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We study the implications of approximate scale invariance for particle masses and the dynamics of the
low-lying scalar and pseudoscalar mesons. Assuming that the form factor e(t) (the trace of the energy-
momentum tensor) obeys an unsubtracted dispersion relation, one may derive formulas of the Goldberger-
Treiman type for hadron masses if a set of scalar mesons dominates the dispersion relation. The dependence
of particle masses on the coupling strength and dimension of scale-breaking operators is studied. In addition
to the scale-breaking operator u which breaks chiral symmetry, it seems necessary to introduce a scale-
breaking SU3)&SV3 singlet 8, as advocated by Wilson. The absence of 8 would contradict the analysis of
meson-baryon scattering lengths by von Hippel and Kim, would make the large mass of p' and the baryons
difhcult to understand, and would require the operator I to have a dimension —2 or mixed. At present, the
evidence for b is not completely compelling, however. In the absence of all scale breaking, we distinguish
two types of theories. In the first, all masses vanish in the limit of scale invariance and the vacuum is normal
under scale transformations. This is the situation envisioned in most previous research. The second alterna-
tive is that of spontaneous breakdown of scale invariance, in which case the vacuum is degenerate and
most particles have masses. The latter case is especially interesting in that it requires the existence of a
massless "dilaton" and further permits other masses to be not so inaccessible to extrapolations from the
real world. Lagrangian models of spinless mesons are investigated to understand the interplay of scale and
SUBXSU3 transformations. Working in the limit of SV3&(SV3 symmetry, the scale breaking is due to the
trilinear interactions. We consider two linear models in which there are (a) 18 meson fields belonging to
(3,3)+(3,3) and (b) 20 meson fields, with two extra mesons S and P belonging to (1,1) in addition to the
18 of case (a). The scale-invariant part of the Lagrangian is found to be Ua&(Uq invariant, so that the
trilinear coupling 8 breaks Fo' as well as scale. We speculate that the real world is V3)& V3 invariant in the
scale-invariant limit (although there exist meson models in which Fe' does not even exist). Spontaneous
breakdown is considered for cases in which the ninth scalar (os) and the extra scalar (5) have nonvanishing
vacuum expectation values. In the 18-meson model, spontaneous breakdown is permitted in the scale-
invariant limit only when the quartic couplings have a relation prohibiting (oo) WO in the presence of the
scale-breaking term b. The 20-meson model allows spontaneous scale breaking which survives when explicit
scale breaking is introduced. In the latter model, the "dilaton" is a mixture of the S and cro mesons. The
most interesting qualitative feature of the "spontaneous-breakdown" solutions is that even the canonical
dimension of an operator can be somewhat ambiguous. In particular, an operator having a given dimension
appropriate to a normal ground state may have different (usually several) dimensions under scale trans-
formations appropriate to the physical ground state.

I. INTRODUCTION

'HK possible relation of scale transformations to
the dynamical structure of Geld theories has been

the subject of many investigations. ' ' Although the
real world does not seem to exhibit scale invariance, we
suggest that the breaking of scale invariance and the
concomitant interplay with chiral symmetry (and ils
breaking) are important for the understanding of the
dynamics of hadrons. The present paper extends the
considerations of Ref. 3 and also considers in some detail
the breaking of scale invariance (and SUs&&SUs) by
spontaneous-breakdown mechanisms. We are concerned
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$ Present address: Cornell University, Ithaca, N. Y. 14850.' J. Wess, Nuovo Cimento 18, 1086 (1960); H. Kastrup, Phys.
Rev. 142, 1060 (1966), and earlier papers cited therein; G. Mack,
NucL Phys. BS, 499 (1968). Many references to early work in
this field may be traced from the paper of G. Mack and A. Salam,
Ann. Phys. (N. Y.) 53, 174 (1969).' K. Wilson, Phys. Rev. 179, 1499 (1969).
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with low-energy dynamics rather than possible mani-
festations of scale invariance in deep-inelastic
electroproduction.

Wilson. ' has emphasized that the dimension of Geld
operators can change drastically owing to the singular
behavior of Geld theory at short distances. We wish to
emphasize another mechanism by which interactions
cause changes in dimension, i.e., by spontaneous break-
down. Although our analysis is limited to the usual self-
consistent approximations characteristic of such
theories, the qualitative difference from "normal"
ground states leads to many interesting and suggestive
results. In this case, a given power of a field is changed
to a polynomial in the new fields, the latter having their
ordinary dimension in the broken theory before the
new interactions are taken into account. Thus many
"free-Geld" properties are retained in the zeroth-order
approximation.

Many of the aforementioned considerations are
illustrated by the self-coupled. scalar Geld studied in
Sec. IV. Perhaps the most interesting point is that when
a Geld has nonvanishing vacuum expectation value, it is
useful to choose an energy-momentum tensor 0„,
different from that appropriate to the normal ground
state. Further, an operator with given dimension in the
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normal ground state may have several dimensions in
the "displaced" theory. The dependence of H„„andof
dimensions on dynamics is an interesting and crucial
result which deserves further study. Since the
"spontaneous-breakdown" solution represents only an
approximate solution of the original theory, we see that
its ground state is, properly speaking, an intermediate
point from which one can hopefully do perturbation
theory in the modified interactions.

Callan, Coleman, and Jackiw have recently shown4

how to redeGne the energy-momentum tensor 0„„in such
a manner that in renormalizable field theories, the
matrix elements of e„„arefinite, and further, that the
operators inducing scale and special conformal trans-
formations are space integrals of Tnornents of 8„,. For
example, the dilatation operator D is expressible as

D= d3Ã x"Oqp)

and the nonconservation of D is connected with the
trace of e„„bymeans of

d3x 8"„. (1.2)

Further details can be found in Refs. 3 and 4. The
dimension of a field @ (assumed to have a unique
dimension I) is related to (1.1) by

Equation (1.3) is the infinitesimal operator version of
the classical scale transformation P'(x') =p'g(x), x' =px.
For example, t= —1 for spin-0 Gelds. For free spinor
Gelds, one has )= ——', .

As explained in Ref. 3, it is reasonable to suppose
that the energy density goo has two parts, one (goo) of
dimension —4 which corresponds to a scale-invariant
theory and a world scalar (w) responsible for the
violation of D. Breaking m into pieces w„ofdimension

/„,we have

(too=goo+2 wn ~ (1.4)

It is then possible' to express the trace 0&„in terms of
the scale-breaking operators according to the "virial
theorem"

(1.5)8&„=P(l„+4)w„

This result, which has many applications, is reminiscent
of the traditional virial theorem in that it allows
expectation values of kinetic-energy terms (which
appear in Ooo) to be expressed in terms of "potential-
energy" operators (scale-breaking polynomials in the
fields).

A scale-invariant theory is characterized by vanishing
trace 0"„.The local form of (1.2) is

(1.6)

where X)„=x"0„„is the scale current. In analogy with
the dispersion-theoretic formulation of the partial
conservation of axial-vector current (PCAC), we may
define approximate scale invariance to mean that the
matrix elements of 0&„obeyan unsubtracted dispersion
relation. ' This assumption could be true even if scale
invariance were badly broken (as seems to be the case).
In practice, the relation is useful only if the matrix
elements can be dominated by a set of scalar mesons.
We refer to this hypothesis as PCDC, i.e., partial
conservation of dilatation current.

In the case of spontaneous breakdown of scale
invariance, we can have massive particles even though
0&„vanishes, provided there is a massless "dilaton" 0..
The latter particle causes many ambiguities in the
limiting theory. In order to interpret such ambiguities
which occur as k ~ 0 in various matrix elements, one
should keep m, Gnite until the end of the calculation.
The conformal generators deGned in terms of e„„donot
have the expected property of carrying one-particle
states to one-particle states when there is a massless
Geld with nonvanishing vacuum expectation value. On
the other hand, the redeGned tensor 0„„'gives non-
conserved conformal generators which do not add
massless dilatons to single-particle states.

In Sec. II we study gravitational form factors
(P'~ 0»~ p) for spin 0 and spin s in order to find the
implications of PCDC. Relations of the Goldberger-
Treiman type are derived which express particle masses
(baryons), or (mass)' for mesons, as sums Q F,ggpp,
where Ii, measures the strength of the matrix element

(0~ g„„~o) and g,t ~ is the coupling of the 0+ meson o. to
the particle I'.

Section III considers the dependence of the particle
masses on the parameters measuring the strength of the
various scale-breaking operators. Powerful constraints
emerge when one combines the trace theorem with the
vanishing of the self-stress7 and uses Feynman's
theorem to express the parameter variation of the
masses in terms of the various scale-breaking operators.
In particular, it is noticed that the SU3&(SU3-breaking
operator Ate=A(tto+'CQs) of Gell-Mann, r and Gell-Mann,
Oakes, and Renner' gives half the total pseudoscalar
octet mass as a consequence of the quadratic mass
formula tm'(X) ~'A$. In Ref. 3 it was proved that a
siegte scale-breaking operator of unique dimension Inust
have t= —2 in order to give a quadratic mass formula
when one perturbs from the zero-mass limit. Applying
this theorem to the pseudoscalar octet, one cannot
have for tto+cls a unique dimension l different from

' M. Gell-Mann, Phys. Rev. 125, 1062 (1962). In this paper the
derivation of Goldberger-Treiman formulas for scalar mesons
was considered, although the connection with scale transforma-
tions was not noted.' H. Umezawa, Qgatttatrt Field Theory (North-Holland, Amster-
dam, 1956); J. M. Jauch and F. Rohrlich, Theory of Photons and
Electrons (Addison-Wesley, Reading, Mass. , 1955}.' M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175,
2195 (1968).Also see S. L. Glashow and S. Weinberg, Phys. Rev.
Letters 20, 224 (1968).
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—2 (such as —3 in the naive quark model or —1 in
lowest order in the o model) unless another scale-
breaking operator (called 6) is present in the SVo&(SVo
limit. Arguments in favor of the existence of 6 are
summarized below.

Although a detailed theory of strong interactions does
not yet exist, it is reasonable to suppose that SU3)&SU3
is nearly a good symmetry. %e write the energy
density Opp in the form

&oo =goo+I,

where 8pp is invariant under SU3&SU3 and I contains
SU3 singlet and octet coInponents. From the work of
Gell-Mann, Oakes, and Renner, it seems plausible
that I, has the simple form No+cls with c near —v2
(so that the pion mass is nearly zero), the I, being
scalar components of a (3,3)g3 (3,3) representation.
Under standard assumptions, '~ 8"5;„'=i/F;o,os'
(i=1,. . . ,8) and the axial-vector current divergences
are dominated by a pseudoscalar octet in (3,3)+(3,3).

When I goes to zero, the axial-vector currents are
conserved, and the pseudoscalar octet becomes mass-
less. However, other particles apparently remain
massive in this limit (many with masses of the order of
the nucleon mass). The numerical analysis of von Hippel
and Rim indicates that the elcteon mass remains
essentially unchanged as N~O. It also seems that the
q remains massive in this limit. Thus it is reasonable to
assume that goo contains a scale-breaking (scalar)
operator 5 in addition to a part of dimension 4, Opp,

&oo =Boo+&,

goo =&os+ &+I .
(1 8)

8 is to be SU3XSU3 invariant, as is Ppp. A similar
argument has been advanced by Wilson. ' Mass shifts
of the order of 1 GeV are to be attributed to the
operator 5, while u causes shifts of a few hundred MeV
at most.

At present the most compelling evidence for the
existence of 6 is the result of Ref. 9 that the nucleon
matrix element (iV~uo+cus~X) is very small. However,
this result is based on a complicated sequence of
approximations. If (E

~
No

~
1V) is not 215 MeV but is too

small by a factor of 3, say, then one would not be
compelled to introduce b. Moreover, the arguments
given below based on the special status of q' are highly
model dependent. These problems deserve further
research.

Let ) denote the coeKcient of the operator I which
breaks SU3&SU3. When A —+0 the baryon octet is
massive, according to Ref. 9. In addition, the pseudo-
scalar octet obeys m' ~ X. From these facts we conclude
that at least two SUB singlet scalar mesons are needed
to satisfy the Goldberger-Treiman formulas for masses
(based on scalar meson dominance of an unsubtracted

9 I'. von Hippel and J. K. Kim, Phys. Rev. Letters 22, 740
(1969); Phys. Rev. D 1, 151 (1970).

dispersion relation for 0'„).This situation is in accord
with the consideration following Eq. (1.10) below.
However, this deduction depends on the vanishing of
the form factor 0(t) as 3

Thus it is reasonable to temporarily omit I and to
consider models which exhibit scale breaking in the
SUs&&SUo limit. The representation (3,3)+(3,3), to
which the pseudoscalar octet fields belong, has 18 com-
ponents. Since there is some evidence for (heavy) spin-
zero mesons, we suppose the full multiplet exists rather
than initially search for a nonlinear realization. The
absence of degeneracy implies that the vacuum is not
invariant under SU3)&SU3. This situation is vividly
exhibited by "spontaneously broken" solutions to
effective Lagrangian models, in which the eight pseudo-
scalars are the Goldstone bosons associated with the
symmetry breaking. These models are very instructive
and will be analyzed in detail. In these models we find
that contributions to a Lagrangian which are both scale
invariant and SU3'gSU3 invariant are automatically
U3&U3 invariant. This suggests that Ii p' is a useful
operator in the limit of scale invariance. It is therefore
interesting to assume that opp is U3)& Us invariant. Then
the current gp„'has divergence

BI'Fo„' i /F o',8].—— (1.9)

Since there is no light pseudoscalar with the quantum
numbers of the g', we see that 8 must break Fp' ex-
plicitly. " It should be stressed that there exist purely
mesonic models in which Fp' does not occur. "Hence
the assumption of U3)&U3 invariance in the scale-
invariant limit is a hypothesis, not a theorem. In
particular, the nonlinear models of chiral symmetry
deserve further study.

We note that 8 belongs to (1,1), so that if (1.9) were
dominated by a meson state I', I' would not belong to
(3,3)+(3,3) but would be dynamically independent.
Similarly, we note that PCDC gives in the SU3&(SU3
limit

ol"S„=i)"„=(to+4) 0 (1.10)

(the latter equality holding when 5 has only one
dimension), where 0&„is (1,1) and might be dominated
by a meson S. One is thus led to consider the possibility
that there be two extra meson-6eld operators S and E
which are invariant under SU3&(SU3, in addition to the
18 belonging to (3,3)+(3,3). In the 20-meson picture,
there are three I=O, nonstrange 0+ mesons associated
with the scale-breaking operators 6, Np, e8, and three
analogous 0 mesons. Kastrup" and Chang and
Freund" have independently suggested the existence
of a "tenth scalar" meson.
I Essentially the same argument was given by S. L. Glashow;

see HcCrons arid Their Irlferacfi ops, edited by A. Zichichi
(Academic, New York, 1968), p. 102.

"S. Coleman and L. Maiani (private communication); C. J.
Isham, A. Salam, and J. Strathdee, Phys. Rev. D 2, 685 (1970);
%. A. Bardeen (unpublished).

» H. A. Kastrup, Xucl. Phys. B15, 179 (1970).
'o L. N. Chang and P. G. O. Freund, Ann. Phys. (N. Y.) (to

be published).
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In Secs. V and VI we construct models for 18- or 20-
meson systems, and study the dynamics of the spon-
taneously broken solutions. The 20-meson solution is
especially interesting in that it permits spontaneous
breaking of scale invariance in a way that survives
when the scale-breaking interaction 6 is turned on.

In this paper we emphasize models in which 0+
mesons occur, because of the central role such mesons
play in determining the structure of the vacuum.
Moreover, certain of the 0+ mesons determine the
masses of the particles, and the massless pseudoscalars
are manifestations of the underlying chiral symmetry.

It is interesting, though probably not meaningful, to
compare the models with the experimental meson
spectrum, although there is little 6rm information about
scalar mesons. It is quite easy to ht the experimental
situation with the 18-meson model when SU3&(SU~-
breaking terms are added to the previous analysis.
Quark-model considerations" suggest that one of the
quartic couplings is absent (or small), in which case
the SU3 multiplet masses of the spontaneously broken
SUr&(SU3 model are in the ratio ms'(8): mp'(1):
ms'(1):m~'(8) =4:3:1:0.Breaking of symmetry leads
to a reasonable spectrum, with a substantial admixture
of the "forbidden" coupling. The 20-meson model is
interesting but has too many parameters to give
predictions.

0P) =0(0)+—
Im0(i')d~'

&'(t' —i)
(2.1)

If we further assume that 0 approaches a limit as t~~,
we have the unsubtracted form

1 Im8(t')dt'
0(~)=0( )+-

t' —t
(2.2)

It is tempting to further speculate that 8(eo) vanishes,
in which case one has a direct analogy with ordinary
PCAC. Qualitatively one expects 8(~ ) to vanish

'4 J. Rosner (private communication). The coupling (TrsKtSK)r
involves graphs in which quark spin indices are not irreducible
linked.

II. APPROXIMATE SCALE INVARIANCE;
MASS FORMULAS

The breaking of scale invariance is characterized by
the nonvanishing of the trace 0~„.In this section we
consider how to formulate the idea of approximate scale
invariance, in order that the implications of the pre-
sumed underlying symmetry may be derived. We
suggest that the matrix elements of 8&„aresu%ciently
well behaved for large momentum transfer that one
may write unsubtracted dispersion relations for the
form factors 0(t) From ge.neral principles we know
that 8(0) gives the mass I 8(0) =2m' for spin. 0, iV for
spin ~~with the normalization adopted below). One can
guarantee this by writing

because of the enormous number of competing channels
open for large t. Of course, electromagnetic form factors
vanish strongly at large momentum transfer. The
vanishing or nonvanishing of 8(ao) is an important,
model-dependent question. In either case, it is of
interest to dominate (2.2) with a set of scalar mesons.
The case of spontaneous breakdown of scale invariance
is of particular interest since a zero-mass scale meson,
or "dilaton, " is required by the vanishing of 0. The
scale-breaking operators raise the dilaton mass from
zero, and if 0(~ ) vanishes, the particle mesons are given
by Goldberger-Treiman formulas dominated by the
scale meson and perhaps some other scalar mesons.

We consider the matrix elements &p'
I 8„„Ip) for spin 0

and spin —,'. For spin-0 mesons, "'
(4 ')'"&P'I0"IP&

=2P+„F(t)+(k„k„—g„„k')H(t), (2.3)
P =-', (p+p'), k= p' —p, t=k'.

If there are no zero-mass scalar particles coupling to
0„., we have H(0)=finite and F(0)=1. Taking the
trace gives

(4~~') "'(P'
I
0".

I P&
= (2m' —-'i)F(t) —3tH(t) =—8(t) . (2.4)

For H(t) finite, we see that &pl8&„lp&=re'/&v as ex-
pected; also (2.1) gives &pl0eelp)=a&. But if 0 „=0,
H(t) has a pole according to (2.4), provided that the
external. masses are nonzero. This pole corresponds to
a massless 0+ meson. Even when ei"„&0,such mesons
may exist (though massive) and dominate the dispersion
relation for 0"„.

To calculate the form factors we 6nd the absorptive
part LM„.$ of the annihilation amplitude M„„:
~"= (4~~') "'(o

I 0"I PP'in&

(2.3)

x&0I0"I~&&~l j-'I~(P)&(2~)"'.

The states I I) have 7~ =0+, 2+, corresponding to the
trace and tracdess parts of 0„„.We may have several
(or many) mesons of both types. Denoting a 0+ meson
by 0, we de6ne the strength Ii, for creating 0 from the
vacuum by

(2(u,) '~'&0
I 8„„I o) = —-,'F,(k„k„—g„„k'),

(2n.)'i'&0
I 8&„Io) =no 'F

where k'=m, ', and the mrna coupling G, by

(2 6)

where j is the meson current. (G, has dimension
—1.) We could treat the 2+ con.tribution similarly (and

"We use a metric tensor g„„withelements goo=1, g;;= —1,i=i 2 3.
"H. Pagels, Phys. Rev. 144, 1250 (1966).
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obtain universal coupling of a single f meson when un-

subtracted dispersion relations are assumed for Ii and
its analog for other particles). Here we are only con-
cerned with the trace, whose form factor 8(t) is assumed
to obey an unsubtracted dispersion relation, giving

m 'I',6,
8(t) =P - +background,

m ~ —t
(2.7)

where the sum is over the o. mesons and the background
could be small. Using 8(0) =2m' and ignoring the back-
ground, we get the Goldberger-Treiman relations

2m'=Q F.G. (2.8)

~o ~ogo'NN
8~(t) =g — +background.

SZy

(2.12)

In general, we will be able to express particle masses in

terms of the scalar meson couplings and the (universal)
constants F,. However, the problem of determining
these quantities, and even determining the number of
the scalars, is not trivial.

For the baryons (spin ~~), one has" $P and k are
defined as in Eq. (2.3))

(EE'/M')'"(p'
i 8„„ip) =u(p', X')G„, (up, X)/M,

G„,= ', Gg(t)(P„y„-+P„v„)+G2(t)PuP~/M
+G8(t) (k„k„—g„,k')/M,

G~„=MG1(t)+ (P'/M) G2(t) —(3t/M) Ga(t),

with' Gq(0) =M when there is no zero mass o. Gs would

have a pole in the limit 0&„=0,if the external masses
remained nonzero. Only G3 contains the 0. coupling, as
shown by computing the discontinuity P'„„~)for
Xg~ graviton due to a o intermediate state

1„,= (EE'/M') 'i'(0
i 8„„i X(p,X)E(p',X')),

LJ„„)= —37r8(t —m, ')F.g.»(k„k„—g„„k') (2.10)
&&e(p',X')u(p, ) ) .

Here ) and )' are helicities, and I and e the usual

spinors. g,NN is defined by

g.NN8(p', ) ')u(p, X)
= (2E~./M)'i'8(p', ) ') (o i

g~t
i pX) . (2.11)

From (2.9)-(2.11) we find $0~(t) =G&„/M)

even when 8(~) vanishes, scalar mesons might not
dominate if scale breaking is not "gentle. " Our 6rst
problem is to decide how many scalar mesons occur.
Although direct evidence for 0+ mesons is scanty and
controversial, such a meson is needed for consistency
of ~X and EX scattering, and there is also some
evidence for a broad 0+ meson around 700 MeV. If we
de6ne the o.mm coupling so that 2, =no g, „o-m', so
that G =2m g, , Eqs. (2.8) and (2.13) give

g, /g» ——m /m~, while the evidence suggests

g '/4n =g»'/br=10. This difficulty does not occur
if at least one of the form factors requires a
subtraction.

Even if further scalar mesons are included in
Eqs. (2.8) and (2.13), very stringent constraints follow
from imposing qualitative requirements such as the
behavior of masses in the limit of SU3)&SU3 symmetry.
For example, in this limit the pseudoscalar octet be-
comes massless whereas the baryon octet presumably
remains massive. Further, the pseudoscalar octet mass
depends on the chir al-symmetry-breaking energy
density Xu as m'(X) ~ X, as elaborated in Sec. III.

The foregoing results may be used to show that at
least two SU3 singlet 0+ mesons are needed to satisfy
the Goldberger-Treiman formulas (2.8) and (2.13)
consistent with the dependence m'(X) ~ X for the
pseudoscalar octet and 3f ~ X for the baryon octet. %e
note that the scalar couplings to pseudoscalars or
nucleons do not have to vanish as X~ 0 and so may be
taken to be O(X ). (Since G,sisr is dimensional, its non-
vanishing assumes the existence of a scale-breaking
operator such as 8 which does not go away when X—+ 0.)
This means that neither of these couplings exist solely
due to breaking of SU3XSU3.

Consider the case of a single scalar meson 0. Applying
(2.8) to the pseudoscalar octet then implies that
F =O(k). Thus (0~8~o) vanishes to lowest order in X,
and hence the nucleon mass vanishes in the SU3&SUB
limit. This difhculty is not circumvented by having two
mesons 00 and 08 belonging to a scalar nonet. In the
presence of SU3 breaking these states mix, giving
mesons o& and o2, say. Defining F,,'=(2~)' '(I~05~o,)
and F, ."=( (2u)'~'(

0~ u~o") and mP=xm, 2(8)+ym (u),
and generalizing to any number of scalar mesons o.;,
we find the relations

2m;2(8)=PF G;;;,

Making the strong assumption that 8(~)=0 yields 2m;2(u) =P F;"G;;;,

8~(0) =M =Q F,g». (2.13) (2.14)

I'he results (2.8) and (2.13) show the intimate connec-
tion between the mass of a particle and its couplings to
the scalar mesons. Note that the mesons couple by m',
while the baryons couple linearly.

%e now consider the implications of the mass
formulas (2.8) and (2.13), remembering, however, that

M;(u)=PF; g,;;,

for the pseudoscalar octet and the baryon octet. Here
we have assumed that 8 and u separately obey unsub-
tracted dispersion rela, tions. (This is tantamount to



2270 P. CA RRUTH E RS

assuming that we can vary the coupling parameters v

and, X independently. )
Transforming (2.14) to the unmixed basis, we apply

it to the case of two mesons 0.0 and 0.8. To lowest order
in ),, we have F'(a )p=Op ) while Fp(op), F. "(o'o), »d
F"(o s) are 0('A). To lowest order in X, G„,, and G„;,are
nonvanishing 0(XP) and SUp symmetric. Thus the
requirement that m,'(5) be 0(X) forces F'(o.p) to vanish
to leading order (Xp). Again the nucleon mass is 0(X)
and vanishes as ) —+ 0.

In order to allow mp'~X in the presence of 6nite
nucleon mass t 0()P)j, we introduce another SUp-
singlet scalar meson, called S, which in general mixes
with op and. as. Since FP(S) =0(XP), we can arrange
m&'~) by arranging cancellation to lowest order:

F'(S)Gszr+F'(o'p)G. ,pr 0. —— (2.15)

The nucleon mass now becomes (in the SUp&(SUp
limit)

~=F'(S) (Gnp p pgSKN gnpNNGs pp)/G. p pr WO. (2.16)

The essential aspect of the foregoing is that there
exist at least two SU3 singlet 0+ mesons coupled to the
vacuum (by B) and to pseudoscalars LG =0()P)j in such
a manner that a cancellation such as (2.15) occurs.

If we assume that there is a scalar nonet, a tenth 0+
meson is thus required by the above argument. "
In Sec. VI we study a model of this sort.

There exist reasonable models in which the baryon
mass remains 6nite in the SU3)&SU3 limit, even though
only one 00 exists. In such cases either a subtraction is
called for, or the dynamical approximations are com-
pletely misleading,

III. PARAMETER DEPENDENCE OF MASSES

The "virial theorem, "Eq. (1.5), allows one to study
the dependence of masses on the dimension and strength
of the scale-breaking operators m; of dimension /;. %e
introduce a set of parameters X; (0&X;&1) such that

2m'P. ) =Q(l;+4) X,(Bm'/BX, ), (3.4)

or, writing x, =l,+4,

(3.5)

One should remember that the dimensions I; in general
depend on the parameters X;.

As a 6rst example suppose there is only one scale-
breaking interaction 5 with parameter v. Also consider
the case in which the mass of the particle under con-
sideration vanishes as v —+0. The perturbation expan-
sion has the form

it is not a priori clear whether the various X, can all be
varied independently. (It is even possible that an
adiabatic change in the energy is prohibited, although
we shall not consider this to be the case.)

Within each domain we may investigate the parame-
ter dependence of the masses. The effective Lagrangian
models of Secs. IV—VI provide instructive examples.
According to a well-known result of I'eynman, we know
that the change in energy BE/BX, depends only on the
change in the Hamiltonian and not on the change in
state vectors. This result is a simple consequence of the
variational principle. Thus we have for a single-particle
state

~ p(X)),
BE/B'A;=(p(), ) ~, ) p(X)). (3.2)

Multiplying by 2E(X) and writing E'(X)=p'+m'(X)
gives

Bm'/H. ;=(p(X)
~
w;~ p(X)), (3.3)

where
~ p(X)) = (2E) '~'

~ p(X)) correspond to covariantly
normalized states. The right-hand side is indeed
independent of p since tt; is a scalar operator, so that
we may take p —&0 even for values of X, such that
nz'-+ 0, a step not permitted in (3.2).

Apart from the exceptional X, giving m=0 (which
we shall regard as the limit point), the trace theorem
may be employed to give

Boo=Boo+2 4tt"

0&„=P(l;+4)X;te;.
(3 1)

L' =p+pEt+v'Es+

v Bsz

2p BP p

The physical situation is represented by setting every );
equal to unity. However, it is useful to consider the
entire family of systems which result when the ); are
varied. The solutions corresponding to (3.1) will, in
general, break up into sets not smoothly connected to
each other, according to the values of the X;. Moreover,

"After this work was completed, R. Crewther and M. Gell-
Mann noted that the PCAC relation Ii G, = (m '—m,')FI(0)
(F& is the form factor multiplying (p+p'}„in the matrix element
(s.)F„'pl) indicates that G, , remains large in the SUpXSUp
limit. dispersion-theory study of Ii1 indicates that Ii& remains
6nite in this limit. Thus it is entirely possible that for the pseudo-
scalar octet, scale breaking is not adequately expressed by formula
(2.8). Thus it is possible to avoid an extra scalar meson.

+" (3 6)

Since this formula must agree with E=p+m'/2p+ ~ ~ ~,

we see that a fj.rst-order shift 8~&0 corresponds to a
quadratic mass formula m'~v (provided higher-order
corrections are small), while a second-order energy shift
(Es/O, Et=0) corresponds to a linear mass formula
(m~ v).

If the mass shift occurs in first order (vanishing as
v -+ 0), then consistency with the virial theorem,
Eq. (1.5), requires that l= —2. Since u(p) B) p) =m /Epp
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(x =1+4) for the exact states, we find in lowest order

~=(plH-+ Hlp&
=p+m'/px, (3.7)

showing that l= —2 under the indicated assumptions. '
The boson mass term 22m2&2 illustrates this situation.
For a fermion mass operator the mass shift is second
order, so that l = —3 does not conAict with the foregoing
result.

As an example, suppose that 6 =0 and that the baryon
octet masses vanished as u —+ 0 (i.e. , 5 =0) so that they
obeyed a quadratic mass formula. In this case l= —2,
and one can easily estimate (BIupIB) to be roughly
2m', or about 600 MeV, since the average of us over
the octet vanishes. Although the approximation is
drastic, the result is not sufFiciently diRerent from that
of Ref. 9 to totally exclude the vanishing of 8.

Another interesting case is the cubic boson interaction
ggp, which has l,= —3, and gives no first-order shift.
However, 8m' in second order is negative, which
indicates an instability. The system can be stabilized
by going to a new ground state if the scale-invariant
theory contains a term like fP' (with f(0). The new
ground state has (P)p&0 and m2)0; as explained in
Sec. IV, the dimensions of operators appropriate to the
new ground state are changed from those in the original
theory. The new ground state is only approximate, since
all interactions have not been taken into account. But
if the "new" interactions are regarded as small, the
expectation value (p I

H'
I p) between physical states

merely picks out the mass term 22m2$'2. We note that
the self-coupled massless scalar field gives rise to
spontaneous breakdown, and that an ordinary mass
term occurs in the physical fields P' =P—(P)p.

The result (3.7) is not applicable to the pseudoscalar
octet since other scale-breaking operators remain in the
massless limit (Xu —+0). As an example, consider the
model studied by Gell-Mann, Oakes, and Renner' in
which Hpp

——Hpp+Xu, where Hpp is SU'2&&SU2 invariant
and u =up+cup, where the u, are in the representation
(3,3)+(3,3). As X—+0, we have conservation of the
octet axial-vector currents and an octet of massless
pseudoscalars, which obey m2(X) ~X, whatever their
dependence on other parameters. Given the quadratic
mass formula, we find

(plul p)-.2= I2m (3.8)

giving better foundation to the result (plulp) =m, '
previously based' on extrapolating a single pion to zero
four-momentum. Df the pseudoscalar mesons were to
obey a linear formula, the extrapolated matrix element
(p u p')

I „pwould lose half the actual value of
(p u p).j If u=up+cup were a quark mass term, one
would have l„=—3, so that according to the virial
theorem, (u) and (8) each account for half the pseudo-
scalar mass, and l~= —3. On the other hand, if /„were

—2 (and the mass formula quadratic), u would give the
entire mass, and (8)=0. This example illustrates how
one may use Eq. (3.5) in a serniempirical way to corre-
late the dimension of operators and the structure of the
underlying theory.

To amplify the foregoing, we consider the scheme
proposed in the Introduction in which the SU3)&SU3
energy density Hpp is broken up into Hpp+8, where Hpp

has t= —4, and 5 breaks scale. 6 is assumed to be
SU3+SU3 invariant and Opo may be U3&& U3 invariant.
We suppose J to have a single dimension /2 (though this
would not be true if we have both mass terms and
meson interaction terms), and write

Hpp= Hpp+vh+Xu,

Hu„=xv H+yXu,
(3.9)

IV. AMBIGUOUS DIMENSIONS IN
LAGRANGIAN MODELS

When the dynamics is such that one or more fields in
a theory has nonvanishing expectation value, the
canonical dimension of an operator depends somewhat
on one's point of view. To illustrate this interesting
phenomenon, consider the scalar meson model de6ned
by the Lagrangian density

;(H~)'+f~+f.-~

The "improved" O„„ofRef. 4 is

Huu= HA'Hu@ guu& p(HuHu guuH )4' )

(4.1)

(4.2)

and P has canonical dimension —1 when the definitions
(1.1) and (1.4) are employed. Now the field g has no pre-
ferred status; the presence of the linear term makes it

where x=lp+4, y=l„+4.The solution of Eq. (3.5) is

m(v, t) =c v'/2*X'/2yg(X'/2y/vi/") (3.10)

or (in a useful equivalent form)

m(v g) —c vl/u+c gl/y+c vl/2uyl/2yf(yl/2y/vl/2x) (3 11)

proyi/fed the dimensions are independent of v and X.
Here we assumed that all masses go to zero in the scale-
invariant limit and that the theory is analytic in
0((h,v)(1. g(s) is analytic except for a possible cl/s
term.

We may use Eq. (3.11) to understand how the
presence of two interactions 0 and I avoids the 1= —2
restriction

I
cf. Eq. (3.7)j which would occur if H were

absent. Setting c~=0 for the pseudoscalar octet, we see
that there are essentially two cases: (A) (cp

——0, c2/0)
and (B) (c2 ——0, cpWO). In case (A) the mass is inde-
pendent of v, so that as expected, m' ~ X implies l„=—2,
and m~ X requires 1„=—3, exactly as for the case of a
single scale-breaking interaction. But for case (B), in
which the (v,X) dependence is closely connected, we
find m' ~ X is possible for /„=—3 (f=constant;
m' ~ Xv'/*) as well as for / = —2

I f(s) =s m' ~ Xj
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8~$„=8~„= 3fpy =P—mph, (4.4)

the latter equality following from the relations after
(4.3). Ii is equal to —/t/p. Hence Eq. (2.8) follows
exactly in this model, when one replaces p by P' in (4.4),
as is appropriate for the physical ground state in which
(4')p=o.

A less unrealistic model is de6ned by the Lagrangian

~=-', (W)' —,' o'~'+g'+f~'. (45)

8„„is again given by Eq. (4.2); using the equation of
motion, one 6nds

8"„=mp2$2 —ggp, (4.6)

giving a simple illustration of the virial theorem,
Eq (1 5) (Z 2o=pmp242 —g42)

We now consider the modi6cations which occur in
the case of spontaneous breakdown. For certain values
of the parameters there may exist other ground states
in which (/t/)pQO. These correspond to minima gp in
the (classical) function 12mp2/t/2+g/t/'+ f/I/4 for ppWO. To
illustrate, we set mo'=0, which assures the existence of
such a solution, provided f is negative. To Gnd the
minima, we seek pp such that variations Q'=P —$p
leave 2 unchanged to 6rst order. Eliminating the linear
term in @' requires that

3g+4 fop
——0 (4 &)

and gives the Lagrangian

g/ 1 (8y/) 2 1mph/2yg/y/puffy/42 2 / (4 8)
m2=3g@p, g'= g+4f/I/p.

To the extent that the interactions among the new 6elds
are small, we have self-consistently induced a mass m'.
The modified energy-momentum tensor 0'„„hastrace

likely that the physical Geld is @'=/1 —
@p, where

pp = (/3//)p&0. Writing (4.1) in terms of /3//', we find

&'=l(&~')'-l '@"+g@"+fe", (4.3)

where the extremal condition is fp+4fgpp=O and
m'= —12fgpp. For f(0, one has a minimum (and
stability). To the extent that the new interactions are
"small, " the Geld P' "has" mass m.

The Lagrangian (4.3) is just as good (perhaps better)
than (4.1), and we are entitled to define 8„„'and a
corresponding dilatation D' under which p/' has dimen-
sion —1. One may argue that the latter choice is better
if the self-consistent determination of the mass really
gives a good approximate solution. Under D we 6ndi',&'g=(g'+/t/p), it D',pj=(g —pp), where x=O.
Polynomial operators of degree n in p/ break up into a
sum of terms of dimensions —1=0, +1, . . . , n

The model (4.1) gives an operator statement of
PCDC.

A number of explanatory remarks are in order. First
we note that the establishment of equilibrium at Qp/0
involves a balance between the scale-breaking and
scale-preserving (1=—4) parts of Z. Each of these
becomes a polynomial in the new Gelds /2//'; e.g., f/t/'4 has
terms from /QI/' up to /I//". The p' term cancels against the
corresponding part of gg', the mass term g" receives
contributions from both cubic and quartic interactions,
while the cubic interaction strength is modified. The
new Gelds /t/' have dimension —1 with respect to the
dilation constructed from the rem energy-momentum
tensor 8„„'.The operator qV, which had dimension —4
for the "normal" theory, breaks up into a sum of terms
of dimension —4 to 0 in the displaced theory. This
behavior is characteristic of spontaneous breakdown
and will be investigated later for less unrealistic models.

The tensor 0'„„differsfrom 0„,only in the second-
derivative term.

To investigate PCDC, we expand 8"„LEq.(4.6) with
mp ——0] in terms of p/' and normal order with regard to
this Geld. We get 8/'$„=—3ggppg'+ . , so that
m'J'=(0[8~/')= —3gpp'. Thus F= —pp and (p~8[p)
= —3ggppg'/m2=Fg', as expected.

In the preceding discussion the self-consistent deter-
mination of a stable ground state played an essential
role. It might seem that the starting point is a matter
of luck. However, one usually has some idea about the
symmetry of the energy density or Lagrangian (even if
the solutions lack that sylnrnetry, as in the case of
spontaneous breakdown). Therefore, one constructs
invariant densities 2 (or 8„„)from Gelds transforming
as irreducible representations of the symmetry group
in the usual way. The construction of a solution to a
given dynamical problem will, in general, proceed
through three stages. At each stage the appropriate
dimension of a given operator will be diGerent. In the
first stage, one formulates the symmetrical theory. The
basic dynamical quantity, say 2 or 8„„,is built from
operators transforming irreducibly under the suspected
symmetry group. The bulk of the theory is invariant
under the group. In addition, a small set of symmetry-
breaking operators will transform according to various
"rows" of simple representations of the group. The next
stages necessarily involve dynamical approximations.
When spontaneous breakdown occurs, it is appropriate
to reformulate the symmetrical theory about an
approximate self-consistent ground state as in e8ective
Lagrangian models. The approximate normal modes of
this intermediate "reference" theory are usually the
most useful coordinates in terms of which to approxi-
mate the true solution.

V. 18-MESON MODEL

8'~„=mph/2 g/y/2, —
while the scale-breaking term 8' is

8' =-,'m2$" —g'qh".

(4 9)

(4.10)

The model of Eq. (4.5) is now generalized to accom-
modate SU3)&SU3 transformations. The 18 mesons in

(3,3)+(3,3) are described by the 3X3 matrix 5E=o+i4
where o and p are, respectively, the usual scalar and
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3 = —gi(detOR+H. c.) . (5 2)

The meson 6elds o.;, p;, which transform like the quark
operators u;, v;, under SU3XSU3, also transform as
the latter under the operator Fp . Then we can compute
i(Fps, 87, which generates a new operator hp which
closes as follows:

iLFos, 67=33„
iLFps, bs7 = —33. (5.3)

Thus 8 gives nonconservation of Fp„', as required by
previous considerations, and induces changes AFp'

=&3.However the remainder of 2, which corresponds
to 8pp conserves Pp' and is U3X U3 symmetric. The
symmetries are

epp VSXV3, scale,

S: SU,XSU, .
We study "spontaneous-breakdown" solutions for

which (op)%0 but insist that the vacuum be SUs
symmetric, i.e., (os)=0. It is possible to relax the
latter, but for clarity we choose this alternative. (The
near equality F =FJr indicates' that (os) is small com-
pared with (o.p).) (To reach the real world, one 6nally
has to introduce "explicit" breaking to raise the
pseudoscalar inasses from zero. ) Following the notation
of Gasiorowicz and Geffen, " we write op=op'+&3a,
where 0-p is the physical field. The equilibrium condition
requires that the new Lagrangian have no linear term
and that all the (mass)' terms be positive. (Without
the quartic terms, one m' is always negative because
of the SUs&&SUs structure of the cubic term. ) Then
the equilibrium condition is

aL2a(3fi+fs)+gi7= 0

and the mass terms are

(5 5)

m~'(8) = —12fia' —4fsa' —2agi=O,
mp'(1) = 12fia' 4fpa'+4a—gi =6agi—, (5.6)
ma'(8) = —12fia' —12f,a'+2agi ——4agi —8fsa',
m~'(1) = 36fia' 12fsa' 4a—gi 2ag—i, — ——
"M. Levy, Nnovo Cimento 52A, 23 (1967).
'o W. A. Bsrdeen and B. W. Lee, Phys. Rev. 177, 2389 (1969);

S. Gasiorowicz and D. Germen, Rev. Mod. Phys. 41, 531 (1969).' S. P. de Alwis and P. J. O'Donnell, Phys. Rev. D 2, 1023
(19"l0),have considered a diGerent model in which scale breaking
is connected to spontaneous breakdown.

pseudoscalar nonet matrices. The eRective Lagrangian
1s

,'Tr-a„m'apm+ fi(Trardm)'
+fs Track BROS BR+gi(detBlZ+H. c.) . (5.1)

The chiral properties of this model have been studied
by Levy' and by Bardeen and Lee. ' We are interested
in the interplay of scale and chiral properties in the
dynamics of spontaneous breakdown. " It is easy to
add mass terms, if desired.

The scale-breaking term 8 is

where the right-hand side follows on using Eq. (5.5).
The condition gia) 0 implies that 3fi+f,&0 for aQO.
If the residual interactions among the displaced 6elds
are small, the above quantities should be good zeroth-
or'der approximations to the masses. Even if the inter-
actions are large and the masses distorted from (5.6), it
may be essential to formulate the dynamical problem
about the asymmetric ground state.

Next consider the following question: Is spontaneous
breakdown of scale invariance possible if g~=0, i.e.,
3=02 Equation (5.5) shows this to be possible, provided
the special condition 3fi+fs ——0 is satisfied. In this case
the masses are given by Lset gi ——0 after the first
equality in Eqs. (5.6)7

mz'(1) =mi '(8) =ms'(1) =0,
ma'(8) = 8fsa', - (5.I)

indicating that fs(0. Although a/0 and m8(8)WO,
the value of a is not 6xed, and there is nothing to 6x it
in a scale-invariant theory. The theories with different
a simply diRer by a scale transformation.

However, if one now turns on scale breaking (gi&0)
keeping 3 fr+ fs 0as dem—a—nded by the above, Eq. (5.5)
shows that the only solution is the mormal one with
a=0. Thus in this model it does not seem appropriate
to arrange the couplings so that spontaneous breakdown
of scale invariance (and concomitant breakdown of
Fp' and SUs&&SUs) occurs. Instead, the inost reasonable
solution (which occurs unless 3f,+fs vanishes) is
normal in the scale-invariant limit; when 8 is turned on,
there is spontaneous breakdown of SV3XSU3, while
scale and Fp' are broken explicitly.

It is also of interest to consider the perturbation of
the foregoing solution by an explicit SUp &SUs breaking
term fpopin the Lagr'angian. In this case, (5.5) is
rnodi6ed to

a'Pfo+4a"(3fi+ fs)+2a g17=0, (5.8)

where fp fp'/V3a'. The ——new (op) (43a') is related to
the spontaneously determined one by the equation

fo'+NSgia(a' —a' /a) =0,
whose perturbation solution is

a'=a(1+fo/2gia+ ),

(5.9)

(5.10)

giving 8a =fo/2gi in 6rst order. The pseudoscalar
masses (5.6) increase by fo, while the scalar masses
increase by 3fp. This calculation is included to illustrate
the nature of the change when an explicit symmetry
breaking is included in the spontaneously broken
theory. SUs breaking is induced by adding fsos in
lowest-order perturbation theory.

It is simple and interesting to exhibit the consequences
of the 18-meson model. Although this model is sur-
prisingly good in its qualitative structure, other possi-
bilities (such as the 20-meson model) may be forced
by closer study.
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The mass formulas (5.6) were based on the energy
density having SUS&(SU3 symmetry and so are not in
proper form for comparison with experiment. In
particular, we have eight massless pseudoscalar Gold-
stone bosons. As a first step, we break SUB&(SU3
explicitly by introducing a term fs'o.e into the
Lagrangian as in the discussion following Eqs. (5.8)—
(5.10). Secondly, we break Svs by introducing a break-
ing term transforming as the hypercharge, treated as a
erst-order perturbation.

Without SU3 breaking, the masses of the SU3 multi-
plets contained in the representation (3,3)+(3,3) have
the values

31s8'(1)=4'/'(1)/8'/'(8),
m '(8)+m '(8) =ms'(1)+m '(1)+s. (5.12)

Assuming unmixed pseudoscalars m~'(1) =0.917(g')
and nzp'(8) =0.162 GeV' we find nz8'(1) =0.739 GeV'
i.e. , mq(1) =860 MeV.

The experimental situation with regard to the scalar
nonet is very confused. "There is probably a scalar a.

near 700 MeV and another (o.') at 1060 MeV. We choose
6(960) to be the I=1 member of the nonet, although
m&(1016) could qualify. The ~ is especially uncertain,
although bumps are seen in Em spectra in the range
1100—1200 MeV. Dispersion-theory analyses of X&3

form factors suggest m„=1 GeV." Using nz. '+m
=m„'+4'„',we see that m, =700 MeV would give

m, =940 MeV, while m =730 MeV would give
m„=960MeV. In the former case, m„=920MeV, while

in the latter m„=960MeV. We choose the latter case
(degenerate unmixed octet) for simplicity. This corre-
sponds to a mixing angle of 35', which is close to the
canonical value. Thus o' should be P-like, decaying
strongly into EK, as observed. If the ~ mass should be
as high as 1100 MeV, either the nonet scheme is wrong,
or an extra scalar is required. From the foregoing
numbers we can estimate z= —0.57, and hence fr/fs
is 0.72 in the model, rather than zero.

VI. 20-MESON MODEL

We next consider the model having 20 mesons, as
suggested in the Introduction. By assumption, the

"Particle Data Group, Rev. Mod. Phys. 42, 87 (1970).
'2 J. C. Pati and K. C. Sebastian, Phys. Rev. 174, 2033 (1968).

This paper contains references to earlier work.

m~'(8) =y, nz&'(1) =3x+y,
(5»)

ms'(1) =x+3y, m8'(8) =4x+3y+s,

where x=2agr, y= fs fe'/43a——, and s=24f,a . This
decomposition is motivated by quark-model considera-
tions, which suggest that ft Osince ——the corresponding
coupling involves disconnected quark graphs. ' When
y=s=0, the spontaneously broken (mass)' ratios are
4r4s'(8)'~J'(1):ass'(1):m '(8) =4:3:1:0. From Eqs.
(5.11) we find the mass formulas

extra mesons S and P commute with the generators of
SU»(SU3, but their behavior under Fp' has yet to be
discussed. The simplest possibility is that Fp' turn S
into P, and vice-versa, according to

i[Fp',5]=F, i[Fp',F]= —S, (6.1)

exactly as for (op Qp) or for 8'~', 84'~'. However, much of
our discussion is independent of the coeKcient of the
right-hand side of (6.1), which can be multiplied by a,

numerical factor q without changing basic U3XU3
invariants such as 5'+Fs.

We now allow cubic and quartic interactions among
the 20 mesons of (3,3) foal (3,3) and S and F which either
conserve Fps or have the simple property of changing
it by AFe ——&q, where q is some integer. (The trilinear
coupling detOR was of this type with g=&3.) In this

way the Lagrangian of the 18-meson model is augmented

by

AZ =f (5'+F') TrDR~OR+ f4(5'+F')'
+g,S Tr5EtBR jgsS(5'+F') . (6.2)

The quartic terms are U3)& U3 invariant while the cubic
interactions break Fp', as noted earlier. When non-
vanishing (S) and (o.s), are allowed, the S and o.e Acids

mix by virtue of the interactions involving f3 and g&.

(When SUs is broken, there will be mixing of the three
scalars 5, os, and o s.) In this model, F and Ps do not mix.

If we allow both S and ap to have nonvanishing
expects, tion values (S)=s, (o.e) =v3a, the physical ftelds

S and gp are

5 =S—s, 0'p =0'p —v3u. (6.3)

2s(3a'fs+2s'f4)+3(a'gs+s'gs) =0
rJ[2rr'(3ft+ fs)+~'fa+r4gt+~gs]=0.

(6.4)

We consider solutions with s/0, u/0. (When s=0 the
S and P mesons decouple from the others and one is
essentially left with the 18-meson problem. ) The second
of Eqs. (6.4) assures us that the pseudoscalar octet
mass is zero. The (unmixed) masses are expressible as

The condition that the full Lagrangian be extremal
with respect to S' and Op gives a new Lagrangian having
mass terms and modified cubic interactions. The cross
term 5'os' gives rise to mixing so that m'(s') and ms'(1)
are not (mass)' eigenvalues when one neglects the cubic
and quartic interactions in the physical 6elds. We have
neglected possible bare-mass terms for the 20 mesons,
although it is easy to include their effect. The resulting
interaction has seven arbitrary constants which one
might hope to eliminate by means of further symmetry
relations.

The extremal conditions are
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mp'(8) =0,
mp'(1) =6agi,
ms'(8) =4agi —8fpa',

ms'(1) =2agi+4sg p+4s'f p,

m'(P) =3a'g p/s+sg p,

m'(5') = 3(3a'gp/s+sg p) 12f—pa',

m'(S'o p') = —243a(gp+2s f4) .

so that fp&0. Here 5 is the scale meson giving conserva-
tion of S„while I' is the Goldstone boson resulting
from the condition (5)WO. SUp)&SUp is satis6ed by
degeneracy of the (3,3)Q(3,3) multiplet. The vacuum

(6.5) is invariant under SUpXSUp but not D nor Fp'.
Sot~tio~ S: sxo, ~&0.
The external conditions give two equations deter-

mining the ratio s/a. Consistency then requires that
the couplings be related as follows:

Of the 18 mesons in (3,3)(3, 3), only o.p' has a mass
differing from that in the 18-meson model (although
the numerical value of a will be difierent). The coupling
constants are constrained to ranges in which the un-
mixed (mass)' terms are positive, and the mixed masses
are also positive.

The above model has little predictive power but
exhibits some interesting theoretical features. We study
the breakdown of the scale-invariant theory by setting
g~ A —g3 —0-

Solltioe sero: a=s=0. This is the normal solution
which involves 20 degenerate rnesons. This solution is
uninteresting for the present purposes.

Solltioe 1:s =0, u/0. This solution only exists when

3fi+fp
——0, as in the 18-meson model. The masses are

then
mpP(8) =mp (1)=ms'(1) =0

p

ms'(8) = —8fpa',

m'(P) =m'(5) = —6fpa',

(6.6)

m'(S) =m'(P) =0
m p'(8) =mp'(1) =ms'(8) =ms'(1),

(6.7)

showing that fp, fp&0 for stability (otherwise we have
the noiTnal solution). The 5 and P mesons play no role
in the dynamics but acquire a mass by virtue of inter-
acting with the 00 tadpole. %e have a nonet of pseudo-
scalars with the conserved currents P;„'(i=0, . . . ,8)
and a massless 0+ Goldstone boson (op') associated with
the conserved dilatation current X)„.The present
solution is essentially the same as the 18-meson model.
Because of the spontaneous breakdown, there are non-
zero masses but their magnitude is not determined, since

(op) is not fixed by anything in the theory.
Solutioe Z: s/0, @=0. This solution cannot exist

unless f4 0, as shown ——by the first of Eqs. (6.4). The
masses are given by

3fp'=4f4(3fi+f p) .
The masses are given by

m, (8) =mp (1)=m (P) =0,
ms'(8) = 8fpa',—
m'(5') = 12a'fp,

ms'(1) =m'(o p') =4s'f4,

m'(5' p'o) = —4V3sa fp.

The eigenvalues of the S' —0.0' mass matrix are

m 2 0 m 2 4(s2+3a2)f

(6.8)

(6.9)

(6.10)

(op) %3m 2I f4I

(N) s
I f4l

(6.11)

Note that equal mixing occurs when (op)=(S). Equa-
tions (6.4) and (6.9) indicate that fp)0, f4&0 for
stable solutions. Equation (6.8) in turn requires
3f,+f,&0.

In the present model 0-~ is the scale meson. The I'
meson is massless because it is the Goldstone boson
associated with (5)WO. Both become massive when the
cubic scale-breaking interactions are taken into account.
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corresponding to the mixed states a~, 0-2 whose mixing
angle is given by

tan2X =2$/(1 —P)


