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limiting process. 6 From this fact we may suppose that a
consistent theory describing higher-spin particles can
be obtained only by a limiting process if one takes the
Lagrangian approach.

The case of massless particles must be discussed
separately, because terms such as 1/ts' do not exist in
this case. Another important point in this case is the
fact that the current is conserved, which is the neces-
sary condition for Eq. (1) to hold.

After calculations similar to those in the case of
massive particles, we find two solutions of Eq. (1) in the
case of the spin-2 particle:

(1/)I —:(3...,b....+3„,.3...,)--:b.„.3...,j, (5)

(1/s)LQ (3oyvgbosrs+ 3ogvmbosvg) s '5oyog'5vgvs) (6)

Solution (5) corresponds to the propagator of the
linearized Einstein theory and contains only helicity-
(&2) states as intermediate states.

On the other hand, the propagator of the scalar-tensor
theoryv of the graviton also contains the helicity-0

' See footnote 9 of Ref. 1.
7 C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961); VV.

Thirring, Acta Phys. Austriaca Suppl. 5, 391 (1968); R. H.
Sexi, Fortschr. Physik 15, 269 (1967).

state as an intermediate state and can be written, using
one parameter 0,, as

( / )(L2(41r13o2r2+3olrs l42rl) 2 olo2~rlrsl

y~3„,„,3„„), (7)

where the limit of n determined by the deRection of light
near the sun is n(0 1 .H.ence solution (6) can be
rejected as the propagator of the graviton. No scalar-
tensor theory, ' except Eq. (5), can satisfy Eq. (1).Thus,
the only solution which satisft, es both Eq. (1) and the
experimental facts is solution (5).

We want to comment here that there is a gap between
propagators of massless particles and those of massive
particles in the case of higher-spin particles, and that
the propagator of massless particles does not correspond
to an irreducible representation of the O(4) symmetry.

A full account of the properties of propagators of
higher-spin particles, including self-energy parts, will
be published elsewhere. '

s Even if the interaction between the spin-0 part and the source
and that between the spin-2 part and the source are introduced
independently, the parts of spin 0 and spin 2 are coupled when
the sources are the same.' Y. Iwasaki, Progr. Theoret. Phys. (Kyoto) 44, No. 5 (1970).
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The author presents a compact way of carrying out repeated factorizations on the dual amplitude pre-
scriptions are given for writing down the multiply-factorized tree amplitudes. As an application of the
prescriptions, the N-Reggeon amplitude is derived.

I. INTRODUCTION

''N this paper, we use the fact that the projective
~ - transformation of cross ratio is invariant under

changing of the projective frames (duality) to generalize

the multiple-factorization technique developed in a
previous paper. ' We find a neat and compact way of

carrying out the mutliple factorizations on the dual

amplitude. As a consequence of this, we obtain a set of
prescriptions which enables us to write down directly
the multiply-factorized tree amplitudes by simply
examining the corresponding tree diagrams. Applying
the prescriptions in a particular case, we obtain the
formula for the E-Reggeon amplitudes.

In Sec. II we explicitly carry out the third and the

*%fork supported in part by the U. S. Atomic Energy Com-
mission.

r L. P. Yu, Phys. Rev. D 2, 1010 (1970).

fourth factorizations and prove the factorization of the
quadruply-factorized tree into two triply-factorized
trees. We thus discuss the application of the quadruply-
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FIG. 1. Doubly-factorized tree. zv; refers to the frame defined
by m~= , m»=0, m~ &=1, and m refers to a new frame mr~'
=0, M~' ——~, am' 1 for the third factorization.
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In the Conclusion we discuss the difhculties due to
linear dependences.

II. THIRD AND FOURTH FACTORIZATIONS

It is convenient to follow the notations of Kikkawa
and Sato. ' They dehne

"I =0

FIG. 2. Triply-factorized tree.
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Frc. 3. Quadruply-factorized tree.

(a]xM+yM+s'Ib)= pa„—x"(M )„y (M ) „&)b„.factorized tree to the general double-loop calculation.
In Sec. III we give the prescriptions for writing down an
arbitrarily multiply-factorized tree amplitude. And in In the Appendix we give all the identities used in this
Sec. IV we consider a particular case of multiply- paper. We start with the doubly-factorized tree of Fq.
factorized tree to obtain the X-Reggeon amplitude. (17) of Ref. 1:

i
anb~ ( WLy1 —wr. )I" WL-1

0 C&w)&')(a, b) = gdw;(W ) 0 exp E I
~
B. wL-

(nm)'I'(WL+1 —WL 1) WL

where

( WL+1 WL ) "(WL—1—W'—
Xexp 2 — Z P'I I I +2 ( Z P'w'"), (2)

n ~ i=) (1&L) kw~1 —wL-1) k wL wi ~112 i 1

(m ( —n)
'=o ) i km —i)

and WM ——~, WM 1——1, and w1 ——0 (Fig. 1). In our new notations, we write the formula as follows:

a(~) (a,a ) = Z[w;(WM} expL
i=1 (i~L)

(a P'(wz„wL 1, WL~1, W;)(p;)

+ g (a )I (WM&W1~WM y, wq))LPg)+(a P (WL,WL 1,WL+1 WM)
i~1 (i&3f)

XM~(WL-4W4WLP'M)M —p(WMP1)WM 1)WL))a )jg (4)-
where u~=—a, a~—=b, and

Ri—Vg
P(wg, w1)W1,,W~):—

(w; —w„)(w; —w„)

' K. Kikkawa and H. Sato, University of Toyko Report No. UT-36, 1970 (unpublished).
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In Fq. (4), we have omitted the coherent states ~X,) and ~Xi), and we will continue to do so throughout the
paper if no confusion arises. We observe that the cross ratios P(w, ,w;, wt, wt) appear in a rather regular fashion,
depending on the dot positions of the excited legs. This turns out to be a very general feature as we go on to higher
factorizations.

Let us now do the third factorization. In Eq. (4) we change from the frame wM ——~, wM 1——1, w1=0 to the
frame wl'= ~, w2' ——1, wM = 0 (Fig. 1), i.e.,

I /'ll .T'ai= I ('Rg ) 'Ng y ) veg+y ) vei ) j

then Eq. (4) becomes

G(~, l
& &(a,a ) = g w, '{wM'} exp[ P (a'V'(wB', wR, ',wR+, ',w, ') [p,)

i=1 (i&R)
I

+ Q (a [p(ws yws+1 )ws —1 ywi ))p')+(a )P(ws yws+1 pws —1 ywR )
i=& (igS)

XM~(wsyl )wR 1)ws —p'R )M p(wR )lw—R—1 )wR+1 yws ) (a )$ (6)

Divide x into ri) s, , and t such that

R frame: r~ ——~,
5 frame: s~ ~

——~,

Thus

~T—j.= 1 )

san=1)

ZV2 = j. )

ry=0;
SM= 0)

Pg+Q f$ )

S~+i Sy'—2+i )

w = r2/r;, l', = 1, 2, . . . , T 1, —w =rats;, j=T, T+1, . . . , M.

Ke introduce the creation and destruction harmonic oscillator operators cTt and aT to remove t and s i= T
T+1, . . . , M. As discussed in Ref. 1, we have from Eqs. (6)—(8)

exp[ 2 (a lp(wB wB—1 wR+1 wi)Ipi)J~ exp{ p [(a (P(rs, rB l,rR+l, r;)[p,)]
i=a (i'm) i= S (igg)

+(a )P( R,rB l,rR~l, rr)M P(rR l,rl, rR, rr)M P(rr, r, ,rr, rB)[a )} (9a)

exp[ Q (as)p(ws', ws+1', ws-1', w ) [p,)$ ~ exp{
i=1 (i&S) i= j (iHS)

+(a )P(rs, rs+l, rs l,rr)M-P(rs—+i,rl, rs,rr)MM(rr rl rr —1 rs) Ia )} (9b)

exp(a )P(ws', ws+1 ws —1 wB)M—p(ws+1 wR —1 ws y wB)M P(wB wR 1 wR+1',—ws')(aB)
=exp(a (P(rs, rs+l, rs l, rR)M—P(rs+1, rR 1, rs, rB)M P(rR, rB 1, rB~1, rs)(aB). (9c)

Substituting Eqs. (8) and (9) in Eq. (6), and defining

G w i(a a )=(0r~GiRi"'(aB asar)D(R, ~,s,)G s ~»(a») ~0, )

we thus obtain the triply-factorized tree (Fig. 2):

where

rr {R} p[ 2 ( (P ()(p;)+ Q ( p', ()(p,)+ p ( yi=i (iga) i=1 (irBg) i=1 (i&T)

+(aR)PR(S)MM(R 1 S+1 R S)M Ps(R)(as)+(as[ps—(T)M~(S+1 1 S T)M~ (S)( r)

+&a'lpga(R)M-P(1, R 1, T, R)M P, (T)~—, )~

Ps(i) =P(S, S+1,S—1, i), Pr(i) =P(T, 1, T 1;)
~B ~@+] 'F~ y

—f
PR(l) =P(R, R—1, R+1, 1)= ("--" )(..—.,)
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It is clear that the new cross ratios occur in the same manner as before. It is also interesting to observe, from the
identities given in the Appendix, that application of the twist operator, say, 0+(—Pz, a~) on the rz leg, is simply
equivalent to interchange of ran+i with re i everywhere in Eq. (10).This ensures that the cross ratio P@(z) has the
same form whatever the positions of the dots.

Ke now proceed to write down the fourth factorization; we shall then be able to infer the general prescriptions
for an arbitrary number of factorizations on the dual amplitude. Applying techniques identical tol those used jn
Eqs. (6)—(10), we obtain the result for the quadruply-factorized tree (Fig. 3):

G(zr) &"(a,as, ar, a ) = g dw, {Wv} exp{
i=1 (i& U)

(a'IP v(z) IP~)+ & (a'IP~( )zIP')
i=1 (i&8)

i=1 (i&S)
(a IPs(i)IP;)+ g (arIPr(z)IP;)+(a~IP~(5)MM(R+1, S—1, R, 5)M Ps(R)las)

i=1 (igT)

+ (a IP's(T)MM(5 —1$ T—1p Sy T)MMr(S) Iar)+(arlPr(R)MM(T 1, R+1—, T, R)M~ g(T) Ia&)

+(a"IPrz(U)M P(R+1, 1, R, U)M Pv(R) lav)+(aslPs(U)M P(5—1, 1, —5, U)MMv(5) I a )

+(a'IPr(U)M~(T 1, 1, T, U—)M~v(T)la')} (12)
where mU= ~, ml=O, mU 1=1, and

Pv(i)=P(U, 1, U —1, z).

By studying Eqs. (10) and (12) it is not hard to infer the general prescriptions for the multiply-factorized dual
tree. It is also not hard to write down the explicit form of the amplitude with an arbitrary number of excited legs.
Ke will proceed to do so in Sec. III.

Before concluding this section we discuss the factorization property of Eq. (12).We first express Eq. (12) in the
lV' frame defined by wi'= ~, wz' ——1, wv'= 0 (Fig. 4), i.e.,

I
ZVi= r g'Ny, ZVy+1, ZVy 1, Ki ) .

We then introduce R and 5 frames as before. Using the inverse relations of Eq. (8),

r, =w~ i'/w, z(M —1, st = wt /w~, J)M, t= war /w~ (13)

and the identities in the Appendix, we can then prove that the following factorized expression is identica] to the
right-hand side of Eq. (12):

(0 IG, , "(a ar a~)D(a 'ta~ t)G, , "'(a —'t a a ) IO„)

=(0
I IIdr, {R }expL P (a IP„,(z)lp )+

i=1 (igV) i=1 (igS) i=1 (i~M)

+(arIP„,(M)M P„(V+1, 1, V, M)MM, (V)Ia~)+(aBIP„,(M)MM„(5 1, 1, 5, M)M P, —(5)laze)

+(avIP, r(5)M P„(V+1,5—1, V, 5)kI P,~(V) I as)j D(a~ 'za~, t) P ds, {Sv,ir}

&&expI
i~M—1 (i&A)

(a"IP (z) IP'")+ 2 (a'IP" (z) IP'")+
i=M—1 (iver) i=M—1 (i+M—1)

(azr izIP—
+(a~ itIP8~ (R)MM (U R+1 M —1-R)MM.z(M 1)la )+(a~ 'tIP.~ i(T)M P.(U, T—1.,—M —1, T)

&&M~.r(M 1)Ia')+(a'IP r(R—)M~ (T 1, R+1, T, R)M~—..(T) Ia') j I 0~), (14)

where
rM 1

——1, rl=O,
SM'—1 sM ~

p sU 0)
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FIG. 6. Overlapping double loop.

tarity diagrams with three-particle intermediate states,
if we join the two pairs of the excited legs.

and all other commutators between e's vanish; also

p) p') )

p2 pz)

U M—1

piv 2 p) 2 p) ps/ 1 ~—(15c)

FIG. 4. Factorization of quadruply-factorized tree into two
triply-factorized trees. The r; and s; refer to two new frames de-
fined byr~=~, r~ &-—1, r1=0and s~ ~

——~, s~=1, sp ——0.

and
P„v(i) = P(rv, rv~t, rv t, r')—

P,(V+ 1, 1, V, M) =P(Tv+a) rt, rv, rsr),
(15a)

P)T(z) = P(sT) sT 1) STy1) s)—) )

p, (U, R+1,~—1, R) =P(sv, s~+t, st t, sp), etc.

III.PRESCRIPTIONS OF MULTIPLY-FACTORIZED
TREE AMPLITUDE

Generalizing the result of Sec. II, we now state
explicitly the following set of rules in writing down the
multiply-factorized tree amplitude by simple inspection
of the tree diagrams.

Rule 1. We assign to each leg (scalar or excited) one
Koba-Nielsen variable m;, i= 1, 2, . . ., ~, and an in-
coming four-momentum p;. Corresponding to each
excited leg, we assign one destruction (creation) operator
u„,„(a„," ), where the p are space-time indices
p, =1, 2, 3, 4; n is the excited harmonic oscillator mode
in question, n=1, 2, . . ., ~; and the superscript R
coincides with the labeling of the Koba-Nielsen vari-
ables, R(M.

Rgle. Z. The scalar part of the multiply-factorized
tree is the ordinary Koba-Nielsen representation4 or the
Donini-Sciuto representation' of the 3f-point dual
amplitude, namely, J'g dw;{Wsr).

Rode 3. All destruction (creation) operators a~ (a"t)
appear only in the exponents. The exponential factors

From Eq. (14) it is seen that Eq. (12) does factorize into
the product of the two triply-factorized trees which
were given in Eq. (10) (see Fig. 4). As a consequence
of the factorizability of Eq. (12), we assert that if we

join any pair of the excited legs, we get the loop ampli-
tudes. Namely, if we join the a leg with the p& leg
and the g~ leg with the u leg, we get the nonp]. anar
double-loop diagram (Fig. 5), of which the planar
double-loop diagram' is the special case when 5= U+1
= 1, R+1=T. And if we join the twisted a~ leg with
the g& leg, the twisted a leg with the u leg, we then
obtain the overlapping double-loop diagram (Fig. 6).
Thus Eq. (12) contains all possible perturbative uni-
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' M. Kaku and L. P. Vu, Lawrence Radiation Laboratory Re-
port No. UCRL-20054 (unpublished).

4 Z. Koba and H. B.Nielsen, Nucl. Phys. B12, 517 (1969),
E. Donini and S. Sciuto, University of Torino report, 1969

(unpublished).
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(a~ l Pa(S)MM(R&1, S&1,R, S)

can be divided into two classes. One class involves the and those in the second class take the form
scalar product u„" p;&', the other class involves the
scalar product of a„" a„8;R, S&~M. The factors in the expL&
6rst class have the form R,S& M (BgS)

exp[ Q Q (u lPg(w;) l p;)], (16)
Z Z & m '=X (s~Z) where

X3EIMs(R) I (P)3 (17)

P~(i) = P(w~, wg q, wg+q, w;) if the dot of the w~ leg lies between w~ and w~+~

=P(w~, w~+~, w~ r, w;) if the dot of the w~ leg lies between wg and w~ ~, (18a)

P(R&1, S~1, R, S)=P(w~~q, ws~~, w~, w8) if the dot of the wg leg lies between w~ and w~~~, and the
dot of the ms leg lies between vvs and m s~~

=P(waar, wswi, wz& ws) if the dot of the wg leg lies between wg an w~~q, and the
dot of the ws leg lies between ws and wq~q. (18b)

RNl'e 4. When two excited legs, say, mz and m++&, are adjacent to each other, i.e., there is no external scalar leg
between them, then' we must take appropriate limits of the relevant terms in Eq. (17).The limits are as follows:
Rul&. ga. When the w~ dot lies between wg ~ and wg, and the wg+~ dot lies between wg and wg+~ LFig. (7a)j, then

(~a+'IP~+, (R~cV P(R+2, R+1, R+1, R)3EMg(R+1)la~) ~ (a~+'I&M(R+2& R—1, R+1, R)la"). (19a)

RNle 4b. When the wz dot lines betwee wz & and wz, and the wz+z dot lies between wz~z and w+~2 l Fig. 7(b)g, then

(g"+'lP~ g(R)3I P(R, R+1, R+1, R)MM~(R+1) la~) —+ (a"+'lP(R+2, R 1, R+1, R)l—u~). (19b)

Rule 4c. When the wg dot and the w~~q dot both lie between wg and wg~q I Fig. 7(c)j, then

(sa+'l p~+, (R)M P(R+2, R 1, R+1, R—)3II P&(R+ 1))u") -+ (a~+'lM P(R+2, R 1, R+1, R)M—la~). (19c)

However, in this case we need an asymmetrical pro-
pagator' for the wg leg (or wg+q leg),

1

~&(R && R &&+& w .P 2) d( [—N(PR) 1+8&&—
0

(20)

where
P g(wg~m) =P(w g& wg g& wg+l& wgy2) .

In the cases of rules 4a and 4b, we do not modify the
propagator at all. We note that rules 4a and 4b are
related to'rule 4c by the twisting operations.

Rute~~'5. ,jThe two amplitudes with the dot on the
opposite sides of the excited leg, say, the mg leg, are
related to each other by the twist operator 0+(—P+ ', u"),

WRl R

X«I expl: & 2 (~"IP~(~) IP~)
z z&u ~-i ('ga)

+2
R,S& M (8/S)

(u" lP~(S)MM(Rw1, Sw1, R, S)

XMm, (R) la )g ~

all X.), (21)

or, equivalently, by the interchange of mg+q with z~ ~

everywhere in Eqs. (M) and (17). The only additional
complication to this rule is the case stated in rule 4c,
where we need an asymmetrical propagator.

Sy using the above prescriptions and by directly
inspecting the factorized tree diagram, we can write
down the general formula for the multiply-factorized
tree amplitude'.

Wl=O

MIg+l = ao

Fzo. 8. N th-factorized tree.

VlN . ~

FrG. 9. X excited legs plus one scalar leg,
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WR

III, or use Eq. (22), to get the amplitude of N excited
legs plus one external scalar leg (the 2()N leg),

G (N)(gl g2 gN 1g—N+1)

WR

II d~'{IVN+1}

N —
I X{g (N)(gl g2 gN 1g—N+1) }

N-2

Fio. 10. Twister m~ ~ leg of the S-Reggeon amplitude.
II dw {IVN 1}g(~)( "(g' g' . . . gN ' gN+')

where M is the total number of excited legs plus the
external scalar legs. Also, zv~+,.=—m;, e~+R=aR. We
also give an alternative recursion formula for Eq. (21),
which relates the integrand of the Sth-factorized tree

amplitude to the integrand of the (N —1)th-factorized
tree amplitude (Fig. 8)

(0IG ' '( ')I 1».)= IId;{IV }

X(0) expL p (g"lPN(i) I p,)
s=l (i+R)

+ g (g'lP&(S)MM(Ra 1, S+1,R, S)
8& m—i (SgR)

X~-Ps(R) lg')3{8( )'" "(g' T&R)}
X l

all i), ) . (22)

where ()()v)( ')(gr; TWR) is the operator part of the
(N —1)th-factorized tree integrand, and the index R
is the Koba-Nielsen label of the 6rst-factorized excited
leg. Equation (22) is useful in obtaining the N-Reggeon
amplitude. We will proceed to do so in Sec. IV.

IV. N-REGGEOÃ AMPLITUDES

As we discussed in Ref. 1, to get the pure N-Reggeon
amplitude, we should consider the case when 3f=N+1
in Eq. (21) or Eq. (22).Then we have the tree amplitude
wjth one external scalar leg (the 2()N leg) together with
& excited legs. For simplicity we choose the dot posi-
tions of the E excited legs as shown in Fig. 9. Cor-
responding to Fig. 9, we apply the prescriptions in Sec.

Xexp{ Q (g 'IPN —(i) IP )
s=l {st%—1)

((gN 'lPN, (R)-mm
R=l (RgN, N—1)

XP(N 2, R+1,N— 1,R)MM—n(N 1) l
g)2$}—, (23)

~here PN 1(i)=P(N 1, N ——2, N, i) and we choose
the frame

zv~= 1, zoy= 0.
Now analogously to Ref. 1, we consider the scalar

zv~ leg attached to the excited zv~+~ leg. In other words,
we want to write Eq. (23) in the form W(N)(gn)D(N)

XV(pN) and then to remove V(pN)=exp(gN+' lpN)
Xexp(gN+'lpN) by letting pN~ 0 and modifying the
spectrum of the relevant trajectories, as we did' in Ref.
1.Guided by the tricks used in Eqs. (33)—(35) of Ref. 1,
where we have taken down the common factor L(1—w2)/
(1—2()2))N'(t()2)~ from the exp{ }of Eq. (33) to the
propagator D' of Eq. (35), we now observe, from the
factors PN 1(t()~) and PN+1(t()~) in Eq. (23), that we can
bring down the similar common factor

r.(t()N —t()N-1)/(t(N-t(N-2) j "-'(2(N 1) ""
from the exp{ ~ ~ }of Eq. (23) to the propagator D(N).
It is this common factor that causes the factorization of
zv~ 2 and t to be unfeasible, and presumably it is closely
connected with the linear-dependence problem. ~

After setting pN ~ 0 and rede6ning gN+'= gN,

pN+1 ——pN and reintroducing the Koba-Nielsen variables
2()N ——~, 2()N 1= 1, 2(i= 0 in Eq. (23), we find the modi-
fied propagator' of the new zv~ leg,

R-I
WI 1

D(N)(gN gN—1
P ) di [—a(11N) 1+BN(1 i)n 1— —

0

L///&
R (/////

~ N (24)

WR+ l

WN

WN ~

I"Ig. &]., Symmetrical E-Reggeon amplitude.

6 We emphasize that this procedure is not a necessary one since
we can obtain the same conclusion by directly factoring this
unequal-mass case.

2 M. Kaitu, C. B.Thorn, and J. H. Weis (private communica-
tions).

This propagator is of course consistent with rule 4c in Sec. III.
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and the»-Reggeon amplitude (Fig. 10)

W()v)(al a2 aN)

g dw;{W~} exp{
N N

(a'IP. (~) Ip;)+ 2 (a" 'IP-(»' 1,»-2, »—, ~) I p')
B=1 (B&N—1) i=1 (i&B) i=1 (i+N—1)

B=I (BQN—1,N)
I (as!M~(R+1)R —2, R) R—1)la~ ')+(a"—'IP(1V» —3, N —1, V —2)la~—')

+("IM~(1,»-2, N, N-1)M-I"-') j+ 2 E("IP.(R-2)M P(R+1, R-1,R, R-2)
B=l (BQN—1,1)

XM Pg 2(R) la"—')+(a~—'IP(N —1, 1V—2)») N —3)M P(iV 2) N ——2, )V 1) 1V——3)

XMM(N —3, 1V—2» 4 N 1)la" ')+(a'IP(1, 2, 1V, »—1)MM(2, »—2, 1, »—1)

XM P(JV 1, 1V—2,—N 1)la~—')j+ + P(a~lP&(R K)M P(R+1—R K+1 R R K
B=1 (BQN—1,K—1)

XII) x(R)las —x)+(a~ 'IP(Ã 1)» 2) N) N K 1)MM(~V 2) 1V K 1V 1 1V K 1)

X%M(1V K 1, N——K—, ~V K 2)»—1—) Ia~—x ')+(ax 'IP&(N 1)M P(—K, 1V—2, K 1, 1V—1—

XM P(N —1, »—2, », K—1)la&-~)j+" + I:2(a"IP~(R —k»)
B=1 (B~N—1,—,'N—1)

XMM(R+1) R 2N+1) R)—R k»)MMz —w(R)la~ '—~)+(a~ 'IP(N 1) 1V—2)») sN 1)

XMM(N —2, -', », »—1, -', N —-,')MM;~ g(1V —1)la&~—')j}, (25)

where a~+'—=a', P~(S)=P(wg, wg~)—, wg ~, wq), and we have assumed 1V=even integer. For»=odd integer,
we then replace 2» by ~~ (N —1) and drop the factor —,

' in the last two terms of Eq. (25). We now also can release the
frame-dependent constraint, since all terms in Eq. (25) are projectively invariant cross ratios. Hence our result of
E-Reggeon amplitude is manifestly dual. '

We can further obtain the completely symmetrical E-Reggeon amplitude by applying the twist operator
0+(—p))) &,

a~ ') to the right of Eq. (25) times Eq. (24), and passing it to the left of the propagator
D&~)(a~,a~ ',pz). Using the exact arguments given by Caneschi and. Schwimmer, '~ we simply drop the factor

r 1
!

!as)))-)—()z-))
(1—tP(N, 1, »—1, 1V—2)))

in Eq. (24), and apply the twist operator 0+(—p~ &,a ') directly to Eq. (25). We finally get the completely

symmetrical »-Reggeon amplitude (Fig. 11):

W„- ~ )(a'a'. . . a")= gdw;{W~} exp{ P g (a~!P~(i)lp;)
B=1 i=1 (igB)

+Z (a~lMM(R+1 R 2 R R 1)la~ ')+Q (a~IP&(R 2)MM(R+1 R 1 R R 2)MM~ 2(R)la~')—

+' ' +E (aalP~(R K)M P(R+1 R K+1 -R R K)M P& &(R)las )——

+. +-', g (a~lP&(R ~~N)M —P(R+1 R ~~1V+1 R R z~»T)MM& .*&(R)la" '*~)}, (26=)

This is true up to the asymmetrical propagator, which destroys the exact duality.
"L. Caneschi and A. Schwimmer, Nuovo Cimento Letters 3, 213 I'1970).
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where a~+~= u~, Pri($)= P—(R, R+1,R 1—, $), etc. , and
E= even integer. For E=odd integer, we replace —,'X
by i2(cV —1) and drop the factor i2in the last term of
Eq. (26). And the propagator of the wz leg, D&~&( ),
becomes the ordinary one."

It is also interesting to see that the symmetrical E-
Reggeon amplitude, Eq. (26), can be obtained directly
by using the prescriptions of Sec. III and letting all the
Koba-Nielsen variables associated with the external
scalar legs vanish. One could also similarly use this
illegitimate method to recover Eq. (25). However, we
then lose the asymmetrical behavior of the propagator
in the re~ leg. This again indicates the complications
raised by the problem of linear dependence. ""

V. CONCLUSION

We see that the multiple factorizations on the dual
amplitude can be carried out in a ra, ther neat and com-
pact way. We also see that the ~V-Reggeon amplitude
takes a fairly simple form, which is manifestly dual.
However, the intrusive problem of linear dependence
still remains unsolved. In fact, it is clear that the X-
Reggeon amplitude itself should be factorizable. But in
directly proving the factorization of Eq. (25) or (26),
we encounter the unequal-mass problem, for which we
do not have the bootstrap condition a+bp, 2= 0. There-
fore the degeneracy of the spectrum of the trajectories
appears to increase, though we know that it cannot do
so. In order to decrease the degeneracy of the spectrum
of the trajectories and at the same time prove the
factorization of the E-Reggeon amplitude, we shall
have to take into account the existence of linear de-
pendences among the excited states in the dual ampli-
tude. Once we achieve the proof of factorization of the
X-Reggeon amplitude, we may be able to construct
Nambu's" field-theoretical-type dynamical equation of
motion.
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M 3f =Mp,

(A1)

(A2)

(A3)

M+x3f = - M+
1—x 1—1/x

(A4)

M xM =(1—x)M
1—1/x

M~(1 —x)M =M (1—1/x)M x,

xM+(1 —x)M =xM (1—1/x)M x

(A5)

(A6)

=M (1—x)M+x. (A7)

The identities involving the twist operator are

(alM =(cx[,

M [a)= les),

(pl~) = —(pl~),

(AS)

(A9)

(A10)

(Pl xl) = —(Pl~)+(Pl(1 —x) l~), (A»)

a=(T.t) 'aT,t, T =:exp(atlM la):. (A12)

APPENDIX

The notations in the following equations have been
explained in Eq. (1).The function

B„(x) e~ —e
(—1)"wax'

(iins) '~' '=0 i ) nz i—
defined in Ref. 1 is equal to

l
M (1—x)M ]„.We fur-

ther denote

(xM~yM~s) „=x"(M~) „,y'(M~);„s (sum over i);
then we have the following set of identities:
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The identities involving the cross ratios are

(x—s) (y —w)
P(x,y, s,w) =

(x—w)(y —s)
(A13)

"The symmetrical E-Reggeon amplitude, Eq. (26), is mani-
festly exactly dual.
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1—P(x,y, s,w) =P(x,s,y,w),

1/P(x, y,s,w) =P(x,y, w,z),

(A14)

(A15)

P(x,y,s,w)P(x, y,l,s) =P (x,y,u,w) .
=P(s,w, x,y), (A16)

(A17)

P(x,y, s,w) =P(y, x,w, s) =P(w, s,y,x)


