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The premise that physical variables must be treated as random variables is shown to yield a purely
statistical basis for the many-body model of matter in both classical and quantum forms. This derivation

also yields an alternative to the conventional quantum formalism in which the usual distinction between

bosons and fermions does not appear.

INTRODUCTION

%0 recent publications' 2 have introduced a deri-
vation of the formal structures of mechanics,

thermodynamics, and quantum theory directly from
the statistical nature of experimental data. Continued
study of this statistical theory suggests some slight
alterations in the derivation and extensions to en-

compass other segments of physics in a natural way.
The present paper shows that the many-body model

of matter can be deduced directly from the statistical
properties of data in both a classical and a quantum-
mechanical format. Furthermore, we show that there
is a format for the quantum model that has not been
previously recognized in which there is no distinction
between particles on the basis of spin.

The derivation given here is prefaced with what seems
to be a more satisfactory derivation of the thermody-
namic formalism. Furthermore the entire statistical
description is here expressed in the appropriate context
of a duplicated experiment.

EXPERIMENTS AND STATISTICS

A cornerstone of quantitative science is the premise
that any meaningful experiment can be reproduced as
many times as we please; in fact, only such experiments
or "systems" rightfully belong to the domain of science.
However, since not every element, or "particle, " of a
physical svstem, or of the measuring instruments thern-

selves, is subject to control by an experimenter, every
physical variable must be viewed as a random variable.
This was stated as a basic premise of our earlier papers
and is here our justihcation for asserting that the proper
mathematical description of an experiment is a statis-
tical description.

Thus if we carry out any number of duplications of
an experiment, in which, for example, we prepare the
system and then measure certain chosen properties of
the system, for instance only the variable x, we obtain
a distribution of measured values. The duplication, or
repetition, of the experiment is de/+ed by asserting that

* Supported in part by a I'rederick Gardner Cottrell Grant in
Aid from the Research Corporation.' R. E. Collins, Phys, Rev. I83, 1081 (1969}.

R. K. Collins, in 3 Crgzca/ Eeriest of Ther~zodynanzzcs, edited
by E. 8. Stuart, Benjamin Gal-Or, and A. J. Srainard (Mono,
Baltimore, 1970}.

the probability for a measured value, say

dP(xl g) =f(xlg)dx, (&)

is exactly the same for every duplication of the experi-
ment. This is a conditional probability having values of
parameters ql, q~, . . ., qg fixed in the preparation of
the system as contingent event. The conditioning
parameters

614 '92& ~ y
P)' (2)

were referred to in our earlier papers as the state vector
of the environment.

The embedding structure of our earlier papers takes
into account the fact that once a system has been pre-
pared, we may then measure a variety of different
properties of the system. Thus we define the set of
random variables

$=((i, f2, . . . , 4), kE& (3)

where R is the set of all possible configurations of (, and
we require that the (; have a probability distribution

dP(&
l ~) =p(k I n)dr(t-)

such that the probability distribution of every physical
variable accessible to measurement can then be dined
as an integral over some subset of E. That is, every
variable accessible to measurement in the experiment
can be expressed as a function of the $;, such as, e.g.,
x(f), and the probability for a measured value of any
such variable can be expressed as

dP(xl g) = p(tl g)dr((),

where

$QR, t-R, if and only if x&x(t) &x+dx, (6)

for example. Certainly the number of $;, E, must be at
least as large as the number of functionally independent
physical variables accessible to measurement, but it
may be larger.

Beyond the stipulations just given, the form of the
probabHity distribution p(&lq) is essentially arbitrary,
but as we pointed out in our earlier papers, every condi-
tional probability density can be shown to be repre-
sentable in the form

p((le) =e '" "')~(q),
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where ~($,g) is required to be a real function, while

8(g) must be represented as the integral of the expo-
nential here over the domain &QE. Then o (t,g) can be
chosen as a 6nite linear combination of functions p„($),
n=0, 1, . . . , M of the $; so that

dI'(&
I n) = expL —2 v. (v)p-(&)h~r(k),

&(v-(~))

It is obvious that the p„here are additive quantities
for a composite of two statistically independent systems
having the same q, i.e., these are extensive properties
of the system. It is also obvious that since the g; enter
here only in the combinations q (n), we may delete
notation of the q; altogether. This implies that the
environmental parameters, which may be exceedingly
numerous, only condition the experiment in certain
"collective" ways that are characterized by relatively
few parameters, the q„(q), n =0, 1, . . . , M; that is, if M
actuallyi is a sou/1 number compared to the number of g;.

One can easily show that if the p (&) are bounded,
measurable functions of the $, over R, and R has 6nite
measure, then not only will the integral of this distribu-
tion over E. exist, in the I ebesgue sense, but also the
expectation value of each of the p (&) will exist and be
bounded. Thus the P„(&) can justifiably be selected as
physical variables which may be measured in the
experiment.

%e now show briefly how this structure yields the
formalism of thermodynamics in what seems like a
natural and proper manner, and then how the many-
body model of a system follows.

THERMODYNAMICS

We denote p, ($) by E($) and q, by p=1/kT, and
then define a particular mucrostute by

p„(&)=p„=const, n = 1, 2, . . . , M
if and only if PgE, QR. (9)

The probability for this state is, by the ordinary rules
of probability theory,

"equihbrium state, " is defined by

B~,/&p =0, n=1, 2, . . ., M. (13)

This yields the equilibrium values of the p„as functions
of the q„and P through the forms

q„=81nZ/ap„, n=1, 2, . . ., M (14)

where it is noted that the p enter Z only in the defini-
tion of E,.

From Kqs. (8) and (11)we then have the conditional
probability for (, given fixed values of pi, pi, . . . , pir
and p as conditions:

dI'(~l p,p) =(-~ «&IZ)d (t), (»)
with $+R, (pi, . . . , p~). This is the canonical distribu-
tion function and, as pointed out by Mandelbrot, ' 4 the
average value of E over a set of measurements is a
sufhcient statistic for the value of,8, or, as pointed out
in our earlier paper, ' is the Observed tulle of E. Our
derivation here shows how the values of pi, p2, . . . , pir
enter into the determination of the domain R, available
to $ and hence into the determination of the expectation
value of E.

Denoting the probability density e ~~&&'/Z here by
p, ($[P,P), we define

S=—k p, lnp, dr, k&0

and then show that since the expectation value of E($)
over R, is given by

E(Bu.(5 I P,P)dr(k) =—,(17)
BP

8 lnZ
dS=kpdE, +k Q — dp„,

where Z is the function of Pi, Pi, . . ., P and P defined

in Kq. (12). In particular, if we demand that these p
have their most probable values for the fixed q„,
ni=0, 1, 2, . . . , M, then according to Kq. (14)

-"'"'d (~), (10)

ol

where

e t'"&'dr(&) . —(12)

Then the most probable macrostate, which we call the

which is the fundamental identity of thermodynamics.
The only significant change here from the formal

structure of our earlier papers is in the way the set R,
is defined and the inclusion of qo ——p from the outset as
one of the fixed parameters q„, with E(f) in the role of
the conjugate P„($). The significance of the require-
ment that the p„, n=1, 2, . . . , M, have their most
probable values to de6ne thermodynamic equilibrium,
and the generalization to the other ensembles of thermo-

' Benoit B. Mandelbrot, Ann. Math. Stat. 33, 1021 {1962).
4 Benoit B.Mandelbrot, J. Math. Phys. 5, 164 (1964).
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dynamics by fixing only sonic of these p, remains
essentially the same as given in our earlier paper. ' Now
we show how the many-body model follows naturally
from this statistical theory.

MANY-BODY MODEL

We now consider the variables $;, i =1, 2, . . ., K of
the embedding space and their distribution function

I.($1 h, ",kxlB,P)=e """""'/~"(PP) (2o)

This is a probability distribution defined over the space
R,QR having volume element dr($).

We assume that by a suitable choice of the embedding
variables this E-dimensional space can be represented
as a direct-product space, or Cartesian product, of E
identical spaces. In particular, we will require that

(21)

where g, as well as K and N, is an integer. While not
necessary for the formal structure, this requirement on
the embedding will be seen to bring it into the form
familiar to us in statistical mechanics.

With this requirement, we have

to any conditional probability density.

p, (j;lP,P) =expL —o;((;,P,P)](s;(P,P). (25)

Here, and in all following equations, we indicate de-
pendence on the P by the single symbol p. By the
same sort of argument, each of the C functions has a
similar structure. Thus, for example,

C' (E*,f „P)=exp' G* —(f', 5 P P)3P-* (P P) (26)

Therefore Z must be the product of all those factors
indicated which do not involve the $;, and we must
then have from Eq. (24)

i=i j=i
($~~)

+ ' '+G12" N($176) ' l4'~P&P) (27)

But the left-hand member is independent of pi, P2, . . . ,
PN and has p as a factor; consequently, the right-hand
member must be independent of the P also, and each
term must contain P only as a fa,ctor. Then, dividing
out P, this assumes the form

R, =RiR2{3R3{3 . R~) (22) N N N

&((1,$2, ,$N)=E 2'(5')+2 Z ~'(5', 6)+
with &1, &2, . . . , g, belonging to Rl, $,+1, . . ., $2, belong-
ing to R2, etc. These Ar subsets of the $; are now
denoted as the vectors $1, $2, . . . , pN and the volume
element of R, is written as

dr($) =drl($1)dr2($2) drN($N) . (23)

Then we see p, as the joint probability distribution
for configurations of these N vectors, that is,
p, (&1,$ , . . 2. , )N), where we delete notation of the condi-
tional parameters for simplicity in notation. .

Now we observe that by the ordinary rules of prob-
ability theory, this joint distribution can be factored
in the form

p3(pip(2~. . . ~$N) {pl($1)p2($2) ' pN($N) }
X{C12($1,&2) C;,((,, g, )

X {C123($1,6,$3) ' ' ' C;,'3(&;,&,', &3) }
C123" N (51)$2) ~ ~ ~ ) 5N) ~ (24)

Here p, ($;) is the probability distribution for the vector
$; alone, C;, (P;,P~) is the two-vector correlation function
for ];, and f;, 2%j, C,;3(g;,$;,f3) is the three-vector
correlation of ];, $;, $z, 2Wj &k, and similarly for all
the higher-order correlations up to the N-vector
correlation C12. . .N($1, $2, . . . , $N).

There are, of course, E of the p; functions, -2X(AT —1)
of the C;; functions, etc. , up to just one N-vector func-
tion. All of these functions must be non-negative and
furthermore the integral of each p, ($,) over the corre-
sponding R; domain must be unity. Thus, by the argu-
ments of our earlier paper, ' each of these p;(f,) func-
tions must have the functional structure appropriate

a=1 2=1
(~ ~i)

+&12 "N($1)$2) ~ ~ ~ y$N) 1 (28)

where each v-function is a corresponding 6 divided by
P, while each e; is a 0, divided by P. We then interpret
this in terms of "particle interactions. "

Thus, 2, (p,) is the contribution to the "energy" J'-' due
to particle i alone; v;, ($,,$;) is the contribution to the
energy due to interaction of particle i with particle j,
and all other v-functions are similarly read as inter-
action energies arising from more than two particles.
This structure of the energy function E must always
exist simply because of the functional structure of a
joint probability distribution. Of course, we could also
have arrived at this structure in terms of the E indi-
vidual variables $;, instead of the N vectors $; appearing
here. However, the form exhibited is now interpretable
as the energy of a collection of N particles each having

g degrees of freedom. In terms of an embedding, we can
always construct a many-to-one map which produces
this form.

The reduction of this form to that corresponding to a
collection of N identic@/ particles is made by demanding
that all functions have the same form, i.e., all ~; func-
tions have the same form, and similarly for all the v-

functions.
The observed value of A, defined as the average

value of E over a set of duplications of an experiment,
is the single sufficient statistic for estimating the value
of P. Any such estimate is an approximation to the
expectation value of K This expectation value is, by
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over E», and therefore possesses an expansion Here the functions f„($I,P) are given by

(44) 4-(kl, p) = 2 T-(I"-)U-(&l, p)
m=»

(52)

where the U„(pl,p) are a complete set of orthonormal
functions spanning the function space of all such
I-ebesgue square-integrable functions over E». That is,
we have a set U ($I,P), n = », 2, such that'

U„(fi,p) U *(gl,p)dpi

and also form an ol thonolnlal basis for the function
space, as can be readily verified.

That the unitary matrix T must have elements

T„(p) which are functions of the p; follows from the
fact that the matrix e' to be diagonalized by T has
elements which are functions of these quantities.

The unit-norm property of the expansion coe@cients
expressed in Eq. (46) is preserved by this unitary

bta=aITIZ'a=etc= g c.*(P,P)c.(P,P) =1, (53)
n=»

(54)

where 8 is the Kronecker 8. Here the fact that these transformation.

U (&I,p) must depend on the p; is evident, because
the domain E» is dependent on these quantities. Of
course, if the domain E» were unbounded in any one of
its coordinates, then an integral representation could n s'nc Eq (49) has "h "pl'c'" form

replace the corresponding sum here.
The expansion for f in the U„can be inserted into

Eq. (43), to obtalll, by vll tuc of Eq. (45),

2 b.*(&,p)b. (P,p) =b'a= &,
n=l

(4tl)

&.Ill=+ Q Eb *b ei,„'=1Kb"c'b,
n=» m=»

(47)

where b is a column ma, trix with elements b„(p,p), and
a ls I'ts ad)oint Tllls Is Rll 'lIktltity 111 p Rnd tllc p j tllst
is valid for all values of these arguments.

Now we employ this representation for pl($1 ~ p, p) ill
the expression for E,&I& as defined in Eq. (33) above,
that is, Eq. (42) for pi and Eq. (44) for P. This yields

we see that a particular interpretation of the c„~c„is
admitted, namely, we see c *c as the conditional
probability for a particle to have a state corresponding
to the discrete value R„(p) of e.

Thus we see the entire embedding structure recast in
terms of identical particles, each of which has the dis-
crete energy spectrum, 8 (p), II=», 2, . . . , with the
spectrum explicitly determined by those parameters
p;, j=», 2, . . . , M defining the preparation of the
system.

Furthermore, we see that we can interpret the
numbers

where ~ is the Hermitian matrix with elements de-
6ned by

wll lcll Rl c explicitly fllllctlolls of tile pl defining tile
prcparcd state of thc system.

Since ~' is Hermitian, it can be diagonalized by a
unitary transformation; thus we introduce a unitary
matrix T )

E,(»)
——3~b~TtT~'TtTb =Ec~~c,

where the elements of the column matrix c are
$, =$;(hl, h2, . . . ,hx, p), I'=», 2, . . . , K (57)

appearing in Eq. (54) as the expectation values for the
number of particles having states corresponding to the
energy value e . Thus, in the Iibsciicc of I'Nferactl'oes, we
see a different embedding of the physical variables in a
space of hidden variables suggested, i.e., a substitution.
%c define the new set of variables

h, =h, (p„b, . . . ,],p), /=», 2, . . ., I (56)

and then have the quantity E as a function of the X~,

having the p, as parameters, defined over hg(R(p). The
probability distribution for the X~ is obtained from
Eq. (»5) with the inverse of this substitution,

and 8 is the diagonal matrix with elements

(5O) in the form

dP(h~ p,p) =[c—p~I" »/s(p, p) jdr(h), h&%(p). (58)

We then use a Hammel basis representation' of E(h,p),

&nm=~nm4= ~nm ~((I)4.HI, P)4 *(6,P)drl.
R»

~ The single index n is equivalent to a set. of independent indices
n», n~, . . ., Ng, equal in number to the dimensionality of .R».

' Jacob Korevaar, M'g/hensuticgl 3/Ietksod's I'Academic, Xem
York, 1968), Vol. 1, pp. 373 ff.



MANY —BODY MODEL OF MATTER 663

where the 1V„(X) are linearly independent functions and
are therefore members of the Hamel basis of I' on
(p). Only a fin2te number of the N„p) are nonzero
for any configuration of X and p.

This retains the quantity E as the quantity whose
average value is the single sufficient statistic for P; in

particular, we have the expectation value s= es e,
n=l

(66)

values 2 (p), we have

H2ln)=e„(p)ln), n=1, 2, . . . . (65)

Also, we have a vector lp, p), or, for brevity, just ls),
defined on this space as

&(&,p)dPP I p, p) = 2 e.(p)&-(p,p),
n=l

(60) such that the complex numbers c„(p,p) of Eq. (49) are
given by

where the N„are the expectation values of the 1V„(X)
and must be exactly the same as those defined in

Eq. (55).
An interesting feature of this embedding in terms

of noninteracting particles is that it yields directly the
familiar method of most probable distribution. Thus
from Eq. (57) we have the probability for particular
values of the E„:

1 00

P(tv1,%, . . . , I p,p) = —exp( —p p e„x„)I', (61)
z 1

where

and also
c-(p,p) = (n I s)

(sls) =1.

(67)

(68)

This last equation is the vector equivalent of Eq. (53)
and we see Eq. (54) as

&V&slH ls)=~'2 -(p)&sin)&nls),
n=l

(69)

which is exactly the form familiar to us in quantum
theory. But now we turn to the pair interaction con-
tributions to E„that is, E,(2~.

with

(62) QUANTIZATION OF PAIR
INTERACTION TERMS

XQR21&$. if and only if 1V„(X)=iV„, n=1, 2, . . . ,

and Q iV„=lV, (63)

We consider the form of E,&2&(P,P) given in Eq. (37).
Here the joint distribution pi~ has the properties

P12(k»Rip p)=P»(&2, &rip p)~&o (7o)

—Pe„+y=0, n=1, 2, . . . (64)

where y is the undetermined multiplier of E. This is

exactly the structure ordinarily derived from a much
less well-defined basis.

Later we will see that our, statistical basis for physical
theory leads quite naturally to two unique forms for the

quantity I' defined above and hence to the two funda-
mental forms of quantum statistics, but now we show

how the familiar operator structure of the quantum
theory appears here.

Since the c„(p,p) are, according to Eq. (53), members
of a square-summable sequence, these have a represen-
tation on an abstract vector space which is a separable
Hilbert space. Then we recognize Eq. (49) for E, ~i& as

the matrix representation of a particular abstract
vector structure. Thus, with H2(P) an abstract operator
having the complete set of eigenvectors

I n), n = 1, 2, . . .
spanning the vector space, with corresponding eigen-

and I' is explicitly the number of ways that the particu-
lar set of numbers Ej., X2, . . . , can occur subject to the
constraint of fixed E.

Then the most probable set of )7 values is determined

by maximizing P(1V»cV2, . . . , I P,P), subject to the con-
straint of fixed E by the method of undertermined
multipliers; this yields

8 lnF

p12($»h I p, p) dridr2 = 1. (71)

Thus, just as in the case of the single-particle distribu-
tion function, we can introduce a complex function and
its conjugate as

P12 2&P(fl $2 P P) yP ($1 $2 P P) (72)

and this "pair wave function" „&P must be Lebesgue
square integrable over the product space RiR2. Thus,

„&p($1,$2,p,p) must have an expansion in a complete
set of orthonormal functions spanning the space of all
such square-integrable functions.

The single-particle wave functions &P„($1,P) and

&P ($2,P), n, 2n = 1, 2, . . . introduced above are defined

on R& and R2, respectively, and can be combined in

product form to constitute a basis set on the product
space R~g) R2. But the manner in which these must be
combined to form a basis set is dictated by the fact that
p12 in Eq. (72) above must be invariant under exchange
of $1 and $2, as dictated in Eq. (70).

There are only Avo distinct ways of combining the
one-particle functions to form two-particle orthonormal-
basis functions such that „&P „&P will be invariant under

this exchange, namely,

B&Pnm( 3» $2~P)

=2'.(6,p)4-($2,p)+k-(k»p)k-(b, p) j (73)
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or

Ftpmtn(pl) $2)p)

=kLrl-((i, p)rb-(t~, p) —rb-(fi, p)rb. (k~,p)j (I4)

These are the Bose and Fermi wave functions, either
set of which forms an orthonormal basis on ElE2.

Here we see that for the case of Fermi-type functions,
the joint distribution p» will vanish identically for
Pi ——&2, i.e., if we write

simply by using Eq. (76) for „rb and vs*�„rb for p» in

Eq. (37).
This expression for E, (2~ is also equivalent to an ex-

pression in an abstract operator formalism, but now the
abstract vector space must be defined as a direct
product space of two identical vector spaces. Thus we
require two abstract operators like Ho above, say, Ho'
acting only in the first space and Ho' acting only in the
second, and a set of basis vectors

)m, ~)=lm&(~), m, m=1, 2, . . .
A((lqf2)l8)p) Q Q cern(pqp) , Ftpnm($1)$2)p) (76)

(82)

and then substitute this into Eq. (72). Thus we conclude
that we can define two kinds of particles, namely,
bosons or fermions, such that for the former, any
number of particles may occupy the same state, but
for the latter, no more than one may occupy a given
state. Therefore, the two basic ways of counting are in-
troduced into our formalism, and we see that there are
two Unique forms for I" as defined in Eq. (62) above, i.e.,
the usual Bose and Fermi expressions.

Our point here is that all of this simply follows from
the statistical nature of measurements and the func-
tional structure of probabilities as exploited in our
embedding procedure. Furthermore, all of the conven-
tional operator structure of the quantum theory of
interactions also follows. Thus we will show first how
the conventional operator formalism follows and then
how a revised operator formalism is deduced.

The pair wave function vf above can be written in
the form

A(h, 6,P,p) = E 2 ~-*(P,pM. (ki,p)f-(b, p), (l6)
n=l m=1

where one of the two conditions

r~nm =~o'mn (77)

ZZE Zo~«
k=1 l=l m=1 n=l

(79)

we then obtain E, (2~ in the form

J-" (»(P,p) = 2~'(» —1)2 2 Z E 0'»*&
k=1 l=l m=1 n=l

must hold, with the plus sign applying to bosons and the
minus to fermions, i.e.,

&nm =
2 (cern*& em+*) ~

Furthermore, from the norm condition, Eq. (71), we
see that

(83)

We also require an operator v which acts in both spaces
such that

(k,l ~v~m, m) =(k,l
~

v ~m, ri) (84)

is the quantity defined above, and a vector defined on
the space as

such that

s = mes nest
m=1 n=l

(85)

(86)

mes=n „ (87)

Then we have the complete expression for E, as the
sum of E, (1~ and E, (2~ in the abstract format as

3,l —j.
Z =-'p~~(&IH, i+-H, 2+ y~&),

cV

which is in the form familiar to us in conventional
treatments of the many-body problem in quantum
theory. Here, however, this formal structure has been
deduced directly from a purely statistical basis. But
now we show how an alternative to this conventional
structure is deduced from this same statistical basis.

MODIFIED QUANTIZED FORM OF
INTERACTION TERMS

Instead of beginning with the form for E, |2~ in Eq.
(37) which involves the function pi2, we now use the
form in Eq. (38) which involves the single-particle
function pi of the two arguments $i and $~. We have
already seen, in our discussion of the no-interaction
case above, that pi is expressed as rr*P and the single-
particle wave function has the expansion given in
Eq. (44). However, by virtue of Eqs. (50) and (52),
we see that

where

(k, li vim, ri& =

X(k, l
~

v )m, n&, (80)

~12 1) 2 Io I) E 2)

or,
g =b"U=btTtTU=c"4,

rb(ki, P,P) = Z c.*(P,p)4-(ki, p),
n=l

(89)

(90)

&&rl' *(&i,p)tp. *((2,p)dridr2 (81) ' Notation of dependence on P and the p, is suppressed.
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and the P ($i,p) are also an orthonormal basis for L'
on E~, i.e., the space of Lebesgue square-integrable
functions in Rl.

Thus we use this representation for pi(tiIp, p) and

pi($2IP, p) in Eq. (38) to obtain

where we have introduced the notation

(u, iI VIm, ~) = A(ki, p)A((2, P)4-*(ki,P)

XP.*(fi,P)V(ki, f~,P,P)dridr2 (92)

The fundamental difference between this representation
of E, (q) and that given in Eq. (80) is that in Eq. (80)
the correlation between particles is partially expressed
in the interaction potential ()»((),$2) and partially in
the expansion coefficients, the o.j,&* and their complex
conjugates, but here utl correlation between particles is
expressed in the function V(gi, t2,P,p).

When carried over to the abstract vector representa-
tion, we now require an operator V acting in both spaces
of the direct product space as defined above by the basis
vectors Im) IN), but now the vector Is), as defined on
the direct product space above, must also be the direct
product of vectors defined on each of the two spaces.
That is, we require

to be simply

s= m,es m, e
ns=l n=l

(93)

or

Is)= 2 c-(13,P) Im) 2 c-(&,P) Im)
en=1 n=l

Is) = is)(i) Is)(2)

(94)

(95)

Then we see that with V defined such that

(k,lIVIm, e) =(k,lI VIm, l) (96)

as given in Eq. (92), the complete expression for L~', is

iV —1
E,=2''(s I

Ho'+Ho'+ V
I s), (97)

E
oi

E—1
E~ =~ '7 (i)(s I (2)(s IHoP+Hp + VI s)(i) Is)(2) ~ (98)

iV

The fundamental differences in the structure of E,
given here and that in Eq. (88) ahorse are in the product
structure of the vector Is) and the fact that the operator
V here must contain P as a parameter, whereas the
operator v does not.

The operator structure given here is of a form that
evidently has not been considered before in the study

E.(2) =-', 1V(1V—1)P P g P c),*c(*c„c„
k=1 l=1 m=1 n 1

X(r, tI VIm, n), (91)

of the many-body problem. It appears to offer a means
for solving some problems that are not amenable to
solution by the conventional formalism, but this re-
mains to be demonstrated.

SOME GENERAL FEATURES OF EMBEDDING
AND QUANTIZATION FORMALISM

In the discussion above we have seen the many-body
model of rnatter emerge in a natural way from our
embedding formalism simply as a consequence of an
admissable choice of the embedding, namely, as an
embedding of the physical variables in a space of
hidden variables that is chosen to be a Cartesian
product space of X identical spaces. Furthermore, the
distribution function for these variables was required
to be invariant under all permutations of these spaces.

However, the qlaetlm features of the theory that
emerged from this embedding were not a consequence
of this particular choice of the embedding space. Every
probability distribution for any set of variables can
always be constructed as a summation, or integral,
over a distribution function for a larger collection of
random variables. That is, every space of random vari-
ables can always be embedded in a larger space of
random variables. Furthermore, since every prob-
ability is non-negative and has sum, or integral, unity
over the whole space available to its arguments, a wave
function can always be introduced and a representation
of this function on a complete set of orthonormal func-
tions always exists; consequently, every probability
formalism automatically yields a corresponding "quan-
tum" formalism.

The exact meaning of the "quantum states" corre-
sponding to these eigenvalues is not completely clear.
In our earlier paper, ' we introduced a partition of the
space R available to $ on the basis of a countable col-
lection of values of the fixed variables p, . Here, how-

ever, this is not the case. On the contrary, we have
here exhibited a collection of quantum states corre-
sponding to the same 6xed values of the p, , while in our
earlier paper the quantum states were put into one-to-
one correspondence with p configurations. Thus, con-

siderable study of this point is in order and hopefully
will be accomplished shortly. (In an earlier paper, ' we

presented one aspect of this study. )

CONCLUSION

We have clearly demonstrated that the statistical
description of a physical system always admits a many-
body model by an embedding procedure, both in a
classical and a quantum format. Furthermore, we have
shown that in the quantum formalism not only do we
obtain the usual formalism in terms of the mutually
exclusive boson and fermion wave functions, but also in

a new format which is neither of these.

'R. E. Collins, Phys. Rev. D 1, 379 (1970),
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This new many-body quantum formalism retains all
correlations between particles in a correlation function,
whereas the conventional formalism puts part of the
correlation in the choice of symmetries or antisym-
metries of the wave functions and part in the form of the
interaction potential. The possibilities opened by this
new format for the treatment of physical problems are
now being explored.

In summary, the developments presented here give
further support to our contention that much of the
formal structure of physical theory can be deduced
directly from the statistical properties of experimental
data. Perhaps one of the most exciting possibilities
opened up by this is that it indicates the way for
applying the formal structures of physical theory to
nonphysical problems as well.
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Statistical Basis for Quantum Theory: The Embedding Formalism*

R. E. Cot.nws

The Department of Physics, The University of Houston, Houston, Texas 77004
(Received 8 December 1969)

The formulation of quantum theory on the basis of the statistical definition of a duplicated experiment, as
initiated in a recent paper, is used to reexamine the embedding formalism introduced in earlier papers. It is
shown that the familiar relations between momentum and coordinate representations are given a statistical
basis by the embedding theory. It is also shown that a complete quantum theory includes three fundamental
sets of operators and that one of these seems to represent an operator formalism for thermodynamics.

INTRODUCTION
' 'N the development of any new way of looking at old
~ ~ ideas, one progresses in an irregular fashion and
must continuously reexamine each step. A recent paper'
presented a derivation of a generalized quantum for-
malism directly from the statistical definition of a
duplicated experiment, but two earlier papers" pre-
sented derivations of some parts of the formalism on the
same basis by a very diferent argument; these em-
ployed an embedding of one space in another.

These embedding arguments were rather crude and,
in the case of the first paper' particularly, they now
seem rather contrived and definitely improperly pre-
sented. After finding the more direct path from the
statistical description of an experiment to a quantum
formalism, as presented in the most recent paper, ' the
embedding formalism has been reexamined. This has
yielded what seems to be a more coherent picture of the
statistical basis of quantum theory. In particular, it
provides a purely statistical formulation of representa-
tion theory as used in conventional quantum mechanics.
However, this reexamination has also yielded a better
understanding of the operator structure of the recent
paper' as well, and points to an enlarged operator
formalism for thermodynamics. This is presented here
beginning with the statistical definition of a duplicated
experiment.

* Supported in part by a Frederick. Gardner Cottre11 (lrant
in aid from the Research Corporation.

' R. E. Collins, Phys. Rev. D 1, 379 {1970).' R. E, Collins, Phys. Rev. 183, 1081 (1969}.
s g. g. Collins, preceding paper, Phys. Rev. D 2, 65$ (&970).

DUPLICATED EXPERIMENTS,
STATISTICS AND TIME

The results of a duplicated experiment can in principle
be summarized as a spectrum of configurations of the
variables determined by measurement in the experiment
(the observables) together with the probability for each
such configuration (frequency of occurrence). The
spectrum of values for any observable is in general de-
termined by values of parameters which must be fixed in
order to duplicate the conditions of the experiment; also
the probability for the occurrence of a configuration is
conditioned by these same parameters.

Thus let
r= (x,y, s, . . .)

be the set of all observables whose values are determined
in each duplication and suppose r contains E inde-
pendent variables. Then each observable can be viewed
as a function of the elements of a vector of E indepen-
dent components,

P, = (Xi,Xg, . . .,Ale),

and a distinct configuration is labeled by a configuration
of X. Thus we represent any observable as

xp. ,~,t) =x&(~,&), (3)

where q1, g~, . . . , g~ and t label values of conditioning
parameters that must be the same in every duplication
of the experiment. Here gl, g2, . . . , g~, denoted by q,
are those parameters that are individually identlfied and
fixed in each duplication, while t is introduced as a
single parameter Label for all other parameters which


