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A systematic study is made of the relativistic analog of the eikonal expansion. Approximate amplitudes
are obtained for the scattering of a high-energy projectile ofF a single particle and o6 a compound system.
For the two-body problem our results are valid for all momentum transfers, while for the three-body ampli-
tude we obtain the relativistic analog of the Glauber formula.

I. INTRODUCTION

HE study of very-high-energy scattering in rela-
tivistic quantum mechanics is interesting both

because of its direct application to phenomenology and
because one hopes that the underlying theory may be
relevant to the real world. Since there has recently been
a great deal of interest in both of these applications, it
seems worthwhile to make a more systematic study
into certain aspects of the problem.

The relativistic eikonal expansion will be discussed
for both two- and three-body scattering processes. 'The
spirit of our approach will be very similar to that of a
related work on the nonrelativistic problem. ' Our
procedure here will be to develop a systematic expansion
for the relativistic Green's functions and to use these
approximate Green's functions to evaluate a selected
sum of Feynman graphs. These approximate propa-
gators can be used with a functional approach' ' or a
graphical approach with careful counting. " This
latter procedure becomes very cumbersome when
corrections to the leading terms are evaluated. There-
fore, me have chosen to present our results using the
more convenient functional methods.

In Sec. II, the asymptotic solution of the Klein-
Gordon equation mill be discussed, and the analogous
expansion of the Green's functions and resolvents will

be presented. In Sec. III, several eikonal expansions of
the T matrix will be presented for one- and two-body
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scattering, including one which is valid for all momen-
tum transfers. This discussion is extended to the scat-
tering of a projectile from a two-body bound state in
Sec. IV. In Sec. V these results are briefly compared
with the familiar nonrelativistic ones.

where
(g+m'+A)p= (m' —p') p,

If the solution is written in product form,

0(*)=p(*)v (*),
then the modulating factor p satisfies the equation

( +m'+g ps 2ip 8)p(x) = (—m' ——p') . (2)

The boundary condition is that p equals 1 if 3 is
zero. In the limit that p gets large, it would seem
natural to solve for p by treating the term as a
perturbation. The lowest-order equation is

(m'+A p' 2ip a)ps
——(m' ——p')—

II. ASYMPTOTIC SOLUTION OF
KLEIN-GORDON EQUATION

In order to carry out the program outlined in the
Introduction, a systematic expansion of the solution to
the Klein-Gordon (KG) equation must be developed.
The procedure will be to sum the leading terms at high
energies using familiar eikonal methods and then
develop a perturbation expansion about the zero-order
result. In working with this approach, one should be
cognizant of the fact that such asymptotic series can
fail for (at least) two reasons. The series may not con-
verge and/or the integrals defining the coefficients may
not exist. In this latter case, it is sometimes possible to
rearrange the expansion. Such a procedure was carried
out in I and it also improved the convergence of the
series.

I et us first solve the",KG equation in a scalar external
potential A. The vector case will be treated later. For
generality, the equation mill be solved off the mass shell
and is written as
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and its solution is easily seen to be

po(x) =1 i—

where

dr A(x 2—pr) exp[ —iX,(x,r)], (3)

X,(x,r) =r(m' —P')+ dr' A(x 2pr—').

propagators and the formal approach developed in I
will allow considerable Qexibility in expanding the
scattering matrix. Since considerable insight has been
developed in the nonrelativistic problem in the use of
such expansion methods to improve convergence, this
fiexibility may prove very useful in the relativistic
discussions.

The eikonal Green's function in an external field C is

On the mass shell, the integral defining po becomes a
perfect derivative, and one finds G„[Cj= —i dr 6(y —x—2Pr)

po(x) =exp —i dr' A (x 2pr'—)
)&exp[ —zX(y, r) —2irP'), (9)

the familiar-looking eikonal result.
The equation satished by p&, the first-order correction

to po, is
(m'+A —p' —2ip 8)pg ———Clpo,

and its solution is

where p is the momentum about which the exact
propagator has been expanded. It is not necessarily on
the mass shell. The eikonal phase X is either X„or X„.

The resolvent for the KG equation in the eikonal
approximation is

Pp= Rpq p= (1+G„[C]C)o', .

p, (x) = —i dr exp[ —iX,(x,r) j po(x 2Pr). —(5)

The integrations are easily carried out and one finds
the expected result

4p= pote,

po(x) = 1 i dr—2P B(x—2pr) exp[ —iX„(x,r)], (7)
0

where
T

X„(x,r) = r(m' —P')+ dr' n B(x—n7'),

aild
n„=21„/s"'

lt may be convenient to include the 8' terms in the
lowest-order problem in which case X, is changed in an
obvious manner.

The first-order solution is easily found, and the
expansion in this vector case is in inverse powers of po,
just as in the scalar-exchange problem.

The Green's function for the linearized equation can
be read off from the solutions for po and p~. Using these

Since the r integrals scale with the magnitude of p, this
is easily seen to be an expansion in inverse powers of po,
or, equivalently, Po+ ~ p (

.
In the case of a vector potential 8„, the solution to

the KG equation follows in the same way as in the
scalar case. It is convenient to choose the perturbation
in a different way, however. The equation to be solved is

[M' —(iol —B)'gP= (m' —P') p. (&)

Introducing again the product form for P, the equation
to be solved for p is

(cV'+2P B P' 2ip 8)—p —(—m' —P')
=(—g+B' iB B iB 8)p.— —

Choosing the operator on the right to be the perturba-
tion, the lowest-order solution for p is

where po has been given above.
The exact propagator g and the eikonal propagator

G„ in an external potential are related by

g —I
g
—1

and in the scalar case, Np=(p —i8)'. This is the
perturbation that must be used to improve the eikonal
expansion. For example, one 6nds

g= (1—GpNp) 'G„,

and the exact resolvents can be written as

r=1+gC=Rp+gNp(R„1)—
rr= 1+Cg= Rpr+(Rpr 1)lVpg. —

III. T-MATRIX EXPANSIONS

A. Single Particle in External Field.

Using the previously derived relations it is a simple
rnatter to obtain various forms of the eikonal expansion
for the scattering matrix. First, consider the form for T
expressed in terms of the Anal-momentum eikonal
resolvent Ef,

7"= r~C= RrrC+ (Rfr ])N~gC. —

Now if g is expanded eikonally about the initial mornen-
tum, that is,

gC= (1+gN~) (R;—1),

then the T matrix achieves the familiar form

T= RfrC+(Rgr 1)Nr(R; 1)——
+(Rrr 1)NrgN, (R;—1) . (12)—
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This is the form derived in I. The first term is the usual
eikonal amplitude and the second term is the Saxon-
Schiff correction. The third term is the remainder ex-
pressed in terms of the exact Green's function g. One
can also proceed by expanding the resolvent in terms
of R; rather than Rf .

To simplify the writing of subsequent formulas, it is
convenient to introduce a parameter a in the phase
integrals by defining

individual particles in external fields and connecting
them in an appropriate way. This can be done in a
straightforward graphical approach or by using func-
tional techniques. The functional approach of
Schwinger, ' as used by Abarbanel and Itzykson4 for the
eikonal problem, is quite convenient, especially when
evaluating the corrections to the eikonal result.

The scattering of particles one and two via the ex-
change of quanta with propagator and coupling con-
stant Dg' can be written as

C1= dr C(x—2p;r) (ig'D5—T2(c)
k sc Q=O

(15)

dr C(x+2Pfr) .

The first two terms in the expansion for T become

T=Ie 'c*+(e 'c 1)IV;(e —'c' 1), —(13)

Vertex corrections and pair effects have, of course, been
neglected.

As an example of the above procedure, let us derive
the Levy-Sucher form for T». Using the result in
Eq. (14) for Tq, and the fact that

where I= i8/—Ba, and the limit a~0 is to be taken
once the derivative has been performed.

The form of the scattering amplitude given by Levy
and Sucher can be derived by considering the identity
Pfote addedin proof Asimilar de.rivation has been given
by D. R. Harrington, Phys. Rev. D 2, 2512 (1970).j

1

Tg2 ——ig' dkr2 (Xg'I)D)Dr2pg'IgD).

(16)

dx r'(xc)cr(xc) .

If rr and r are expanded about pf and p;, respectively,
the Levy-Sucher form emerges as the lowest-order term
and the corrections are easily written down. The lowest-
order result is

The use of the eikonal approximation for r2 and r2 now
yields

T —ig2 dgdxdy D(x y)oi261'x+i262'y ixg L1DL—2 (17)

~here

1

TLs —— dx dA C(x)e"~ ' *"~c,
where the phase L~DL2 is a function of the relative

(14) coordinate s=x—y only, and is an integral over the
proper time along both sides of the ladder:

d r [C(x+2Pfr) +C(x 2P, r)]— LgDL2 —— drdo[D(s+2P~fr 2Pgfo)—
=Cf+C'

and the integral over X is easily evaluated. The momen-
tum transfer 2A has been introduced for (Pf—P;). The
symmetry of this form for the T matrix in the initial
and final momenta might lead one to expect that it
would be more accurate for large momentum transfers
than the conventional eikonal. Unfortunately, this does
not seem to be the case. A rough estimate of the correc-
tions to the Levy-Sucher form of T leads one to expect
them to be as large as the corrections to the ordinary
eikonal although special cancellations in particular
problems cannot be ruled out.

B. Two-Particle Scattering

The scattering of two relativistic particles can be
derived by using the above results for the scattering of

+D(s 2Phr+2Pgio)+—D(s+2P, fr+2Pe, o)

+D(s 2P„r 2P,„o)J— —
—Dff+Dii+Df i +Di f (18)

This is the Levy-Sucher form for T». The corrections
corresponding to the Saxon-Schiff term in the ordinary
eikonal are easily written down.

It is also easy to write down the two-particle ampli-
tude using the standard eikonal expansion given in
Eq. (13). For small momentum transfer, only the erst
term in the expansion of each T matrix need be kept,
and one obtains the usual eikonal approximation.
However, it is possible to derive an expression which is
accurate for all momentum transfers by retaining the
first two terms in the expansion of each T matrix. The
important point is that at large momentum transfers it
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is advantageous for all of the niomentum to be trans-
ferred via the exchange of one hard quanta, rather than
having two or more quanta each carry across a fraction
of the transferred momentum. This is because the
propagators of the exchanged quanta fall off like a power
in momentum space, so D(462)D(0)))D(62)2 for large
values of A2. This is analogous to the situation in non-
relativistic potential scattering which was discussed
in I.

Expanding each T matrix about the initial momen-
turn, we find

T»=IlI2e '"D'*+Il(e 'g'D*' 1)N2 (e—'"D'*—1)
+I2(e '"D ' 1)—Nl (e '"D" 1)—
+[(e ~g D~~ 1)e—il7 (D '+D'i)

+.(e ig2Df' 1)(e
——iggD'& 1)5

0(Nl;N„(e *'g'D*' —1)+ . . (19)

'~z P+k-'~ah" I
I

p-A

~~~P-k+ f~2~

~lpP+k+ ~/pg
5 I

i~~P- k+ ~/2w

4 I
I I

I I

I
I

I I
) I

I I I I I

(a)

I

I

I I

I
I

~ti~ P+k-&~a ~

p+Q

~

~'4P+k+q-'~~8
I

p+Q

In writing the last term in Eq. (19), we have made use
of the fact that D~i and D'~ cannot carry a large
momentum transfer since that would imply that there
are at least two large scatterings. As a result, the
derivatives in the E's need not be applied to these
terms. By expanding the single-particle T matrices
about either or both of the final momenta, one obtains
three other expressions for T~~ which are analogous to
Eq. (19). It is convenient to take the average of the
four terms. One then finds

~I T T I —ig2g)ii I ~
—ig2Di f I —ig2Dfi I —.i g2D~f

+ 1iIl21 [(e iggD'& 1—) (e iggD" 1—)
+(e—'" "—1)(e—'"D"—1)5

+ '6'I [(e—*""*—1)-(e
—*'" '*—1)

y (e
—iggD —1)(e

—ig2D' 1)5
+ 2 7724(e ig2D&f 1)e ig2 (Dfi+D—47' ) (e

—ig2Dii —1) (20)

IV. SOUND-STATE SCATTERING

Our previous discussion can easily be extended to the
scattering of compound systems. The types of applica-

For small momentum transfers, only the first term
in Eq. (20) is important and it reduces to the ordinary
eikonal approximation. For momentum transfers large
compared to the masses, all terms in Eq. (20) are
comparable. In the latter case, Eq. (20) has a simple
physical interpretation. The two pa, rticles come in along
their initial directions, building up the phase g'D".
They both undergo a single large scattering and leave
building up the final phase g'D~f. The only difference
between Eq. (20) and the nonrelativistic case discussed
in I is that here it is possible for either line to emit a
soft quanta before the large scattering which is not
absorbed by the other line until after this scattering.
Such events give rise to the phases g'Dfi and g'D'~.

The errors in Eq. (20) can be estimated using the
techniques developed in I. If p, is the mass of the
exchanged quanta, then the error is of order p2/s+ 644/s.

(bj
I'io. 1. (a) A typical single-scattering diagram.

(b) A typical double-scattering diagram.

tion that we have in mind are models of high-energy
hadron-hadron scattering in which the hadrons are
viewed as compound objects, and the scattering of
elementary projectiles off nuclei. In the former case,
one of course wants to treat the bound-state wave
functions covariantly.

In order to keep our discussion as simple as possible,
we shall restrict ourselves to the interaction of an
elementary projectile with a two-body bound state.
However, the generalization to more complicated
systems should be obvious. Similarly, we shall restrict
ourselves to the region of small momentum transfer,
since the general formulas are rather lengthy.

Typical diagrams are shown in Fig. 1.In the language
of Glauber, Fig. 1(a) corresponds to single scattering
and Fig. 1(b) to double scattering. In each case the
lines of the exchanged quanta are to be crossed in all
possible ways. The circles in Fig. I represent the form
factors of the bound state X. They are related to the
Bethe-Salpeter wave functions + by

0'(k; P) = GlG2&

[(1P+P)2 m25 —l[(1P /4) 2 m25 lx($ P)—
where I' and k are, respectively, the total and relative
momenta of the bound particles. We shall refer to the
bound particles as 1 and 2 and to the projectile as
particle 3. To simplify the kinematics, we have taken
the bound particles to have the same mass M.

Let us start by considering scattering via the ex-
change of spin-one quanta. It is convenient to leave the
integration over the loop momentum k defined in Fig. 1
until the end. Then each of the scattering particles can
be thought of as having a definite momentum. The
relative momentum between each of the bound particles
and the projectile will be large except for these values
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~ pyg)@(k ~~P (2P+k)

d ~2d g3D23d,dr3Di3+ P2'Xexp zg

(2 )'

)(g„(2a)+~ (2+))L-(iP k)' —m'

theip+k and P3 Pwhere Pi=~ . '

y he written as

iP k, P2=r
preevlpuS not n 112may

(21)p. P P(2&k )(g»(2 cL) +&»(2

4 . 'P+k)-(22) H

whel e

g24. b(~ 5 4(4b4) 1) ),,(2A) =

&&2 g(2p q)E (0+X &~

F . (25] functions lnt of the twp el
isslon of one

The coefficlen o
litude fpr the emlsco nized as the amp

bound particles. 0vector quan
f ll mp/jtude ls gleading prder in

d gy4f'2(b) 4p. (ip+k) g

(26)p=ai+&~.

jnlscent of1 25)~ a"
' ~cult to

(26) are remialthough Eqs ( '
uch m«e d'+the Glauber equation y

The difficult ls tha
muc

~ t thepresent form
d pt combjne to

m lltu es ol- the em»»o
f course, amount pfthe bound state. 0

el greater as
quanta by t e

b mes p«gresslvey g-e uire ecom
d s steIns.

; formation eq
l; ted compoun

21)
nsjders more

ln which Kqsa,ere are two lmp
hen the bpund-sta ed (25) do simp y'
„clat'vistical v

ljf . One ls w en
1 as jn the

The other I
t ect, fpr e»mple,e as pne might e P(24) ranger a

mpdel.

(23)2 —1d~q ~
—'~'(P, 3 +'0

ithed between theuanta exchange
.3. p ls

Th mass of the q
'1 s denoted by I"article and the p J

fpr the emlsslpn

IB
10 eCtl e ls

~

of athe fprm factorrecognized a,s t
b the bpund state.

ale Illustrated ln FI~
ca,ted. It is given by

*(k P+A)4(k+q,d4kd'q 4'H, =
(2')

—S~(—e~T 2' r))&(—'P —k+i~A, 2P+k+~A, — —~ Ta2

such wherefor supf p pn th e prder o
e functions w I e

4 d 4

k thehound-state wa
ll be no contribu- lt =ig'byat eas t a facto«f s,

f the amplitude. As a

+D23(x—~)
( ~)

1] of the tech»qu
h of the scatteringprp U eI11

;„a stralg
ared nd

QO

pa, rtlC eS propaga, tes i
t re small comp an

.
d 2, .g, (z—2p;r)

pse mPnlen a a

~ ex

momentum
- frame in which the

t~t~s jn which the

™
are pI ane-wave

put the

p nd p are paralle, a
eral four-vector

The pets
~ pip2P' a

shell Carrying o"

their direction
two-djmenslona

particles are o
'

ld

h re &=—(k»k"
=O one has

t nal derivatives y'unc lpn

P a)
ie-scatteringThe sum of all g

b written down '

(2~)
1 a), canillustrated ln Flg

~e fj.nd

——-'6 -'P+k+q —',6, p a)&& l-'P —k —
q
—~~~ r

As=D



RE LAY I V I ST I C E I KONAL EXPANSION 3029

A. Nonrelativistic Bound State

I et us erst consider the nonrelativistic limit. Ke shall
work in the Breit frame where P= ((m'+X')'"; 0,0,0)
and m, =2M —e, where e is the binding energy. The
nonrelativistic (NR) wave function is related to the
Bethe-Salpeter wave function by

dkpqr(k; P&6) .

If e and the inverse range of the binding force, p, are
much smaller than M, we may write

q'Na(k; ~&)

1
dkpGiGpx(k, PWd, )

2''

—=q Na(k) .

It is also useful to introduce the three-dimensional wave
function

P+e,(~, k„P~~)= dk e(k, P~~)
27ri

P+
dk GgGpx(k, P&A).

27ri

If the binding forces are of very short range, then one
can do the k integration by picking up the poles in the
free Green's functions and ignoring the singularities
in X. We then find

q;(~, x; P~z)=xe(1 —x')[m+-', (1—x)(~+-,'~)'
+2(1+x)(~—p&)' —-'(1—x')P') '

= q+(x,x),

where we have written k+ ——', xP+. Un-der the present
assumptions the k and q integrals in H» and H2 can
be evaluated and give

In other words, in performing the kp integration it is

only necessary to pick up the poles in the free Green's
functions. Those in X can be ignored to lowest order in

p/m and p/m. Using the same reasoning in the integrals
of Eqs. (21) and (25) allows the kp and gp integrations
to be performed. We find

H, =4p PM q Na*(k) qrNa, (k —&)
(2pr) '

x[E»(»)+Epp(»))

Combining the above equations and going to coordinate
space gives

H = iM(s n) —d'rd'b—
~
qrNa(r)

~

'e "~'b

d'k d'q
Hp —4P .PJiff q Na*(k) O'Na(k+ q)

(2pr)' (2n.)'
xiE»(q+ a)E»(q —a) .

Hg=4p P
d2~ ' dx—(1—x&)q,*(~,x)q (~—~, x)

(2pr)' g 8

X [Earp(2cL) +Epp(25 )], (28)

d2~ ' dx
H, =4p P —(1—x')

(2pr)' i 8

X %+*(x,x) q+(x+ q, x)
(2s)'

XiE»(q+a)E»(q —a). (29)

The total amplitude H becomes

X ([iE~p(qi)+(2pr)'b(qg))[iEpp(qp)+(2pr) '5(qp))

d g»d g2
H = —i(s —I) —b(q&+q& —24)~F(q& —

q&, 2A)
(2pr)'

F(q,2a) =

B. Short-Range Binding Forces

where VNa(r) is the Fourier transform of VNa(k). where

Equation (27) is, of course, just the Glauber formula

with relativistic kinematics for the projectile.

-(2 )'b(qi)b(q)}, (3o)

d2k'dx—(1—x') — 4'+*(x,x) q+(x+-',q, x) .
g 4 (2pr)'

The second case in which our results simplify is when

the binding forces are of very short range. Here it is
most convenient to work in the center-of-mass system.
Ke take the s axis along P and introduce the variables

kg= kp&k, .

It should be noticed that the vector form factor of the
bound state is given by F(2X,2cL). Thus, although

Eq. (30) represents a considerable simplification of the

general result, it is simply not possible to express the
scattering amplitude in terms of the on-shell two-body

amplitudes and the vector form factor.



3030 R. BLANKENBECLER AND R. L. SUGAR

In the limit of infinitely short-range forces, X —+ l.
In that case the function F becomes

~((lz —(lz») =
(2zr)' 0 0

when the wave function can be treated nonrelativisti-
cally. Then the bound particles cannot get far off the
mass shell without the wave functions falling off. As a
result the previous techniques do go through and one
obtains Eq. (27) with 8;z replaced by ();z/2Q( —sm).
Again one finds the Glauber formula with relativistic
kinematics.

which is just the impact factor of Cheng and Wu. 7

Since it is probably easier to parametrize the
coordinate-space wave functions, we shall rewrite our
results in terms of them. %e find

p. (-,'P+i&)
Jl= —z(s —zz) d'xp I'5(p x) + ii(x)

~ P

y ~2ik
b[~izga

(b+~xi)+i523 (b——.', xi ) 1]

The |I(p x) reduces the x integration to three dimensions
and should greatly simplify the parametrization of the
wave functions.

It is interesting that our results do not hold for the
exchange of spinless quanta. This is not important in
practice since these amplitudes go to the Born approxi-
mation at large energies, but it does illustrate the fact
that one must use care in applying the functional-
derivative techniques. It is always essential to ascertain
whether the leading behavior of the amplitude really
corresponds to straight-line propagation of the particles.
One can see that this is not true in the case of spin-zero
exchange by looking at the single-scattering diagrams
in momentum space. It is clear that the leading behavior
comes from the region k 2P, i.e., when the non-
interacting bound particle carries all the large momen-
tum. Then even though the momentum of the exchanged
quanta is small, it cannot be neglected with respect to
the rnomenturn of the interacting bound particle. Thus,
the entire expansion procedure breaks down. In the
case of spin-one exchange it is prohtable for the large
momentum to be shared by the bound particles because
of the momentum factors arising from spin-one coupling.

For exchange of spinless quanta, the only case in
which we have been able to obtain a simple result is

V. CONCLUSION

For two-body scattering, the relativistic and non-
relativistic eikonal expansions are strikingly similar.
Both rest on the fact that it is most favorable for a high-
energy particle to propagate through the interaction
region in a straight line. In the relativistic case the
high-energy particles interact via the exchange of
quanta whose momenta are small compared to their
own. Since the propagators of the exchanged quanta fall
off in momentum space, scattering in all but the forward
direction is suppressed at high energies. For those rare
events in which large-momentum-transfer scattering
does occur, it is most favorable for the large momentum
to be carried across by a single hard quantum. All this
is in exact analogy with the nonrelativistic case.

The eikonal approximation for the scattering of a
relativistic projectile from a bound state is virtually
identical to the nonrelativistic Glauber formula pro-
vided the bound-state wave function can be treated
nonrelativistically. Only when this cannot be done are
there added complications.

The major difference between the nonrelativistic and
relativistic eikonal expansions is that in the former case
one has obtained an accurate approximation for the
entire amplitude while in the latter one only has an
approximation for a subset of Feynman diagrams. It is
certainly not true that all Feynman graphs are sus-
ceptible to the eikonal approximation; the interesting
question is whether those graphs that contribute to the
leading asymptotic behavior are susceptible. In this
respect it is encouraging that Feynman graphs corre-
sponding to the exchange of more complicated objects
such as Reggeons can be treated using the ideas
discussed here "

"H. Cheng and T. T. Wu, Phys. Rev. 180, 1611 (1969); S. J.
Chang and T. M. Yan (unpublished); G. Cicuta and R. L. Sugar
(unpublished).


