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Momentum-transfer-dependent damping of the nucleon form factors due to the virtual exchange of soft
nonchiral pseudoscalar-pion pairs is estimated. When chirality is enforced, by embedding the calculation in
the nonlinear ¢ model, these soft effects are shown to cancel to all orders in the strong coupling. By them-
selves, the contributions described here do not easily fit the experimental data.

I. INTRODUCTION

HE question of soft-pion summations and their

possible role in high-energy hadronic processes
has recently become a matter of some interest, as
present experiments begin to display evidence of
inelastic production,! while models of soft virtual
mesons (neutral pions and vector mesons) have been
used to construct elastic amplitudes which exhibit
damping at large energies and/or momentum transfers.?
The specific problem of summing soft charged pions
has long been an open and difficult question. Several
years ago, a treatment of soft-pion pairs in pseudoscalar-
pseudoscalar theory was given® in terms of a small
generalization of that type of Bloch-Nordsieck calcula-
tion* which has since come to be known as ‘“‘eikonal.”
In that world of soft-pseudoscalar-pion pairs, one
found an expected damping; and in addition the curious
result that the same analysis applied to the chiral-
invariant nonlinear ¢ model® produced a null result,
with all soft effects canceling out to all orders in the
strong coupling. Subsequently, another calculation
was described® in which a “chiral cancellation” of
soft-pion effects was observed, although only within
the context of the rather special approximations
involved. In a recent paper, Weinberg? has given a
general proof of the cancellation of all soft-pion effects
in a suitably defined chiral model. He has also provided
a framework within which one may describe the effects
of soft chiral pions together with chiral-violating
nonsoft structure; it is interesting that the latter
results display damping independent of energy and/or
momentum transfer. A distinction between the calcula-
tions of Refs. 3, 6, and 7 is that in the first cases soft
pions were not assumed to be chiral at the start; the
effects observed depended upon momentum transfer,
and canceled only when chirality was demanded.
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Another distinction is that purely pionic loops were not
ruled out in the earlier papers.

These calculations suggest that soft chiral pions play
no appreciable role in providing the strong damping
seen in recent high-energy experiments. Since strict
chiral invariance cannot really be true, it is of some
interest to ask if soft nonchiral pions might generate
results which could be tested by experiment, even if
such results may depend somewhat upon the precise
definition of “soft” and upon the form of the nonchiral
interaction assumed. It is the purpose of this paper to
describe the special form of soft-pion physics which
can be extracted from the simplest pseudoscalar theory,
and to argue that the results are not suggested by
present experiments, although better accuracy would
certainly be useful in ruling them out. In passing, it is
easy to show that embedding this calculation in the
nonlinear o model leads to a complete cancellation of all
soft effects. Finally, the explicit forms found are of some
interest in themselves, for they mark the limit of
combinatoric solubility in eikonal-type calculations.

II. DERIVATION

The interaction Lagrangian initially assumed is
£'=igdyse =y, using standard notation to describe
SU(2) nucleons and pions. It is useful to begin by
contrasting soft-pion emission in this theory with soft-
photon emission in quantum electrodynamics (QED).
In QED, the invariant amplitude for the emission of #
soft photons each of energy w is proportional to a
factor w™", arising from the propagator of the charged
particle emitting the photon. In contrast, if one soft
pseudoscalar pion is emitted, the corresponding matrix
element is of order (w)°; but if two soft pions are
produced the dominant part of the amplitude behaves
as «'. One essential difference between soft-pion
production in pseudoscalar theory and in partially
conserved axial-vector-current (PCAC) models® is that
in the latter an amplitude representing # soft pions
contributes factors of order «® for all #, while in pseudo-
scalar theory the dominant part of each amplitude
behaves as w2 if % is even, and as w= MDD if 4 i
odd. In other words, the most important contributions
(more precisely, the ones extracted here) will come from
the emission of soft-pion pairs.

8 S. Weinberg, Phys. Rev. Letters 18, 188 (1967).
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Fic. 1. (a) Emission of a single soft pion from an external
nucleon line during the process characterized by M (g, . . . ).
(b) Corresponding emission of a pair of soft pions.

These remarks may be illustrated® by the simplest
relevant Feynman graphs of Fig. 1, which depict the
emission of soft pions from an external nucleon line of
momentum p, appearing in some otherwise unspecified
process denoted by M (p,...). The one-pion graph of
Fig. 1(a) produces a soft-pion contribution proportional
to M(p,...)(v kys/2p-k)rauu(p), a result of order .
On the other hand, if two soft pions are emitted as in
Fig. 1(b), the corresponding contribution is M (p,...)
X[7p7a/2p+ (k1+k2) Ju(p), a result of order . Includ-
ing the graph corresponding to the permutation of these
pion lines, one obtains the symmetric result M (p,...)
X[Bas/p- (Rit+k2) Ju(p), which carries the pictorial
interpretation of a soft-pion pair (both neutral or
oppositely charged) emitted at the same point, as in
Fig. 2. The similarity of this expression to the corre-
sponding soft-photon forms suggests that it will be
possible to sum all such terms explicitly, and this is
true; however, because pion pairs are involved, the
result is more complicated than might be anticipated
on the basis of statistical independence. One has not
only the graphs of Fig. 3(a), corresponding to the
exchange of virtual-soft-pion pairs between nucleon
lines, here illustrated for the vertex function, but also
the graphs of Fig. 3(b).

As always in soft or eikonal summations, the func-
tional method is the most appropriate. The calculation
begins with an examination of G[ 7], the nucleon Green’s
function®® in the presence of an external c¢-number
field w,(x),

[mot+v-90—igyse = |G[x]=1, (1)

and is based upon the fortunate circumstance that the
soft-pion-pair approximation to G[r] will not involve
the 7, in any significant way. For, if we set

GlaJ=[mo—y-0+igys=-=]G[7],
the g[r] will satisfy

(me® _a2+g2“2*i5757n7'rx|:6m7ra])9[77:| =1. (2
ky £ A k.
/- ¥16. 2. Equivalent Feynman
M. ol graph for the emission of a
P P soft-pseudoscalar-pion pair.

9 Much of the discussion of this paragraph is due to D. R.
Yennie.
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In the soft-pion limit, the contribution of the [9,,m4 ]
term of (2) will be of order w relative to the pion-pair
contribution of the g?=? term. It may be noted that the
[0u,ma] dependence leads to forms of the order °
because, upon iteration, the operator my—9* will
produce (after mass renormalization) factors of
[m*+ (p+Ek)* T 1~w! for small k.

The soft-pion-pair limit may now be obtained by
replacing (2) by

[ —0*+g=* IG5 ]=1, 3)

and solving (3) in a Bloch-Nordsieck or no-recoil
approximation. The particular form of approximation
used can vary a little, depending upon the type of
application and complexity desired, and we adopt
here the simplest possible forms, which yield the same
sort of approximation to form factors and scattering
amplitudes as those discussed in the first paper of Ref. 2;
that is, the solution to (3), with 4 (¥)=g%=?(x), may be
written in exact parametric form as

(plglp)=i / dg e (p|5(8) '),
where ’

’ ne—ia(2eptic ny, @
i@ﬁ@m>~ﬂ/(@+gﬁ@m®wn ()

with (p|F(0)|p")={(p|p’). The no-recoil approximation
now introduced neglects in (4) that operator 19/dp,
which produces the variation of the nucleon line’s
momentum p upon the emission or absorption of the
pion pairs characterized by A(x). Because A (x)
=g’=*(x), this statement is really made independently
of the magnitude of the Fourier momentum components
of #(k), which need not be small if those of A (k) are
small. The momenta of #(k) will subsequently be
limited by an upper cutoff inserted by hand in the final
stages of the calculation, in a manner familiar from
previous work.? Thus, the approximation used here
defines an approximate propagator

plglp)=i / di git e
0
¢
xﬂ{ﬁg/@wmwﬂvwx<®
0

and all the linkage operations, which provide the soft-
virtual-pion-pair structure, will again appear in the
form

6 6 *
e.\'p(—i~—wAc(”)——~/> exp[ —igZ/ dE[=2(28p)
0

O O o

,» (0)

ets(=259'])

T=7'=0
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corresponding to the exchange of an infinite number of
soft-pion pairs between nucleon lines of momenta p and
p’, respectively. The emission of arbitrary numbers of
pions for any S-matrix element built out of this model
may be easily calculated by performing the requisite
functional derivatives with respect to the sources
before the latter are set equal to zero, as in (6). We shall
consider here only elastic processes, and, in particular,
the nucleon electromagnetic form factors whose non-
soft-pion-pair dependence is, in this model approxima-
tion, merely multiplied by the renormalized combina-
tions of (6). One finds an expression for the latter in
the form expf(t), f({)=F(t)—F(0), with

F()=—32 Tr In[1—A,MQ@ A, MQ»"] (7
and

(5] Q®|y) = —2¢%5(x—) / 0 5(x—28p).  (8)

This result is really an implicit one, in the sense that
an integral equation must first be solved before F(¢)
can be known. This particular generalization!! of the
ordinary eikonal forms'? occurs because of the quadratic
exponents of (6), and represents the most complicated
type of functional integration which can be put into
closed form.

When one considers variations of the original
Lagrangian, these results can change completely. The
most striking example of complete cancellation occurs
in the nonlinear ¢ model, defined by the Gell-Mann
and Lévy Lagrangian

—Lo=y[mo+v-0—golc+ivsec =) Y
+3[(97)*4 (90 )2 +po*m+ (ut+2No/ fo) o]

AL (w2402 = (2/ fo)o (*+=7) ], (9)
where fo=go/2m,, and the operator ¢ must be delicately
defined in terms of the pion operator =, according to
the nonlinear relation

w*+a*=a//,. (10)

Proceeding as above, the nucleon Green’s function
will satisfy

(motvy-d—igovse - m—goo)G=1, (11)
and upon setting
G= (mo—gor —7v-9+igoyse =)G,
there results
{mE——goyu[0u,mooc+ivst- =]
+go(*+=—a/fo)}g=1. (12)

1t See, for example, the Appendix of the paper by C. Sommer-
field, Ann. Phys. (N. Y.) 26, 1 (1964). Graphs with nucleon self-
energy insertions have not been included in (6) and (7).

12H, Abarbanel and C. Itzykson, Phys. Rev. Letters 23, 53
(1969); M. Lévy and J. Sucher, Phys. Rev. 186, 1656 (1969);
R. Blankenbecler and R. Sugar, ibid. 183, 1387 (1969); S. Chang
and S. Ma, Phys. Rev. Letters 22, 1334 (1969) ; G. Erickson and H.
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Fic. 3. (a) Typical vertex graph corresponding to the exchange
of a ““crossed” pion pair between nucleon lines. (b) Corresponding
graph which results upon “opening up” the pion lines of each pair.

Because (10) must also hold for the ¢-number source
functions, the entire soft-pion-pair effect calculated
above disappears, to all orders in go. The resulting
amplitudes contain soft-pion dependence of order «°
in agreement with the forms of Ref. 8.

III. EVALUATION

The content of Egs. (7) and (8) may be expressed in
terms of the quadrature

1 0 0
F(t)=6g4f dk/ / dédn A\(—2np’, 2¢p)
voee XAL28p+2mp)  (13)

when A, satisfies the integral equation

Ba(~ 201/, 269)
=A0.(20p"+2£p) +4>\g4/ f dg'dn’ Ao(2np'+2E'p)
0 0

X A28 p+20"p ) AN(—20"p", 28p);  (14)

here A.(x)=A.(—x) denotes the pion propagator, and
—i=(p—p')? is a positive momentum transfer. Rather
than attempt to solve (14), we shall consider the
quadratures (13) of the iterates of (14), and of these
evaluate exactly only the simplest for all —¢, while
estimating the remainder for both zero and asymptoti-
cally large momentum transfer.
The first term of F, of order g%, is given by

Fo(t)=6g4/ / didn A2Q2Ep+29p").  (15)
0o Jo

The necessary upper cutoff to the virtual-pion momenta
can be inserted in a variety of ways, of which perhaps
the neatest is the procedure of the first paper of Ref. 2,
inserting a factor e—“** into each virtual-pion momen-
tum integrand, and performing the continuation
a— —if, B=u,2, at the end of the calculation. This
method introduces an effective, covariant cutoff u,
to the pion momenta, while reproducing the same
over-all phase of the result (in this case it is real) which
would be obtained by using k24-2k-p denominators
without a cutoff, rather than the 2%-p denominators of
this model. The computation of (15) is elementary, and
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yields for the corresponding contribution to F the
amount Fo=Coypo(t1), where t1=—1t/m? m and u are
the nucleon and pion masses, respectively,

3 782\ ue\?
CO: _ﬁ—(——> <——> IO ’
16w2\dw/ \m

d)o(il) =/ dx[l +x(1 —x)h]‘l
' (16)
= LG D T2 G Vo Gk )12,

and

Io=8 f db, / dby e#* 1+ (by-B) (by+-B)!
0 0
X (b1+by+28)1~2In2,

where the last approximation to [, is obtained by
neglecting the ratio of pion to cutoff mass, (u/u.)?<<1.
For large —t, ¢o(to)~ (2/t1) Int;, so that F, alone
produces a damping of the nonsoft form factors by a
multiplicative factor which varies® from unity at
t=0 to a fixed constant ¢ as —{— . Choosing
pe~m, g¢/4r~14, one may estimate Co~3, and then
find that there is not enough variation in exp[+ fo(t)]
to fit the 10< —£<20-(BeV)? data* (it drops by a
factor of 2 compared to the corresponding dipole-fit
decrease by a factor of 4). If Cy is increased to ~10,
there will be a sufficient dropoff in this momentum
range; but then a multiplicative constant >1 will be
required to get the correct numerical value, and it is
difficult to see how such a constant could arise from
other soft or nonsoft damping mechanisms at large —1.
One concludes that the term exp[+ fo()] alone will
give a description of the large-momentum-transfer form
factors and the pp scattering data no better than
existing power-decrease fits.!® When combined with
other damping mechanisms, a rough fit to the form-
factor data can be made (e.g., (m2/m,2)[14|¢|/m,2 ]!
Xe/o® with Cy~5). However, the wide-angle experi-
ments are not known with sufficient precision to be
able to distinguish competing mechanisms.
Quadratures over the remaining iterates of (14) are
somewhat more complicated to evaluate. They are

18 This discussion assumes that the cutoff u.? is really a constant,
and not dependent upon momentum transfer. However, there is
no a priori reason why, for large momentum transfer, u.2 cannot
be thought of as proportional to —¢, for this really depends upon
the details of the nonsoft part of the form factors, and is left
unspecified by this analysis. Were this the case, co~#; in the
asymptotic region, and the form factors would be supplied with
an exponentially decreasing factor, which would tend to fall off
much too fast to reproduce the data.

1“4 D. Coward ef al., Phys. Rev. Letters 20, 292 (1968).

f” T. Gaisser, Phys. Rev. D 2, 1337 (1970), and the first paper
of Ref. 2.
16 H, M. Fried, Phys. Rev. 174, 1725 (1968).
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defined, by renormalization, to give an exponential of
zero at /=0, and may also be estimated to give little
contribution asymptotically. For this, it is convenient
to make use of an alternate form of cutoff which has
found previous application in zero-mass problems!
and which, when applied to (15), yields a result equiv-
alent to that of (16). If, for simplicity, we discard the
pion mass at the very beginning, the pion propagator
Ac(x) = (i/47?) (x*+1e)' may be replaced by the
regularized form (i/4n?) (x?+12)71, where / is understood
to have a small positive imaginary part until, and Re/
may be set equal to u, ! at, the end of the calculation.
Writing the renormalized soft-pion-pair exponent in
the form

10O =Coot) =01 X Clnt)—0.(0)],

quadrature over the nth iterate of (14) yields

6g2(n+3) 0 )
Cn¢n(t) = / . / d&d"ll‘ . ’d£n+1d77n+1
1l+1 0 0

X A2E1p+2m1p ) Ac(2n1p" X 2E0p) - -

XAC(ZEVH—IP+27]n+1ﬁ,)Ac(277n+1P,+2£1p>- (17)
In the limit of large —¢, (17) can be written as ¢,
=t1"‘(n+l)’ and

6g4 g 2(nt+1) poo
Cu= ( > f dr -
n+1\167%*m? 0

0 l2 —1 l2 —1
X/ dnn+1|:£1771+ "-} L ]:n'n+lgl+ “:] ) (18)
0 m? m?

where we have rotated each of the £ contours by —ir
in order to cast the multiple integrals of (18) into
positive-definite form. These integrals may be estimated
in a simple way by transferring the regulator dependence
from the denominators to the lower limits of integration,
to obtain the quantities

/ déy- - / R R P K TN e K PRt
l/m l

/m
(m 2(n+1)
=\ ’
l>

where we may make the identification [~p;t. In
this way, one finds C,~[6g/(n+1)]G"*, with
G=(guc/16m*m)?. Summing over all #>1, the large —!
behavior of the unsubtracted (17) has the form

—6g[G/ti+In(1—=G/t2) I~O0(G*/t2)
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and gives a negligible contribution. If one thinks® of
ui~|t| for large —¢, then G/t;~const, and these
terms could contribute a finite amount to the soft
exponent. In neither case do they represent a significant
addition to the ¢ dependence of the lowest-order
exponent Fy(¢) calculated above.

The net effect of these higher iterates is to produce,
at large —¢, a finite addition to the renormalized
exponent of amount —3_,_1* F,(0), where

6g* g 2(n+1)
(o)
n+1\1672m?
with

0 0 ZZ —1
In=/ dEl‘ . / dﬂn+1|:(§1+771)2+ —:| te
0 0 m?

12711
X usrer+—] . a9)
m

F(0)=Cyn(0) =

In arriving at the positive-definite forms of (19),
a rotation of each of the £; and »; contours of (17) by
an angle —i3w has been made. As described in the
Appendix, upper and lower bounds on 7, may be found

in the form
T m\ 2t m 1 2(n+1)
_—— >I,,>(——————> , (20)
(2\/2 z) “TN I V120

and since these are similar in structure, we may take
an optimistic value of I,~ (m/I)***D to overestimate

the sum as
1
)-¢|
1-G/ . 1.

If again pc~m, g/4w~14, then G~ (g%/4r)(47)3K1,
and Y ,—1® F,(0)~4.6, which roughly duplicates the
contribution of Fo(0), with the effect of giving an
essentially zero form factor at infinite momentum
transfer. A value of I, closer to its lower bound would
give less damping, which would then be due principally
to Fy(0) at infinite momentum transfer. For large but
finite —¢, the fractional falloff is controlled mainly

by Fo(t).

£ POz og| (21)

IV. SUMMARY

Although a thorough study of these effects cannot be
claimed here, it is difficult to reproduce the existing
large-momentum-transfer form-factor data using the
soft-pseudoscalar-pion-pair contributions alone. There
are, of course, other soft-meson processes*!® which
give a quite respectable fit, and it would require very
precise measurements to be able to untangle the
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different damping mechanisms. Hence, there is at
present no compelling argument in favor of such soft
pseudoscalar contributions—which, in the light of
chiral cancellations and the efficacy of soft chiral
pions in other contexts,® is no surprise. The use of
pseudoscalar theory to illustrate possible momentum-
transfer-dependent damping effects is probably some-
what artificial, in the sense that an almost-chiral model
of soft pions would really be more appropriate.
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APPENDIX

(a) An upper bound on I,, may be written in the form

0 ) l2 -1
In<[ déa- - / d’ln+1<512+1712+ *) cee
0 0 m?

l2 -1
X(ﬂn+12+512+ —> )
m2
and each integral over the £; variable replaced by

+o0
[ GE(E A (E A =3r[ A s(Aat-An) T,

-0

where A2=7’+2/m?. When each factor of A,+Aj is
replaced by its smallest value 2//m, the remaining »;
integrations can be performed, and yield the upper
bound of (20).

(b) A lower bound on 7, may be written in the form

* «© I\—2
In;/ dzl' * '/. d?’]n+1<£1+771+ —> oo
0 0 m

I\—2
X<Wn+1+£1+ '_"> )
m.

or, changing to a primed set of variables,

I,,Z/ dm""/ dnn+1'/ dtye -+
l/m lim 0

X/ Aenp1(Ertni )72 - (pgd/ +£1)72.

0
But

(E+na)? (B0 ) <{LE+3 (e +n0") P+-3mame'}?
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and therefore

]

FRIED 2

-oC
I.2 /dm" ’ '/d’?'ﬁl/ day: - / dxpa (2250102 )72 - - (g5 0apami)
(02" 4n2") 3 (mt1"+m”)

Z/d’“" ’ '/d’?n“l/dxl' : '/dxn+l(x1+%(m’nz')‘”)"“ @ngrt G )V

= [and-- [ an Tl Fnd) - ontnd T

1 —6
> @) / dnt - / dns {V—Z[(n{)”%(nz')“?]} .

3

>

which is the lower bound of (20).
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Threshold Theorem for the Radius of the F,y Nucleon Form Factor*
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We develop a method for expanding the absorptive part of the sidewise dispersion relation for the nucleon
Fay radius. We assume that a threshold expansion is valid and we are able to obtain the exact first-order
terms in this expansion in the limit of the pion mass going to zero. We are able to prove that the first-order
terms in this expansion come solely from the -V intermediate state. Thus, the expansion provides justifica-
tion for the retention of only the =-N intermediate state in a first attempt at describing the radius, as in
Drell and Silverman. Furthermore, the expansion provides a handhold for attempting to estimate the
corrections to the first-order term coming from the 27-N and higher intermediate states. It must be empha-
sized that we are not providing justification for the assumption of threshold dominance. We are trying
to follow that assumption to its logical conclusion. That is, if the threshold dominance idea is good, then
a threshold expansion provides a logical way to calculate low-energy parameters. We have provided such

an expansion for the Fyy radius.

I. INTRODUCTION

N this paper we develop a method for expanding the
absorptive part of the sidewise dispersion relation?
for the nucleon Fqy radius. We assume that a threshold
expansion is valid and we are able to obtain the exact
first-order terms in this expansion, in the limit of the
pion mass going to zero. We are able to prove that the
first-order terms in this expansion come solely from the
7N intermediate state. Thus the expansion provides
justification for the retention of only the #-N inter-
mediate state in a first attempt at describing the radius

* Work supported by the U. S. Atomic Energy Commission.
1 A. M. Bincer, Phys. Rev. 118, 855 (1960).

as in Drell and Silverman.? Furthermore, the expansion
provides a handhold for attempting to estimate the
corrections to the first-order term coming from the 27-V
and higher intermediate states.

We now repeat the preceding in a more mathematical
way.

The sidewise dispersion relation! for the Fay nucleon
form factor is

CY

Fay(EM?) = — o

™

1 /°° d(W?) Abs Foy(12,W?)
(M+p)?

2S. D. Drell and D. J. Silverman, Phys. Rev. Letters 20, 1325

(1968).



