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In a recent paper we considered a massive spin-1 field that was gauge invariant, at least in the free-field
case. We pointed out that when we have an interaction in order to maintain the gauge invariance we had to
impose certain conditions on the source functions. The object of this paper is to construct the interaction
Hamiltonian and to consider the consequences of these conditions.

I. INTRODUCTION

HE gauge-invariant spin-1 field can be described
by a skew-symmetric second-rank tensor obeying
the equations

(D _m2)‘hw=0:
‘/’,uv+¢r#=0 )
O, =0.

These equations can be combined into the single
equation

(1.1)

Aspur(Our=0, (1.2)
where
Ao pur(9) =3(0 —m?) (3400, p—04p050)
—3(6,00400—0,50,0,—06,,0,0,+0,,0,9,)
—1m? (BuadypFOudie) . (1.3)

We have shown! that this formulation leads to a com-
pletely gauge-invariant free-field theory and that if we
make the identification

(1.4)

the theory is identical to the Proca field when the gauge
is fixed.

If there is interaction present the situation becomes
much more complicated. The propagator is??

1,
Vi =50€u0p95V 5,

<T* (ﬂb#l'(x)’#-’w(xl) )>0= idﬂvﬂp(a)AC(x—x,) ’ (1.5)
where!
Vor=8ooZor¥orp' (1.6)
and
duwp(a) = % (5u05vp "'5“;:5».:)
—(1/2m%) (8,50495—8,20,9,
+8,50,0,—8,,0,95)
—[(O—m2)/2m2] (Buedypt8,ui80s) . (1.7)

The Klein-Gordon divisor d,..,(8) can be expressed
in terms of the Klein-Gordon divisor of the Proca field,
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d,,)\(a):
dap)\r=%Eda)\(a)dpr(a)'—dar(a)dp)\(a):l
—‘[(D —'mz)/zmz](ao)\ap‘r—l_aﬂfap)\) b (1’8)
where
d,ﬂ\(a) =\ —mM 29,0\, (1.9)

It is clear that, in addition to spin 1, both spin 0 and
spin 2 will propagate through the last term in (1.8). Itis
easy to see that if the interaction is such that the
equation of motion becomes

Apuap(a)lpap(x)=.]”y(x>. (1.10)
then to retain (1.4) we must insist that
J,,,,(x)—}-],ﬂ(x):(), (1.11)

9, uy () =0.

This means that there exists some vector or pseudo-
vector current or their linear combination J,, such that

Jur=%1€1000.J 5, (1.12)

where J, is not necessarily conserved. Thus the gauge
invariance leads to restrictions on the type of inter-
action Lagrangian possible.

In this paper we investigate some of the properties of
this spin-1 meson theory. In Sec. IT we calculate the
interaction Hamiltonian for the interaction of the
meson field with a baryon field and in Sec. IIT we
illustrate certain properties of the S matrix.

II. DETERMINATION OF INTERACTION
HAMILTONIAN

Consider the Lagrangian
L=Lo+Lp+Lins, (2.1)
where £ is the spin-1-meson free Lagrangian given in
Ref. 1,
£p=—B®) (7.9,+M)B(x)
and (2.2)
£int.=Gepvap[aalkuv(x):ltﬁ(x)‘YFB(x)]‘

For simplicity we shall consider the real-field case, i.e.,
Yuy=y,,. Then this Lagrangian leads to the equation of
motion

Moo (0) o p (%) =T (%), (2.3)
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with
Jur (%) = Geuno o9, B(x)7,B ()]
=Gau[5uwp§(x)7pB (x)] (24)
=G0, e (%). (2.5)

This J.(x) satisfies the restriction (1.11) and also

TuV(x) = JMV(x)-
The baryon field B obeys the Dirac equation

— (a0 t+M)B(x) =J (x) (2.6)

where
J(x) = _Gfuwp[avd{uV(x)]'YﬂB (x) .

The interaction Hamiltonian can be calculated using the
general method outlined in Ref. 2. The first stage of the
calculation is to define the two auxiliary fields ¥,,(x/0)
and B(x/0) in terms of the Heisenberg field operators.
The Heisenberg operators are defined by

2.7

‘I{w(x) =Z31/2‘l/uv(x)+G/ %

X olurap(9) AT (x—a") Japo(x), (2.8)

B(x) =Zz”23(x)—/ a4’ St (x—x) J (). (2.9)
Then the auxiliary fields are defined by

1I’i""(x?"') =Z3”2\l/“,,(x) +G/ d4x,aad#va(a)1ww(xl) )
- (2.10)

’ d*xS(x—x)J(=").

—0o0

From Egs. (2.8)-(2.10) we see that B(x/o)=B(x) and

B(x,0) =Z5'?B(x) —

Vun1/0) = () -G / .

X [a(xO_'xOI);3aduvvp(a)]A(x—x/)vaw (21 1)

We now make use of Eq. (1.7) and find that the second
term vanishes, i.e.,

Vi (/) = s (). (2.12)
Also,
af‘/’#v(x/ o)= ar‘l{yv(x)‘l'G / d%’
X[G(xo——xo’), afaaduwp(a)]A(x_x’)Japa(x') . (2.13)

After a lengthy calculation, we find that in this case not
all the normal dependent terms disappear. We are left
with the expression

af’/’m(x/o') =0, (x) +GnmaJwal(®), (2. 14)
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where 7, is a unit timelike vector, i.e.,
(2.13)

nun,=—1.

Using Eqgs. (2.14) and (2.11), we can express the cur-
rents in terms of the auxiliary fields:

J(-’X»‘/O'> = “Gewrp(a‘r'puv(x/o-) )'YﬂB (x/a)
+szy,yrp€uvaan'rnal§ (x/a')
XveB(x/a)v,B(x/o),

Jur(x/a) ”_‘Gaa"uwa(x/o')'YpB(x/o') .

(2.16)
(2.17)

We now calculate the interaction Hamiltonian using the
equations

[B(%/0),5Cine (& /o,n) J=1d(8) A(x—a")] (& /),

(W (2/0),3Cine (%' /o) ]
=1l e p(0)A(x—5")T 5, (% /5) .

(2.18)

Thus,

gcint(x/g)n) = “"Gepyrp[ar\l/uv(x/a)]B (QC/O')')",B (x/a)
FL1CnM0T yya(/0) T urre(x/0) . (2.19)

The general theory states that the interaction Hamil-
tonian 3Cins(x,%) can be obtained by simply replacing
the auxiliary fields in (2.19) by the original field opera-
tors. Making this substitution and setting

—iBy,B=7,, (2.20)

we finally obtain
3Cint (2,m) = — Line (%) +G[J oJ - (nJ])Z].

We have also performed the calculation of the inter-
action Hamiltonian for other interaction Lagrangians
which lead to source functions consistent with the
restrictions (1.11).% In particular, we have performed
the calculation including the isospin index explicitly.
This calculation proceeds exactly as above and we ob-
tained an analogous result.

(2.21)

III. S MATRIX

To second order in G, the .S matrix for the interaction
described by the Lagrangian (2.1) is

S= 1+i[d4x’: Lint(a'):

-—’I:‘/‘d"x'(’%Gz)ﬂr”a]pva(x/)]uw(xl)

(;:’) /d4x'/d4x"T(£im(x’)£int(x”)), (31)

® For example, one can include a term Ay, S0 long as A%m.

+




3088 R.

The fourth term in this expression yields

(—=1)?
- / ' / A4 T*(Line(o”) Line(2”))
(—9)?
+ 2| /d%c’/d4x’,iG2€yva'p€pvo’p'”a'n654(x_x,)
XT*(J ()T o (2""))
(~t>2 ’ 11 / -
= . a*x' | A% TH(Lin(8"), Linel2”))
+i/(l4xl(%G2)”una’]yva(xl)]ut/u'(x,) . (3'2)
So,

(—1)*
S=1+i/d4x’:£;m(x'):+ py /d“x'/d“x”

XT*(£;nt(x'), £int(xl’))+ LN (3.3)
We can see that in an S-matrix calculation, at least to
second order, we can replace 3Cint by (3Cint)ett= — Lint,
so long as we also replace the 7' product by the T*
product. This has been called Matthew’s rule. The same
result also holds for the other interactions considered in
Sec. II.

In a recent paper by Kyriakopoulos,® an interaction
Hamiltonian was calculated for a similar spin-1 meson
theory. He had to impose the symmetry of his tensor
field as a separate condition, however, and so was unable
to use the general methods we have employed. In addi-
tion, in S-matrix calculations his (3Cins)ess does not re-
duce to —Lin¢. No attempt was made in Kyriakopoulos’s
paper to preserve gauge invariance and so he also con-
sidered an interaction term Bo,,T,,B, where T, is the
antisymmetric tensor field. This type of term is, of
course, not permitted by the restrictions (1.11).

An interesting result holds for internal meson lines
appearing in the .S matrix. For an illustration, let us
consider baryon scattering with one-boson exchange:

S® =4G2 / / d*'dt" 9, T (")

X(T*(GWW‘LW(Q‘;I); e)\,_g,]xp)‘,(x”))>6£”],)(x”) . (34)

The contraction term is

<T* (evpnve)wivl‘/;uv (x,)ﬁb)\f (x”) ))
= frfpuvekfiﬂ<T* (‘puv(x,) War (x”) ))0
= &g purerren 1uns (3)Ac(@' —a"")].

¢ E. Kyriakopoulos, Phys. Rev. 183, 1318 (1969).

(3.5)
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Therefore,

5(2)=szfd4xd4x'

X av]pfdpnl‘[iduvkr(a)AC(x - x,)]

Xernrgde' Jo(x")  (3.6)
=G? / / d*xd*x’

X2L0:T () — 9,7 () JAc(w—a!) 8¢ T, (o)
+L20)/mH8oJ () 9,908 0(w—a") 0T 5(x')
— 8 (@) [0, c(x—1') ]8T (')

e/, (%) [049,8 c(w—a') J0¢' T (")

— 0,7, (%) [:9,A (5 —2") 0 T ()

HL0:75(0) = 0,7 () LOAc(x—a')J0¢ To(a)} . (3.7)

Integrating by parts, we can cast (3.7) into the form

S® =G / dx / !

X (=2i)(O 8w —0,0,) Ac(x—a") T u(@) () . (3.8)
We observe that the characteristic factor ([18,,—9,9,)
of a gauge-invariant theory appears in the S matrix and
we further notice that all the terms involving 1/m? as a
coefficient have disappeared so that we can take the
m— 0 limit for such processes.

Since we have established the existence of the vector
field V,, it is interesting to see how the various relations
can be expressed in terms of V, For example, the
commutator

[ () s (&) ] =i A (6 —2') (3.9)
becomes
[V,(2),V, ()]

= (2i/m*)0 o, A(x— ")+ 9,0, f(x—x'). (3.10)

We have also found that the energy-momentum opera-
tor P,, defined by*

1 - -
Pr=— E /dd"lp'“’(af—af)P)\mwp‘pn; 3.11)
becomes
1 — - -
PT: - g ‘/‘dak[Wﬁ)\(aT_a‘r) (am_aa)Waﬁ
AW ap(8:—3,) (Ba— ) War], (3.12)
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where

Was=(3Vs—05V4). (3.13)

It can easily be shown that P, is conserved and, as we
have shown in Ref. 1, Py is positive definite. Expressed
in this form, P, is manifestly invariant under the gauge
transformation

V,— V,4+3d,A. (3.14)

IV. CONCLUSION

The stimulus for starting this investigation was a
paper by Kyriakopoulos® in which a similar model was
considered but in which the antisymmetry had to be
imposed separately. This led to several difficulties in
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applying the general methods that we have used. In
addition our approach has led to a completely gauge-
invariant formulation in the free-field case and also in
the interaction case if we impose the conditions (1.11)
on the source functions. These conditions limit the
possible terms in the interaction Lagrangian. For ex-
ample, a term gBo,,¥,,B is not possible for the inter-
action of a baryon and meson field. We have shown that
the terms that are permitted in the interaction
Lagrangian lead to effective interaction Hamiltonians
for S-matrix calculations that are just equal to —&Lixs,
thus obeying Matthew’s rule.

It is also interesting to note that for S-matrix terms
containing only internal meson lines the m— 0 limit
exists.
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Erratum

Inclusion of Toller-Angle Dependence in the Multi-
Regge Integral Equation, DENNIS SILVERMAN AND
CHUNG-I Tan [Phys. Rev. D 1, 3479 (1970)].
Equations (6) and (8) should contain factors like
[fey 0 t) /2o, The denominator p? was
missing in the published text.

We would like to stress that the derivation of our
integral equation, Eq. (9), involves only dynamical
assumptions, i.e., the parametrization of production

amplitudes. No kinematic approximations to the
phase space have been made. Equation (20) then
follows as a consequence of multiperipheralism.
These results do not correspond to the weak coupling
limit, contrary to claims made recently in literature.

We would also like to point out that we have been
informed recently of the work by E. Byckling and
K. Kajantie, Phys. Rev. 187, 2008 (1969), which
covered related topics, but with different emphasis.



