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Lagrangian. By adding more and more multiplets into
the vector ¢, we get a more and more complicated
system. However, in the construction of the breaking
term #o+cus, more and more parameters are involved,
and we feel that some principle is badly needed to
curb this population explosion.

Finally, we would like to mention that we have not
treated the problem of scattering, as the results are
just the well-known ones of current-algebra calculations.
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The Chew-Goldberger-Low type of multiperipheral integral equation has been derived in terms of
invariant variables, without assuming subenergies to be large compared with momentum transfers and
particle masses. Both forward direction and nonforward direction have been worked out in detail, and the
multiperipheral model with Toller-angle-dependent vertex functions has been discussed. We have further-
more demonstrated that all the qualitative physical properties of the model proposed by Amati, Bertocchi,
Tubini, Stanghellini, and Tonin in 1962 remain true in this generalized multiperipheral model.

I. INTRODUCTION

INCE early 1963! the multi-Regge model, which is
one kind of multiperipheral model, has been used
with some success to describe production processes at
high energies. Since 1968 two new developments have
made this model more attractive. One is the “duality
hypothesis” proposed by Dolen, Horn, and Schmid? and
extended by Chew and Pignotti®; another is the
phenomenological model for production processes pro-
posed by Chan, Loskiewicz, and Allison (CLA).* The
“duality hypothesis” asserts that if we extrapolate the
smooth high-energy Regge representation down to low
energy, the Regge representation gives a certain semi-
local average over the resonance peaks. This duality
simplifies multiperipheral calculations enormously. The
phenomenological CEA model supplements the multi-
Regge model with the assumption that the structure of
nonresonant low-mass clusters is governed only by
phase space. The CLA model has been used to analyze
data for w*p - nr+p, K—p—nw+A, pp — pp+nm,
pp — nw, and some other reactions of multiplicities 7
ranging from 2 to 9, and at g1, ranging from 2 to 28
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GeV/c.# 8 The qualitative agreement with experiment is
very good. Subsequently, Biatas, Michejda, and Turnau®
used this model, incorporating the usual Regge phase
factor, to calculate the absorptive part of the two-
particle elastic scattering amplitude. Assuming the
amplitude to be purely imaginary at high energy for
small momentum transfer, their result gives a sharp
momentum-transfer dependence of the elastic differ-
ential cross section. This result had not previously been
achieved from a dynamical model.

Recently Chew, Goldberger, and Low (CGL)” and
Halliday® have proposed a multiperipheral model which
contains the multi-Regge or CLA models as a special
case, and also leads to a unitarity integral equation for
the elastic amplitude. The method of deriving this
equation is very similar to the method used by Amati,
Bertocchi, Fubini, Stanghellini, and Tonin® in their
1962 papers (the ABFST model).
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However, in Refs. 7 and 8 and also in later papers,'°
almost all'!1? derivations have assumed subenergies to
be large compared with momentum transfers and
particle masses, either right at the beginning of the
calculation or at the time of writing down explicitly the
kernel and limits of integration of the integral equation
in terms of invariant variables. The assumption of high
subenergies is unrealistic and hard to justify even if the
duality concept is valid, because experimentally we
know that most of the time in production processes at
least one subenergy is not large.

In this paper we study the CGL type’ of multi-
peripheral model in detail, using invariant variables.
In both the forward and nonforward cases, all the limits
of integration and the kernel of the integral equation
have been worked out explicitly, without assuming that
any subenergies are large. Furthermore, we have
demonstrated that all qualitative physical properties—
the logarithmic increase with energy of average multi-
plicity, and the energy independence of both the in-
elasticity and the transverse secondary momentum
spectrum—remain as in the ABFST model.® The only
ingredient necessary to show these properties is the
existence of an integral equation with ‘short-range”
correlated kernel. Equally general is Regge asymptotic
behavior for the solution of the integral equation. This
point is crucial for bootstrap theory.

In Sec. II, the CGL type of multiperipheral model is
studied in detail for the forward-direction case; then
the results are generalized to the nonforward direction
in Sec. ITI. In Sec. IV, we show that our results in Secs.
II and III reduce to the previous high-subenergy ap-
proximation results when all subenergies become large.
In Sec. V, we demonstrate Regge asymptotic behavior
and show that all the qualitative physical properties
obtained from the ABFST model continue to hold in
the CGL model. In Sec. VI we discuss the possibility
that the internal vertex functions have Toller-angle
dependence. Section VII presents some concluding
remarks about this general multiperipheral model. The
detailed mathematical evaluation of certain boundary
functions, defined in previous sections, is contained in
the Appendices.
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INTEGRAL

EQUATIONS

Fe————————
[

I'te. 1. Production process a+b — 041+- - -+ (n+41).

II. INTEGRAL EQUATION AT
FORWARD DIRECTION

Let us parametrize the production amplitude 75"
for the process!® (see Fig. 1)

a+b—0+1+2+---+(m+1) 2.1)

by the following multiperipheral model expression:

Tav™(Paspv; Po,P1y- - - sPns1)
=Tav™(Paspv; Q1,02 - - ,Qui1)
= Ga(pa,01) (= 20,01,02)8(01,02) f(Q1,02,03) - - -
X f(Q@n,Qn+1,28)Go(Qui1,p) -

In terms of invariant variables (see Fig. 1),

Tav™(Papv; Q1,02 - - ,Ont1)
= Ga(my2,11) f(er,ma2 11, 12) B(t1,L2)
X flea,tito ts)Bta,ts) - - - Btnytnir)
X f(€nt1,tnytnr1;m62)Go(tni1,mp?)

(2.2)

(2.3)

where /;=Q,% is the ¢th momentum transfer and
€.2= (pi—1+p:)? is the ith subenergy squared, G, and
Gb are the “external” coupling constants, while B(f;,t11)
is the “internal” coupling constant at ith vertex. The
function f depends on the specific model.

The description “multiperipheral” means that either
|B(ts,t:11) |2 O | festion,bistive) |2 decreases rapidly when
any one of the #’s becomes large and negative.

The unitarity relation tells us that 4 .5(pe,ps; 0), the
imaginary part of the @b forward elastic scattering
amplitude, will be equal to

Aab(Pa)pb; 0)= z_:() Aabn(Pa’Pb; 0)

=/| Tab"(Pabe; Q1>Q2; o ':Qn+1) 1 qu)n; (2-4)

where d®, is the phase-space element for the (n42)-

1 Here, for simplicity and clarity, we have assumed all the
particles involved to be spinless, isospinless, and nonstrange
mesons.



F1c. 2. (a) Aas"(pa,ps; 0); the contribution to the absorptive
part Aqp at forward direction from the (z-2)-particle inter-
mediate state. (b) Ba®(pa,ps; Qni1; 0): the contribution to the
modified absorptive part B, at forward direction from the (z-2)-
particle intermediate state. (c) |Gs(Qny1,25) |2: the absolute value
squared of the external coupling constant Gs.

particle system,

a®,=

it (OO (=)

nt+1
X5+(Pn+12—I-ln+12)d‘4pn+164<Pa+Pb_ é‘b Pz)
1
= —— 0 [(Q1+Pa)2— 1o
P STL(Q1Fpa)2—mo®]

XA 15 [ (Q2—Q1)2 —pi?]
X d* Qa6 (Qs—Q2) 2 —ua?] - - 6+ [ (Qni1—Qn)*—pn?]
Xd4Qn+15+[(Pb _Qn+1) 2"l‘n+12] )

and A, is the contribution to A4 from the (n4-2)-
particle intermediate state.

Just as in CGL,7 let us introduce the modified absorp-
tive function Bo*(pa,pv; Qnt1; 0) by (see Fig. 2)

Aab"(Pa)Pb§ 0)
(2 )3 / Qn+1B (PE)PIH Qn+1y 0) l Gb(Qn+17Pb) 1 z
X (Qnir—po)* —pnsi®];  (2.5)

then from Egs. (2.1), (2.2), and (2.4), we can deduce

.
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F1e. 3. Schematic representations of (a) Ba(pa,p5;Q”;0), (b)
Ba®(pa,p; Q"5 0), (c) Ba(pa,Q"; Q';0), and (d) K(Q',Q",pv).
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the recursion relation between B,* and B,*! to be

Ba"(Pa,Pb3Qn+1; 0)

1
_ f 040, Ba™ (P13 On; O K (QusQninps)

(2m)3
X 5+[(Qn—Qn+l)2_#n2] ’ (2-6)
with
K(Qn,Qn11,08) = | B(Qn,Qn11) f(gn,Qni1,00) [ 2. (2.7)
If we define
Ba(?tnpb; Q,/;O)Eéo Ba"(?tnpb; Q”30); (28)

we can derive the following integral equation for B,
from Egs. (2.6) and (2.8) (see Fig. 3):

Ba(parpr; Q"5 0) =Bo(pa,pv; Q' 0)

1
tom / O Bu(ps O3 OK(Q' 0", p0)

X&H(Q —Q")* =], (29)
with
B (pasps; Q5 0)=|Ga(p0,Q") f(—= Q" ,p0) | *,  (2.10)
and from Eqgs. (2.4) and (2.5), we get
Aab(PaanQ 0)= ( ) d4Q” Ba(Pa:Pb: QN 0)
X|GQ",p0) [ 264 [(Q" —po)?—u'"].  (2.11)

For practical purposes, just as in ABFST® we wish to
express these equations in terms of invariant variables.
Let us then define the functions Aqu(s"’,0; 8" m.?),
Ba(s”’,O; tll’,lll,ma2,/.l.,/2), and K(e”,i’”,t”,l',u”g,u'z) in
terms of 4 ab(Pd:Pb; 0)7 Ba(Pa;Pb; Q”; O): and K(Q’;Q”;Pb)

o - ———

F16. 4. The unitarity diagram in terms of invariant variables,
where 5= (patpp)% s = (pa+Q")%, S’—(P +0), &= (0~ Pb)2
QNIZ_P =0 Q 2, o= pa?,
Q!I)z.
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by (see Fig. 4):
Aav(Paspo; O)E/A,,;,(s”’,(); 1 ma®) S (patpr)2—5"" 16 [ po2—1" J6[ pa2—maE]ds’" At dm,2 (2.12)
Ba(pa,po; Q5 0)= / Ba(s"",s"5 05805 ma® )L (patpu)* —s"" 167 [pa?—ma*1o[py? — "]
XB[Q"2—-l"]&[(pﬁ—@”)z—S”:|6+[(Q"—pb)2—p."z:]ds"'ds"dt'"dt"dmﬁdu"z , (213)
and
KQ\Q"p0= [ K530 == it — Q"]
XG[Q" 216 [(Q" — pr)2— /" )5 (Q' — Q") 2= F)de i At Al d 2dp® . (2.14)
For simplicity, we wish to introduce three simpler notations 4 4s(s"",t""’,0), Bo(s"’,s""; ¢ ,t""; 0), and K (" ,¢""' "' ¥')
by defining
Aap(s™ 05 0")= A us(s"7,0; " ma2) (2.15)
B(SIII’SII,O; t,,I’tII)EB (sll/ 7 O llll l/l MQZ,#,/2) , (2‘16)
and
K(EI,’t,Il,tl,,tl)—:—'K(e”)tll,’t’,’tl,ﬂ/l27#/2> ) (2'17)

By using the definition of Ba(s"",s",0;¢",t""), Aas(s"’0; t"""), and K(e",¢"’ ¢’ t'), Egs. (2.9)-(2.11) can be expressed
in terms of invariant varibles. These equations then assume the following forms (see Fig. 4):

71 II
B.(s",s",

Aab(sl’,,o; tll/)= __}_; /Ba(slll 1 O t”, t,/)le(t" III) | 211) (S/“ II III Il)d "d[”

8w

and if we assume that the production amplitude 74"
has the form given by Eq. (2.3), then B,%(s"",s”,0;¢" ¢"")
and K(¢’,¢"t"t') have the following correspondlng
forms:

B Q(SIII ” O 1 l")

= [Ga(ma®t") f(s""ma2 " 1) |2, (2.20)
K (& 000 = B (€1 002, (2.21)
with
"= (patpr)?, M= pa?,
s"'=(pa+Q"), '=p’,
s'=(p+0Q)?, 1'=0Q",
'=(Q —p»)?, =0Q7

The functions ¥; and ®; in Egs. (2.18) and (2.19) are
boundary functions defined as follows:

TN any,
q)l(s S 3t )t)

=/d4Q115[Q/12_tlljé[(pa_'_Qll)z__sll]

Xt (Q" —pu)*—u"?] (2.22)

III II) B O(SIII IIO t”, N)+ /Ba(sll’slo;tll’tl)
7I'

XK( II III // ,)\I/ (S/” // I t”l II /, Il)dsldl’df” (2.18)
(2.19)
and
\1’1(8”1,3”,5,; t’”,.’:”,t’; eIl)
= / a*Q's[ Q2 =116 (patQ')2—s"]
XS (Q'—Q")2—w?1o[(Q" —pr)2—€"]. (2.23)

We have worked out the functions ®; and ¥y in detail
in Appendlces A and B. If we assume s, s", s>>t"",
11 ma? w'? u''? (see the justification of thlS approx1-
mation in Appendix B), we can derive the following
asymptotic forms:

@I(S”/,SN; t//l’tll) — (7[_/23///) @[(SII/)llz_(SI/)I/Z__”//]
XOL( max —t") (" —t"min)] (2.24)
and
\I, (SI// s// S/ t/l/ tll,tl,él/)
=(1/25") O[(s") 2 ()12 =]
X®[(tlmax_[,)(tl—ﬁlmin)]

@[ellmax_fu)(fn_e/lmin)]

[(e/lmax_ell)(en—e,lmin)]1/2

1 [(5 ma.x‘_el/)(fll—f mm):l
=—CI>1(S” /. l’/ /) ( 25)

™ L(¢ max— ) (¢" =€ min) ]2
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An attractive form is

1
AN A T ] ) .
‘1’1(5 »$ S 3t 7[ al 5 € /) = —“Pl(suysl) tl,yt/)

™
X/ a6 6(—€¢’+C+D cos), (2.26)
0
with
§ g
i max ™~ — '_,;<—tl/’+ Il/ 7,7):
s 1—s"/s
[”min: — ®© (227)
s’ MI?
[lmaxg - —‘<-’[”+ —‘—"-_> 3 [,min =—x (228)
S” 1"3’,/5”
el/max(s///fslllysl/s//; {Ill’tll’l/) =C+D ,
(2.29)
e//min(S” /S“’ ,/S” ”/,,”,[,) ———C_D,
and
Czc(s////slll,sl‘/sll; t/,/,f/l,ll)
'
Q‘Jl,—i'“i”/—}—(pm—l”‘“[l)(—*/—")
S
’ ’ §
+(,u/,2—l”l /l)( >+2[/I<*__><__> , (230>
sI/ S/l

PETER D. TING 2

D=D<SII//SIl/’S//sI/; t’ll,tl,,ll)

/// S”/ 21/2
"’2'}/”—{—( "o __ /// //)< >+t”< ) :]
S
SI S’ 2—1/2
x[z’+(,u’2—t”~z’)<~/—/>+—t”<—,—,>:| . (2.31)
S S

By using Egs. (2.24)-(2.31), we can rewrite Egs.
(2.18) and (2.19) as

B ( nr IIO 1/// I/)

0 u/ s m Iz 1 s’
~BO(s" s"0; 1 [ =
( ")+ Tomt =
— ("8 ) [—t""+p' 2 (15" [s'7)]
xf d'B.(s",s" 050" 1"
€' max , K(é”,l”l,lr”,t/)
X de . (2.32)
€' min [(f“max—e”)(f//—emin)]I/Q

or
BG(SW //0 l/” //)

zBao(slll IIO ll/l //>+

/3 ds

1678 o s
— (s’ (877 [t/ "2 (1—s' (5]

X/ d'Bo(s",s",0;07,1)
)

x / a6 K(&'(@); 700, (232)
0

with €’(¢)=C-+ D cosg, and

s/t (s"’s”')[ t”’+;z"2/(1~ N’sr//)]
ab(sn/o t'”)"’ __/ o / dt”B (S”, " 0 g L‘”)‘Gb(f” Hl)‘g (233)

1672

In high-energy collisions, if we are only studying the
Regge asymptotic behavior of B, and 4., we can
neglect the B,%(s"’,s”,¢'",¢""; 0) term in (2.32) or (2.32")
that corresponds to the total elastic cross section
o°l(s””"). We expect, at least in Regge theory, that oe!
will decrease to zero at extremely high energy (at
present accelerator accessible energies, o°l/ott<1).
Equation (2.32) or (2.32’) then becomes

B (SIII ”0 l,” Il)
a

4 (s'15") [—thu'2] (1=s' [s'")]
~ 2 / ar
16m3 e

XBa(sll / O [I/ [ )K(s// / III // ", [/I/ 7 [)

where
s emax (s77 /8770 " [s" 75777 407 1)
K<~,—;t”',t”,t'>= / dé’
117 17
) S emin (877 /817,87 [871 4770 417 U7
>< K(e//; tl/l’tll Ll)
[(¢ max— €")(€" — € mim) I

(2.34)

(2.35)

or
P .
K(T’ ";; lfll/,t/’,tl>=/ (]¢ K[:ell(¢); l’”,/”,l/], (235,)
S N 0
with
P N
! = — ”’ T gt g
¢ (¢)—C<Sm,s” t ‘>+D<sm Sl ,l>cos¢.

The kernel of Eq. (2.34), together with the limits of
integration, has the important scaling property of
being invariant under the group of multiplicative
transformations

S/I/ — CS//I S,/ — CS// , SI — CS/.

As in ABFST,? this suggests that the solution of Eq.
(2.34) can be expressed by the irreducible representation
of the group. So we write

B (S’I’ 7 0 t,/, t//)
. t”/,t") ,

=(s""/50)*@ba(s" /5" ,0; (2.36)
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Fic. 5. Schematic representation of N -

A (papu; &) and Eq. (3.2). LT A By A8 Gt &)

Tab (po’ Ph3 Qs Q2y === Qp4y)

where s, is a constant. Furthermore, if we set
y"=s”/s"’ and y’zs//sll

we find from Egs. (2.34) and (2.33) the integral equation
for b, to be

baa(yll’o; tll,,lll)
1 ~1 —y [t 4p'2] (1=y")]
_ (y'")= (0)] dy’/ ar
1673 0 —0

Xb., a<y 0; t" /)]{(,\,// ’. “/,t”,t'), (2'37)

with
Aab<sl/l 0. t,ll)

s\ ¢ —y"! [ 42 (1=y' )]
= ( ) / dy"/ di”
167!' —0

Xba2(y",0; 7 ()| Go (1) 2. (2.38)

Equations (2.36)—(2.38) are the most important re-
sults of this section. For a specified kernel K (e”; ¢ "' t')
and external coupling G, we can use these equations to
solve for the leading output Regge pole «(0). For
example, if we let

€;~Fa\ ¥in(t)
fles; Limgylisliza) =<—’—> )

So
/! 2ain (t')
K(e" o tl) — ‘,B(t" f’) l 2(5 +a>
b 3 b W b

So

then

and by using Eq. (2.33), we can easily get

" st
€ max>2¢1m @&’)
So

el/m'm+a'
m] (2.39)

l{(},ll’y/; lll,’tll,tl) :WEB(t/l,l,) l 2(

17
€ maxT@

Xgl*‘ll:—Zain(t"), 3 11—

where oF is the usual hypergeometric function.

We are not attempting to solve (2.37) for any
specified kernel in this paper; what we do in Sec. III
is to generalize this result to the nonforward direction.
In Sec. V, we will use Egs. (2.36)-(2.38) to study pro-

duction processes at extremely high energy to show
that many of the properties of the ABFST model® are
preserved in this more general model.

III. INTEGRAL EQUATION AT
NONFORWARD DIRECTIONS

We wish to generalize this model to the nonforward
direction. The unitarity relation tells us (see Fig. 5)

Aar(parpr; A) = Z A" (payps; A), (3.1)

n=0

with

Aar™(paspo; A)
':'/‘Tab*([)a'_A; j’b+A; Q1+A’ Q2+A7 sy Qn+1+A)

KT av(parpo; 01,03, « ,Qur1)d®,, (3.2)

where

Tt (pa—A, potA; Q1F-4, Qo4 ..., Onpat4)
=Go(pa—2A, Q1FA) f(—patA, Q1+ A, Qa+A)
XB(Q1+A4, Qa4 A) f(QrF-4, QoF-A, Qs+4) - - -
XBQnt4, QuirtA) f(QutA8, QuirtA4, pot-4)
XGp(QnirtA4, Pb—f—A). (3.3)

Just as in the forward case (Sec. IT), we introduce the
modified absorptive part Bo*(pa,pv; Qni1; A) by

Aab"(?me; A)
1
8 B, (Pa,pb, Qn-HJ A)Gb*<Qn+1+A ?b‘!"A)
T
XGo(Qn11,5) 7L (Qui1—18)* —ns1*1d*Qny1.  (3.4)

Then from Egs. (3.1)-(3.4),
that the following recursion

By (pa,p; Qny1; A):

Ban(Pa,Pb; Qn{—l; A)
1

we can easily see
relation holds for

f B (puOnis; O AYK(OnOni 5 A)
X5 T (QnmQns) =)0

67r
3.5)
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Fic. 6. Schematic representation of (a) Ba(pa,ps; Q”;4), (b)
Bo®(pa,p0; Q”,4), (¢) Ba(p,Q",Q"; A), and (d)K(Q’,Q ' po; A).
with

K(QanH,Pb} A) = ﬂ*(Qn+A; Qn+1+ A):B(Qn;QM-I)
X fH*(Qnt4, QuiatA, pst+4) f(Qn,Qny1,05) -

By defining
Ba(Pabe; QH3 A)=73] B (pusp; QH; a),

n=0

(3.6)

we get the following equations (see Fig. 6):

Aab(?arpb; A)
1
- / a*Q"Bu(paspo; Q5 A)Go*(Q'+4, pot4)
T
XGo(Q",p6) 6 L(Q" —po)?—p"*], (3.7)
Ba(payps; Q"5 A)

1
=B (paps; Q" A)+ - / d*Q'Bu(pa,Q"; 0’5 A)
m

XK(Q’7Q”)Pb; A)B+[(Ql _QH>2_//'12] } (3-8)

with
Ba“(i’a;?b; QH; A)=Ga*(Pa_A7 QN+A)G¢Z(P¢1;Q”)
Xf¥(=patd, Q"+A, potA) f(—pa, Q7, p0)  (3.9)

and

K(Q",Q",pv; A)=B*(Q'+4, Q"+ A)B(Q,Q")
X f*(Q,+A7 QII+A) Pb+ A)f(QliQ”:;bb) .

Just as in Sec. IT, we wish to translate these formulas
into invariant variables. If we introduce the functions
Aa SI/I T. l///l 24 B s/// 17 T lll/ tll t Illl 1” and
K(bl(l T’ tl,ll t/l, ;‘ f);” t 71(1 ) 1 _t*; )t’h f

[ Ay A AN A TGN SR 75 1p4way51m1ar o that o
Sec. II, we can get the following results:

Aab(S”I,T; t/l,,t_‘.,,,)
1

— B (slll Il tl”,tll i 111 t+III)Gb*([+II/ t+ll>

87r

XGb(t//,ll")q)g(slll,s’/, T

(3.10)

;t/”,tll t I”t l/)

Xds”dt"dty",  (3.11)

1
+— / ds'dl'diy ' de' Bo(s" s\ Tt ' 1. 1.1

8ws
XK(e”,T; t”’,t”,t’ " 1‘+ ,l+ )
X‘I’z(sm ’" S/ T; o t”t If+”/,t+ Ly ) , (3.12)
with
BaQ(S///’SII’T; t/l,7t//; t+/l,’l+ll)
= Gt m )Gl ) (67147 )
Xf(sllf’tl/,z//’) , (3.13)
K(EI,’T; t,//,l//,t/; t+,/,,t+/,’t+/)
= B4 LB P )
X[t 0", (3.14)
and
W= (b A, L= QA = QA

The functions ®, and ¥, are boundary functions
defined by

¢2(S/II 11 T tll, 11, t II’ //)
= [#0 5@ L@ +87-1,"]

XL (patQ")* =I5 (Q" —pr)2—u""2]  (3.15)

and

\P (SIH " sl T il” 2 tl; t+”’,t+”,t+l; E”)
E/ Q'8(Q"*—1)3[(Q +4)— 1" Jo[ (pat+0Q')*—5"]

XoL(Q' —po)* = 18 L@ ~Q")*~"].

As shown in detail in Appendices C and D, if
.Y”/,S/I,S/>>lm,t”,l/; L’+l”,t+”,l+l; mag’ulgﬂllg’ we can get the
following expressions for ®; and ¥,:

(3.16)

By(s" " T "t 5 1 1)
= (1/25")O[(s"") 2 — (s ) /2 — "]
XOLW sax—t") (" =" in)]
OL ¢t max—t+") (1" — 14 min) ]

L max— 1) (" = 14 rain) J12

(3.17)

and

‘I’Q(S," 17 S, T; % l” e l+’” t+”,l+ Je )
— ‘I’z(&“,S’,T, t”,t', f+’l,l+l)

X8[e"'—C—D cos(¢p'—op)], (3.18)
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with Sec. IT, and
/ / ’7 24 124
COSd),: t +T—(5 /S )(T+t —L}— ) u,=”,2_t,_l// u,/=“//2_t//__tlll
ZETlI_*_M/T(S,/S,’)+l”T(Sl/S”)2]1/2, . ’ ’
S
t”/+T“‘f+/”_(S,II/S,,)(T+t/I_f+II) L}-"max,min =l//+T__<____>(T_I_tNI —l+”/)
o = 1t
coso 2D”T+u"T(S"’/S”)+i”T(S”I/S”)2]”27 s
or S” s 2—1/2
\1/2(8/// 7" sl T' i/” 7 ll' i+'”,f+”,t‘+’; 6//) :tz[t,lT+M,lT< >+ll”T<s"’> :l (319)
=7, (S/// // Y f”, ,,,f,, e//) and
s s’
X [t/ —t+,+T‘—‘<"‘>(T+l/” —l+IN) t+,mnx,min=t”+T'—<_;>(T+t” '—l+”)
SII S

—Z[Tt +u’ T< : )—{—t"T(i—)?]m j:Z[zf T+ T<:—>-H”T<i->2:|w. (3.20)

&'—C . .
_ Using Egs. (3.17)-(3.20), and assuming that we can
1 3.18 g Lq )
XCOS[COS < D >+¢b]] , (3.18) neglect the inhomogeneous term B,% at high energy, we

can rewrite Egs. (3.11) and (3.12) in the following
with V1, max, ! min, ¢'max, ¢'min, C, and D defined as in  approximated forms:

8’1t ds//

167!'3 0 ,"

Aab(sl”,T; t’”,l+”l) ~

—(s”/s”’)[—t"’+y”2/(l— I//slll)] t-f—"max(s”/s”',T;t"',l+'”,t")
17 12
dt / diy
t

i (87 T )
Gb* (t+”,t+/”)Gb(l/,,t/”)
XBa(s", 5" T5 " 41 4 Yoo (3.21)

[(t+,/nlax_l'll) (i+” ""t+l,m in)]l/2
1 sI// (S/I/slll>[_tll/+“(12/(1,__ ,,/3/’,)1
/‘ / dt”
3 "
0 —o0

/ d¢B (S/N 17 T l/// [ll t.'_”l t_; ’l)Gb*(l+”,l+”/)Gb(l’N //)’ (3.21/)
0

or

A ab(sH/,T; t”l,t+”l) ~

with _
t+”: tl,',_T‘ (S“/SIN) (T+ l/’/"‘t+/ll)+2[t”T+ MNT(SH/S/N)+t”lT(sN/S”I) 2]1/2 COS¢

and

(s"1s"") [= t/"+p'2] (1~ s"[5'")] tmax’ (s"/8""\ T;t"" ,t4+"7,t")
Ba(é‘/” //T lf/” l” /// ”)~ _/ _____‘/' dl/ (Zt+'
—00 ’

1673 min (s’ /s, Tt ¢4 ,¢)
K(GN,T' 1 1// ’. [+/I/ t+”,t+,)
XBu(s",s"\T;1" 151" 1.7) — (3.22)
[(t+ max_t+ )(f+ _t+ mm)] !

with
= e"(l”',t”,l'; l+m,l’+”,lf+l; T)=C+D COS(¢’—¢b)
or
(s’ /s”)[~t"+,u’2/(1‘s /s'")] 6”max(s"/s'”,8'/s”;t"',t”,t')
Ba(s/// //T Ifl" // /// / / dl/ de’
167r . & min (s’ 500 80 81000047
K(e”, tm t” i/ /// t+ ,L‘+ )
XB(s",s"\T; ¢t t,)) (3.22)
IR RIS S LS " 1 1 Py )
ith I:(e max € )(5 —E€ min):luz

wit

R YN N BN I ) ) R R A
t+=t+(s /s ,S/S 7T?t AN AR SR S )

"_C
'—_t,"i“T—(S//SN)(T"*‘[/,‘-'{.}“)—2[1,T+'H/T(S//S”)+t”T(S//S//)]”2 COS[COS.”l(é D >+¢b]
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Let us investigate the situation when A approaches zero, i.e., in the forward direction; then

T—0,

l+/// — , [+// —5 ,

tﬁ-/ — )

and Egs. (3.21") and (3.22’) will be reduced to Egs. (2.31) and (2.30), respectively, i.e., reduced to the forward-

direction case.

Also, we can easily verify that the kernel and integration limits of Eqgs. (3.22) and (3.22’) still have the important

scaling property of invariance under the transformation

7 — e’ ,

This suggests that B, can be written as

' — s’ ,

s’ —cs.

BH(S///}S’I,T; t’/,,tl,; t+-/l/’t+/7): (s////so)a('[')baa(s/l/S///,T; tl//)[’l; t+.lll’t+’l) . (3.23)
If we set
ylfzsl//slll , ylzs//sll/7
we will get the following integral equation for 5,*:
1 1 —y [t/ (1=y")] ¢ Mmax (', 05477 40 1)
baa(yll7T; t/”,t”; t+”/,t+1/) — 3(yll)a(T)f dy// dtI/ dE”
1671. 0 o e min (y'!,y’ ;¢ 7 ,17)
I{(el/,T; t”l7tll,t,; t+lll7t+l/,t+l>
Xbaa(yl’T; l”at,; f+”)t+,> 1 1N? 17 1" (324’>
[(6 max € )(6 —€ min):]”2
or
1 1 —y' [—t""+u'2] (1—y")] tmax (v, Tt /5 t477)
baa(yll’T; l,ll7tll; t+,/l,t+,/)= 3(y//)a(T)/ dy// (ii/l/ {lt+’
167 0 —» ty min (y’ 15877, 07 58477)
[{(ell T, tll/ t” tl, /+/l,t ”t l)
Xbao (', Tt 15 1, ) DD P VT (3041

and

Aab(s”/,T; tlll’[+lll) —

+/
[(t+/lmax_’t”) (l+/ "t+’min)]1/2

1 s\ p1 oy [t 2 (1~ )]
<—> / dv”/ dr’
1673 S0 0 . 0

Xf dd) baa(y//’T; [//I,[//; [+,/l,,r+”)Gb*(t'+ll,l+”,)Gb(tN,1”,) (325)
0

or

1 /s/!\am) p1 =y =t 2 (=g )] ! max (y' ! T3 0000007 4417
Aab(S/N,T; t'l/,f+//')= __~(___> / dy/// ([l”/ d(+”
t

1673 So

0 -0

Xbaa(:\'//,T; //”,l”; t+m,l‘+”)

Equations (3.23)—(3.25’) are the essential results of this
section, and we have shown that both 4., and B, have
Regge asymptotic behavior.

IV. HIGH-SUBENERGY APPROXIMATION

Now let us assume that all the subenergies ; are also
large compared with so=~1 (GeV/¢)? and with all the #’s
and the particle masses. We will call this condition the
weak-coupling limit or the high-subenergy approxima-
tion. Even though at present we know this approxima-
tion to be unrealistic (i.e., experimentally most pro-
duction events have at least one subenergy smaller or
comparable to the #s and u?’s), nevertheless the weak-
coupling limit was the original motivation for inventing

i T )
E3 144 1" s
Go* (15", 1")G (")

[(f-l»”max_t”) (t” —f+”m in)]]/2 '

(3.25")

the multi-Regge model, 7:3:101¢ which is one kind of
multiperipheral model. Because of this history and also
because many papers have investigated dynamical
properties under this approximation, it is worthwhile
to show that our equations in Secs. IT and IIT can be
reduced to those simplified equations which have been
derived in Refs. 7 and 10 under the high-subenergy
approximation.

When €5, £'s, and u’s, one can easily show that
s"/s’>>1, s /s'">>1, and if we assume the multi-Regge
model, then the function f(e;ti1,t;,t:1) takes the
simple form (e;/so)*»(9 where we have thrown the

" G, I'. Chew and A. Pignotti, Phys. Rev. 176, 2112 (1968).
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Regge phase factor into the coupling constants G,, G,
and the 8’s, and ai, is the input exchange trajectory.
From Egs. (2.27) and (2.28), we know that both '/ .«
and #max will approach zero, so from Egs. (2.29)-(2.31)
we will get

€ nax = (/.I.'Z——l"—t) (s"'/s")—}-Z(l'l”)Uz(s”l/s“)
= {#/2_*_ [(—1)1/2+ (_1/1)1/2]2} (s////s//) (4‘1)

MULTIPERIPHERAL

1 1 0
ba(y",0; 4" 1") = — / dy’ / at' (y'" )= O=2ein Wy (17,1)ba(y",0; 7,1')
167['2 0 —®»

where

1 M’Z_*_[(__t’)l/?_{_(_t”)l/Z]?
)=
2 So

If we make the ansatz

ba(y",0; ") = (y") =@~ 2e Epo (1), (4.5)
then from Eq. (4.3) we get
O b ()
ba“(t”)=/ [ ——— (4.6)
) 0[(0) _zain(tl)_{"l

for
OL(O) > Zain(t') —1.

Now if we further assume that y(#/,') can be factorized
as

()= m()he(17), (4.7)

where ;1 and %, are some arbitrary functions, then we
can let

b (") =chs(t"),

where ¢ is an arbitrary constant; Eq. (4.6) will then be
reduced to

(4.8)

0 hl ! 2 7
1= / ) mORE (4.9)
—w  a(0) —2ai(@)+1
If we define
2(0) =[(0) —2&;,+1] / 0 dt'Ml) (4.10)
§ T L a0 —2am(®) 1

2ain (¢'")
> 52(/’,/”)2P‘l<—Zain(l"), -1
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and
eIIm = ([llz_t“—tl) (slll/sll) —4(15'!“)1/2(8”'/8”)
= H-[(=) V2= (—=t")VZ]2} (s"" /7).
A. Forward Case A?=0

By using Egs. (4.1), (4.2), (2.37), and (2.39), we
obtain the following results:

(4.2)

4.3)

40y
). (4.4)
W= E) e (— e

we will get

@(0)=2&n—1+g2(0) . (4.11)

Furthermore, if we assume ain(f) to be a flat trajectory
ain, then

@(0)=2a1,— 1+ g2, (4.12)

with

0
gi= / At (t)he(t')

which is just the Chew-Pignotti!* result.

B. Nonforward Case A?=T#0

From Eqgs. (3.24)-(3.26), if welets”’/s">1,s" /s'>1,
we get

l+”max,minz l”+ T:!:Z(t”T)UZ

= __[:(_t//)l/Z:F(_T)l/zjz’ (4‘13)

t+,max.min%t’+ Tﬂ:Z(tIT)”Z
=—[(=)""F(=T)"], 4.14)
¢ =[u/ 420"/ D)V —t)](s"/s") . (4.15)

Using these equations together with Eq. (3.40"), we
can obtain

1 1 0
bda(y”,T; [”’,l”; [+l”,l+”) —_— / dyl/ ([{I(y/)ﬂ('f)*diu(l”)—a (t4+71)
161!’3 0 —w

£+ max baO‘(y, T t// /. L'_// [+/)’Y(t” l,' t+// t+" T)
X/ (Zl“r’ ) ) W 7 W 2 b , (4.16)
47 min LUy max—t") (03 =t min) ]2
where
y(8 05 5 T)=B*(ty by )B( )/ +-2(8" / T) V(¢ —,f) Jeim D Fein (4, (4.17)
By analogy with the forward case, we make the ansatz
ba (" T5 17 1 17 1)) = () @D —ain (et )—ain (€ 0p (" 1,13 T) . (4.18)
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Then from Egs. (4.16) and (4.18), we obtain

PETER D. TING 2

b+ max boo(t' sty Ty 5t 13 T) ,
ba(t 1y T) = — / f Ml R . (4.19)
6T? t4 min [(I+ max [+,)([+ _{+ 1x11n)]1/2[a(T> am(t )—am<t+ )]
If we further assume that v(¢’,¢'; ¢.”" t,"; T') is factorized,
v 0 T = The(t "5 T), (4.20)
then we let
b2t T)=c(Dho(" 1 T). (4.21)
Putting Eq. (4.21) into Eq. (4.19), we get
t+' max (ot The(t 8y T)
1_/ at / , + o . (4.22)
o Jtyrmin [(t+ max —14") (b =t min) ]V 2[a(T) —ain(t') —ai(ty')]
Then
a(T)=2an—1+¢XT), (4.23)
with
t+/ max ('t Dha( 8 T)
¢(T) =[a(T) —2a1+1] / ar il (4.24)
tmin (t+ m-x-t+,)(t+ —ly mm)]lm[a(T) —am(t,) —am(t+ )]
This is just the CGL result.” SO
d
V. AVERAGE MULTIPLICITY, INELASTICITY, " / ITab"l2d¢>n=g2-2( f lTab"IZd%),
AND SPECTRA OF SECONDARIES IN an g
ULTRAHIGH-ENERGY COLLISIONS F}
—p2 "Q. 3 z
As in ABFST,? we are going to use the model de- (n)=¢ 6g2|:lnAuz,(s 05 ma)]. 5:3)
scribed in Sec. II to study the quantities which can be
measured in ultrahigh-energy production processes. From Eq. (2.36), we can write
What we want to demonstrate in this section is that all
the qualitative properties of the ABFST model® remain Aar(s”,0;m0%) = Cao) (8%ms?) (5" /50) @, (5.4)
true in this generalized multiperipheral model. where
1 —y' [=mp2p/ 2 (1—y'")]
A. Average Multiplicity of Secondaries {n) Caoy(g2mp?) = / dy" / ar’
2
We know the reaction e o
aa " 0 9 4! 1! 2\ |2 55
a+b—>0+l+2+~+(n+1) (21) “ Xb ()’ 05 mp®,t )le(t ’mb)l ( )

will contribute # secondary particles!®; this means that
the average number of secondary particles (#) in the
final state at an energy s’ will be given by

:éo /\ Ty | 25®,

=2 nAa"(s",0;mp?)/ 2 Aa (57,05 ms?).

n=0 n=0

(n)= i:;o 1| Toy| 2d®,

(5.1)

We call (n) the average multiplicity.
Now let us replace B(t;,ti11) by g8 (Li,t:11); then Eq.
(2.3) becomes
T oo™ = g"Go(mo2 ) f(er,ma t,t) B (E1,ts)
X flea,trta,ts)B (Fa,ts) -+ B (tnstusr)

Xf(5n+17tn,tn+1)mbz)Gb(t"+1;mb2) ) (52)

15 We refer to the particles “1” to “n” as secondary particles.

da(0) /5"

2 ln(—-—> . (5.6)
ag2 S”

At very high energy we can neglect the first term to get

aa(O) <s’”>

ag? So ’

so we have shown that at very high energy the average

multiplicity (#) will increase as In(s""’/so) in our model.

ad
(n)= gz;[lnc,,m) (g%ms
2

()= g*

(5.7

B. Inelasticity n

Now let us consider the spectrum of the “primary”
particle which is directly connected with the incident
particle. If we choose the a particle to be the target, and
the & particle to be the incident particle, then the
“primary” particle will be the (#+1)th particle in the
T o™ amplitude.
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Let the momentum of the primary particle be p”’ (see s”
Fig. 7). Then the spectrum of the primary particle will — — \
simply be '

an(p") =Bu(pa,pr; bo—1";0)| Go(ps—2", o) |? o

X 5H(p =D Ay (5.8) P

or

dn(p”) B (S”’ 7 0 7 t”) ,Gb(t” l//l) l 2
X <I>1(S/”,S”, If"’,l/')dé‘”dt” . (58/)

RSKRIRERR
“.‘ S 3
“ 0‘¢ 9%

Now let us use this spectrum to calculate the average
energy carried away by the primary particle. If E” is the
energy of the primary particle, then in the rest frame
of m,,

"
S

F1c. 7. Diagram used in calculating inelasticity in Sec. V.

E'=p"po/ma, (5.9)
but
$0 117 " 1 2 e 11
= (P Q)= (put-po—p"")? s S
=SI"+M”2"‘2P”‘P _ZPN'Pb - 2 ~ . .

d a Ma 2m,

an
= (po—p")2=mp>+u'"2—2p" - P, Then the inelasticity 5 can be defined as

n=

1—~(E”> 1_2ma/ (s”’——s”)

Ba"‘(s”’ //0 mbz,l Gs t",mbz) 2¢1<X’” ", mb2 t”)ds”dt"
Eb slll

2m,

/Baa(slll 12 0 mp tl/) le(l”,mbz) l 2@1(5/11 1", mb2 t”)dsl/dt//

—y"’ [=mb?p’ [ (1—-y'’)]
~1- /(1 ¥y / A0 it Gt i) |* /

1 —y’ [—mp2p’’ [ (1—y’")]
/ dy"/ dl”ba"‘(y”,O; mbz,t") I Gb(t//’mbz) l 2, (5_11)
0 —o0

Thus we have proved that the inelasticity 7 is independent of the incident energy in the high-energy limit.

C. Spectra of Secondaries
Let N(k)d% be the number of final states, such that one of the secondary particles has its four-momentum
between % and k--dk; then

[V(k) Z Z (Tabn)*(Tubn)64<Qa+l Q‘L k)d¢

n=1 =1

=i i (Ta")*(Tap™)04(Qiy1—Qi—k)d P, (5.12)

n=t i=1

From the definitions of T4 and d®,, we can write N (k) as (see Fig. 8)

vo= 3 E o o [116.004001(~004 0250109

X £(Q1,02,05) - - B(Qi-1,00) f(Qi—1,Qi11) | 26+ [(Qu+pa) *— o*1d* Q16 [ (Q2— Q1) —ua”]
Xd4Qy + - d*Qi18*[(Qs—Qi-1)2—pi—1°1} | B(Q5, Qi) | 2+ (Qir1— 00— ¥ 1d*Qid* Q118 (Qi1 — Qi— k)
XA 1 Go(Qns1,05) (Q0ns1,06)B(Qs Q1) Q1,0 @t )B(Qn-1,0) - + *B(Qis1, Qi) f(QiQi41,Qin2) | *
X (po—0ni1)?—ni1°184Qns 18 L (Quir— Q) 2= 1?1400 - - d*Qiy20[ (Quy2— Qi) —mina®]} . (5.13)
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By using the definition of the function B,*, Bs™,
]

and By= Z Bb’",

n=0 m=0

just as in the ABFST model® we can easily show that
(see Fig. 9)

1
NB)= —— / Bu(pord'; 03 0)5T(Q' =0 =]
(2ny
% 18(0,0) I
60— Q=B Bl —0; —(';0).

If we translate this equation in terms of invariant
variables, Eq. (5.14) will become (see Fig. 9)

(5.14)

N(k)= / Bo(w',w,0"; ' Ddtdw | B(L,1) | 2l dv

X By(2' 0,05 0 (' 1,05 k) 6T (R2—wi?),  (5.13)
where
w= (P4+Q)27 v:(Pb_Q’)2, t=Q27
W=t @), V= (=0, =",
and
I(w,v; U\t k)
- [wors@—is@ )t
X[ (ps—Q)2—v]64(Q' —Q—k). (5.16)

This boundary function I has been evaluated in Ref. 9
and in Appendix E. We are able to show the following
result (for details see Appendix E):

N =("/s)OF,

2R\ @+
F:(“ t i) / / |8, | 2dtde!
So

X//dxdz[(1+x)(1+z)]a(o>+1

X 3z
X b;"( ,0; l',t)bb"‘(———,(); t,t')
1+« 142

XT[—t—(u+krH)x(14-2);
— ' = (e +kr?)z(142); ko* ],

(5.17)

(5.18)
where T'(a; b; ¢) is the usual triangle function given by
O(—a2—b2—c*+2ab+2bc+2ac)

T(a;b5¢)= - :
(—a?—b2—c2+2ab+2bc+2ac) 2

k, and k;, are the transverse and longitudinal com-

PETER D. TING 2

ponents of the four-momentum % with respect to the
incident direction, both defined in c.m. frame of ¢ and
b, and &, is the time component of .

The limits of integration of Eq. (5.18) have been
analyzed in Ref. 9, and the important fact demonstrated
that, when the energy of the secondary (ko) is small
compared with the total energy (s”/)*/2, the function F
is independent both of the incident and the secondary
energy, i.e.,

F= F(/.L]cg,kqv2) . (519)

The reason is simply that the function 7 in Eq. (5.18)
is different from zero only in a region of the xy plane
which is independent of s’ and k,. But

(k2 —ui?)d% = (1/2ke) 6t (k2 —ui2)dk2d & rdky,
1 d*!kypdky,
- 2 (Mk2+kT2+kL2)I/2’

(5.20)
so

AN (k) =N (k)&% (ui* — k*)d*k

N0 7 1
=<———> (——>5+(uk2—k2)F (k2 k%) dR2d%kpdR

So k()
57\ O ik,

=<~> 3P () . ()
30 (/Jk2+kT2+kL2)1/2

This means the spectra of the transverse momenta and
longitudinal momenta are independent of the initial
energy (s")1/2, so the average transverse momentum of
the secondary is independent of 5" also. All the prop-
erties which we have shown in this section (and also
shown by ABFST?), will be preserved by an multi-
peripheral model with “finite range” correlated kernel
(which may include Toller-angle dependence or even
more complicated kernels).

VI. INTEGRAL EQUATION WHEN TOLLER-
ANGLE DEPENDENCE IS INCLUDED

For the same process as described by Eq. (2.1), if we
want to include the Toller-angle dependence in the
internal vertex function 8, we need to allow a depen-
dence of B on four different (’s. In this situation the

=TT TN

prmm——————
e —m e ———
[ E—

Jmmm

Fic. 8. Diagram used in calculating the spectra of secondaries.
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production amplitude 7',s" can be written as (see Fig. 1)

Tabnz Ga(Pa;Ql)f(—paa Qb QZ)ﬂ('—P% Qly QZ) Q3)
X f(Q1,02,05)8(Q1,02,05,04) f(Q2,03,04) - - -
XB(Qn-1,00,Qn+1,08) [(Q,Qnt1,06) Go(Qrs 1, £5)
=Fo($a,01,02)F (= pa, Q1, Q2, Q3)F(Q1,02,05,04) - - -

XF(Q"—thQH»h?b)Gb(Qﬂ+1)pb) ) (61)
where
Fa(Pa:Q1>Q2) = Ga(Pa;Ql)f('—Paa Ql) QZ) ) (62)
F(Qi-1,04,Qi41,Qi12)
=B(0:-1,04,0i11,0:42) f(Q6,Qi41,Qi12) ,  (6.3)
or
Tov™(Part; Q1,02 - - - ,On11)
= Go(ma2t1) fler,ma? tr,t)B(t1,b1,t2)
X flea,trto,t3)B(t,byts) - - - B, Pnstnta)
Xf(en+l7tmtn+177”112)Gb(t"+1:mb2) ’ (6'4>

where ¢, is the ith Toller angle defined in the rest frame
of particle 7 by

(QiraXpit)  (QicaXPi-1)

[Qis2XPit1] - | Qis1XPia]
i=1,2,3,...,n

COSp; =

(6.5)
with
Pa=—0Q0, Ps=0Qni2,

Q. and p; being the three-momenta of Q; and p; in the
rest frame of particle 7. The Toller angle ¢; here is in
one-to-one correspondence with the “Toller angle” w;
defined in a different way through an O(2,1) group
variable by Bali, Chew, and Pignotti,!® when all the
particles are spinless.

For the forward case, just as in Sec. II, let us intro-
duce a function B,"(pa,pv; QOni1,0n; 0) by

Aav™(Parps; 0)

1
= —(;—)—6 /d4Qn+1d4QnBan(pa’Pb; Qn+1’Qn; 0)
us

X \Gb(Q"v}-l’Pb) ‘ 25+[(Q‘n+l_Qn)2_’l‘nZ]

X (ps—0n11)?—pnsa?]. (6.6)

—— e ——

F16. 9. Diagram used in calculating the spectra of secondaries.

1 N. F. Bali, G. F. Chew, and A. Pignotti, Phys. Rev. 163,
1572 (1967).

INTEGRAL

EQUATIONS

Tie. 10. Schematic representation of (a) Ba(pa,ps; Q,Q"), (b)
Ba'(pa,p3; Q',Q"), () Ba(pa,Q"; 0,07, and (d) K(Q,0",0",pv).

Then the function By"(pa,ps; Oni1,0n; 0) will satisfy a
recursion relation

Ba"(parpb; Qn)Qﬂ+1; 0)
1
= ““:‘} /d4QIL- lBa"._l(pa,QﬂrH-l; Qn;Qﬂ—l 5 0)

8r
X 5+[(Q‘n - Qn-l) 2 ~‘I"vn——lzj

XK(Qn—l;Qn;Qn+1;Pb) ) (67>

where
K(Qn-1,00,0n41,05) = | F(Qn-1,02,0n11,05) | 2.
By defining
Bupati Q'3 0= 2 B (pupri 00500, (69)
with
BI(pusps; 00’3 0)= | Eu(pu0”,00) | %64(put-0) , (6.10)

we can get the following integral equation for
Ba(paps; Q”,Q'; 0) (see Fig. 10):

Ba(pa,pu; Q",Q"; 0) )
= BGO(PG;PI’; QH7QI; 0)+ . d4Q
8w

(6.8)

XBa(pa,Q''; 0,05 0)6 [ (Q—Q')2—p7]

XK(QaQ’:Q”’pb) (611)

and
Aab(pa:PM 0)

= 2y d4Q'd*Q" Bu(paypr; Q,Q'50) | Go(Q”00) | *
X Q=0 —u"]
XSL(Q = po)—u"2].

As in Sec. 1I, we want to translate these equations
into invariant variables. Let us introduce

(6.12)

j N AN T A TN 9 19 19
Bd(s A A€ maz:/‘ 2)# )
and
I AT 2,72,
K(¢ G EULUEE €756 €an; p¥, 0 2)
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by (see Fig. 11)
Ba(?a,Pb; Q”,Q’; O)E/Bu(s"’,s”,s’; t'”,l”,t'; e// ;ma2’u/2,u”2)

X[ (patpo)?—s""]- 8L (pat+Q")*—s"16(ps* ") 5(Q"*—1")
X5(Q"?—1)5%(pa*—ma?) - 6L (Q'—pu)*— " 16*[(Q' = Q")*—n""]

XSHL(Q" — pu)2—u/'2)ds" ds" ds'dt’" di"" At de” dmo2dp'*dp’’?  (6.13)
and

K(Q,Q0,Q",p0)= fK(d> 1 €€ 5 enns )6 (po* — 1) 0(Q 1) - 6(Q" —11)8(Q7—1)
Xo[(Q'—p1)*—€ 1oL (Q—Q")*— I (Q—Q)*—n’]
XE(Q —Q")*—u" I3 (Q" —p0)* =" JSL(Q—p1)* —€x2 ]
[poX(P>—Q")J-[QX(Q—-Q")]

X0 ‘ cos¢’ — dodt’di" dt' dtde’ d€ deyodudy2dy’"?.  (6.14)
[P X (Ps—Q")| 1QX(Q—Q")| v

However, for simplicity of writing, we define
Ba(slll’s// s’ t/// t// /, //) B (SIII // I t/// l,, t/, 6 ’ ma ,MIQ #/12) , (6‘15)
K(¢ > t”,7tll)t/7t; € 76 aelZ)EK(¢ 5 tlllat”’tlat; € 75 5 €125 F‘ M :MNZ) . (616)

By using Egs. (2.12), (2.15), and the definitions of B,(s""’,s"s"; ¢t ,#'; €’) and K(¢'; " 4" t'; €’ € ,er2), Eqgs.
(6.11) and (6.12) will become the following forms (see Fig. 11):

Ba(S”I,S”,S’,tIN t” . u) =B O(SI// " S/ t”l // /, //)+ —-—/d&didflgdé B (S” S/S o ll,[; e/)

XK(¢ I// II I ;E//’e/) ‘I/ (S”l SII Sl S [/l/ 7”,t E,,é,/,612), (6.17)
1
ab(sll/ 0 l”/) _ . /d.?lldsldflldtlldt,Bg(S/”,S”,S/; tl’l’zll,tl; E) l Gb(t”,ll”) l 2

(2m)S
] h X@l(S//,,S”; t”’,t”)‘l’x(&”’,s”,sl; l’”,é“,l/; 6”) , (618)
wit

V(s 5,553 010 €€ eas) = / d*Q 8L (pa+0)2—515(Q2—1)
Xo[(Q—Q")*—€ 1[(Q—pv)*— e ] [(Q—Q)*—p*], (6.19)
B O(SNI " S/ P t” ; e//) l Ga(mag,t//)f(e//’maz,t//’t//l) \ 250/_mag)xa(eu_sul)a(s_//) , (620)

3

and where ¢’ is a function of €2, €/, ¢, ", ¢/, ¢/, and ¢.
s=(patQ)2, €=(0—0")2, en=(Q—pn)?, (=02, The third' kind .of' boundary' function ¥ hfis been
[ OOV, worked out in detail in Appendix F; the result is
=[BE SN, (6.21)  Wy(s” 5 s 53 0 A 1 €€ senn)
. =0(era—C"+ D" (s" 8" 558" 1 )t; €), (6.22)
with
117

s s S\/S
oD (D).
s s s'/\s

11

s 2—1/2 s
pe ()G T e+(7)
s s’ S

Frc. 11. Modified absorptive part Ba(s"s"s"; t”’ B €, , s\ €—C’
and the definitions of s—(p,,+Q)2, ¢=(Q— Q")z (Q Qf)z + — cos| cos—! —és |,
=02 and e=(Q—pu) 4 D’

N
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s s s\/s"
cone e o)),
s s s'/\s
s s 241/2
o)
s s
! §1IN\ 2172
|GG ]
s s

"_tl __zlll

11
€ =€

w=p2—i—t', ,

at high energy, and assuming s>, ')t t; m.?, u?,
12 119 11
LN L
So if we neglect the inhomogeneous term B,° in Eq.
(6.17) at extremely high energy, then the kernel and
limits of integration of the homogeneous integral equa-

tion of B, still have the scaling property

s e, s>, §—>ces’, s—cs,

so we still can prove that 4, and B, have Regge
asymptotic behavior, i.e., ~(s'”/)*©®_ In this section we
have demonstrated that we can easily include the
Toller-angle dependence in our scheme at forward
direction, but there is in principle no difficulty in
generalizing to the nonforward case. Furthermore, this
kind of scheme will also work for any correlation kernel
of finite length. That is, we can always write down an
integral equation for the modified absorptive function
B,, and we can also prove that B, and 4,; have Regge
asymptotic behavior for any multiperipheral model
whose kernel only involves a finite correlation interval.

VII. CONCLUSION

In this paper we have explicitly derived tke CGL
type” of multiperipheral integral equation in terms of
invariant variables, without making the high-energy
approximation, and we have demonstrated that the
absorptive part 4,5 and the modified absorptive part
B, will have Regge asymptotic behavior as a result of
the high-energy scaling invariance of the kernel. This
property will always be obtained so long as the kernel
only involves a finite-link correlation, and this is also
the only reguirement to prove those qualitative prop-
erties that have been shown by ABFST® to be true in
high-energy production collisions. The form of our
general integral equations is more complicated than that
resulting from the high-subenergy approximation that
all subenergies are large compared with the momentum
transfers and the masses involved. However, it is hard
to justify the latter high-subenergy approximation, and
the general equation derived in this paper is still not
hopeless to solve numerically with presently existing
computers.

For example, one specific model (that of CLA*%) has
been adopted to describe the NN annihilation process
by Chen,® and by the arguments of Ting!” we may hope

17 Peter D. Ting, Phys. Rev. 181, 1942 (1969).
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to generate an output w trajectory from pure nucleon-
trajectory exchange. Because in the CLA model the
subenergies are not all large compared with the #’s, the
integral equations described in Secs. IT and III have to
be used in order to get a realistic result. This calculation

is in progress.
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APPENDIX A: BOUNDARY FUNCTION
Ql(sl/l’s”; tl/l’tN)

In this appendix we discuss the boundary function &,
which is defined by Eq. (2.22), that is,

ATy
<I>1(S ST ):

- [arsta -l 05

X[ (ps—Q")2—p""?]. (A1)
We know that
SL(ps—Q")2—n""]
=08[(p»—Q")2—u"21OL(ps—Q")o—w""]
=3[ (p»—Q")2—u"?1O[Ey— Eq»—u"], (A2)
but
O(Es—Eqr—u'")
= OL(Eot Ev) —(Est+Eq)—u"], (A3)

and because ©(F£y—Eg—u'’) is an invariant, we can
evaluate in any frame. Let us calculate in the c.m. frame
of particles ¢ and &; then

s"'= (patpp)*= (Eat Eb)?
and ’
"= (patQ")*= (Bt Eq)*— (Katkq)?,
$0

Ea+Eb=(s,,/)l/2 and E,,+EQH>(S")1/2.

Equation (A2) can be rewritten as

B (=0 =" = oL (ps— Q") —u"?]

X@[(XIII)IIZ-(sl’>1,2_'ﬂll2], (A4>
so from (A1) and (A4) we get
@1(‘;///,5!/; t/ll,tl/)= ®[(S/,I)l/2_'(S’,)1/2_MI,J
X@l/(slll,sl/; tl/l,t/l) , (As)
where
@1,(3/// sll_ tl/, tl/)
=/—d4Qlla(Q112_éll)g[(?a+Qll)2__s/I]
X[ (po—Q")*—u""%]. (A6)



2998 PETER

Now let iis concentrate on the function ®,’. Because
it is also an invariant, we can evaluate in any frame. Let
us go to the rest frame of particle @ so that

pa= (14,0,0,0),

Po= (Eb,0,0,kb) (kb> O) ,

Q"= (E" k' sinf"” cos¢” k' sind’’ sing” k'’ cosf’’)
(k'">0),

with p.2=m,? pp2=1t"'. Because

S”,: (Pa+1>b)2= ma2+ inl+2ml’Eb
and
t//,zEb2~kb2}

[ IR R T A
<I>1=<I>1(s ,5 ,t ,[)

D. TING 2

we can get
S“,—m 2—'t”’ 5'”’
a
Eb= B —
d 2Mq 2m,
an
(s”’—~ma2-—t”')2 )\(s’”,mﬁ,t"') 2
ky2= —mpt=| ———— | ,
4m,? 2m,
where
S‘l//:sl/l_m 2_tl/l
a
and

Ma,b,c)= (a*+b2—c*—2ab—2bc—2ca)'/?.

Now we can rewrite Eq. (A6):

0 —+1 o0 2m
= / k2R / d cost’’ / dE" / de! §(E"2— k"2 —'")
0 —1 —00 0

X o(mai41" —s"+2m L") o (1" " — "2 —2E" Ey+2ksk" cosf’’). (AT)
If we define
=" —m2—1t" and u”=y”2-—t”—t"’,
then Eq. (A7) will become the following expression after we integrate over d¢’:
o0 +1 +oc
<I>1'=21r/ k”%lk”/ rlcosﬂ”/ dE"S[E'"2—(k"241"")]
0 -1 v " )\(s”',m,ﬁ,t”’)
XB(——'”—{—ZmaE")B[:—u"— —Egn+ ———— k"’ cosﬁ":l
Ma Ma
o pr2gp! +1
=2 '—(};,Z'—“l-)m d cosf { 6[—3"+2ma(k"2+t”)”2]
0o 2 + 1
" )x(s'”,mﬁ,t”’)
Xal:_u//_ ———(k”2+t”)1/2+ B COSGH:‘-FB[—g”—zma(k’l2+t//>1/2]
Ma My
, U , , )\(slll’maz,tlll) l
Xo| —u''+ — (k241" 24—k cosf” J
Ma Ma
™, ° dk?
= ) (/// 9 2)/ (kIIZ /,)1/2(5[_,§’I+2mu(k/’2+ﬂl)1/2]
A matmy®) Jo +¢
)\g(slll m 2 l/”) -§”l 2
{7 ) bv:—;kllg_[u//_{__ —~—(k"2+t”)1/2:| }+5[—§”—2ma(k”2+t”)1l’2]
My Ma
@[)\2(5"’,ma2,t”/)k” ,: 1" g”l( ” "1 ’
SRS Y T [y — W 12} })
My My
S\ 2 DY 9 1 TN
T @{[(s > ”])\(s mail") , .8 a>
S S—CY | G W it (VT }
IN("" mo2mp?) 2m, ma? 2mg?
— 5?,, - 2)@(_ma2u1/2_l/lglllg_tlllsl/g_SIISIIIMII+4ma2tIIIlII) , (A8)
NS ymeEmy
for >0 and (3""/2m,)>>¢". If we assume s"”>m,2 u''% ', we get
@1(5‘///’5//; tlll’tll)= (7[_/251//)@[(5///)1/2_(511)1/2_MII]X @[(t/’lnax_'tl/> (t’l'—'t//)“in):] , (A())
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with
t”max min= ——(S/”'—S”):E[(S/”—Su)z
—[L'/ZS"-,- (Sll/sl’,)tlll(s’,/_SI,)]II2. (AIO)
Because (s"/)1/2> (s"")V2+4-u”, we know that
s __Sl/> ZM’I(S"I)1I2+M,,>>ma2 t/u,#//Q
at hlgh energy. It follows that
S” ”Ilz
o — e —
l,/) nin = <Sl//>< t + 1_XII/SIII>
— (""" —5")~ — 0. (A11)

APPENDIX B: BOUNDARY FUNCTION
IIP] (slll,sll’sl; t/ll’tll; sl/)

In this appendix we discuss the boundary function
¥, which is defined by Eq. (2.23), that is,

‘I’ (SII/ S”S, l”’,t”,l,; eIl)

- / Q' 5(Q =) (put-0')—5']

XOL(Q'—p0) =TT ~Q"=4"], (BY)
SO
wl(s’/l l/ I tlll ll/ l/ Il)
= B0 2 ()]
X\Pll(sl// S” sl tll/ l”,t’; eI/) R (Bz)

‘I’l’(s,” II / t”/ tl, t’ I)

o +1 -+
= [ k'R / d cost’ / dE'
0 —1 —o0
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with
‘Illl(s’//’s//’sl; ll//,tll)tl; e//)
- [ Q50 ) (pat- Q') —5']
OL(Q —pa) =€ (@ =) —i"]. (B3)

Let us concentrate on the function ¥4, evaluated in
the rest frame of particle @, such that

pa= (ma;O:O;O) }

QII= (E,/,0,0,k,,) , k//>0

po=(Ep,ks sins,0,kp cosby), ks>0
= (E',}’ sin@’ cos¢’,k’ sind’ sind’ &’ cost’), k'>0.
3
Just as in Appendix A, we can easily show the following:
a!! ’ 17
e 5 " Ns" sma2, ")
2m, ’ 2m, ’
(B4)
,§”I A(Sl//,MQZ,t/l/)
Iy=—, ky=— .
2ma 2ma
Furthermore,
W= (0" —pp)t=t"+mp?—2E,E"'+2k" ks cosby,
)
(UII+2E//Eb)
coslpy= ————
2k ks
(zmagu// _slllsll)
(B3)

)x(s",maz,l")}\(s"’,muz,t"')

Now from Eq. (B3), we can rewrite ¥, as

2T
XO[E2— (B 21') o (ma2 1 —5'+2maE)6( +1" —u'2—2E'E" +2k'E" cost') / ¢’
0

According to the definition of ®;’, the first three inte-
grals and & functions will give us (1/2m)®,(s",S"; #"",t'),
so Eq. (B4) can be rewritten as

@1’(5” ’ L”t)

\If1’=~————~———/ de's(H)
Jo

(B7)
2

or

O(—m2u'2—1'5"2—

t” ,2'_~§,8,,ul+4ma2l,t,,>

AN(s" s m 2t

vy =

X[t +mp2—¢" —2E' Ey+2k kpcost’ cosfp+sind’ sinfy cosg’)]. (B6)
where
= —¢'—2FE Ey+2k'ky cost’ cosby
~+2k'ky, sing’ sinfy cosp, (BY)
with
‘§I=Sl___m‘12_t/, uI=”/2_t/_tll, é//__ ,I'_tl_"t,’,
E'=5/2m,, =\ \t")/2m,, (B9)
and
cost’= (u"'+2E"Ey)/2k'k" .
We rewrite H in the form
H=—&"+C+D cosp= —¢'+C+D cos¢’, (B10)
with _
C= —2F Ey+2k'ky cosb’ cosbh, (B11)

% / " delsH), (BT)
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C=t+1"4C, (B11)

D=2k"k; sind’ sind,. (B12)
From Egs. (B4), (B9), and (B10), we get
C_Y S/S,” kb(ul_l__ZElEl/) (M”‘}“ZE”E};)
T om k' W'k
5" 2my?
T 2ma? & 2—4dmg%"
S’g’l g//g//l
X(u'+ ><u”+ ——) (B13)
2m,* 2m,*

We will further assume that s’/ s”

U i

LS U ma?,

PETER D.

’2
L)

TING 2
energy collisions. Even though there exists a part of the
phase space where s” and s’ are comparable to m.?
u'’2, the percentage is very small if 5"/ is very large,
and the percentage will decrease as s’/ increases. The
second part of the approximation (s", s”, s>, ", 1)
can be justified only if we 1nvoke the dynamical
assumption of the multiperipheral model that the
general production amplitude T'sp" falls off very fast as
any of the #s become large. This condition has been
confirmed experimentally in many 2-to-2 and 2-to-3
amplitudes. If such is generally true then in that part
of the phase space where s’s and #’s are comparable and
large, the kernel and G4(#”,#'"") will be very small and
will not contribute significantly to B, and A4s. There-

Il/

w'%, w'’%; then §'~s', §'=~s", §" ~s”’ The first part of fore, the approximation s, s”, s>, ', ' is
thls approxxmatlon (s, s " s>m,? w'?, u”?) canbe reasonable.
easily justified because we are only interested in high- Under this approximation, Eq. (B13) becomes
SIS/// 2m02/ 4ma2tll s/sll sl’slll
C=— + 1+ w+— N o'+
291,42 s''2 \ 572 2mq2 2mq2
s/// Sl sl J’”
Aol )
s s sll sll
and
D =2k'k, sinf’ sinf,
= (1/ 2k )[4k 22— (o 2B E") 211 R[4 = (-2 B By ]2
3 1IN, ma 2 ON(" oyt ) — (2ma2’ +8'57) QM2 [N ma 2t IN(s" yma2 ") — (2mo 2 481877 ) ¥
2 mal(s” ma2t") mo\(s” ma2 ")
1L 2—dm 2 ) (s" 2 —dm 2" ) —dm,2u's's” —s' 25" 212
2 Mas’
[(SN""4ma2t”)(5”_"4ma2t/”)—'44’/’1/(12%”5”5/“ Ilgslllz:ll/z
masll
S’». S/ 2 5”’ sll/ 2 1/2
—~ ’ 7 ml __\ nf ___ mf
2l G (G) e GG @19
Then
\pl"‘WI(SNI 4 S/ tI’, II I Il)
)
q)l(S” ’ ”,If) 2 ~ (I)l or
——«—-—«—/ d¢'8(—&"+C+D cos¢’) = —/ d¢'5(—€’+C+D cosg’)
™ 0 211' 0 ’
®,(s" "5 0" 1) O[D*—(—&'+0)2] &, O[D2—(—¢'+C)?]
x [D2—(—&"+0)?]2  x [D2—(—e¢'+C)7]H2
<I>1(s” B0 OL( max—€") (€' —€"min) ]
s (B16)
™ [(E”max_El’)(éu—él’min)jllz
f”max=c+D ) e“mi.n'—‘c""l), (B17)
sl/l / ’ slll
C=t —l—t”+u< >+u”( >+2t"<~—)<-—>. (B18)
SI, Sl,
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APPENDIX C: BOUNDARY FUNCTION o= (14,0,0,0),
Do (s, ", T5 7,875 77 8,) po=(Ep0,0,ks), ks>0

The boundary function ®, is defined by Eq. (3.21) as A= (A0,4:,0,A;), A>0 (C4)

®o(s" " T3 8" 1" 1" 1) Q"= (E" k" sin#’ cos¢’” k" sind’’ sing’ k'’ cosb"’),
k,/> 0
- [arsi@rs =it +ar-1,] a*=T.
XL (pet Q)= Q" —po)i—u7], (C1) Because (see Fig. 5)

so pat=pa—A, pst=pstA,
o= Po(s" ", T5 17 15 1.7 1,") it follows that

— @[(S/”) 1/2 (S,/) 1/2_#//]

Sy (T gy gy T Mt T=2made, Ag=T/2me (CS)
) b ) ) b ) b

L= (pyH)2= 1"+ T+ 2EpAg—2ksA.
A= (1/2k)(T+2Epbo+1"" —1,"")
= (1/2k3) (T+2Ehg+ 1" —1,"")

with

BRI R A T A T )
@2(8 S 7Tyl )t :t+ ’[’)

:/d4Q//5(Q112_t//)a[(Q//+A)2_[ "] ~ (Ey/ko)Ao~ Ao, (C6)
= : »
df T=A*=A2—A2—A2 we get
XoL(pat Q)= L@ = pr—'s). (c3) T ° e
= (A2—A2— T2 (—T)V/2,
Just as in Appendix A, let us evaluate ®, in a special A.=(A—A=T) (=7) (

frame such that Now we can rewrite Eq. (C1) as

00 +1 ~+o0
(1)2=@[(S’”)llz—(S/’)1/2"u,,]/ k/lgdklI/ d COS@”/ dElI

0 —1 —00 o

XO(E"2—k"2—")6(m 241" —s" 4+ 2m E") (" 41" —u/'2—2E" Ey+ 2ok cosB")[ d¢
0

Xo("+T —t,."+2E"Ag—2k" cost’A,—2k" sinf”’A, cos¢’)

@ VAR T T

1(S ’s ,t ’t ) /7 Iz / 3 24

=— dpd(—t" +1"+T~+2E"Ag—2k" cost’’A,—2k" sind”’ A, cosd)
0

T
P, [ .
= — f dpd(—t,"4+C'—D' cose) (c8)
m™ Jo
or
@ O[D"2—(C'—1,")*] &1 OL(Uy max—14" )t =14 min) ] (c9)
®2= - = — 5 -
T [D2—(C"—1,/)0 o« [ max =) (G =13 min) 1112
with
C'=t"+T+2E"A—2F" cost”’A,, (C10)
D’'=2k" sinf"A,, (C11)
and
l+”max= C,+ D, ) t+//m in= C, —D/ . (C12)

From Appendix A, Eq. (CS), and Eq. (C6), we can rewrite C” as
ST 2 2EE")  (T+2E A+ —1,"")
X

C'=t"+T+ -
2ma2 ka Zkb
S"T 2ma2 4ma2mb2 S“/2S”T S”IS”
~t"+T+ - <1+ >><[ + ————(T+l"’—t+"’)]
2m,2 s"? s’ 4m,2 2m,2
s

~{"+T— —,;(T+¢”’—z+’”). (C13)
S
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Also we can rewrite Eq. (C11) as

D'~ 2(—T)V2(1/ 2h) (48 er — ("4 2B )21
= (= D)/ 2m 2y JL (32— 4t (52— om0
— 2ma2u 55" ]2
~[(= D)2 s (—dmgts" 2 — dm " "
—4dm2u''s" s )12

— 2[Ttll+uIIT(SII/SIII)+tl//T(sl//SlI/) 2]1/2' (C14>

APPENDIX D: BOUNDARY FUNCTION
‘II'Z(SI/I,SII’SI’T; tll/’tll,tl; t+lll’t+lf’t+/; £’/)

The boundary function ¥, is defined by Eq. (3.22) as

TR AR T AT A R VL O T A B
\1/2(8 ,S »S :T;t 7t 7t7t+ 7t+ yl+ y € )

- / 24Q'8(Q 2 —1") o[ (Q+2)2—1," o[ (pa+Q") "]

XOL(Q' —po)2—€" 16t (Q'—Q")*—w2]. (D1)

If we evaluate ¥, in the same frame as chosen in
Appendix B, i.e., in a rest frame of particle a such that

pﬂ: (ma,0,0,0) )

QII= (E”,0,0,k”) , k”> 0

pv=(Es,ks sinfy cosgy,ky sindy, sings, ks cosbs) ,

ky>0 (D2)
Q'=(E k' sind’ cos¢’,k’ sind’ sing’ %’ cost’) ,

k>0

A= (AO:AerrAZ) ) A:>0

then from the definition of ¥, ®;, and ¥y, and after
manipulations similar to those in Appendix C, we get

Vo= y(s" 5", T3 " 15 1, 1)L (Q'— po)2—e"]
— @2(5,//’5,/,]‘; t”,t/; l+",t+l)

X 8[e’—C—D cos(¢'—¢)], (D3)

with
t,+T—(S,/S”)(I“'FL”—‘LFH)

S¢, = ) (D4)
AT+’ T(s/s") " T(s" /") ]2

P T — (" /") (T+1" -1,
ZDN'T"}-MHT(S”//S”)—f—Tt”(S”'/S")Z]lm ’

oS¢y (D53)

D.

TING

or

Vo= (s",s",s"5 0" 15 €Yo (Q'+A)2—1,"]
=Wy (s"",s", s 00 €

Xo(t'+T—t'+2E Ag—2k cost’A.

—2Fk' sind’A, cos¢”)
=\I/1(S,l’,sll’sl; tl//,ill,tl; €Il)
- sl
X6 {t’—t+’+T——<7>(T—H" -,
s

’

o s\ 2
—2[Tt’+u’ T<——>—t"T<—~) ]
S” S”

' —c
Xcos[cos“‘( )-i-dw:]} , (Do)
D

where ®, and ¥; have been discussed in Appendices C
and B, respectively.

APPENDIX E: SPECTRUM FUNCTION F(k%kr?)

Let N(k)dk be the number of final states, such that
one of the secondary particles has its four momentum
between %k and k-+dk. According to Eq. (5.16) (see
Fig. 9),

N(k)= / Bo(@',w,0; ' ,1)dt dw|B(t,) | 2dt dvBa(v' 0,05 t,t")

XI(w,v; 't k)o(k2—ui?), (E1)
where
w= (p+0Q)?%, v=(po—Q")?, [=Q?%, ki=u?,
w'=(pa+Q)?, v=(p—0Q)?, ¢'=Q"
and
I(w,u; 't k)
=/d"Qd4Q'5(Q2-1)5(Q'2—t)ﬁ[(;ba—FQ)Z—w]
X[ (ps—Q")2—2164(Q —Q—k). (E2)

The boundary function I(w,v;#,t;k) has been
evaluated in Ref. 9; the result is

I(wp;t't; k)

1
TL—1— (k) (1+2);

Sslll

— ¢ = (kg )a(14); k], (E3)
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where T is the usual triangle function given by
O(—a?—b2—c?+2ab+2bc+2ac)

T(a;b;¢c)=—
(—a2—b2—c242ab+2bc+2ac)V/?

and

x=w/s1, 2=v/s2 (ES)

(we will define s; and s, later), and k7 is the c.m.
transverse component of the four-momentum £ with
respect to the incident direction. Now let £z and ko be
be the c.m. longitudinal component and the time com-
ponent of %, respectively; we further define

ky=kotkr, k_=ko—kyr, (E6)
and
s1=(patk)?, s2=(potk)*. (ET)
Then, as shown in Ref. 9, we get
=k, (s 1/2, =k (s 1/2’
” +(S ) 7 " (s )/// (ES)
S1Sz=k+k_s = (/.l.k2+k1'2)s
and
$1= (Pa+k)2= (p,,-}-q’—Q)2=w’+l—w+ma2—~¢’+#k2
~uw' —w.
So
w' ~sitw=s1(1+x). (E9)
Similarly, we can prove
o = sptov=s2(1+2). (E10)

By using Egs. (2.36), (ES), and (E8)-(E10) together
with (E1), we get

1 w’ a(0)+1 cu’ a(0)+1
o= /G ()
8s'" So So

Xba*(w/w'v; ¢',0)ba(v/0',0; 4,t') | B(1,") |
XT[—t— (u2+kr)x(142); —1
— (ur2+kr?)z(1+x) ; kp2ldid! dwdv.

(E11)
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If we define

N(k)=(s""/s0)*"F, (E12)

then

Mk2+kT2 a(0)+1
FE< 0———) / f |8(t,t") | 2dtdt’
Y

X//dxdz[(l—{—x)(l—{—z)]“m

x z
Xb.,"( ,0; t,’t>bb“( ,0; t,t’>
1Xx 1432

+ T —t—(u+kr)x(1+2);
—t' — (u?+kr?)z(14x); kr?].

(E13)

APPENDIX F: BOUNDARY FUNCTION
1[]'3 (s.'ll’sll’sl,s; t’l!,t’l’tl’t; 8",8',8]2)
The boundary function ¥; is defined by Eq. (6.19) as

— V27N BV STV ) BT AT A O A
Wa=W3(s",s" 5", 55 1" 1 1 b5 €€ s€rs)

- [ Q80 )3 (put-0) —sIL(Q— ")~ ]
KOO Q) = L(Q—pP—e]. (F1)

Let us evaluate this in the rest frame of particle @, where
Pa= (14,0,0,0),

0'=(E'00,k), F>0

Q"= (E" k' sing”,0,k" cosd”), k>0

ps=(Es,ks sinfy cosps,ks sindy sings,ks cosbs), k>0
Q= (E,k sinf cose,k sind sing,k cosf), %£>0.

Now Eq. (F1) can be written as

0 +1 o0 2T
W= @[(s')l“—(s)”“’——p]/ k2 dk/ d cosG/ dE/ dpo[ E2— (k241) 18(ma2+t—s+2m.E’)
0 —1 0 0

X 8(t+t —u2—2EE +2kk' cosd)d[ i+ —e —

2EE" +2kE" (cos®’’ cosB-+sind’’ sinf cose) |

X 8[t4t" — e12—2EEy+2kks(cosfy cosf+-sinfy sind cos(p—s) ]

=W,(s",s',5; "t t; €)6(—er+C"+D"),

with

C'"=t={"" —2EEy+2kk;, cosf cosby,
D' =2kky, sind sinfy cos(¢—¢s) .

(F2)

(¥3)
(F4)



3004 PETER D. TING 2

Just as in Appendix B, at high energy, we can show that

S”, s s slll
e
S S S $
S”’ S” s s s// S“, 3
BN
S S S N \ N

and
s s\ 2 §" §11\ 2 12 &—C'
e T o (5] oo
s s S s
with
C'=t+t"—2EE" +2kE" cosf cosd”’
SII s s “_//
e
s’ s’ s’/\s’
D' =2kk" sinf sinf”’
s s\2 s’ s7\2T7 V2
<[ Gpe(5) L GG I w
s s’ s ! !
u/l_u/(slll/sl) _éII(S/I/sI) ___2ll(sll/s/)(slll/sl>
COSp= , (F9)
2D"+ul(&”/.¥l)+l’(S”/SI)2]1/2D/”+é"(5’”/s')+t'(5'”/5')2]l/2
and
'Izt:ﬂ?_t—t,, u'=,u'2-—~t'—-t", %”':[LHZ'—t”—'t”,, (FlO)

F=e—t—1", &= ——1", (F11)



