (lrant
in aid from the Research Corporation.
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DUPLICATED EXPERIMENTS,
STATISTICS AND TIME

The results of a duplicated experiment can in principle
be summarized as a spectrum of configurations of the
variables determined by measurement in the experiment
(the observables) together with the probability for each
such configuration (frequency of occurrence). The
spectrum of values for any observable is in general de-
termined by values of parameters which must be fixed in
order to duplicate the conditions of the experiment; also
the probability for the occurrence of a configuration is
conditioned by these same parameters.

Thus let
r= (x,y, s, . . .)

be the set of all observables whose values are determined
in each duplication and suppose r contains E inde-
pendent variables. Then each observable can be viewed
as a function of the elements of a vector of E indepen-
dent components,

P, = (Xi,Xg, . . .,Ale),

and a distinct configuration is labeled by a configuration
of X. Thus we represent any observable as

xp. ,~,t) =x&(~,&), (3)

where q1, g~, . . . , g~ and t label values of conditioning
parameters that must be the same in every duplication
of the experiment. Here gl, g2, . . . , g~, denoted by q,
are those parameters that are individually identlfied and
fixed in each duplication, while t is introduced as a
single parameter Label for all other parameters which



condition the experiment, but which are not identified
and controlled by the experimenter. Thus t, "the time, "
is a one-parameter label for the configuration of that
part of the "external universe" which conditions the
outcome of the experiment.

We tacitly assume the distinct configurations of the
observables in the experiment to form a demumerable set
and then denote the probability for a configuration as

ir=ir(~l %t), XgD
where

(4)
alld

is an identity valid for all configurations of g and t.
However, we may also admit a continuum of distinct
results, in which case this sum becomes an integral.

This description of a duplicated experiment admits, as
a particular special case, a completely deterministic
outcome for each duplication of the experiment, namely,

(6)

but in our general discussion we will assume a non-
deterministic experiment. Of course, if we considered a
continuum of distinct results as possible, we would have
a Dirac 8 function defining a deterministic form for the
distribution function.

Here the role of time indicates that if our prepara-
tion of the experiment includes identification and fixing
of al/ parameters that condition the outcome of the
experiment, then the spectral functions, such as xP.,g),
and the probability m. (ling), will rior depend upon
"time. " That is, there are then no unidentified, or
unfixed, parameters to be labeled by t that condition the
experiment. Quite obviously, whether the experiment is
time dependent depends upon our choice of observables
as well as our ingenuity in preparing the experiment.

MATRIX FORMALISM

Since the probability m, now to be referred to as the
state probability, is non-negative, we can write

where X is the real diagonal matrix with elenients
x), (il, t).

Then, since any other observable, such as y, for
example, has a corresponding real diagonal matrix
representation, and diagonal matrices commute, we
have

XV—VX=0 (10)

a(x) aCt BC 8X
=—XC+C~X +C~—C,

Bt Bt
(12)

provided that these derivatives exist. Then, if we
assume the existence of a matrix H such that

BC/Bt =iHC, (13)

we find that Eq. (11) ca+ be satisfied if H is Hermitian,
while Eq. (12) becomes

a(x) &X-
=Ct i(HiX XH—) C. —

Bt

This defines an operator bjQ acting on X given by

(14)

i (HiX XH),— —

for any two observables in the experiment. Of course,
this commutation is invariant under all unitary trans-
formations, as are the matrix forms in Eqs. (8) and (9),
but these real diagonal matrices then become Hermitian
matrices. Thus the observables in the experiment are
represented by a collection of commuting Hermitian
matrices, just as pointed out in our earlier paper.

Our earlier paper' presented this matrix formalism
and then proceeded to examine how one might describe
changes in these matrices as the parameters q;, j= 1, 2,
. . . , E and t are altered, but here our primary interest
is in the relation of this matrix structure to an embed-
ding formalism. 2' However, we point out that if t is a
continuous parameter, then we may differentiate Eqs.
(8) and (9) with respect to t to obtain

BC BC~
C~—+—C=O

8t
and

where ci(rl, t) is a complex function with complex
conjugate ci (q, i); this determines ci(q, t) to within an
arbitrary phase Then, a.s in our earlier paper, ' we see
Eq. (5) as the matrix form

CtC=1= Q ci*(q,t)c),(g, t),
XgD

where C is a column matrix with elements ci(g, i). Also,
t;he expectation value of any observable appears as

(x) = P xi(g, t)cg*(g, t)c&,(g, t) =C'XC, (9)
Xga

and a similar equation exists for each observable, i.e., X
replaced by Y, for example. This looks much like the
structure of ordinary quantum theory, but we point out
that Eq. (11),with the derivatives expressed in terms of
H using Eq. (13), car be satisfied for a roon Hermitial-
matrix H. Another alternative is explored at length in
our earlier paper'; here, we merely wish to indicate that
the kinematics of quantum theory arises from an
examination of the evolution of the matrices C, X, etc.

'That is, the matrix (EI—IIt) operating on the vector. C
produces a new matrix (vector) (II—FI~)C that is orthogonal to
C, Ct(FI—FIt)C=O. This possibil. ity is explored at length in a
paper in preparation.
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VECTOR FORMALISM AND REPRE-
SENTATION THEORY

where $= ($i,b, . . . ,fx) is a K-dimensional vector like X

but has a continuous domain, say

(22)The vector X was introduced in Eq. (2) to label the
distinct configurations of all observables and is defined
to have the set D of distinct configurations. This set D
is not conditioned by the p, and t, and is taken to be the
direct product set of the set of all integers, that is,

~C~i8&28 8~z
Thus, whereas a discrete basis has the orthonormal and
completeness properties

(ail '&=&„.=1,
=0, (23)(16)

alld
D =Iq t3I2(3 ~ ~ Ix,

where I is the set of all integers. If some or all of the
observables in the experiment have a continuum for the
range of their values, then some or all of the I; here are
replaced by E, the set of all real numbers. Here the
notation XQD implies X,QI; for i = I, 2, . . . , E.

If for some configuration of the q, and t we must
describe a duplicated experiment in which only a finite
set of distinct results are actually observed, then
vr(Xi g, t) has the value zero for all XgD except for some
subset DODD. However, we allow the spectral functions
x(X,g, t), y(X, z, t), . . . to be defined over the entire do-
main D.

Then in the matrix formalism all matrices are infinite
dimensional and, as carried through in our previous
paper, ' can be represented on an infinite-dimensional
abstract vector space which must be a Hilbert space.
This is a separable Hilbert space, having both discrete
and continuous sets of basis vectors.

Thus, since the cq(g, t) are elements of a square
summable sequence, as in Eq. (8), they have a repre-
sentation on a particular set of basis vectors,

i X), li+D,
of this vector space as

(24)P i»(zi =1,

the continuous basis has

(26)

Thus the vector iq, t) may be given a "coordinate
representation" as

(27)

or
(28)

and in the usual language of quantum theory we call

P((,q, t) the wave function of the system and interpret
P~P as the probability density for the vector $ with the
values of the j; and t as contingent events. Similarly,
we call Px*Px the probability density for $ contingent
upon the system "being in the state" represented by X,

as well as particular values of the g; and t being given.
Furthermore, we call cz*cz the probability for the state X.

While these interpretations of quantities formed by
introducing a coordinate representation for the state
vector

i g, t) have proved to be extremely successful in
the application of quantum mechanics to physical
problems, they have not been given a clear statistical
basis. Now we can show that the embedding formalism
introduced in our earlier papers'' provides such a
statistical basis.

(l i ~,&&=c,(~,t), (17)

and are the representatives on this basis of the vector

i&, f,)= g (~i~,~)iz&, (18)
)i pD

which, according to Eq. (8), has unit norm

(~,ti q, t) =1 (19)

This representation on a discrete basis is to be identified
as the "momentum representation" in quantum
mechanics.

Furthermore each observable, for example x, is repre-
sented by an abstract operator, say x(q, t), acting in
this space, and the particular basis vectors

i X) must be
simultaneous eigenvectors of al/ the compatible
servables in the experiment. That is, for example,

EMBEDDING FORMALISM

x (q, t) i » =xg(q, t) i
x&.

Given any conditional probability 7r(Xi z,f) with X on
some domain D (not necessarily that defined above), we

(20) can always introduce another set of random variables

Then matrix representatives such as X, for example,
with elenients with

(= (B,b, ,k~), ECG (29)

Xxx. = (l~
i
x

i
X'&, (21) x&x, (30)

will be Chagoeal on this particular basis.
But the separable Hilbert space also possesses con-

tinuous sets of basis vectors such as, say, i j&, $+G,

such that with functions

X, =X,($), i =1, 2, . . . , If



STATISTICAL BASIS FOR QUANTUM THEORY:

.'(~ln, t)d ~=I. (43)

dI'(&In, t)=p(&ln, t)d"r, &CG

every function of the X;, such as x(X,n, t), for example, where the pq'(pl n, t) are required to have the properties
becomes a function of the $;. Furthermore, with X&~E,
we are assured that the X; may remain as functionally p.'(~ln, t)», ~CG.CG
independent quantities, but unless Ã =K holds, these 5fERCG (42)
relations have no inverse. and

Furthermore, we can de6ne a probability density
p(& I n, t) for the Pg

..

such that

p(~ln, t)d"~=1,

~(~ln, t) = p(kin, t)d (, (34)

With this form for p(g I n, t), Eq. (34) is an identity, and
the expectation value for any quantity f(() will be
given by

(f)= Z .(n, t) f{&)p'(~ln, t)d &, (44)

and we must obviously require that

and a G), is de6ned for each con6guration of X by

This is an embedding of the X; in the space of the $;.
It is evident that the subsets Gq+G are disjoint,

GQQ, =8, (36)

where g' is the null set, and also, in view of Eqs. (5) and
(33), that we must have

(3?)

{45)f~= f(&)p&'(kin t)d"3
-&x

be the value of f corresponding to the distinct result
labeled by X. In fact, as pointed out above, all proper
observables are represented by step functions having
uniform value over each of the subsets Gq&G. If f is
such a quantity, it could be brought outside the integral
here and Eq. (45) would then be an identity.

But now other features of this representation for
p($ I n, t) emerge. Note that in view of Eq. (42), we may
write the integral in Eq. (45) as

ol
(38) f(k)p '(kln, t)d"5 {46)

this being the union of all these disjoint sets.
In terms of such an embedding, we 6nd that with the

notation
(x~(&), ,n)t= (xk, , n),t(39)

the expectation value of any function of the X; becomes

(x) = x'(&,n t)p(&l n t)d"$.

It should be quite evident that beyond the constraint
X&~X, the choice of embedding space is almost com-
pletely arbitrary; we only need to be assured that all
integrals defining expectation values exist, i.e., every
quantity defined in terms of the X;must also be properly
represented in the embedding picture. In this regard,
note that all observables such as xP,n, t), for example,
become sectionally continuous step functions x(X($),n, t)
in the new variables.

There is a particular representation of the embedding
distribution p()ln, t) that can always be introduced,
namely,

that is, the integral over a/3 of G instead of just the
subset G)I,&G. However, the subset G),&G may not be
simply connected and, in fact, may be "scattered" over
G like "freckles, " and therefore the function pq'(pl n, t)
may be an extremely discontinuous function over G.
Hence this integral must be taken in the I.ebesgue sense.
II'ut then we can introduce another, coetAzlols, dis-
tribution function pq()l n, t) that is equal to pq'{)ln, t)
almost everywhere in G, that is,

f(a)Lp. '(sin, t) -p (&In, t)]d a=o, (4?)

where f($) is amy sectionally continuous, measurable
function over G, i.e., the points of discontinuity of f($)
form a set of zero measure in G.'

Thus, if all obseivables are restricted to be sectionally
continuous, measurable functions of the f; on G, we see

p((In, t) in the form

p(&ln, t) = Q s'&, (n, t)pg'(tin, t), (41) ' Jacob Korevaar, Mathem gA'ca/Methods (Academic, New York,
1968), pp. 373 ff.
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with the equality interpreted as being valid almost
everywhere in G, meaning at all points fgG except
possibly on some set of zero measure.

ANOTHER VIEWPOINT ON EMBEDDING

The embedding formalism. was introduced above on
the basis of a probability ir(XI q, t) being given for X on a
discrete domain D, with observables as discrete-valued
functions of X, say, x(X,it, t); but another viewpoint is
possible. '

Suppose we have given a probability distribution
p(&Irt, t) with & defined on a continuous domain G,
together with a collection of observables, such a.s
x'($, rt, t), which are continuous-valued functions, not
step functions as considered above. Then suppose that
we partition G into disjoint subsets by specifying a
discrete set of values for a vector-valued function X($),
say, XQD. This is essentially the procedure of our
earlier paper. ' However, it should be quite evident here
that we could then define x P, I q, t) as in Eq. (34), and in
fact all of the embedding formalism would be unchanged
except on one key point, namely, we would then have f&,

in Eq. (45) actually as a particular average value of

f($) over the subset Gi+G. This point was given
prominence in our earlier paper, ' where we noted that
every "observed value" is an average value in some
sense.

PROBABILITIES AND L~ SPACE

Since p(t I it, t) is non-negative, it may be represented
in the form

integral. YVe note that if the speci6cation of the domain
G involves any of the p, or t, then the U~(() must have
these as parameters, in view of Eq. (51).

With this form for g ($, it, t), we have

((I„,t)= P P b„*b, U, U, * (53)

where 8 is the column matrix with elements b~. Also, the
expectation value of any observable such as x, for
example, becomes

(x) =Btx'B,

where the matrix X' is the Hermitian matrix with
elements given by

(56)

i.e., this form results simply by inserting Eq. (52) into
Eq. (40).

Since X is Hermitian, it may be diagonalized by a,

unitary transformation, say by the unitary matrix T.
Thus we insert TtT into Eqs. (52), (54), and (55) to
obtain

and the norm condition, Eq. (33), becomes, in view of
the orthonormal property of the V~,

(54)

where P is a complex function with complex conjugate
lb* and the phase of f is arbitrary. Then Eq. (33)
appeals as a,nd also

(58)

(50)
Hel e

and we see that P($, rt, t) must be Lebesgue square
integrable on G. Then P($,q, t) belongs to the space of and
Lebesgue square integrable functions on G; /PL' on G.
Thus with the orthonormal basis U~($), y&I' such that

Also,

(x) =BtX'B=BtTtTX'TtTB=C'"XC' (59)

(60)

(61)

X=TX'T~ (62)

we have
=0 (51)

(52)

which must be read as an integral if the basis is con-
tinuous rather than discrete. That is, if the domain G is
unbounded in any one of the coordinates (j, then the
corresponding sum on the left ma, y be repla, ced by a,n

is a diagonal matrix. Here we have introduced the
notation of column matrices U and 4 with elements
lr'~($) and f, ($,rt, t), respectively. Quite obviously, since
T diagonalized X', which depends on the gj and t, the
P„($,rt, t) generated as a new basis for the 1.' space from
the U~($) by 2' must be functions of the it, and t through
the elements of T. Here the elements of X are
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and

P c,'"'(v, t)c,'(g, t) = l
&pr

2 &.(n, t)c *(n,t)c (n~)=(x)
~gr

Examining Eqs. (58) and (59) we see these as

(64)

(65)

that these off-diagonal terms would indeed sum to zero
every@here in G. This was based on a theorem given in
the Appendix of that paper. However, we see from our
discussion of embedding above that any representation
for p ($ ~ q, t) need only be valid almost everywhere in G, not
everywhere. The diagonalization of the X' matrix above
yielding Eq. (65) implies that

ci'*(g,t) = P(&,g, t)Pg*(&,g, t)d"$, (67)

we see that the cq'(q, t) must be partially arbitrary. The
phases do not appear in Eqs. (8) and (9), and thus we

may require that
(68)cy cy =cy cy/g /

and then demand that

x&(q, t) =x&(q, t) . (69)

But this last equation then suggests that

~~((In, &) =A*(k,n, t)4i((, n, &), (7O)

with pq($ ~ q, t) defined as in Eq. (48). However, writing

lP*|P for p (& ~ q, t), and employing the expansion of lb in the

lPq as in Eq. (57), we have

which have the same structure as Eqs. (8) and (9).
Thus, if y consists of the same number of independent
components as 'A, and the domain F is identical to the
domain D, it would seem that we could choose the
embedding such that y—=X, I'=—D, x~=x~, and the c's
here are identical to those in Eqs. (8) and (9).

Certainly this is only possible if the set D of distinct
configurations is at least countably infinite, because
every basis for L' on G is at least countably infinite, but,
as we pointed out above, we can always choose D to be
an infinite set. On the other hand, the number of
independent components in the label p is always iden-
tical to the dimensionality X of the $ space; therefore,
in order to have the same number of components y;
making up y as we have X; making up X, we must have

(66)

That is, the di medusi oviality of the $ space must be &he same

as that of the X space.
Thus, now assuming this condition imposed so that

y=X, l'= D, we assu—me the c~'(q, t) to differ from the

cz(q, t) by at most some phase function. Recall that in

the construction of the matrix structure above, the

ci(g, t) each carried an unspecified phase; also, recall
that here P($,p, t) carries an arbitrary phase and since,

by the orthonormal property,

x (Gn, t) 2 2 ci *c&, V&,(f,n, &)

X'I ' —V'X'=0. (74)

In fact, the same T matrix will diagonalize the matrix
representatives of all observables, formed like X' and V'

here, provided only that these commute. Our earlier
paper' demonstrated that such matrices will indeed
commute if the spectral functions x'($, r, t), y'($, q, t), . . .
are such that all functions such as (x$, q, t) Vq(f), XgD,
belong to L' on G. Here the Uz($) may be any ortho-
normal basis of L' on G. It was also shown' that this
property of the spectral functions implied a finite
variance for every such observable. The collection of all
these spectral functions must then include all members
of L' on G plus many other functions that are not
members of L' on G, and it forms a nondenumerable set
of functions.

Thus we can assert that for the basis set fq(), rl, t),
XQD, of L' on G, in terms of which the expectation
values of all the compatible observables have the
diagonal form as in Eq. (65), we have'

Xfg *(f,rl, t)d'$ =0, (72)

and if this can be shown to hold for every observable,
then indeed this sum of oQ-diagonal terms vanishes
almost everywhere in G.

If we construct the expectation value of any other
observable, say y, for example, using |P*P for p((~ q, t)
and the expansion of P on the Vi basis, we will obtain
the form

(73)

with the clew. ents of V' defined just like those of X' in
Eq. (56), but with the function x'(&, rj,t) replaced by
y'($, q, t) Then w. e may ask whether the same unitary
transformation will diagonalize both X' and V'; if this
is the case, we obtain (y) in a diagonal form just like (x)
in Eq. (65) and this then is equivalent to Eq. (72) with
x'($, q, t) replaced by y'($, p, t)

The necessary and sufficient condition for both X' and
I" to be diagonalized by T is for these matrices to
commute:

p(t~n, &)= 2 (7&) p($ I at) = Q cg*cgPgPg*
) gD

(75)

and this has the structure of Eq. (48) only if the off-

diagonal terms sum to zero.
Our earlier paper' erroneously implied that a choice

for the arbitrary portions of the cz' could be made so

6 This reduction of the double sum in Eq. (71) to this single
sum is usually introduced as the reduction postuIate in conventional
treatments of quantum theory (see, for example, K. Gottfried,
Quarztur/z 3llechanzcs (Benjamin, New York, 1966), Vol. I, pp.
178 ffj, but here such an ad hoc postulate is not required,
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almost everywhere in G. Then the identification of
pz($ ~

rt, t) as tP&~fz in Eq. (70) is valid almost everywhere
in t . However, we must remember that this requires all
observables to be represented in the embedding by
spectral functions having the square integrable property
just described above, and we recall that these are
already required to be sectionally continuous.

COORDINATE REPRESENTATION
AS EMBEDDING

With the results just given, we are in a position to
comprehend not only the statistical meaning of a
coordinate representation of the state vector

~ g, t), but
several other aspects of quantum mechanics as well.

First observe that the statistical description of a
duplicated experiment given earlier does rot imply that
the X; are themselves operationally defined quantities
that are directly observed or measured in the experi-
ment, although these may be inferred (calculated) from
any E of the observables (pointer readings) x(X,q, t),
y(X, g, t), . . . that form an independent set. Thus, the
introduction of the coordinate representation, or the
embedding with N =K, is just a "change of variables"
X ~ &, where again the P; are not directly observed. The
new statistical description implies only the same
observables as before.

Of course, we can construct embeddings with N)E,
as indicated in our earlier paper. The statistical de-
scription in terms of the larger number of independent
variables is then capable of describing not only the
experiment at hand, but also experiments in which a
larger number (1V) of independent variables are mea-
sured. In quantum mechanics we usually refer to this
situation as one of degeneracy, meaning that the
mathematical description of the system has surplus
labels available for distinguishing the results of
measurement.

By exploiting the representation of the embedding
distribution p(]~ g, t) as lt*|t and then the square inte-
grable property of P, we were able to prescribe the
conditions which assured the existence of all integrals in
the embedding formalism. However, other lines of de-
velopment are possible and are indicated, although not
altogether properly, in our earlier papers, ' ' i.e., with

with o ($,rt, t) a real function and B(q,t) the integral of
the exponential over G.

FUNDAMENTAL OPERATORS AND
QUANTUM FORMALISM

We have seen that the statistical definition of a
duplicated experiment provides us with a matrix de-
scription of a system (an experiment) corresponding to
fixed values of the» and t, and this was shown to have
a representation on an abstract vector space which is a
Hilbert space. We then showed that the change of basis

from the discrete basis
~
X), XgD, to a continuous basis

~ $), $gG, had a statistical interpretation in terms of an
embedding. Thus the underlying mathematical frame-
work of the matrix structure can be formed by supplying
three fundamental sets of operators, These are described
as follows.

A basis for the N-dimensional Hilbert space can be
defined by specifying a complete set of commuting
operators whose eigenvectors constitute a basis; these
generate the basis. The identification of such a set of
fundamental operators is based on the fact that the
orthonormal property, Eq. (23) or (25), is invariant
under unitary transformation. Thus the unitary operator

U =e'&'P (77)

(7g)

where the 8 subscript denotes translated values,

where the component operators P„, m=1, 2, . . . , N are
a set of commuting Hermitian operators, maps an
initial base vector ~0) into the basis vector ~P), and
therefore U generates a basis for the space. If we
interpret the g, as space coordinates, as is customary,
then the P„correspond to the conjugate momenta.

Thus we see that every duplicated experiment having
N independent observables must admit a description in
terms of N space coordinates and N conjugate momenta.
Of course, these operators may be given various
representations.

But the N operators which generate a basis for the
space are not the only operators of interest. There is also
a Hermitian operator such as x, for example, corre-
sponding to every observable in the experiment. The
operators P„may have no special relation to the
particular experiment in question and may be the same
operators for every experiment having the same number
of independent variables. On the other hand, all of the
commuting operators x, y, . . . are special to the system
being considered, and the discovery of their forms is a
matter of experiment.

However, it is not the operators of arbitrary ob-
servables such as x, y, . . . which constitute the only
other fundamental operators mentioned above; another
set of fundamental operators consists of those which
generate the evolution of the state vector

~ q, t) as the
parameters q; and t are changed, and which also generate
the evolution of the operators x(g,t), . . . of all ob-
servables. It was these operators which were considered
in our previous paper. ' However, we did rot recognize
the role of the». properly in that paper, where they
were shown to be coordinates conjugate to momenta,
and for a very good reason —the formalism of operators
generating translation of the». is just like that for the
space coordinates. In fact, we there denoted those
quantities here symbolized by the» as q;, having the
canonical coordinates in mind.
g We have shown' that if one postulates a linear
mapping of spectral matrices such as, say,

Xg= VXVt,



SIATrSTrCAL BASIS FOR QUANTUM THEORY

B(x)/B—v =iCt ((P"X X(P)C—, (81)

g, ~ g, +6g, , t ~ t+N, for the conditioning parameters,
then every spectral matrix must evolve by the same
matrix V, and we must have

(79)

in order to preserve commutation of spectral matrices.
Furthermore, if comtiegogs translations of the q, and t

are admitted, we must consider X~ —+ I as all 8q, and bt

approach zero, and hence we must have V~ I. Then V
may be unitary and, as we showed, ' all spectral matrices
must then commute with V. This was then shown to
imply that none of the compatible observables in the
experiment are represented by operators having the g;
and t as parameters. However, if any of the p; were
discrete-valued parameters, then we would have only an
isometric V instead of a unitary V, and these con-
clusions would not follow.

For example, if we consider a particle in a box, the
volume of the box is a parameter, say e, that is Axed in
the preparation of the system, and it is a perfectly
meaningful question to ask how the probability for a
particular momentum of the particle is conditioned by
this parameter. In this classic problem, this probability
is independent of time but is conditioned by the volume
of the box. Since the volume is considered as continu-

ously variable, none of the compatible observables have
operators involving the volume as a parameter, but the
state vector must change under translation of this
parameter.

Thus, in the matrix format we could have, for
example,

(80)

in analogy to Eq. (13), where (P is in general a noe-
Hermitiae matrix.

Similarly, if no compatible operator in the experiment
has e as a parameter, the analog of Kq. (14) is

and if x here were the energy, we would interpret the
left-hand member as the pressure in the usual thermo-
dynamic sense. Of course, 5' could be Hermitian in some
circumstances, but even so it would not in general
correspond to an observable in the experiment if x is
observable, i.e., observables commute.

Thus, not only does this statistical formulation pro-
vide a basis for the familiar operators of quantum
theory, but also for another class of operators such as
that represented here by 5'.

It seems now that all of the operators which generate
translation of 6xed parameters, like that here corre-
sponding to 5' for the volume e, might constitute an
operator formalism for thermodynamics, all, that is,
except the one which generates translation of the time t.
It was these operators which were treated in our most
recent paper. '

The idea, expressed in our recent paper, ' that phase
transitions might be represented by isometric operators
corresponding to finite translations of fixed parameters,
as the volume v here, gains more credence in this
recognition of a thermodynamic operator formalism.
However. , much work remains to develop these ideas

fully.

CONCLUSION

In this paper we have achieved a specific objective,
namely, exhibiting the proper connection of the em-

bedding formalism to the formal operator structure of

quantum theory. Specifically, we have shown that an

embedding is the statistical equivalent of a change in

representation. But in establishing this relation of

embedding to representation theory, we have also

clarified the role of operators associated with trans-

lations of conditioning parameters; this has indicated the

possibility of an operator formalism for thermodynamics.


