
PHYSICAL REVIEW 0 VOLUME 2, NUMBER 4 15 AUGUST 1970

Nodal Structure, Nodal Flux Fields, and Flux Quantization in
Stationary Quantum States*

J. Rr.zsst
Department of Chemistry, Uruversity of British Columbia, Vancouver, Canada

(Received 3 November 1969)

The nodal structure of the Schrodinger wave function is used to describe an E-particle system in a station-
ary quantum state. In terms of nodal lines (quantized Qux lines) together with their circulation numbers, two
Qelds are de6ned: the microscopic, singular nodal Qux Geld n(x) and the macroscopic, regular nodal Qux
density field N(r). Their definition arises in a natural way from a quantum-mechanical vector potential
defined by the gradient of the multivalued phase function associated with the pattern of quantized flux lines.
The Qux of the fields, n(r) and N(r) is quantized and shown to be proportional to the circulation of the
velocity in the system. The unit circulation for a system of bosons with a particle spin s =0 and mass meal is
equal to h/mo. In the case of charged particles, the 6eld (c/q)N(r) resembles Jehle's formulation of the mag-
netic field of a lepton as a superposition of quantized Qux lines. In our case, however, the presence of quan-
tized Qux lines, forming closed loops follows from the mere existence of a current density and does not have
to be assumed. Sy a simple argument, using permutation symmetry, it is shown that a Qux quantum of the
size hc/2q is possible.

I. INTRODUCTION

~

'HIS paper is concerned with a system of E
particles (bosons, fermions, charged or uncharged

particles) in a quantum-mechanical stationary state.
The nodal structure of the Schrodinger wave function
is used to characterize the current and certain related
held s.

Our work is based on our previous results, ' which
show that for a stationary E-particle system which can
be described by a Schrodinger wave function, a current
density (and hence in the case of charged particles a
magnetic field created by the current) is only possible
in the presence of (3X—2)-dimensional nodal mani-
folds, with nonzero circulation numbers, associated
with a multivalued phase function. %e here investigate
a wide class of Schrodinger functions for which these
(31V—2)-dimensional nodal manif olds are represented
by one-dlmenslonai nodal manlfolds (qllailtlzed fiux
lines).

Using the general mathematical structure of the
current, we define two fields: the nodal fiux field n(r)
and its macroscopic average, the nodal Aux density
field N(r). Their de6nitions arise in a natural way from
a quantum-mechanical vector potential A„,(r) de6ned,
up to a factor, as the gradient of the multivalued phase
function associated with the pattern of quantized Aux
lines. The nodal Aux, i.e., the Aux of the two 6elds
n(r) and N(r), is a sum of quantized contributions each
of which is associated with the Aux of a single Aux line.

Further, the nodal Aux through a surface I: is pro-
portional to the circulation of the velocity vector of the
system along the boundary of F. As a consequence, the
circulation in our system is always quantized. It is
shown that for bosons with a particle spin s=o the
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circulation quantum is equal to the experimentally ob-
served value in helium II.

In the case of charged particles the quantum-me-
chanical vector potential (c/q)A, „(r) has properties
analogous to those of a classical magnetic vector po-
tential. The de6nition of the magnetic vector potential
as the gradient of a multivalued phase function has been
suggested by several authors. 2 A 6eld with this mathe-
matical structure in particular, the charge-indepen-
dent quantum-mechanical vector potential A,„(r)
de6ned in our article —does not have the regularity prop-
erties of a classical vector potential. Ke clarify in our
case the relation of the singular field A,„(r) to a regular
potential Air(r), de6ned from the nodal flux density
field N(r) by the equation N(r) =curlA~(r).

Do the fields n(r) and N(r) correspond to known
classical helds? A possible answer to this question
might be inspired by the behavior of (c/q)As„(r) men-
tioned above and by the observation that, in the case
of charged particles, the field (c/q)N(r) resembles
Jehle's formulation of the magnetic field of a lepton,
which he defines as a superposition of quantized Aux

lines associated with a solution of the Dirac equation. ~ 4

Ke emphasize that in our case, in contrast to Jehle's,
the existence of a superposition pattern of quantized
Aux lines, forming closed loops, is already established
and does not have to be assumed. In addition, we show
that the fiux of the field N(r) is quantized in units
which can have the values of quantized magnetic Aux

observed in superconductors. Our results might thus
give some support to Jehle's basic assumption that all
magnetic ft.ux has to be expressed in terms of quan-
tized Aux.

s See especially the classical work about Qux lines by Dirac
I P. A. M. Dirac, Proc. Roy. Soc. (London) A133, 60 (1931);
Phys. Rev. 74, 817 (1948)j.An interesting discussion is given by
Kaemp6er t F. A. Kaempffer, in Concepts in Quantum Mechanics
(Academic, New York, 1965), Sec. 20j.' H. Jehle, Int. J. Quantum Chem. IIS, 373 (1968).

4 H. Jehle, Int. J. Quantum Chem. III, 269 (1969).
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In the Appendix we discuss some topics pertinent to
the present analysis.

II. REVIEW OF NODAL STRUCTURE OF
SCHRODINGER WAVE FUNCTIONS

where PI, is a closed path which encircles the kth
(3N —2)-dimensional nodal manifold once, but no other
(3N —2)-dimensional nodal manifold. The circulation
numbers are integers, i.e., mug(0, &1, &2, . . .).

We consider, throughout, the case where the particles
are either uncharged or, if the particles are charged,
where the external magnetic field is zero. The (3N-di-
mensional) N-current density has then the general form

8j -(x) = —p(*)—V (x),
%SO 8$~

(2)

with mo the particle mass and p(x) the N-density:

p(x) =0*(x)4(x)

Because of relation (2) the nodal structure, which
determines the phase and its 3E-dimensional gradient
8p(x)/Bx, is reflected in the behavior of the N-current
density j (x) and hence in that of the three-dimen-
sional current density

j(r) = g j,(r)
s=1

The present article is based on investigations' into
the nodal structure of Schrodinger wave functions. We
therefore briefly review some of the earlier results.

We consider a system of X identical particles with
vanishing particle density at the boundaries, which
can be described by a spin-free time-independent
Schrodinger Hamiltonian Lsee Eq. (10)j, whose coefifi-
cients may be singular on (3N —3)-dimensional sub-
sets of the configuration space R'~ (e.g. , Coulomb
singularities are permitted). The phase q(x) of an
eigenfunction~ f(x) =R( )xe'«*&, x+R~~, depends in a
critical way on the (3N —2)-dimensional nodal mani-
folds' (denoted by M3& 2) and their circulation num-
bers mk,

t9

mI, ——— —p(x) dx. ,
2z' gk 8$~

density at all—and hence no physically observable
(i.e., three-dimensional) current density j(r)—unless
the wave function has at least one (3N —2)-dimensional
nodal manifold with circulation number m&0, that is,
unless the phase of the wave function is multivalued.
In fact, the whole E-current density can be written as

j-(x)=Z j-'"'(x),

p(x) = P f,(r;)+X( )x, x&R'~. (7)

Each of the functions f;(r;) is either a constant or is
multivalued around (iN general, several) one-dimensional
nodal manifolds Mi'~' (quantized flux lines) of the
density

p, (r,) = p(x)dri. . dr; idr;+i dr~

where j '"& (x) is the 3N-dimensional circulation current
associated with the multivaluedness of the phase
around the kth (3N —2)-dimensional nodal manifold
~3N—2 ~

Simple one-particle examples are the hydrogen states

(r) =h(r, 8) (cosmic+i sinmq) =h(r, 8)e' &, (5)

which have a single one-dimensional (since N —2=1)
nodal manifold (Mi) along the s axis, around which the
phase is multivalued with the circulation number m,
i.e., where the circulation number is just the familiar
magnetic quantum number. The current here has
the form

j(r) = (~/~o) p(r) ~(—S, *,0)/(x'+y')
= (A/mo) p(r)sm(u, Xr)/(x'+y'), (6)

where u, is a unit vector in the s direction. Formula (6)
illustrates the current circulation around the nodal line.

For an arbitrary one-particle function it is possible
to have simultaneously several one-dimensional nodal
manifolds with nonhero circulation numbers. Each of
the manifolds M~&~) forms a loop which is either closed
inside the system or closed by two boundary points of
the system I e.g., the s axis of the hydrogen states

(r) where the boundary points are at infinity).
In the case of an E-particle system, the phase can

have the general form

j,(x)dri dr, idr;~i drN

Here the 3-dimensional vector j;(x) is defined by

j'(x) =(j~*-.(x), ja'-i(*), j3'(x),).

(3) in a way analogous to the general behavior of a one-
particle phase discussed above. Clearly the manifolds
M] &~~ correspond to (3N —2)-dimensional nodal mani-
folds of the N-density p(x), i.e., to the earlier mentioned
manifolds M3~ 2&~'. ln Eq. (7), x(x) is a step function

It has been shown in Ref. j. that in this case of a
vanishing external magnetic field there is no E-current

' It is sufhcient for the following to consider only space functions
(see Ref. 1, Sec. I).

6 A nodal point xo is defined by +(xo) =0,

' Investigations in Sec. 5.7 of Ref. 8 suggest that the structure
(7) might in fact be the most general form of a phase leading to a
nonzero current j (x). We emphasize that the case where the func-
tions f; (x) are not all identical is possible (Sec. V).

8 J. Riess, Szviss Federa/ Institute of Technology 17sesis Xo.
4048 (Verlag, Ziirich, 1968).



NODAL STRUCTURE, NODAL FLUX F IELDS, AND 649

which is constant in each connected nodeless region.
Such a function always belongs to any phase &p(x), ' but
is not of importance for the following.

In this article we consider wave functions which
have the phase structure (7). In this case each of the
manifolds SI3~ 2( ) with nonzero circulation number
m~ gives rise to a circulation contribution

3E-dimensional vector potential of the Aeterna/ mag-
netic field, generated by the 3E-dim. ensional current

g 'tIgc 8
j-'(x) = —p(x)——

p (x)
moc q Bxa

j&'c&(r) = j,&'&(x)dridri dr; idr;+i dr&r

In fact, consider a system of charged particles in a
vanishing external magnetic field (as we do in the

(9) remainder of this article), which carries a nonvanishing
current

to the three-dimensional current density j(r), where in
formula (9) the manifold 3IIp)r p& "& associated with the
31V-dimensional vector j & '(x) is manifest in the sub-
space of the ith particle, i.e., Ml&~) is a nodal one-
dimensional manifold of the density p;(r;) as defined

by (g).
Summarizing, we can say: To each system described

by a wave function of our class there belongs a super-
position of definite patterns of fixed quantized Aux
lines Mi&"&. The physical current j(r) is composed of '

elementary circulation currents j~ "&(r) which basically
have the form of the hydrogen current (6).

III. DEFINITION OF QUANTUM-MECHANICAL
VECTOR POTENTIAL

In this section we define a quantum-mechanical
vector potential for systems of both charged and un-
charged particles. In order to motivate this definition,
we present a chain of arguments which show that in
the case of charged particles there is a certain equiva-
lence between this quantum-mechanical vector poten-
tial and a magnetic vector potential of an internal
magnetic field.

While a unified theory of quantum mechanics and

electrodynamics does not exist at present, a first step
towards an integrated theory is rejected in the well-
known rule defining how the vector potential A,„&(r) of
an external 6eld appears in the Schrodinger Hamiltonian:

A 8 q
HLA,.i(r) 7= P ———-M.(x) +V(x) . (10)

2mo 0'=i 'b BX~ C

q Ac 8).(*)= —~(*) ——w(*)-~.(*)).
moC g t9$r&t

(12)

This suggests that the 3E-dimensional gradient of the
phase, times hc/q, is equivalent in a certain sense to a

Here q denotes the charge of the particles and M (x)
is the nth component of the 3Ã-dimensional vector

M(x) = (Mi(x), Mp(x), . . . , m, )) (x))
=(A, , (ri), A, , (rp), . . . , A,„,(r~)). (11)

As a consequence of (10), the 3X-dimensional current
density has the form

J(r)= p J;(r).
i=1

For the special case where

A, p(r) = (hc/q) gradf(r), (14)

as is easily shown by a formal gauge transformation of
the vector potential of the external zero magnetic field.
Of course, curlA p„p(r) = (hc/q) curl gradf(r) vanishes
where gradf(r) is continuous; however, it does not
vanish on a nodal line with nonzero circulation number.
We repeat (see Sec. II) that such a nodal line with
nonzero circulation number must exist if the current
does not vanish.

K.aempffer' discusses various aspects of a definition
analogous to (14) for the electromagnetic potentials.
We would like to point out that the field (14) does not
have the regularity properties of a classical vector
potential since it is infinite at the nodal lines Ml(~',
and Stokes's theorem cannot be applied in the usual
sense.

If we write A,„p(r) in the form

A,„'(r)= (c/q)A, „(r), (14')

then the field A, (r) is independent of the charge of the
particles. We call A,„(r) defined by (14) and (14') the
quantum-mechanical vector potential associated with
the current (13).We shall extend this definition to the
general case (7) of the phase. In this general case the
qgantlm;mechanical vector potential of the particle system

is defined as

A, „(r)=(h/Ã) P gradf;(r). (15)

The special case (14) where all the functions f;(r) are
equal is included in definition (15). The quantum-
mechanical vector potential Ap„(r) has a meaning for
both charged and uncharged particles since it depends

only on the phase of the wave function.

Let us now consider the line integral of the field

A, (r) along the boundary BIi of a surface F. We call it

j,(r) =(h/1@pc)p'(r) gradf(r), i=1, 2, . . . , Ã (13)

i.e., where f;(r) =f(r) for all i, this system formally
carries a magnetic field curlA, „'(r) with
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the noijal gux 4r Using (1), (7), and (15), we obtain

= —P 27rmi. .. (16)

where k' labels the intersections of the manifolds M~(~'
with the surface F.9 (According to the definition of the
manifolds 3II&&~', many of the intersections with differ-
ent labels k' may be at the same point in three-dimen-
sional space. ) The circulation number which belongs
to the k'th intersection is denoted by mj... where the
sign is defined relative to the (right-handed) orienta-
tion on the surface F.

Since the numbers m~ are integers, we can see from
(16) that the flux g~ is composed of smallest fiux Ivies
of absolute value Ji/1V. Such a unit is generated for
instance by a single manifold Mr~~i (associated with
M3~ ~&"') with circulation number m~ ——1. The factor
1/E can be interpreted as the probability of observing
among E indistinguishable particles the one to which
a definite manifold M~(~) belongs. The Aux unit is
independent of the area of F, as a consequence of rela-
tion (1), and depends only on whether the line Mi&"
intersects F or not.

IV. NODAL FLUX DENSITY FIELD

We now consider the nodal Aux p~ to be the aux of a
certain field. In order to define this field, we express Pp
as a surface integral

y p (h/N) P——m&, 8(x„(r))6(y„.(r))u„.dS. (17)

is of nonatomic dimension. We remark that the region
where the particle density is very small or zero must
not be neglected, since the Aux lines 3E~&~' are not re-
stricted to a region occupied by matter.

If the manifolds Mi(~' all form closed loops within a
microscopic range, the nodal Aux p& through any macro-
scopic surface F is zero. If the Aux lines 3f~("& are not
closed within a microscopic range, then the nodal Aux

Pp through a macroscopic surface F may not be zero.
It is therefore possible, in certain cases, to replace the

microscopic (singular) field n(r) by a macroscopic mean
value N(r) where the singularities are averaged out.
We call this macroscopic field N(r) the nodal figx
density field. For the description of macroscopic proper-
ties it is in general sufhcient to know the mean value
for a large number of manifolds 3f~(~). To obtain the
mean values at the point r, we isolate a plane surface
Fo with center r, intersected by a large number of
manifolds M~& ), determine its maximum total Aux

by varying the angular position of Fo to a final
position Fp such that pp, ~ is a maximum, and
Anally divide by the area of Fo. We do this for each
space point r. For this mean to have significance the
surface Fo must be suKciently large that the macro-
scopic value is constant for microscopic changes of r.
In summary, the nodal fiux density field N(r) is
de6ned by

N(r) = (n(r) ), = {p~,- *&,&/area(FO))u(r), (19)

where u(r) is a unit vector perpendicular to Fo @ (r).
We remark that the definitions are the same inside and
outside the material medium.

Since the lines of type M&(") are closed or go to
infinity (see Sec. II), the flux of the field N(r) through
any closed surface is zero. This implies

divN(r) =0, (20)
Here t& is the family of parameters describing the nodal
lines Mi&~' (together with the position vectors R,~) and
x,,(r), y„(r), s„(r) are the coordinates of a space vector
r described in a local, right-handed, Cartesian coordi-
nate system with origin R,~. The s&~ axis is taken tangent
to the manifold Mi(~' at the point R„and the orienta-
tion of the (x„,y„) plane is the same as the given orien-
tation of the surface F. The vector ut, is a unit vector
in the si~ direction and 8( ) denotes Dirac's one-
dimensional 8 function.

We call the singular field dined by

n(r) =(I/&) Z ~i~(«.(r))~(y~.(r))u~. (Ig)

the modal finx fiefd. It is infinite on the nodal lines and
zero otherwise.

Let us now consider a system of macroscopic di-
mensions. By this we understand that the region where
the particle density is considerably different from zero

' A curved line iVI( ) may intersect I" several times.

since N(r) is sufficiently regula, r to apply Gauss's
theorem. Consequently, we can write

N(r) = curlA~(r), (21)

where the new field Aiv(r) may be called the nodal
density vector potential. Equations (20) and (21) are
a consequence of the connectivity properties of the nodal
manifolds Mi &"'. The vector potential Aiv(r) is a regular
field in contrast to the singular quantum-mechanical
vector potential A,„(r) defined earlier.

Once we know N(r), the field Aii (r) can be evaluated
by solving Eq. (21). Nevertheless, it is instructive to
see directly, i.e., without solving Eq. (21), how the
vector potential A~(r) is related to the vector potential
A, (r), i.e., to the phase of the wave function. We
shall demonstrate this for the case of uniformly dis-
tributed nodal manifolds M~ parallel to the s axis, a
situation corresponding to a homogeneous field N(r) =N
in the s direction.

Let us formally replace each nodal manifold Sf'&~& Of



NODAL STRUCTURE, NODAL FLUX F IELDS, AND

the distribution by a hydrogen-type manifold M&

[compare (5) and (6)j which has the same spatial
position and circulation number. This substitution
leaves the Aux of each nodal manifold MI(~) invariant
since the Aux is determined solely by the circulation
number, and spatial position, of the manifolds 3III(~).
Since the field N(r) has been defined by the flux only,
the same field N(r) is obtained whether, in definition

(15), the proper phase of the wave function is used, or
the corresponding formal superposition of hydrogen
phases. The latter case leads to the vector potential
[compare (5) and (6)]

AIIIi u, && [r—Rd(s) $
A.-'(r) =2-

Ã (x—Xi)'+(y —I/), )"-
(22)

A,.'(r) (Er= lNl (area of F).

On the other hand, if we replace in (23) the field A,„'(r)
by the numerator of A, '(r) times Ir/(area of F), we
obtain the same value:

Aml,
(u, &&[r—R),(s)j) .dr

(area of F) & iV qd:

where u, is a unit vector in the s direction and R/, (s)
= (Xi,V&,s), with X), and F'k fixed, is the position of the
manifold M~&~) with circulation number nsj, .

We now consider an arb!trary norII'nprlitesI'nial surface
F parallel to the xy plane. The surface F has in this case
the direction of a surface I 0 which we used earlier to
define the field N(r). Hence the line!ntegral of A,„'(r)
along the boundary 8F is by definition equal to

singularities of order 1/r which describe the area. inde-
pendence of the eflux associated with a single manifold
M~&~& are removed by the average process over the
IYlacioscoplc sillfRce F, 111 'tile step flolll (23) to (25).
The steps involved to obtain (22) and (24a) are both
in classical language called gauge transformation s.
However, they differ in the fact that the former trans-
forrnation changes neither the microscopic Aux Qg and
the (microscopic) field n(r), nor the corresponding
macroscopic quantities, whereas the latter transforma-
tion leaves only the macroscopic Aux P~ and the
(macroscopic) field N(r) inva, riant.

V. APPLICATIONS AND DISCUSSION

We have seen that the nodal structure is useful in
describing some characteristic properties of stationary
quantum systems which are represented by wave func-
tions with a phase structure (7). In this section we
discuss, in particular, some properties related to the
quantization of the nodal flux pg. We have shown that
the nodal flux unit cannot be smaller than h/E. This
is the ff.ux difference of two states whose sums of
numbers m/, in (16) differ by one. In many cases this
situation is forbidden by the permutation symmetry of
the space functions, which depends on the total spin 5
and the spin s of the individual particles. '

We consider two examples.
(a) The space functions are totally symmetric with

respect to particle permutation. (For X)2s+1 this
situation is only possible for bosons and it is the only
possible case for bosons with spin s=0.) In this case
the phase functions can only have the structure

(((~) = 2 f(r')+&(*),

=-,'aN~i f (u.Xr) dr
(26)Ay& ——h.

Ke now consider the velocity= lNl(area of F). (24c)

AfÃ A»

where all the f,(r) are now identical, and, in particular,
all have the same circulation numbers. Therefore the
smallest nodal flux difference is equal to

Here k&F denotes the manifolds M~&~) intersecting F.
In deriving (24b), relation (16) together with the defini-
tloil of tile IiodR1 fiux dellslty field N(1') ls llsecl. As R .

consequence of (24b), and since in our case lN lu, =N,
we can for the calculation of the macroscopic Aux re-
place A,„'(r) by the new vector potential

v(r) =—(1//')") 2 3'(r)/p'(r)

= (1/E) P (k/IIIO)grad f;(r) = {1/mo)A, (r) . (27)

A" (r) =-,'(Nyr) . Its circulation along a, closed path F is equal to

This A (I) ls cleal'ly R nlacl oscoplc vectol' potell'tlR1.

It satisfies Eq. (21) and is therefore a vector poten-
tial A))({r).

This whole process illustrates how a singular quan-
tum-mechanical vector potential A,„(r) can be trans-
formed into a regular (classical) potential A)i. (r). The

v(r) dr=(d/ .)gd, „(r) dr=(l/m, )d, (28)~~ ~~

For the mathematical theory of representations of permuta-
tion groups (as applied to quantum mechanics) see, e.g., M.
Hamermesh, in Grolp 2'heory and its Application to PhysicaL
ProMems (Addison-Wesley, Reading, Mass. , 1962), Chap. /.
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where the surface Ii is bounded by P; i.e., the circula-
tion along a closed line is proportional to the nodal Aux

through a surface which is bounded by that line. Hence
the circnlatiosz is qzIaetised, together with the nodal
flux. In particular, the nodal flux unit (26) corresponds
to the circulation unit h/mo. This is the value which has
been experimentally observed in helium II by Vinen"
and by Rayfield and Reif." We emphasize that, a,s a
consequence of the nodal structure of the wave func-
tion, the circulation is arrays quantized in our particle
system. Moreover, for bosons with spin s=0 the circu-
lation unit is fully determined by the permutation sym-
metry of the particles.
[ (b) The space functions belong to a permutation
symmetry which corresponds to a Young diagram with
two rows (or two columns) of length 1V/2. (If 1V is
large, we can assume 1V even without loss of generality. )
For a space function of a fermion system with particle
spin s= —,'and a total spin 5= 0 this is the only possible
symmetry.

In this case the number of identical phase functions is
no longer necessarily E. Consider, for example, space
functions belonging to this symmetry which are anti-
symmetric in the even-numbered particles and again
antisymmetric in the odd-numbered particles. Then the
1V/2 functions f;(r), i even, are equal and the 1V/2
functions f;(r), i odd, are equal. The smallest possible
nodal flux difference arises then if two space functions
differ by a unit change in the sum of circulation num-
bers associated with each f;(r) of one only of the two
sets (e.g., i even). This implies A@p=h/2, which corre-
sponds to a circulation difference h/2m'.

We remark that, in case (b), symmetry alone does
not prevent the occurrence of even smaller fiux units.
The theoretical deduction of the occurrence of certain
definite Aux differences requires in this case also a con-
sideration of the energy, to determine what total num-
bers of equal phase functions f, (r) correspond to rela-
tively stable particle states. (Conversely, these numbers
could be determined from circulation measurements. )

In this context it is interesting to mention the
magnetic flux differences of the size hc/2g, which have
been observed in superconductors between states of
trapped Aux. " It is therefore tempting, in the case of
charged particles, to identify the flux (c/q)pz with the
magnetic Qux through the surface F generated by the
particles. If we could, in fact, make this identification,
then, as a natural consequence, we would have to con-
sider the field (c/q)A~„(r) as the quantum-mechanical
or microscopic magnetic vector potential, the field
(c/g)n(r) as the microscopic magnetic field, and the
field (c/q)N(r) as the macroscopic magnetic field to-
gether with its vector potential (c/q)A~(r). As to the

"W. F. Vinen, Proc. Roy. Soc. (London) A260, 218 (1961)."G. W. Rayfield and F. Reif, Phys. Rev. 136, A1194 (1964)."B.S. Deaver, Jr., and W. M. Fairbank, Phys. Rev. Letters
7, 43 (1961);R. Doll and M. Nabauer, ibid. 7, 51 (1961);cf. also
W. A. Little and R. D. Parks, ibid. 9, 9 (1962).

field (c/q)A~„(r), we have already seen in Sec. III that
its behavior is analogous to that of an internal magnetic
field.

The field (c/q)N(r) resembles Iehle's formulation of
the magnetic field of a lepton, '4 which he defines as a
superposition of assumed quantized flux lines asso-
ciated with a solution of the Dirac equation. In our case
a superposition pattern of quantized Aux lines always
exists if there is a current flowing in the system and
hence, in the case of charged particles, if there is a
magnetic field created by this current.

APPENDIX

Aharonov and Bohm' have discussed experiments"
which show the effects of electromagnetic potentials on
charged particles in a field-free region. These effects,
which in further discussions by Furry and Ramsey"
and by Keisskopf' have been shown to fulfill basic
quantum-mechanical consistency requirements, might
appear as an indication of a nonlocal feature acquired
by wave functions in an electromagnetic field (compare
Kaempffer2).

In this connection, we would like to recall the identi-
fication of the flux (c/q)p~ with the magnetic flux to-
gether with its consequences mentioned at the end of
Sec. V. A magnetic theory based on this identification
would bear nonlocal features due to the role of the
phase whose gradient (which would be comparable to
the magnetic vector potential) is in general not equal
to zero in regions where the density of flux lines (which
would be proportional to the magnetic field) vanishes.

In fact, the situation of Aharonov and Bohm's mag-
netic experiment applied to a stationary quantum
system would represent an example par excellence for
one of the characteristic features of such a theory:
the fact that the presence of a magnetic field would
lead to a multivalued phase function.

The theory would also be automatically gauge and
path independent, since the magnetic field would be
determined by the charge density and the circulation
numbers of the phase which both are gauge and path
independent. (For a gauge- and path-independent
theory in the framework of the present formulation of
quantum electrodynamics, see Rohrlich and Strocchi. ")

These promising properties of such a (nonrelativistic)
theory, including the ability to describe quantized
magnetic flux (see Sec. V), would, however, be balanced
by an inconsistency with Maxwell's theory applied to
a quantum-mechanical current: The magnetic field

"Y.Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959)."The experiment with magnetic Qux enclosed by a split electron
beam was performed by Chambers PR. G. Chambers, Phys. Rev.
Letters 5, 3 (1960)]."W. H. Furry and N. F. Ramsey, Phys. Rev. 118, 623 (1960)."V. F. Weisskopf, in Boulder Lectures (Interscience, New York,
1960), Vol. III, p. 54.

~l' F. Rohrlich and F. Strocchi, Phys. Rev. 139, B476 (1965).
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which, on the basis of the identifications discussed,
could be derived from a multivalued phase function
does not in general correspond to the magnetic field
obtained from the appropriate quantum-mechanical
current j(r) by applying Maxwell's inhomogeneous
equations. LTake, e.g. , the state P„,~ (r) of an isolated
hydrogen atom whose phase is multivalued around the

s axis.]It is the aim of further studies to gain more in-

sight into the nature of this inconsistency.
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We examine the assumption that the J3 meson (1220 MeV, J~~= 1+ ) and its chiral partner are gauge
6elds. This leads to the introduction of an internal SU(6) group which contains SU(3) XSU(3) as a sub-
group. We discuss the appropriate formalism and mass degeneracy breaking by means of the use of non-
linear realizations of the group.

INTRODUCTION

HE assumption that hadrons display a chiral
SU(3)XSU(3) symmetry'broken by the partially

conserved axial-vector current (PCAC) condition has
produced many successful results, especially when these
results refer to massless pions. ' However, for physical
pions the situation is not that satisfactory. The appli-
cation of techniques like the use of Ward identities or
equivalent phenomenological I.agrangians' mak. es clear
that from chiral symmetry and PCAC one can obtain
at most correlations between a certain number of low-

energy processes and masses relations which are deter-
m.ined only when supplemented by extra assumptions
such as, for example, vector-meson dominance4 and
high-energy behavior. ' ' The possibility of constructing
nonlinear representations besides the usual linear ones
adds an extra degree of arbitrariness to the task of
assigning the experimentally known particles to chiral
multiplets. A large number of papers have been devoted
to the study of the multiplets characterized by J~~
= (1,1++), (0 +,0++), and (2+), and their physics is
well understood both in its successes and in its
limitations.

In the present article we discuss the inclusion within

'M. Gell-Mann, Phys. Rev. 125, 1067 (1962); Physics 1, 63
(1964).' See, e.g. , S. L. Adler and R. F. Dashen, CNrrent Algebras and
Their Applications to Particle Physics (Benjamin, New York,
1968).

3 The review article by S. Gasiorowicz and D. A. Geffen, Rev.
Mod. Phys. 41, 531 (1969), contains an extensive list of references
on the use of these techniques.

4 J. J. Sakurai, Ann. Phys. (N. Y.) 11, 1 (1960).' S. Weinberg, Phys. Rev. Letters 18, 507 (1967).
T. Das, V. S. Mathur, and S. Okubo, Phys. Rev. Letters 18,

761 (1967}.

the chiralschemeof theBmeson (1220 MeV, J =1+ ).
In doing so one immediately faces the problems of
assigning the 0 to a particular representation, linear
or nonlinear, and of finding (or predicting) its partners.
Assuming a linear representation, the chiral companion
of the 8 octet (or nonet) should be a 1 SU(3) multiplet
with positive or negative charge conjugation according
to whether we have a (1,8)+ (8,1) or a (3,3*)+(3*,3)
representation. The 8 decay modes and the experi-
mental possibility for a 1 object at a mass around
1650 MeV seem to favor the assignment to a (3,3*)
+(3,3). As is shown in this article, this choice offers
the possibility of enlarging the, symmetry by assuming
that all spin-1 particles are gauge-field quanta, the
corresponding (internal) symmetry group being SU(6).
General considerations about SU(3)&&SU(3) as a sub-

group of some larger one have been made earlier, ' '
and there are many possibilities. The group we choose
here appears to be the minimal one that would include
the known spin-1 mesons and contain all the results of
chiral symmetry.

As a framework for the discussion of the consequences
of our assumptions, we shall use the phenomenological
Lagrangian approach together with vector-meson
dominance in the theoretical form developed by Lee,
Weinberg and Zumino. ' In Sec. I is presented a very
compact formalism for the treatment of representations
of the chiral symmetry group. Besides its simplicity, it
has the value of suggesting that the enlarged group is

' S. Coleman and S. Glashow, Ann. Phys. (N. Y.) 17', 41 (1962);
S. Coleman, ibid. 24, 37 (1963).

8 M. Gell-Mann and Y. Ne'eman, Ann. Phys. (N. Y.) 30, 360
(1964).

9 T. D. Lee, S. Weinberg, and B. Zumino, Phys. Rev. Letters
18, 1029 (1967).


