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Lagrangian. By adding more and more multiplets into
the vector P, we get a, more and more complicated
system. However, in the construction of the breaking
term uv+cue, more and more parameters a,re involved,
and we feel that some principle is badly needed to
curb this population explosion.

Finally, we would like to mention that we have not
treated the problem of scattering, as the results are
just the well-known ones of current-algebra calculations.
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The Chew-Goldberger-Low type of multiperipheral integral equation has been derived in terms of
invariant variables, without assuming subenergies to be large compared with momentum transfers and
particle masses. Both forward direction and nonforward direction have been worked out in detail, and the
multiperipheral model with Toiler-angle-dependent vertex functions has been discussed. We have further-
more demonstrated that all the qualitative physical properties of the model proposed by Amati, Bertocchi,
Fubini, Stanghellini, and Tonin in 1962 remain true in this generalized multiperipheral model.

I. INTRODUCTION

S INCE early 1963' the multi-Regge model, which is
one kind of multiperipheral model, has been used

with some success to describe production processes at
high energies. Since 1968 two new developments have
made this model more attractive. One is the "duality
hypothesis" proposed by Dolen, Horn, and Schmid' and
extended by Chew and Pignotti'; another is the
phenomenological model for production processes pro-
posed by Chan, I.oskiewicz, and Allison (CK,A).' The
"duality hypothesis" asserts that if we extrapolate the
smooth high-energy Regge representation down to Iow

energy, the Regge representation gives a certain semi-

local average over the resonance peaks. This duality
simplifies multiperipheral calculations enormously. The
phenomenological CGA model supplements the multi--

Regge model with the assumption that the structure of
nonresonant low-mass clusters is governed only by
phase space. The Ck,A model has been used to analyze
data for vr+P —+nvr+P, E P —+nrr+A, PP ~PP+nsr,
pp +n7r, and some -other reactions of multiplicities n
ranging from 2 to 9, and at pt, b ranging from 2 to 28

*Work supported in part by the U. S. Atomic Energy Com-
mission.
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GeV/c. ' ' The qualitative agreement with experiment is
very good. Subsequently, Silas, Michejda, and Turnau'
used this model, incorporating the usual Regge phase
factor, to calculate the absorptive part of the two-
particle elastic scattering amplitude. Assuming the
amplitude to be purely imaginary at high energy for
small momentum transfer, their result gives a sharp
momentum-transfer dependence of the elastic di6er-
ential cross section. This result had not previously been
achieved from a dynamical model.

Recently Chew, Goldberger, and Low (CGL) r and
Halliday' have proposed a multiperipheral model which
contains the multi-Regge or Ci,A models as a special
case, and also leads to a unitarity integral equation for
the elastic amplitude. The method of deriving this
equation is very similar to the method used by Amati,
Bertocchi, Fubini, Stanghellini, and Tonin in their
1962 papers (the ABFST model).
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However, in Refs. 7 and 8 and also in later papers, "
almost all" "derivations have assumed subenergies to
be large compared with momentum transfers and
particle masses, either right at the beginning of the
ca,lculation or at the time of writing down explicitly the
kernel and limits of integration of the integral equation
in terms of invariant variables. The assumption of high
subenergies is unrealistic and hard to justify even if the
duality concept is valid, because experimentally we
know that most of the time in production processes at
least one subenergy is not large.

In this paper we study the CGL type~ of multi-
peripheral model in detail, using invariant variables.
In both the forward and nonforward cases, all the limits
of integration and the kernel of the integral equation
have been worked out explicitly, without assuming that
any subenergies are large. Furthermore, we have
demonstrated that all qualitative physical properties-
the logarithmic increase with energy of average multi-
plicity, and the energy independence of both the in-
elasticity and the transverse secondary momentum
spectrum —remain as in the ABFST model. ' The only
ingredient necessary to show these properties is the
existence of an integral equation with "short-range"
correlated kernel. Equally general is Regge asymptotic
behavior for the solution of the integral equa, tion. This
point is crucial for bootstrap theory.

In Sec. II, the CGL type of multiperipheral model is
studied in detail for the forward-direction case; then
the results a,re generalized to the nonforward direction
in Sec. III. In Sec. IV, we show that our results in Secs.
II and III reduce to the previous high-subenergy ap-
proximation results when all subenergies become large.
In Sec. V, we demonstrate Regge asymptotic behavior
and show that all the qualitative physical properties
obtained from the ABFST model continue to hold in
the CGL model. In Sec. VI we discuss the possibility
that the internal vertex functions have Toiler-angle
dependence. Section VII presents some concluding
remarks about this general multiperiphera, l model. The
detailed mathematical evaluation of certain boundary
functions, defined in previous sections, is contained in
the Appendices.
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in terms of group variables.
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I'iG. 1. Production process a+b ~ 0+1+ . .+(++1).

II. INTEGRAL EQUATION AT
FORWARD DIRECTION

Let us parametrize the production amplitude T ~"
for the process" (see Fig. 1)

a+6 ~0+1+2+ +(n+1)

by the following Inultiperipheral model expression:

(2.1)

2'.b"(p. p» po,p4 ",p.+~)

=2 ab (p pb Ql Q2 ~ Q»~1)

=G.(p.,e.)f(-p.,e,e.)~(e,e.)f(e,e.e.)
xf(e.,e-. ,p.)G (Q-„p )

In terms of invariant variables (see Fig. 1),

2 ab (pa& p b & Ql&Q2»~ ~ ~ Q»p1)
= G.(m. ', tg) f(eg, m, ', tg, tg)P(tg, t2)

Xf(~2& I& 2& 3)P(t2& b)' ''P(t &t +1)

X f(~n+1&tn&tn+1&mb')Gb(tnql&mb')
&

(2.3)

where t;=Q, ' is the ith momentum transfer and
b;2=(P, &+P,)' is the ith subenergy squared, G, and
Gb are the "external" coupling constants while p(t, ,t,+~)
is the "internal" coupling constant at ith vertex. The
function f depends on the specific model.

The description "multiperipheral" means that either

l P(t;,t;+q) l

' or
l f(e;,t; z, t;,t;+~) l

' decreases rapidly when
any one of the t's becomes large and negative.

The unitarity relation tells us that A, b(P„Pb, 0), the
imaginary part of the ab forward elastic scattering
amplitude, will be equal to

A, b(p. ,p b, 0) =—p A „b"(p.,p b, 0)

12'.b"(p.,pb, Q~,Q2, &Q.+D I
'dc'.

& (2 4)

where dC,„ is the phase-space element for the (n+2)-

"Here, for simplicity and clarity, we have assumed all the
particles involved to be spinless, isospinless, and nonstrange
meson s.
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the recursion relation between 8 " and 8," ' to be

~."(P.Pb Q-+i 0)

d'e„a." '(p—.,e.~i; Q. ; o)&(Q- Q-+i Pb)
(2ir)'

withFzo. 2. (a) A &"{p„ps,0); the contr&but&on to the absorptive
part A b at forward direction from the (n+2)-particle inter-
mediate state. (b) 8„"(p,,pq, Q„+1., 0): the contribution to the
modified absorptive part 8, at forward direction from the (n+2)-
particle intermediate state. (c)

~
Gb(g~+i, pb) J': the absolute value

squared of the external coupling constant G&.

&(Q,Q +i,pb) =
I P(Q,Q.+i)f(q,en+i, pb) I

'. (2.7)

If we define

particle system,

d4„= 6+(P '—
Ib ')d'Psb+(Pi' Ibi')d'Pl-

(2ir) sn—1

~.(p. p Q" o)—=2 &."(P-P Q" o)
n=O

we can derive the following integral equation for 8
from Eqs. (2.6) and (2.8) (see Fig. 3):

&.(P-Pb Q" 0)=&.'(P. pb'Q" o)

X&'(P-+i' u-+i')d'P—+i~'(P.+Pb & P')—
t',=0 + — d'Q'&. (P.,Q"; Q', o)&(O',Q" P )

(2ir)'

=—~'[(Qi+P-) ' —
I o'1

(2~) sn+s with

&.'(P.,P; Q"; o) = IG.(P.,Q")f(—P.,Q",P ) I', (21o)

Xd esp+[(Qb —Q,)'—Ib 'g p+[(Q„+,—Q„)'—Jb„'] and from Eqs. (2.4) and (2.5), we get

and A, b" is the contribution to A, b from the (n+2)-
particle intermediate state.

Just as in CGL, r let us introduce the modified absorp-
tive function 8,"(P„Pb,Q„+i, 0) by (see Fig. 2)

XIG (Q",p )I'&+[(Q"—p )'—I"'j. (2.11)

For practical purposes, just as in ABFST' we wish to
express these equations in terms of invariant variables.
Let us then define the functions A, b(s'",0; t"',m, '),
B.( "'0 t'" t" .'„"') d E( ",t'",t",t', "' ")
terms of A,b(P„Pb,. 0), B,(P„Pb, Q";0), and E(e',Q",Pb)

A.b"(p.,pb, 0)

d'Q+&."(P.p»e.+ 0)IG (Q.+,P )I'
(2ir)'

Xd'Q.+ib+[(P b
—Q.+ i) ' —

I .-bi'),
A.b(P. Pb 0) =—d'Q" &.(P. pb Q" 0)

(2ir)'

Q
///

b /
a

Q
I/

/

I I
I

//
J(Lait I ~ iIp. k JLt

I I
i I I

(// I

Q//

'a p Q///

b
(a)

bg
P

Q// I
/

I

I

I

I
I

(b)
b

Pa

Pa

Q/ Q//

1 T
I I

I I

i'8 iP
I I
I I
I

I

Q/ Q/I

(c)

/

Q/ Ql/ /fP Q//I
b

I

I

Q/ Q/I i
yb

FzG. 3. Schematic representations of (a) 8 {p,pq, Q"; 0), (b)
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X~'[(Q-+i —Pb)
' —

I .+i'3; (2 5)

then from Eqs. (2.1), (2.2), and (2.4), we can deduce
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FIG. 4. The unitarity diagram in terms of invariant variables,
where s'" = {pa+ pal)', s// = (pa+Q")', s' = (pa+Q')', e"= {Q'—p(,)',

//P (Q// p )P ~/// Q///2 p 2 ~// Q//2 ~/ Q/2 P p~"= (O' —Q")'.
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by (see Fig. 4):

A.b(p. ,pb/ 0)—= A.b(s"',0; t'",m. ') I/[(p. +pb)' s"—']tt+[P, ' I'—"]b[p '—m ']d s"'dt'"dm ' (2.12)

B.(p.,p. ; e";o) =-

and

B.(s'",s"; 0. t"' t" m ' /a"') 6[(p +pb) '—s'"]6+[p ' —m ']5[pb' —t"']

X/I[e" 2 —I"]/I[(P +Q")2 —s")g+[(Q"—pb) —y,"']ds'"ds"dt"'dt"dm dt/,
" (2.13)

K(e',e",p.) -= K(»",t'",t",t'I I
"',I ")~[(Q'—Pb)' —»"1~[pb' —t"']~[e"'—t"]

Xg[e/2 t/]pf (Qll p )2 I/2]g+[(QI Q//)2 /2]d Ildtllldtlldtld ll2d /2 (2 14)

For simplicity, we wish to introduce three simpler notations A, b(s"', t"',0), 8 (s"',s"; t'",t"; 0), and K(»",t"',t",t')
by defining

and

A,b(s'",0; t"')=A, b(s'—",0 «"' m ')

g( ll/ ll p. t//I tl/) g f I// // p. «l/I «II 2 I/»)

K(»t"', t",t') =K(»",t'",t" t' "' ")

(2.15)

(2.16)

(2.17)

By using the definition of B,(s"'/s", 0; t'",t"), A, b(s"'0; t"'), and K(»",t"',t",t'), Eqs. (2.9)—(2.11) can be expressed
in terms of invariant varibles. These equations then assume the following forms (see Fig. 4):

1
( 0. « «/) B o( II I 0. «lll tl/)+ B ( /0.

« t)
Sx'

XK( "t"' t" t')e (
"' " ' t"' t" t' ")d 'dt'd "

(2 18)

1
A, b(s"',0; t"') = —B,(s"',s",0; t'", t.")

i
Gb(t", «'")

i
'4I (s"',s" t"' t")ds"dt"

8m'
(2.19)

and if we assume that the production amplitude T,~"

has the form given by Eq (2.3), t.hen 8 '(s'",s",0; t'",t")
and K(»",t'",t",t') have the following corresponding
forms:

s"'= (p.+p )',
s"= (P.+Q")',
"=(p.+e'),
»"= (Q' —Pb)'

m/I p /I

t//I
p 2

]ri
)

«I Q/2

The functions 4'z and 4i in Eqs. (2.18) and (2.19) are
boundary functions defined as follows:

(
III II . «I/I I//)

//r //I II 0. «III «II)
r

=
~ G.(m ' «")f(s'",m ', t",t"') [' (2.2P)

K(",t"',t",t') =
~
tI(t",t')f(.",t', t",t'")

~

'
with

( III I/ I . «III «I/ «I . I/)s )s )s

d'Q'~[e" —t']~[(p.+Q') '—"]
X8+[(Q' —Q")'—y"]/I[(e' —p b)

'—»"] (2.23)

YVe have worked out the functions C ~ and +j in detail
in Appendices A and B. If we assume s'", s", s'))t"',
t", t'; m ', ti", tb"' (see the justification of this approxi-
mation in Appendix B), we can derive the following

asymptotic forms:

4' (s'",s";t'",t")= ( /2s"') O[(s"') '"—(s")"'—t/, "7
XO[(t" . —t")(t"—t", ; )] (2.24)

III /I I . «II/ tll «I I/)
1%S )S )S ) ) ) )6

= (Il2s")o[(s")"'—(s') "'—
I ']

XO[(t' ..—I')(t' —t';.)]
O[» msa» )(»» min)]

d'Q" ~[e"'—I"]~[(p.+Q")'—s"]
X~+[(Q"—P )'—"'] (222)

max & & & min

1 0[(»" .„—»")(»"—»"; )]= —4i(s",s', t",t') . (2.25)
max. & & & min
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An attractive form &s

wit.h

I/ max=

/I
p+ II ////I / i s /s

t",„.„=—co (2.27)

d0 I'I( ~"+C+D coso), ( )
(231)

'" (js'
Il/ II p. till tll)+

16m'

—(s'/s») [—&"+8' /(&—' /a

r$t'B „(s",s',0; t",t')

By using Fqs. (2.24)—(2.31), we can rewrite Eqs.
(2.18) and (2.19) as

(
III II 0. t/// tll)

S

ff

/2

)I

// / // / I/I / / // rill tll tl)max(S / S ) /S

i / « / ~

f t t )I=C—D

(2.28)
maxtl

I I min

(2.29) or
// p .

tl I/ t//)

II till tll tl

max —~ 6 &n~ in

s dSand

///

= t'+t"'+(t "—t"
S

/ //Is
t") —+2l" — (2 3 )I/

S S

Il 0 . till tll) +
16m'

( i/ ») [ I»+p'2/(1 —a'/s )1

dt'B. (s",s', 0, ; t",t')

dy K(&"(y); t"', t,",t'), (2 32 )

with ~//(y) = (' +D cosp/ and

16m'

/f(S II2» Ir»)]

(
/// 0. t « t")

i
G (t" t'")

i
. (233)

In high-energy collisions, if we are only stuaying the
R.egge asymptotic behavior of S~ and A, ~) we can
neglect the B '(s"',s",t'",t"; 0) term in (2.32) or (2.32')
that corresponds to the total elastic cross section
rr"(s'"). We expect, at least in Regge theory, that rre(

will decrease to zero at extremely high energy (at
~el ~tot( &present accelerator accessible energies, 0-, a-

Equation (2.32) or (2.32') then becomes

—(s' !s")[—t+Ijt' /(1—s'/s»)1

16m' 0
S//

)&B,(s" s', 0; t",t')K(s"/s"', s'!s";t"',t",l'), (2.34)) )

where
fl ill I /f ~ ~l/lt ~/I tl )&max (s I s

( // I III I /aII .1/II 1// ]/)minia t a, a

K (
II . till tll tl)

X—
nag)t: 0 0 6 min

S S

S
/I/ II

with
I/ /

S S
I

"( ) = ———t"' t" t' +D, ;t,t, t —cosy.
S S

/// /I /

I If //
S S

III f/
S

The kernel of Eq. (2.34), together with the limits of
integration, has the important scaling property of
b

' t under the group of multiplicativebeing snvarian un er
transformations

/
S ~CS ) S ~CS ) S ~CS

As in ABFST,' this suggests that the solution of q.f E
(2.34) can be expressed by the irreducible represents, tion
of the group. So we write

= s"' s,) b(:o( /s'"s, tp"', t"), (2.36)
B.(s"',s",0; t"', ")
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FIG, 5. Schematic representation of
~ah (PayPbs 6) and Eq. (3.2).
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where sp is a constant. Furthermore, if we set
// s// j /// and / // //

we find from Eqs. (2.34) and (2.33) the integral equation
for b, to be

duction processes at extremely 'g gyhi h ener to show
that many of the properties of the ABFST model' are

p reserved in this more general model.

III. INTEGRAL EQUATION AT
NONFORWARD DIRECTIONS

b..(y",0; t"',t")

(y
/ / ) // (0 ) «y/

16m' 0

—y' f—t "+&/2/ (1—1J ) ]
Ke wish to generalize this model to the nonforwa, r

direction. The unitarity relation tells us (see ig. 5)

with

Xf) (y', 0; t",t')K(y", y', t"',t",t'), (2.37)
with

A.b(p. ,p/„6) = Q A. /, "(p.,p/„5),
n=p

(3.1)

A. ( /'"s, 0; t"')

//(0) I

16~'4 s,

,
&

II [ tilt++///g/ (y +II ) J

A.~"(P.,P ~; A)

2'
/,*(p, 6, p/+6;Q—+A, Q+6, . . . , Q„

Xb:(y",0; t'",t")
~
G,(t",t'")

~

'. (2.3S)
where

X&./, (p pb Qi Q Q pi)«c'. , (3.2)

(236)—(2.3S) are the most important re-Equations &~ .
Jf f // . t/// t// t/)suits of this section. For a speci6ed kernel

and external coupling Gb, we can use these equations to
solve for the leading output Regge pole o/( ). For
example, if we let

,~i+ +in (ti )/ .~6i
f(~' t'-i I* t'+i) =I

sp

then

g( // t/// I// t/)
i
p(t// t/)

i
2i

sp

T'./*(p. —&, p/+&; Qi+&, Q~+~, , Q +i
= G.(P. ~Qi+~)f( —P.+/) Qi+—A Q2+~)

XP(Qi+A, Q2+A) f(Qi+A, Q2+A, Q3+&)
xp(Q.+A, Q.+,+~)f(Q.+A, Q.+,+/, p, +/)

XG (Q.„+~,p.+A). (3.3)

Just as in the forward case (Sec. II), we introduce the
modified absorptive part B."(p. p/, / Q„+i 6) y

A.;-(p.,p„A)

and by using Eq. (2.33), we can easily get

~ct'in (t' )max
I (

" ' t'" t" t') =~
~
p(t", t')

~

'
) ).—

sp

min+/t
I /I)

y, ,I', —2n;„
maxM&-

B "(P P~ Q-+i A)G~*(Q-+i+A P~+A)
Sm'

XG~(Q.,i,p~)&+L(Q.~i —pg)' —
I „,i2]«'Q„„. (3.4

«om Eqs. (3.1)—(3.4), we can easily see
that the following recursion relation holds for"'" B.'-(p. ,p:;Q...;A):

where 2J & is the usual hypergeometric function.
W t attempting to solve (2.37) for any

s eci6ed kernel in this paper; what we ~o in ec.

B."(P.P~ Q+i' t1)'
1

B." '(P Q-+i Q- A)&(Q-, Q-+i P~ A)
8~'

X~'L(Q.—Q+ )'—I 'j«'Q, (33)
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b

y f///

Q I/~~1
tk ww-t- —r tl/ I

+ I

' tip. 'Lp//

I

t trrr
/I

p

s"'
(a)

/

Q+~ '&b'
/

I
t//
+

tip gp/I0
ItI/

I

) ///

b

t/Il~
( b)

p +5
b

I
Po-b,

Q y//tb Q /+4 Q« ~I t/I/+

QyQ t« I
+

t
I I

/

t tI tf/t I/ II
V'

Q Q
I/ Q/ Q//

) t///
g //~

S p
b

(c)

(
/II II T' trl/ tl/' t

lll
t If)

P( III I/ T. till

1

8x'

FlG. 6. Schematic representation of (a) 9 (p„p&, Q"; 6), (b)
~a (Po,)P()) Q )~)) (c) Ba(Pa)Q )Q i ~)) and (~) +(Q )Q )P&i ~)

with

0( ff/ I/ y. ]/II ]/I . ] /II ] /I t(s )s / ~ p q + )+
= G.*())t.',t~")G.(m. ',t")f*(s"',t+",t+"')

Xf(s"',t",t'"), (3.13)

with

& (P Pb Q"'~)='Z /3 "(P Pb Q"'~)'
n=o

Rlld

&(Q- Q.+i Pb ~)=&*(Q-+~ Q-+i+~)&(e- Q-+i)
Xf*(Q +~ Q-++~ Po+~)f(e- Q-+ P ) (3.6)

+( /I T. till t// tl. t III t II t I)

=&*(t+' t ')~(t', t")f*(",t+', t+',+"')

Xf(p",t', t",t"'), (3.14)

we get the following equations (see Fig. 6):

/l. b(P. Pb ~)

1
d'e"&-(P",P; Q"; ~)Go*(e"+» P +~)

8x'

t."'=(p.+~)', t."=(e"+~)', t,'=(e'+~) .

The functions 4» and 02 are boundary functions
defined by

// T. trlr tl/. t

XGb(e",Pb)~'[(e" —Po)' —) "'), (3 7)

~.(p.,p. ; Q"; ~)

=~. (p.,p. ; Q"; ~)+—d e'~.(p.,e";Q'; ~)
8x'

=- d e ~(e -t")~.[(e"+~) -t."]

and

X&[(p.+Q")'—s"]&+[(Q"—pb)' —t
"') (3.1&)

Xlt(e Q pb
~ tIi)g+[(Q Q )2 tt 2) (3 8) 'kp($, $,$ T; t,t, t; t+,t+,t+,' 6 )

with

~.'(p. ,p; Q"; t ) =G.*(P.-&, Q"+&)G.(p.,e")
Xf"( P-+~ Q"+—~ Pb+~)f( P- Q" Pb) (—3 9)

d'Q'&(Q" —t') ~[(e'+~)'—t+']~[(p.+Q')' —")

X~[(e'—Pb)' —"]~+[(Q'—Q")'—t "] (3 16)

As shown in detail in Appendices C and D, if

~(e',e",p; ~) =t *(e'+~, e"+~)~(e',e") //I I/ fp)~If/ //I ~/. ~
f/l

~
ff

~
I .

f+(Q +I+ Q//+/II pb++)f(er Q/I p ) (3 10) following expressions for &&& and 42 ..

Just as in Sec. II, we wish to translate these formulas
into invariant variables. If we introduce the functions

(
Irr T . trl/ t /rr) /3 (

Irr Ir T . trrr
tlr

. t
E(p",T; t"',t",t', t+"',t+",t+') in a way similar to that of
Sec. II, we can get the following results:

(
III Il T. trll

tll
. t

III
t I/)

= (1f/2$/") 0'[(s'")"' (s")"' p"]— —

X 0[(t'" ..—t")(t"—t"„„„)]

(
Ill T. trl/ t /II)

1
// T . trrr t// . t

rrr
t

8~'
alld

0[(tq max t+ ) (t+ t+ m in) ]
X — — (3.17)

[(t+ max t+ ) (t+ tP m in) )

XG (t" t'")4 (
"' " T t'" t" t "'t ")

Xds"dt"dt+", (3.11)

/ /ll /I I T. tr/I tll tl . t II/ t // t /. /I))$ )S

X t't[P" C Dcos(@'—tt—b)],—(3.18)
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t'+ T (s—'/s") (T+t" t+—")
I

72[Tt'+u'T(s'/s")+ t"T(s'/s") 'j"'
t"'+T t+"—' (s"—'/s") (T+t" t„"—)

7

2 t"T u"T(s'"/s")+I"T(s"'/s")'j"'
or

11/ /I / . /I/ // / . /I
)

Sec. II, and

If

t+"„,.„„„,„——I"+T— i(T+I"'—t+"')
S

and

/I 2- 1/2S S
~2 t"T+u"T +t"'T

~
(3.1&)

S
III

I 2- r/2S S
W2 t'T+u'T —+t"T — . (3.20)

ff I/

/e" —C
Xcos cos-'i +yt, , (3.18')

' h%,t", t" t' t';„C, and D defined as inWith +1)t maxi ming max' ming

Using Eqs.E s. (3.11)—(3.20), and assuming that we can
neglect the inhomogeneous term 8, at high energy,
can rewrite Eqs. (3.11) and (3.12) in the fo}lowing
approximated forms:

I III T. tI// t /II)+

s/ll d // (s///s/l/) f t///gt //2/ (g ///s///)] t+ max (s /s T' tI/ /// . l// t /// tl/)

(s"/s"' 2' t"' t+'" t")

Ol

I// fl . /// /I . ///
t

//XB (s ',s,T; t,t; +, .+
m ax.

( /// / l I ) [ tl l/+~//2/ (y S///S/ff) I
dtl/

7r

I/ g // /// /// I/ 3 2j /dpB ts /rrs I I r I + I ~ +.('", ",T t"'t" t '"t ")G&*(t+,t )G&(t,t ), (. ')

with

and

II II/ 0 r/2t "=t"+T—(s"/s it —+"/ '")(T+t"'—t "')+2[t"T+u"T(s"/s"')+t"'T(s"/s )'$"' cosy+

1
( r I I I''+ I+III /I T. tIII tII . I

III
I II)

ds —("/"') l- t"+u"/(~-" /"')]
dt'

'min (s'/s", T; t",t+",t')

rvith

7XB,(s",s', T; t, t; t+, + . .22
"+ max t+ + + min

or

III sII T. t/II tll. I III I II)
dS (Sl/Sl I) [ tl/+p/2/ (y Sl /Sl/ )] max/I l l l l I s/ /sl / ~ tl// tl I tl )~ I I

If

(s /s s /s t t, t)

XB (s,s,T;t,If / .. 11 tf, t fl t I

max & & & min

(3.22')

ll f I It+' = t+'(s"/s'", s'/s", T; t"',t",t'; t+—
e"—C)"'cos cos 'T s'/s")(T+t"-t t.")—2[t'T+u'T(s'/s". )+—t"T(s'/s")]"'cos cos
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~ ~

the foi-wai Q d].i ect»n 6 a roaches zero, i.e., in e o n thente the situation when appr
I I I tl

Let us investiga e e
' ' '

n

E s. 2.31) a.ni E s. . d 2.30) respectively, i.e., re uce. (3.21') and (3.22 ) wiill be reduced to Eqs.

ration )mi so . . d 3.22') still have the)nzpo. 1 ortallt

and E(js. . . i

ration limits of Eqs. (3.22) anhtth k l d't t'verif t a e
of invariance un er escaling property o

~CS S ~CS ) S ~CS .

b a

)

This suggests that, . s

tz S )S

If we set
I I /I /// /I ///=s s )

(3.23)

we g

// . /// //. /// //) ( //)~(r)
u I t I I+/ I 2/ (] yl ) ]

u.ral e uation orwill et the following integra q

II I. till tll tl )max ('g, g;
ff

II I . I I I tll tl)''min {y',Zj

01

fff I/ I, /// I/
t

IIC(e",T; t"',t,t; t~, t~, ~')
')/', b (y, T; t,t; p",) ) )

max

(3.24)

f I // //, 111 I /o, i
i"T. t" t; t+, t+

1
( //) ~ (z')

16~8

—Zj' t—t"+/ ' /(&—V')]

lit

m ' t" t't+")max(&J $ / ) ~

dt+'
' min {)j,I;t

/// t // /

Ht+"-- —t")(t.'-t+'--X
and

Ill ~ (g)s
llf . I!I

II tIII+pll2/ (i y )j—y" —t

"' "
t "'t ")G*(t+,t+ G, ","'t" t"') (3.25)dy b:(y",T; t"',t; t+, .+

Ol
111 ~ (g)s

111 . ///
t

/// dy"
till+ II2/(g—lj'' —t p,

dt /I

I II . till tll t~III)t+"max (y

dt+"
''min (j(,I; tII /'/. /Il tl1 . t III)+

// . /// // . ///
t

//
b (y" T;tCZ ) ) )

t+ ill RX

(3.25')

ial results of this—(3.25') are the essentia
t bo th A„d8, hd e have shown that osection, an we

Reg e asymptotic behavior.g

IV. HIGH-SUB ENERGY APPROXIMATION

are

model, ~ ' "" which is one in
~ ~

lnd of
fthi hito d lomultiperiphera l model. Because o t is i

a ers have inves igat gated dynamica lbecause many pape ga
this a proximation, iroperties under pp t np

r e uations in Secs. an
~ hhh bse sim lified equations w ip~ alsous assume hat all the subenergies e;

1 &G V/(:)' and with all the t's

nd 's one can easi y
ill call this condition

h ulti-Regge

h' h subenergy approxi
icle Inasses. We wi

Xlina-
s'" ", if we assume t e mu i-

weak. -coupling
Eve though at present we n

mo e, e.
ve thrown . e

tion.
'.e., experirnen a

sim le form e; spll - have at least one su ene

. 176 2112 (1.!)EN).

th 1 thdp
1 A. Pi~notti, Phys. Rev.-f"---.s the original mo iva

'
coupling lim. it was
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+L(—t)'"+(—t ) (4.1)

th coup]ing constants G&, G~l~Regge phase factor o
t change trajectory.and e l4'

d 2 e know that both t
I/Prom Eqs. (2.27) an

m p s (2 29)—(2.31)ll a proach zero so from qsand ~»» wi aP
we wi&& get

ance

&/2 ——tl/) 2/2j2) (s /s ) . (4 2)=(p,"+L(—" ' '

p. porward Cese + =

(4 2) (2 37) and (2.39)/ weq~ nsing Eqs (4'
ol]owing

// ]/// ]/Ib. (y 0 ' 0. t' t')dt II (0)—2ain(t")y(t, t )ba (y I (4.3)

where

i[/ /)+/ —I)]) t/II')J'( —2cfi(/)'' i[( I)l/+/ —I)]~(t",t') =—

lf we make the ansatz

b- (t')v(t, t )

n(0) —2n;„(t')+ 1
b. (t")=

« a 0)—2a (t") a.( "0 t'"t")=(y")-«)-'-;.«) .. tb a~y . «aO) —2a. (I, )

then from Eq. (4.3) we get
0

(4.5)

we will get

n(0) = 2n; —1+g', (4.12)

(0) 2
—

, 1+g'(0) . (4.11)

ur erm, '
e n;„ t to be a Rat trajectoryFurthermore, if we assume n;„o

(4 7)y(t",t') = h, (t')h, (t"),
where ni anis d h are some arbitrary functions, then we
can let " = h (t"), (4.8)b:(t" =ch, t

h 's an nt E . (4.6) will then bewnere c is anh 's an arbitrary constant; q.
reduced to

for
n(0)) 2n;. (t') —1.

t (t" t') can be factorizedNow if we further assume that y&

Ct'hr (t') hg (t'),

which is just the Chew-Pigno tti'4 result.

B. Nonforward Case 4 =—42= T&0
II))1 /I /)) 1Prom Eqs. (3.24)—(3.26), if we let s"'/s"))1, s" s ))1,

we get

Tw2(t" T))/'

h, (t')h, (t')
Elf

a(0) —2n; (t')+1

h&(t')h, (t')
dt'

a(0) —2n; (t')+1

lf we define

g'(0) = (n(0) —2n;„+1)

(4 9)
~+ max, min TW2(t'T) '/'

—t' '"W(—T)2/2j, (4.1

e"=$N'+2(t"/T)"'(t' —t~') j(s"'/s") . (4.15

ether with Eq. (3.40'), weUsing these equations toge er
can obtain

// . III /I . III
t /Ib„(y",T; t,t; t+, +,— dy'

0
r / . // (t //)a (V')—a» (t'') —a (t+ )(t y

where
ill Ill

// /. /I ] I.(y', T; t",t'; t+', t+')y(t", t; t+,t+, T
I I I j/2L(t.'-- —t.')(t. —t'--

i/2 tl t I) ain(t )+ain(t+ )(tll t/. t /I t /. T) P t t / I/ 2/2 tl= *( ' ")0(t't")I:I'+2(t"/T)'"(t' —+ j '
) + 7 + ) (4.17)

make the ansatzBy analogy wit e
'

h the forward case, we ma

I / III I/. III /I II)a/P') —a «+")—atn( Il.I I I/ III /I a — " — . t'I) a II t II
a y p p

(4.18)
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(4 16) nd (4.18), we obtainThen from E

t+ max
II . T)—t)a (t ) + )

16TB

"t '~ti. (t', t+ T)7(t » + '+ '

i/2Ln(T) —&in(t ) '" +
'+

~~
) t ')(t+' —t+ n))n

(4.19)

~ T) is fac'tollze dume that 'Y(t t + '+ '

//.

further assuITl

)=tb (t' t
'

T)h2(t t+yt, I+ ~+~ + (4.20)

(4.21)
then we let

//,T) = c(T)hp(t, tg ) +

(4.21) intoEq (4' ) "'g"putting

h (t' t ', T)Itp(t) t+ ) T)t+' max

+' min
/(T) oi; (t ) —&in +

'+

~(
)

t ) (t+ ty min—
(4.22)

(4.23)
Then

with

p(T) Ln(T) —2(xin+

(T)= 2ain 1+g (

t,+. max

+min

h, (t' t ' T)h (t', t+ ' T)
(4.24)

/)gl/&p (T) —Gin(t ) +'n +
+

L-(t ) t )) (t+ —t+ min

This is just the CGL result. ' so

T,- &de. ~,CITY INELASTICITY)

ULTRAHIGH-ENERGY CO

t use the model de-
hh b

e are oing to use
I to study the quanti ies

ultrahi h-energy pro umeasured in u
this section is t at aWha we an o demonstrate in i

' t a
ro erties of thethe qual tative p op

true in ith s generalized multiperip era

aild

where

(n) =g' DnA. b(s'",0; mb') $.
Bg

A '" 0 mb')=C. ip)(g', mb')(s"' sp3 gs

A. Average u ipM 1t' licity of Secondaries (n

We know the reaction

',mb') =
yl I

f )/Nh2++I I 2/ (] )t/I I )]

dl

(2.1)t ~0+1+2+ +(n+1)

QO

T.b-~ sc„n)T. b-~ de„
n=O

a+
'

1 " this means thatcondar partic es
il ()i he number of secondary par ic

ill b i bfinal state at an energy s wi

b n( "0 mb' t") )Gb(t, mb
II 2 )9 (g3)Xb~~ y ) )me)"

8 Bn(0) t's"'
(n) =g Dnc. «, (g', mb )3+g', »

Bg

ne lect the 6rst term to getAt very high energy we can neg ec e

Bn(0) t)
s"'

(n)=g' ln~

Bg sp

n=0

/// 0.nAgb (S ) ) mb n mb" .
'" 0 mb')/Q A.b"(s,0; mb ) . r the averagethat at very high energyso we have shown a

as ln(s"'/sp) in our model.multip ici y1' 't (n) will increase as ln s sp

() -gera e multiplicity.
Now let us replace p(t;, t,+i) by g, , ;+i,

(2.3) becomes

't t"= "G.(m. ', ti) f(pi)mn )ti)tp)p

Xf(. ,ti, tp, t,)p (t„t ) p' ...
+f &n+i) n) n+i)( t t mb')Gb(tn+i)mb ) )

rt' "1"t "I"as secondary p articles."We refer to the part'rticles " o I

B. Inelasticity p
Pyer the s ectrum of the "primary

d th th d tdirectly connecte wi
d1 b h

d i 1 h t
choose the a partic e o

e
'

be the inci en, t
( +1)th ti 1 th" rimary partic e will be the n

T b" amplitude.
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s,rticle be P' (see
7) Then the sPectrum of the P 'ma» P

simply be

p"; 0) I Gi(Pt P—dÃ(p ) ++(P+~p ~ P
pgi II2)d4pf (5 8)x &+(p"'—t'

or

L"=p" p./m. , (5.9)

-s" 0 t"',t")IG~(" )I
x4 ("', " t'"' &"
s ectrum to calculate the averageNowletususe this spec rum o e

a b the primary partic e.
h

'
h tfenergy of the primary pr article, t en in

of map

so

d 'n calculating inelasticity in Sec. V.FrG. 7. Diagram use in ca c

III I/2 2 fl
p 2pl f

p

"=( +Q")'=(P.+P~ P")'—
=s p ' a

/// //
S

/// // ]//

2W 28ZQ
(5.10)

t"= (pg p")'—= mb'+p"' 2p" —ps, Then the inelasticity g can b
~ ~

n be defined as

1—(Z") 1 —2m.

2ma
s 0 mp t) IGb(t mb ) I 41(s s mb

't" ds dts'" s" 0 mg' t")
I Gt, (t",mt, ')

I
'4 i(s,s; mt, ,

"

= 1— (1—y")dy"
2+ "/(&—")]

dy" G t" m ')
I
'. (5.11)dt"b, (y",0; m&', t b,m&

0 —00

inde endent of the inci en en'd t energy in the high-energy limit.ave rove t a e'd h t the inelasticity g is indepen enThus we h p

C. S ectra of Secondaries

o ar articles has its four-momentumAnal states, suc a oh th t one of the secondary partic es as
'

Let E(k)d4k be the number of final
between k and k+dk; then

(~..-)*(~.-)~ (e,.-e.—E —,"* " 4
.. i—,—k)d4„

n=l i=i

n=i i=i
(~. .)*(~.-)~ (e;, -e.-k d~-. (5.12)

" and d4„, we can write E(k) as (see Fig. 8From the definitions of T,g" an „,w

(I G.(P. Qi)f( —P. Qi Q2)&(ei Q2

a tio

2 +, )2,2jd4Q d4Q g4(Q. Q.

, ) .(. .„(.Q.„..„-+, ~ Q- Q.+i)f(Q.-i Q- Q-+i)P(Q--» - '+» +

x~ r( .-e...) —..„jde...~ L(e...—. —..' d'-
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8 Bb )By using e eth definition of the function

B.= P B.", and

994

onen s o - with res ect to theonents of the four-momentum 0 wi p
d' t'

.b th d'efined in c.m. frame of a anincident direction, o
OQ

Bi,=g Bi,
m=p

l zed in Ref. 9, and the important fact demonstrate
n=o

asi show that that, when the energy o e seconjust as in t eh ABFST model' we can easily s

(see Fig. 9)
is independent both of the inci ent an e

— B.( .,e', Q; 0) b+[(Q'- Q)'-"']
(2zr)'

X l~(e, e') I'

~b'(Q'-Q-k)d Qd'Q'B. v», e; --e', o (5.14)

energy, i.e, ,

(5.19)I"=F(t a',kz').

l that the function T in Eq. 5.The reason is simp y a
is different from zero onlv in a region o e x

//which is independent of s an 0. uut
'

n in terms of invariantIf we translate this equation in
variables, Eq. (5.14) will become (see Fig. 9)

.'i'(k) = B.(w', w, 0', t', t)dtdzc I P(t, t') i
'dt'dz

so

8+ k' —pi, ') d4k = (1/2ko) 8+(k' —t'ai, ')dk'd'krdkc

d'kzdkz,
t

2 (p '+kg'+kr. ')"' (5.20)

d X(k) = E(k) 6+(yg' —k') d'k&&Bb(z',r,0; t, t ')I w, zi'.; t, t;

where

Z0= g. ) &= b ) " )

2 ~/
b

2 f 2

I(w, z, ; t', t; k)

= d ed e'b(e t) b(e" -t') ~[(p.+-Q)' ]-
;Y(k) = (s"'/so) &"Ii, (5.17)

X8[(,—Q') z —z]8'(Q' —Q —k) . (5.16)

e. 9function I has been evaluated in e .

result (for details see Appendix E):

/// r)(P)

— b+ (pi.' —k') I' (k',kz ')dk'd'kz dk z
Sp 2~0

/// ~(p) d'kz dkc

k z+k z)itz'
1 zk z)

(so pk T L

' nds ectra of the transverse momenta anp
are inde en en o

ys"' 't'2 so the average transverse momen um o

e shown in t is sec ionerties which we have
T' will be preserve y any

d 1 with "finite range corre a, e
1 d Toiler-angle dependence o

eri heral mo e wi
or even(which may inc u e o

more complica, ted kernels).

i P(t, t')
i
'dtdt'

dxds[(1+ x)(1+s)].&'i+'

x f s
&cb,",0; t', t bi,

i

— — —,0; t, t

VL INTEGRAL EQUATION WHEN TOLLER-
ANGLE DEPENDENCE IS INCLUDED

cri ed b E . (2.1), if weFor the same process as descri e y' c.ude the Toiler-angle dependence in t e
i ternal vertex func ', oction we nee o a o
dence of P on four differenrent 's. In t is si ua io

XT[—t —(t'ai '+kz ')x(1+s);
t' (pi,—'+k—z')s(1+x); k, '], (5.1g)

th usual triangle function given bywhere T(a; b;ct is e u

D'( a' b' c'+2ab+2—bc+—2ac)—
)(, , )

P

I I I

ti I I

I I2
I I

I

I
I

I~~ ~J.~

+l i+aP P

I

I& I&

I2 I I I III I+2I I

I

I I

I

Q+iQ+2

Pn-I Pn
I

I

I

I
n-I n

I

I

~n @

Pn+ I

k» and kl. are the transverse and lo g'on itudina, l com- I' j:G. 8. Diagram used in calculating pthe s ectra of secondanes,
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production amplitude T,b" can be written as (see Fig. 1)
2' b"= G.(P. Ql) f(—P., Ql) 02)P(—P-, Ql, Q2, Qs)

xf(Q,Q,Q )P(Q,Q,Q,Q )f(Q,Q,Q )

XP(en 1&e—n&encl &p b) f(Qn & Qn+1&p b) Gb (Qn+1& p b)

=~.(p.,e,e.)~(-p., 0, Q., e )~(0,0.,0.,0 )
x~(0. „Q.,g.„,p )G (Q.„,p ),

where

'a b' I

I /II
Q/ Q// /

I //
~ ~ ~ /IItt /Ittt /I& p.

I

t/

Q/ Q/I tt

P0 P=Q t

(o)

I
/

I

/ Pb
'0

Q Q Q

I
I

IIP ettt
I

t/

Q Q Q

(c)

p /

b

Q Q Q /
~/

I Qg//I p

t t' t/II

Q QP Q'

b &

(d3

J'.(P.,gt,02) = G.(P.,Q1)f(—P. Ql 02)

f'(0 -1 Q' 0'+1 0'+2)
=we'-, 0*,0*",a+ )f(a 0'+,a- )

oi

(6 2)
1'io. 10. Schematic representation of (a) 8 (P,,pb; Q', Q"), (I&)

B 0(p,pf„Q',Q"), (c) B (p„Q";Q,Q'), and (d) E'(Q, Q', Q",pf,).

Then the function B,"(P,Pb,
' Q„+1,0; 0) will satisfy a,

recursion relation

2. -(P.,p; Q,e.. .e., )
=G.(222.',tl) f(e1,2/2. ',t„t2)p(ti, It l, t2)

Xf(e2&tl&t2, ts)t3(t2&$2&ts) ' ' 'P(tn)/t&n&tn+1)

Xf(en+1)tn)t» II)IIZb )G-b-(tn+1)IIIb ) &
(6.4)

where p,; is the ith Toiler angle defined in the rest frame
of particle i by

(Q'+2Xp'+1) (Q*-1X12'-1)
COS)t&, =

I Q,psxp, +1l I Q*+ixp,-il

B-"(P Pb 0- 0-+1 0)

1
~'0,.— 8."-'(p.,e..; e.,e.—;0)

Hx'

X&+[(Q.—0„)'—I .—']
x&(Q. ,Q.,Q. ,P), (67)

where

~(0. ,0-,0',p ) = IF(e.—,e-,e.„p ) I' (68)

with
i = 1, 2, 3, . . . , n (6.5)

By defining

P.= —0o Pb= 0-+2

Q; and p; being the three-momenta of Q; and p; in the
rest frame of particle 2 The .Toiler angle )P; here is in
one-to-one correspondence with the "roller angle" ar;

defined in a different way through an O(2, 1) group
variable by Bali, Chew, and Pignotti', "when all the
particles are spinless.

For the forward case, just as in Sec. II, let us intro-
duce a function B„"(p„pb,Q„+1,Q„; 0) by

/I. b"(p„,pb, 0)

— d'0., d'Q.B:(P.,p; 0...0..; 0)
(22r)'

B„(p„p,; Q",Q'; 0)—= Q B,"(p„pb, Q",Q'; 0), (6.9)
n=o

with

B. (p.,pb, Q",Q';0)= IF,(p„e",pb) I'8'(p.+0'), (6.10)

we can get the following integral equation for
B.(P.,Pb; 0",0'; o) (see»g 1o):

B.(p-,p; e",e', 0)

=B. (p. p'0" 0'o)+-—
8m'

XB.(p.,e";0',0;0)~ L(e-e') -"j
XIG (Q.+ P )I'&'[(e."-0.) —.3 and

X&(0 0' Q" Pb) (611)

XII+[(pb—Q +i)' —Ii„+1'). (6.6) /1 b(p p, . 0)

I

I

I

I

I

I

I

t'0'd 0"B.(p.,p. ; 0",e', o) IG (0",p.) I'
(22r) '

X~"L(Q"—Q')' —I "j
X&+[(0"—pb)

'-—
I "'$. (6.12)

y/

I'xo. 9. Diagram used in calculating the spectra of secondaries.

'6N. P. Bali, G. F. Chew, and A, Pignotti, Phys. Rev. 163,
j.572 (1967).

As in Sec. It, we want. to translate these equations
into invariant variables. Let us introduce

J) / Ill II,I . t)II tI/ II. II . 2 /2 Ill)
r~ r~ r r r' I I~~ rJ rI

aI1C1
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hy (see»g 11)

I I I 2 2 //2

and

«2[(p +p ) ]. g[(p +Q") s —s ]5 (p b t ) ~ Q

II 2 /2(Q„ ti)),(p s m s).g[(e' —p,)'—e"]~'[(O'—Q

x~+Lt )s 2]ds ds ds dt'"dt"dt'de"dm 'dt ""&

ls //9)g(p 2 t )$(e —t ) '8(e t )~(eel e«p ) +(p~ ~ t,t, t, t j e, e j els j ts rp'

x~[(e'-p)'- "»[(e-e")' ']" '
x~ [(e'-e")'-~"]"[(e" p" " ]' 'e "

I

dydt
[pbx(pb Q")] [Qx(Q —Q d, ~,dt„dt, dtd, «d, »dts d„' d„" . (6. )
Ipbx(» Q-)IIQx(Q —Q')I

)

dsdtdets e cc
II

'" r" t' t e e, els) y (6(~r. tlirt ti t t e~i e~) Qs(s, s,s,s; t,r ) )X
/// // / ~ III 2d rid rd «dtl'dt'g, ($"',s',s; t,t, t &) IGbtt(s«' ' = ds s

s"' s" s t t t; e"), (6.18)// / flf
2'

X@ (s

However, for simplicity of writing, we

(6.15))
—g (

" "s', t'",t",t';e;m /sg~($,$ )S j" ~ )

(6.16),pl « ti t. I~ I
)
—+(y' ~ t'",t",t', t; e

. t"' t" t' .") »~ &(4' tQy using Eqs anti the tiefinitions of &
g (6 12) wife hecome the fol&owing fo™(see 'g.

d4Q g[(p.+ e) & —s]5(e'—t)

xb[(e-Q-) —']6[(Q p, ) „,]6 [(e-Q ) -"),
lf / lf 2 t« t«) I 'g(t' —m, ') X&(eo( i« «. t « t' t' e")= IG„(m ', t )fteg, js )s )s; ) r

(6.19)

(6.20)

and

) 6y2= g )

E g'; t"',t",t', t; e" e')
=

I
(t', ', t")f(.",t', t",t'")I',

t —Q2

is a function of ~12

The th' d kind of boundary function N3 has been
worked out in detail in Appendix F; the result is

/I
Pba

//o o o t'
e12I

It&

~ll " c 4p!cI q/ g// i
I ~l
I & f - t/ tII
I I I

///
J J.

//
Q Q Q

rp S

Pb= QS

s ///

ll/ l/ I, ~/// ~// ~/ . //}Fzo. 11. Modified absorptive part B,qs,s,s;
and thy defi~jtjpgg p& s = (pa+Q) c' = (Q Q

'
t=p, and en=(Q-pb)'

with

(e' —C'
cos 'I $b—

4 D'

/If 2- y/2() coc'

/I/

c-=+ +.('-'")+; (-')+ (-',)(', ),
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t's (s ) t' s fs"
c'=tyt" +~l —, +~'I —I+2t'I —

I
—,

ks' k s'/ 4 s' ks'

fs) (sD'=2 t+~l —l+t'I —,
ks') ks'

(sl/ sll) 2 i/2

x t"+t/'l —+t' —
l(s' s' /

u=p2 —t —t, 8 =e —t —t
/r -ft' /1 /r fit

at high energy, and assuming s)&t"', t",t', t; m, ', p',

So if we neglect the inhomogeneous term 8 ' in Eq.
(6.17) at extremely high energy, then the kernel and
limits of integration of the homogeneous integral equa-
tion of 8 still have the scaling property

to generate an output cv trajectory from pure nucleon-
trajectory exchange. Because in the CI'A model the
subenergies are not all large compared with the t's, the
integral equations described in Secs. II and III have to
be used in order to get a realistic result. This calculation
is in progress.
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APPENDIK A: BOUNDARY FUNCTION
ei(s"',s"; t"', t")

/II
) s ~cs, s ~cs, specs) In this appendix we discuss the boundary function C j

which is defined by Eq. (2.22), that is,
so we still can prove that 3 b and 8 have Regge
asymptotic behavior, i.e., (s"') &'&. In this section we
have demonstrated that we can easily include the
Toiler-angle dependence in our scheme at forward
direction, but there is in principle no difhculty in
generalizing to the nonforward case. Furthermore, this
kind of scheme will also work for any correlation kernel
of finite length. That is, we can always write down an
integral equation for the modified absorptive function
8„, and we can also prove that 8 and A b have Regge
asymptotic behavior for any multiperipheral model
whose kernel only involves a finite correlation interval.

VII. CONCLUSION

In this paper we have explicitly derived tke CGI
type' of multiperipheral integral equation in terms of
invariant variables, without making the high-energy
approximation, and we have demonstrated that the
absorptive part 3 b and the modified absorptive part
8 will have Regge asymptotic behavior as a result of
the high-energy scaling invariance of the kernel. This
property will always be obtained so long as the kernel
only involves a 6nite-link correlation, and this is also
the only reguirement to prove those qualitative prop-
erties that have been shown by ABFST' to be true in
high-energy production collisions. The form of our
general integral equations is more complicated than that
resulting from the high-subenergy approximation that
all subenergies are large compared with the momentum
transfers and the masses involved. However, it is hard
to justify the latter high-subenergy approximation, and
the general equation derived in this paper is still not
hopeless to solve numerically with presently existing
computers.

For example, one specific model (that of CGA') has
been adopted to describe the EX annihilation process
by Chen, ' and by the arguments of Ting' we may hope

' Peter D. Ting, Phys. Rev. 181, 1942 (1969).

(
II/ II. till tl/)

= d'Q"~[e"' —t"]~[(P.+Q")'-"']

X&+[(pb —Q")' —/
"'] (AI)

We know that

~'[(Pb —Q")'—I "]
= ~[(p.-e")'-." ]o[(p -e").—."]
= ~[(pb Q")' /

"'—]0[Eb—Eq /
"7—, (A—2)

but

o~(Eb Eq„ ///I)

= o'L(E +Eb) —(E +Eq-) / "] (—A3)

and because 0'(Eb Eq" ti"—) is a—n invariant, we can
evaluate in any frame. I et us calculate in the c.m. frame
of particles a and b; then

s"'= (P.+Pb)'= (E.+E )'

"=(P.+Q")'= (E.+Eq-)' (k--+Irq-)', —
so

L',+Eb= (s"')"' and E,+Eq &(s")'/'.

Equation (A2) can be rewritten as

~'[(Pb-Q")'-/ "'7=~[(pb-Q")' —/
"'7

X O/l [(s«/) i/2 (s«) 1/2 ti«2] (A4)

so from (Al) and (A4) we get

(
/I/ //. tll/ I//) 0[( ///)i/2 ( //)i/2 //7

XC,'( "', " t"',t"), (A5)
where

I( //I II. till tll)

d'Q" 8(Q"'—t")I/[(P, +Q")'—s"]
X&[(Pb

—Q") '—t "']. (A6)
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Now let iis concentrate on the function C~'. Because we can get
it is also an invariant, we can evaluate in any frame. Let
us go to the rest frame of particle c so that

s —nz, '—tI// /1/

2mQ

p.= (m. ,0,0,0),
p/, = (Et„0,0,kb) (k/, )0),
Q"= (E",k" sin0" cos/tl", k" sin0" sin/t", k" cos0")

(k"& 0),

and

(
III 2 till) 2

&e'=
4m '

where

tPl b
2

X(s'" m. ' t"')-'

2m

with p '=m '
p/, '=t'". Because

s"'= (p +pb)'= m '+t'"+2m, E/,

t"'= Eb' —kb',

8 =s —m, —t-11/ III 2 //I

II.(a b c) = (a'+b' c' —2ab—2bc—2ca—) ' ".
Now we can rewrite Eq. {A6):

I
C I( III I/. t/II tll)

pff o g/I d coso" dy" b(E"' k" ' —t")—

Xb(m '+t" s"+2—m,I'")5(t"'+t" u"' 2—E"E +2—k/k" cos0") . (A7)
If we define

8 =s// —m —t and I =p, —t —t
-II // 2 // I / /12 11 //I

then Eq. (A7) will become the following expression after we integrate over dft":

e,/=2~ 0"'dk"

oo
/ /12dg//

d cos0" dE//0[E//9 (k//2+/I/)]

/II ).(s"'Im ' t'")
X l( 8"+2m.—I.'")5 —u" — Eo +—— =k" cos0"

mQ mQ

d cos0 0[—s"+2m, (k"'+t")'/']
2 (k

I I2+ t
II

) y / 2

X(s'" m ', t"')
(k"'+t")"'+ k" cos0" +5[—s"—2m„(k"'+t")'/']

mg

8/if y($llf m 2 /III)

X b —u"+ (k"'+t")"'+— k" cos0"
8Z Q mQ

7l 5$Q

2X(s'",m ' m/, ')

dk'
s"+2m. (k"'+t")'/']

{kl/2+ tfl) y/2

X'(s"' m ' t'") s'"
X 0' — — k"' —u"+—{k"'+t")'/'

2
mQ mQ

+0[ s" 2m—,(k"—'+t") '/']

y9( Ill 2 tl/I) — gill

X 0" — k"'—u" —-(k"'+t")"'—
-III -/I

7r
11

8 Iw (s ~mQ ~tf

o~
I/

x'

8( 2 ff 2 tlf lll2 fill /l2
0/i

if/ /I+4 -2tl-/It/I)-
2X(s"',m ' mt, ')

for s")0 and {8"/2m,)'&t" If we assume s"'».m, 2, "', t"', we get
fl I . till tll) ( /2 Iff) P[( III) I/O

( //) y/2 II]XP[(tll tff) (tl/ tfl )]

(A8)
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with

t"mbx, m jn= —(s"'—s")+L(s"'—s")'
—"'s"+(s"/s"') t"'(s"'—s")j't'. (A10)

Because (s"')"')(s")'t'+ ", we know that
111 II» A /I/ If/'b»/2 I I/~~ 2 sff/ I/2

at high energy. It follows that

with
I/' ll/ II /. tl// tll tl . I/)S )S )S )

d'O'B(Q" —t') BL(P.+Q') '—"1
xBI.(Q'-P.) —"jBL(Q -Q") —."j (»)

I.et us concentrate on the function 4'», evaluated in
the rest frame of particle a, such that

s"

—S —S (A11)

p, = (m„0,0,0),
Q"= (E",0,0,k"), k")0
pb= (Eb,kb sin8b, 0,kb cos8b), kb) 0
Q'= (E',k' sin8' cosp', k' sin8' sin8', k' cos8'), k') 0.

APPENDIX B: BOUNDARY FUNCTION
(s/II s/I s/ tll/ tll I/)

In this appendix we discuss the boundary function
4'i which is defined by Eq. (2.23), that is,

(
I I / /. tl tilt/. I)

d'O' B(Q"—t') BL(P.+Q')' —s'j

I 6

Furthermore,
2m

Z(s"', m. ', t"')

2m

(84)

tb"'= (Q pb)'=—t' +mb' —2EbE"+2k "kb cos8b I

Just as in Appendix A, we can easily show the following:
-II ),(s",m ' t")

k"=
2m

x BL(Q' —Pb)' —b"jB'L(Q' —Q")'—t "3, (81) (I'///+2EIIE )
cosg6=

so

/11 // I, tff/ tll tl, II'b
$ )S )$ ) ) )

= K( ")'"—( ')"'—u'j
I( /II II I . till tll tl. II) (82)

2k"k6
(2m. 'u" —s"'s")

~ (83)
X(s", m, ', t")X(s"',m ', t"')

Now from Eq. (83), we can rewrite %i' as

@ I @ I f III II I. till tll tl. II)
» = » %$ )$ )S I ) ) )

k"dk' d cose'

XBt E"—(k"+I')jB(m;"+t' s'+2m, E')B(t'+t"—I—/,"—2F'E"+2k'k" cos8')
C

XBft'+ mb' b" 2E'Eb+2k—'k bc—os8' cos8b+sin8' sin8b cos/t/') $. (86)

According to the definition of C»', the first three inte-
grals and B functions will give us (1/2m. )C'i'(s",S', t",t'),
so Eq. (84) can be rewritten as

where

H—:—Ki —2E Eb+2k kb cos8 cos8b
+2k'kb sin8' sin8b cos/t, (88)

oi

4 '(s" s't" t')
dy'B(H)

~ p

(87) 8=s —m —t, n=p, —t —t, 8 =e —t —t
-I 'I 2 I I 12 I II «/I /I I /I

E'= s'/2m„k'= X( t's, t")/2 , ,m(89)
cos8' = (u"+2E"Eb)/2k'k" .Q~( m. 'u" t's"' —t"s" —s's"u'+—4m. 't—'t")

4X(s",m. ' t")

C= 2EIEb+2k kb cos8 cos8b, — (811)

We rewrite II in the form

H= b"+0+D cosp= —b "+6+—D cos////', (810)

d/t/'B(H) (87')
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C= t'+t"+C,
D= 2k'kb sine' sinob.

From Eqs. (84), (89), and (810), we get
s'8'" k/, (u'+2E'E") (u"+2E"E/)

C=—

(811')

(812)

2'.'

2m 2

k//

2m. '

8"2 —4m, 2t//

2k"kb

I' n" . 813

Ke wi}l further assume that s"', s", s'))t', t", t'", m ',

this approximation (s'", s", s'))m ', p,", p'") canbe
easily justified because we are only interested in high-

energy collisions. Even though there exists a part of the
phase space where s// and s' are comparable to m, ',
p,', p"', the percentage is very small if s"' is very large,
and the percentage will decrease as s"' increases. The
second part of the approximation (s"', s", s'))t'", t", t')

can be justified only if we invoke the dynamical
assumption of the multiperipheral model that the
general production amplitude T,b" falls off very fast as

any of the t's become large. This condition has been
con6rmed experimentally in many 2-to-2 and 2-to-3
amplitudes. H such is generally true then in that part
of the phase space where s's and t's are comparable and

large, the kernel and G (/t", t'") will be very small and
will not contribute significantly to 8 and 3 b. There-
fore, the approximation s"', s", s'))t'", t", t' is

reasonable.
Under this approximation, Eq. (813) becomes

/ /I/

2m. '
+ — 1+ u'+

I

u"+
//2 s"' 2m. ' k 2m, '

and

/'s ' s ) /'s ) t's"'
=u'I +u" —i+Zt"I —

I// // // //
(814)

D =2k'k, sin0' sin0b

= (1/2k") [4k"0"'—(u'+2E'E") ']"'(1j/: )[4k"'0b' —(u"+2E"E/,) '5"'

m.X(s",m. ', t")m.X(s",m. ',t")

1 [(s" 4m. 't') (s"'—4m. 't") 4—m. 'u's's" —s"s"']"'—
2 m, s//

[( If 4 g~ll)( II 4 gtll/) 4 g II fls/fl sllgsflto]y/9

X
m s//

1 P, '(s' m, ' t')X'( sm~', t")—(2m, 'u'+8%')'5"' P.'(s" m, ' t")X'(s"' m, ' t"') (2m, 'u—'+s"8'")']"'

2

(815)

Then

(
III fl I . t//I

tlat tI Il)

2m'

4jb 8(—R~ +C+D cosp ) = — dQ 8(—E +C+D cosf )
2~ 0 27r

Cg(s",s'j t")t') O[D' —(—e"+C) ] Cg O~[D' —(—e"+C) ]
[D~ ( E +C)2]~/~ 7f [D2 ( E +C)2]1/2

4~(s",s'; t",t') 0$(e"„„„—e")(c"—e"„„„)]

max & & & min

e" . =C+D, e"; =C D, —

(816)

(817)

(818)



STUDIES OF MULTIPE RIP H ERAL INTEGRAL EQUATIONS 300i

APPENDIX C: BOUNDARY FUNCTION
(s ///sf / g tf lf tf/ f III I I/)

The boundary function 4, is defined by Eq. (3.21) as

(
III II T. tiff tll .t /I/

t /I)

d'Q" &(Q"'—I")&HQ" +A)' —I+")

p.= (m.,o,o,o),
pb ——(Eb,o,o,kb), kb) 0
A= (Ap, A,O, A.), A )0

k"&0

(C4)

so
ygL(p +Q//)p ~//)H+L(Q// pb)& tb /&) (C1) Because (see Fig. 5)

p.+=p.—6, pb+= pb+A,

with

lll II T . tflf tfl
. t III t II)r»+&+

OL( ///) i/P ( Il) i/P /I)

/( III /I T. till tl/. t /II tll) (C2)

I( III II T. tfll
tfl

. I
III ill)

d'Q H(Q
'—t )H[(Q +A)' —t

&HL(p.+Q")—~")~L(Q"—p )'—I "') (C3)

Just as in Appendix A, let us evaluate C p' in a special
frame such that

it follows that

m, '= (p,+)'= m, '+ T—2m Ap, Ap= T/2m,
t~"'= (pb+)'= t"'+T+2EbAp —2kbA. ,

A.= (1/2kb)(T+2E Ao+t'" —t '")
= (1/2kb) (T+2EbAp+ t'"—t+"')
= (Eb/kb)Ap=Ap,

and from T= 6'= 60'—A~' —6,', we get

A =(A & —A &—T)'l'=( —T)"'

Now we can rewrite Eq. (C1) as

(CS)

(C6)

(C7)

k"'dl" d cose"

X5(E"'—k"' —t")8(m 'jt" s"+2m, E"—) I'f(t'"+t" I/,
"' 2E"E—b+2k—bk" cosH" )

~p(t'/+T t+"+2E"Ap 2k"—cosH"A, 2k"—sin "
HA,—cos/t". )

(
III II. till ill)

dft/5( —t+"+t"+T+2E"Ap—2k" cosH"A, —2k" sinH"A, cos@)

7l

dft/8( t+"+C' D' —cosp)— (C8)

ol

(C9)

with
C'= t"+T+2E"Ap —2k" cosH"A, ,

D'= Zk" sine"S. ,

t+ ll lxx C +D'I t+ min= C

(c1o)

(C11)

(C12)

From Appendix A, Eq. (CS), a,ncl Eq. (C6), we can rewrite C' as

-ll T
t//+ T+

2m 2

=t"+T+
2m. 2

2(N" +2EbE") (T+2EbAp+l'" t+"')—
X

2kb

2m~' 4m~'m b' s'"'s//T s'"sll
(T+t"' t+"')-—

s ~ 4~2(t Q

=I"+T (T+t"'—t+"') . —
///

(C13)
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Also we can rewrite Eq. (C11) as 0»

(C14)

D'= 2(—T) '"(1/2kb) [4k'"kb' —(u"+2E»I/'ll) ')«2

= [(—T)i«2/2m, k»7[($"2—4' ~t")($"~ 4' 2«"')

—(2m, ' u+s"s"')')'«'

[( T) li2/~ lll)( 4 2«ll //f2

lf /I III) i/24fÃ~ I
= 2[T«"+u"T(s"/s"')+t'"T(s"/s"')&)i«&

( Ill If I. «III «I/ «I . If)
»&s )s )s ) ) ) )

X & («'+ T t+'+—2E'Df/ 2k' c—os8'A,

/ III II I . «lll «II «I . Il)

—2k' sin8'5, cosQ')

4 =4' (s'",s",s', t"',«",t'; ")6[(e'+A)'—t ')

APPENDIX D: BOUNDARY FUNCTION
qP ($/ll $/I sl Zl, fill f/) fl, I Ill f II f I elf)+ )+ )+)

s
X8 t' t+'+—T —i—(T+t"—t ")

/I)

The boundary function 42 is defined by Eq. (3.22) as

( /II II I T. «III «II «I. f
Ill t

/I
t I . I/)

d'Q'8(e" —t') 8[(e+A)' —t ')~[(p +Q') —s')

X~[(e —pb)' —e )V[(e —
Q )'—t/ ') (D1)

—2 Tt'+u'T —
i

t"T ——
is"l s"9

fe c)—
Xcos cos '] )+/t/» I (D6)&D)

where 42 and 4» have been discussed in Appendices C

and 8, respectively.

If we evaluate %2 in the same frame as chosen in

Appendix 8, i.e., in a rest frame of particle a such that

p.= (~.,0,0,0),

Q"= (E",o,o,k"), k")0

pb= (Eb,kb sin8» cosftfb, kb sin8» sin/tfb, kb cos8»),

kb) 0 (D2)

Q'= (E',k' sin8' cosft ',k' sin8' sin/t/', k' cos8'),

k'&0

a= (~„a.,o,a,), a,)o

IV(k) = B,(w', w,o; t', «)dt dw
i p(t, t')

i
'dt'di/B, (i/', b,o; t,t')

where
XI(w, i/; t', t; k) 8(k' —tbb'), (E1)

w=(p-+Q)', ~=(pb —Q')', t=e',
'=(p.+e'), "=(p -e), «'=Q"

APPENDIX E: SPECTRUM FUNCTION F (tt', kr')

Let S(k)dk be the number of final states, such that
one of the secondary particles has its four momentum

between k and k+dk Accord. ing to Eq. (5.16) (see

Fig. 9),

then from the definition of +2, C~, and +», and after
manipulations similar to those in Appendix C, we get I(K')'0 ) t )I ) I&

4&-—C,(s",s'/T/ t"lt'; t+"lt+')b[(e' pb)' b")— —
=C,(s", ',T f't't "t ')

X8["'—C—D o (4' —4 )), (D3)

with

= d Qd Q 8(e -«)~(e"-t)8[(p.+Q) -w)

X8[(P»—Q')' —~)8'(e' —Q —k) (E2)

The boundary function I(w, i/; t', t; k) has been

evaluated in Ref. 9; the result is

t'+ T (s'/s") (T+t" t "—)—
cosft/'=-

2[Tt'+u' T(s'/s") +t"T(s'/s") ')"' (D4) I(w, i/; t', «; k)

1
T[ t (tb/„'+kr') X—(1—+S);.

III

—t' —(t, '+&r').-(I+x);&I '), (E3)

«,
'"+T t+"' (s"'/s") (T+t"—t "—)—

COS/tf» = (D5)
2[t"'T+u"T(s"'/s")+ Tt"(s"'/s") ')"'
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l triangle function given byw ere
'

rlanh T is the usua rian

c 2ac)O~( a—' b—' c'—+2ab+2bc+ ac

1/2—a' —b' —c'+2ab+2bc+2 )

If we define

then

E(k)=—(s"'/so) a(0)F, (E12)

and z+k oq (o)+(tbb r
(E5)x= w/$1, z= U/s,

r and kz is the c.m.( iH r anand $2 late
transverse comp onent of t e our-

bect to the incident di ection.

f th d6ponent o, rf k respectively; we ur

(E6)k+=ko+kr„k =ko —kz,
and

IP(t, t') I
'dtdt'

dxdz[(1+x)(1+z)g (')

b -I ——,0;t, 't Ib, -I —,0;t,
x ) / z

&1Xx'
' ' )

s,= (P.+k)', s,= (Pb+k)'.

So

V8 —K' .

ef. 9, we getThen, as shown in

I// i t2k ~ $2=k $Sy= + $

=k k s'"= (t&b'+br')s"'$]$2= + $

nd

—~) = W +t—W+Sba — t(2 ~ ~ ~ 2 ]t' p 2sl= (p.+k)'= (p.+It' — =w

T[—t —(tbb'+kr') x(1+z);

E13)—t' —(tbb'+Sr')z(1+x); kr j.
EN

t& t s« s& s )PI/ gl
7

NDARY FUNCTIONAPP DIX F: BOUN

s' t t &t &t& 0 &0 &olo)Vo=—Vo(s"',s,s,s;

'
n +3is de6ned by Kq. 6.19) asThe boundary function 3 is

w $1+w=sl(1+x).

Similarly, we can prove

r'=$0+v = so(1+z) .

(E9)

(E10)

II—= d Qb(Q -t)8[(P.+Q) —lb[(Q-

—0'—010 .Xb'[(Q —Q')' —t 'jb[(Q —pb)' —0» .

p, = (54,0,0,0),
Q'= (E',0,0,k), k') 0

gas

kg&0sll18b sin&t&b&kb cos8bEb,kb S1118b COS&t&b&kb Sill b

= E k sin8 cos&t&,k sin8 sin&t&, co

a(0)+1 1&&q a(0)+1

(SJ $0&
Ã(k) =

Ss"'

/
' t' t)b."(r/r', 0; t, t ) ~ P, '»') I'X a ( » & a

XT[—t —(&Nb'+kr') x(1+z); t'—
1r')tz(1+ );x1rr'jdtdt dw, v.r z; ' 'dwdo. (E11) F1) can be written asNow Eq.

f article a, whereh' '
the rest frame of par

'
to ether Let us evaluate t is iny

'
. 2.36), (ES), and (ES)—(Elo) toget erBy using Eqs. (2.36, , a

with (E1), we get

+0= O[(s') '"—(s) '"—t l d cos8 dE 2 ed 8 E'—k'+t))8(m. '+t —s+2m.E

t" 0 2EE +2k (——8)b[t+t —0—

8 sin8b sin8 cos(@—(t&b)]2EEb+2k—kb(cos8b cos8+sin8b sin coX |'&[t+t'"—olo—

D»)t" t' t; 0') 8(—olo+=%'1($' &$ &$&

0 —1 0 0

k" cose cos8+sin8" sin8 cos&t&)$Xb(t+t' —p,
'—2EE +2kk cos

(E2)

with

Q"=t=t"'—2EEb+2kk&b cos8 cos8b,

D"= 2kk 0 sln8 sln8b cos(&t&—
&)t&b) ~

(F3)



3004 PETER D. TI NG

Just as in Appendix 8, at high energy, we can show that

(F5)

with
C' =t+t" 2EE—"+2kb" cos8 cose"

l Cl
cos co&

gf

l+t"+=~( )+aI——)+,'2t'I —
)(

—), (F7)

D'=2kk" sine sing"

R —R (s /s) —E (s /s) 2t (s —/s)(s /s)
cosgy ——

2[t"+R'(s"/s')+ t'(s"/s') 'g" 'ft"'+ ~"(s"'/s') +t'(s"'/s') 'g'i'

N=p —t —t' I =p' —3' —I, u =p' —t —t2 l l l2 l ll ll lip ll ill
7 t

e=e —t—3, R~=&

(F10)

(F11)


