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limiting process.® From this fact we may suppose that a
consistent theory describing higher-spin particles can
be obtained only by a limiting process if one takes the
Lagrangian approach.

The case of massless particles must be discussed
separately, because terms such as 1/u? do not exist in
this case. Another important point in this case is the
fact that the current is conserved, which is the neces-
sary condition for Eq. (1) to hold.

After calculations similar to those in the case of
massive particles, we find two solutions of Eq. (1) in the
case of the spin-2 particle:

(/)5 Bundumt Susabusm) —E0uimbunn],  (5)
(1/s) [% (6“1v161‘2"2+ 5“1”26“2"1) _%6M1”26"l”2] M (6)

Solution (5) corresponds to the propagator of the
linearized Einstein theory and contains only helicity-
(£2) states as intermediate states.

On the other hand, the propagator of the scalar-tensor
theory” of the graviton also contains the helicity-0

6 See footnote 9 of Ref. 1.

7 C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961); W.
Thirring, Acta Phys. Austriaca Suppl. 5, 391 (1968); R. H.
Sexl, Fortschr. Physik 15, 269 (1967).
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state as an intermediate state and can be written, using
one parameter «, as

(/)¢ [%(6111716”"2"*' 6#1"26112"1) - %’6#11426"172]
+0‘3uwzan"2} , (D

where the limit of « determined by the deflection of light
near the sun is a«<<0.1. Hence solution (6) can be
rejected as the propagator of the graviton. No scalar-
tensor theory,® except Eq. (5), can satisfy Eq. (1). Thus,
the only solution which satisfies both Eq. (1) and the
experimental facts is solution (5).

We want to comment here that there is a gap between
propagators of massless particles and those of massive
particles in the case of higher-spin particles, and that
the propagator of massless particles does not correspond
to an irreducible representation of the O(4) symmetry.

A full account of the properties of propagators of
higher-spin particles, including self-energy parts, will
be published elsewhere.?

8 Even if the interaction between the spin-0 part and the source
and that between the spin-2 part and the source are introduced
independently, the parts of spin 0 and spin 2 are coupled when
the sources are the same.

9Y. Iwasaki, Progr. Theoret. Phys. (Kyoto) 44, No. 5 (1970).
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The author presents a compact way of carrying out repeated factorizations on the dual amplitude. Pre-
scriptions are given for writing down the multiply-factorized tree amplitudes. As an application of the

prescriptions, the N-Reggeon amplitude is derived.

I. INTRODUCTION

IN this paper, we use the fact that the projective
transformation of cross ratio is invariant under
changing of the projective frames (duality) to generalize
the multiple-factorization technique developed in a
previous paper.! We find a neat and compact way of
carrying out the mutliple factorizations on the dual
amplitude. As a consequence of this, we obtain a set of
prescriptions which enables us to write down directly
the multiply-factorized tree amplitudes by simply
examining the corresponding tree diagrams. Applying
the prescriptions in a particular case, we obtain the
formula for the N-Reggeon amplitudes.

Tn Sec. II we explicitly carry out the third and the

* Work supported in part by the U. S. Atomic Energy Com-

mission.
1L, P. Yu, Phys. Rev. D 2, 1010 (1970).

fourth factorizations and prove the factorization of the
quadruply-factorized tree into two triply-factorized
trees. We thus discuss the application of the quadruply-

F16. 1. Doubly-factorized tree. w; refers to the frame defined
by wy=, w1=0, wy_1=1, and w;’ refers to a new frame wy’
=0, wi’= 0, wy’ =1 for the third factorization.
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In the Conclusion we discuss the difficulties due to
linear dependences.

II. THIRD AND FOURTH FACTORIZATIONS

It is convenient to follow the notations of Kikkawa,
and Sato.? They define

o=(2o, 2 2
PO\ g 5 ” )

|a®)=(a:1%,a:%,a5%,. . ),

(M) = (M+>m=(—2)m<—>n(—m),

n
(LY = (M Y= (fn)m<—>n(’"), W

n

®
(alx=3 anr",
n=1

(@|x]D)=X anxbn,
n=1

F16. 3. Quadruply-factorized tree.

(a'de:yMizlb)E Z anxn(M:h) nmym(M;{:)mekbk .

n,m, k=1

factorized tree to the general double-loop calculation.
In Sec. IIT we give the prescriptions for writing down an
arbitrarily multiply-factorized tree amplitude. And in In the Appendix we give all the identities used in this
Sec. IV we consider a particular case of multiply- paper. We start with the doubly-factorized tree of Eq.
factorized tree to obtain the N-Reggeon amplitude. (17) of Ref. 1:

b /wL+1_wL " Wr—1
< G ®(a, b) / Hdw,{WM}< eXPI: Bnm( )wL"‘]
mn (nm)1’2\wz,+1—-'w1,~1 wr,
M Wr41— WL \*/WL-1—W; Ao
e (=) 42 Lo 5 e 1. @
n l/2 i=1 (i=L) WLt1— W1 W, —W; m mll2 =1 )\b
where

st (e

and wy= o, wy_1=1, and w;=0 (Fig. 1). In our new notations, we write the formula as follows:
M
G @(ata)= | TTwi{Wa}exp[ X (a¥|P(wr, wi, wrs, wi)|ps)
=1 (i£L)

M
+ X (@MP@u,w1,wa—1,w0)|p) (0| P(wr,wr—1,wL i1, )
=1 (s£M)
XM _P(wr—1,w1,w1,% )M _P (wM,wth—l,wL)laM)], “)
where af=aqa, a¥=b, and

(wi—wi) (wj—wn)

P(wi,w;,wi,wm) = . )
(wi—wm) (wj—wi)

2 K. Kikkawa and H. Sato, University of Toyko Report No. UT-36, 1970 (unpublished).
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In Eq. (4), we have omitted the coherent states [Xe) and |A3), and we will continue to do so throughout the
paper if no confusion arises. We observe that the cross ratios P(w:,w;,r,w;) appear in a rather regular fashion,
depending on the dot positions of the excited legs. This turns out to be a very general feature as we go on to higher

factorizations.
Let us now do the third factorization. In Eq. (4) we change from the frame wy= %, wy_1=1, 0;=0 to the

frame wy = o, w' =1, wy'=0 (Fig. 1), i.e.,
wi=P(wr', wr—1, wryt, w);
then Eq. (4) becomes

M
G @ (ak,a®)= / MMw/{Wax'yexpl > (@f|P(wr,wr—a,wrii;wd)|ps)

=1 (i#R)

M
+. 1;?55) (aSIP (ws’,w3+1’,ws_1’,wi’)Ipi)—}-(as IP (ws',ws+1',ws—1’,wza')
1= £

XM_P(wsyi ywe— ws',we ) M_P(wg w1 w1 ws')|a®)].  (6)

Divide i into 7;, s;, and ¢ such that

R frame: rp=c, rpr3=1, rn=0;  rr=r;,
S frame: spa=0©, sp=1, sy=0; Supi=sr—2y, ©)
: W' frame: wi'=o, w'=1, wy'=0; wy. =w/.
Thus
, . . .
wi=ryfr;, 1=1,2,...,T—1, wi=rds;, j=T,T+1, ..., M. (8)

We introduce the creation and destruction harmonic oscillator operators a”' and a” to remove ¢ and s;, j=7T,
T+1, ..., M. As discussed in Ref. 1, we have from Egs. (6)-(8)

M T
exspl ¥ (@FP(wr’wrswrdwd)lpd]= expl X [(@HPOrryrsrrinrd)pi)]

=1 (i#R) =1 (i#R)

+(aRIP(fR,7’R_1,7R+1,7'T)M——P(7'R—1,71;7’R,7'T)M—P(77'771177’—1)’3)IaT)} ) (93')

M T
expl. ¥ (@F|P(ws wsryws—wd)lp)]=exp{ 2 ; L(@S|P(rs,rs11,75-1,70)| )]
; )

=1 (i7%8) =1 (454

. +(@S|P(rsyrsiars—srr) M_P(rsiararsrr) M_P(reyriyre_yrs)|a®)},  (9b)
an

exp(@’| P(ws', wsit', ws—, Wi )M _P(wsyt', we, ws', we)M_P(wr, we—, wei, wy')|a®)
=exp(aS|P(rs, 7511, 75-1, "R)M P (rs41, 7r1, 73, rR)M_P(rR, 721, 7R41, 78)]|0®).  (9C)
Substituting Egs. (8) and (9) in Eq. (6), and defining
G oy @ (a®,a%)= (0r| G &) P (a%,a5,a7) D(Ra7,55)G (5P (a™") | Or)

we thus obtain the triply-factorized tree (Fig. 2):

~ T . T b

G ®(am,as,07) = / Mrdkeyepl S @HP@IpI+ L @IPsOIp)+ T @1PrGi)lp)
=1 (iR) i=1 (i) =1 (=)

+(a®|Pr(S)M_P(R—1, S+1, R, S)M_P5(R)|a%)+(a5| Ps(T)M _P(S+1, 1, S, T)M_P(S)|a%)

h +(@"|Pr(R)M_P(1, R—1, T, R)M_Pr(T)|a®)], (10)
where
Ps(i)=P(S, S+1,5—1,1), Pr(5)=P(T, 1, T—1, 1),
and
(re—7R41)(TR_1—73)

Pr(1)=P(R, R—1, R+1,i)=

(1

(1'1z-1—7’12+1)(713—7’i) .
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Tt is clear that the new cross ratios occur in the same manner as before. It is also interesting to observe, from the
identities given in the Appendix, that application of the twist operator, say, Q¥(—pg, a®) on the g leg, is simply
equivalent to interchange of 7z.1 with 7z_ everywhere in Eq. (10). This ensures that the cross ratio P(7) has the
same form whatever the positions of the dots.

We now proceed to write down the fourth factorization; we shall then be able to infer the general prescriptions
for an arbitrary number of factorizations on the dual amplitude. Applying techniques identical to! those used in
Egs. (6)-(10), we obtain the result for the quadruply-factorized tree (Fig. 3):

U U
Gon(atasanat)= [ TLaWo) el 3 @IPo@IpI+_ 2 @HPaOIP)

1 (2
U
+ .=1és) @ Ps(@)|p)+ _=1;¢T) (@7|Pr()|p)+(a®| Pr(S)M -P(R+1, S—1, R, S)M_Ps(R)|a%)
+(aS|Ps(T)M_P(S—1, T—1, S, T)M_Pr(S)|a")+(aT|Pr(RYM_P(T—1, R+1, T, R)M _Px(T)|a®)
+(aB|P(U)M_P(R+1,1, R, U)M_Py(R)|aV)+(as| Ps(U)M_P(S—1, 1, S, U)M_Py(S)|a?)

(@ |P(U)M_P(T 1,1, T, D) _Py(T)]a?)}, (12)
where wy= «, w;=0, wy_1=1, and

Pu(i)=P(U, 1, U~1,7).

By studying Eqs. (10) and (12) it is not hard to infer the general prescriptions for the multiply-factorized dual
tree. It is also not hard to write down the explicit form of the amplitude with an arbitrary number of excited legs.
We will proceed to do so in Sec. III.

Before concluding this section we discuss the factorization property of Eq. (12). We first express Eq. (12) in the
W’ frame defined by wi/= », wy/’=1, wy’=0 (Fig. 4), i.e.,

wi=P(wy’, wyd, wyt, w/).
We then introduce R and S frames as before. Using the inverse relations of Eq. (8),
ri=wy/w!, i<M-1, s=wi/wy, j>M, i=wy'/wy, (13)

and the identities in the Appendix, we can then prove that the following factorized expression is identical to the
right-hand side of Eq. (12):

(03] (;(R) (3)(aS’aV’aM)D(aM—ITaM,t)G(S) @ (M- IT’aR’aT) ] 0

={(Ox| (]Hdl’i{RM} expl X (@"|Pw®]p)+ 4{__‘, (@8 P.s())|p)+ g: @M|P,,, ()| ps)
) i=1 (i) i=1 G=M)

=1 (iAV

+(@V| Py (M)M_P(V+1,1, V, M)M_P ., (V)| a*)+(a5| Pro(M)M _P(S—1, 1, S, M) V_P,,,(S)]|a™)

Y|P SM_PAVH1, S—1, V, S)M_PTS(VMaS)]]D(aM—”aM,o [ astso-a

U U U
Xexpl X (@MPL@)lp)+ X 7) @2+ X (@Y [P oy, ()] p4")

i=M—1 (i#R) i=M—1 (i7% i=M—1 (i#£M—1)

(@M 1| Py (RYM_P (U, R+1, M —1, R)M_Px(M —1)|a®)+(@¥ 1| Py (T)M _P,(U, T—1, M —1, T)

XM_P (M —1)|a")+(a"|Por(R)M _Ps(T—1, R+1, T, R)M—Pm(T)IaR)]} [0sr), (14)

where
TM= ®, TM_1=1, 7120,

SM—_1= %, .S‘M=1, Su=0,
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/
R+
SR+1

Fic. 4. Factorization of quadruply-factorized tree into two
triply-factorized trees. The 7; and s; refer to two new frames de-
fined by TM= %0, rM_1=1, 1'1=0 and SM-1=®, SM=1, SU=0.

and
Prv(i)=P(rV, TV, Tv—1, 1)
P.(V+1,1,V,M)=P(ryss, 71, *v, ") »
Psm(i) =P(sr, s7-1, 741, 53,
P(U, R+1, M—1, R)=P(su, Sr+1, Sm—1, SE) , €tC.

(15a)

and
[a"MlamM_rr] = 8”’”" b aM[ OM) = 0 b

Ox|a¥1=0,
and all other commutators between a’s vanish; also
pi =pi, i=12,... . M—1
pi’=pi, j=M,...,U

(15b)

(15¢)
U M1
PMI: Z P]”="‘ s Pil=“'PM—1"-
=M i=1

From Eq. (14) it is seen that Eq. (12) does factorize into
the product of the two triply-factorized trees which
were given in Eq. (10) (see Fig. 4). As a consequence
of the factorizability of Eq. (12), we assert that if we
join any pair of the excited legs, we get the loop ampli-
tudes. Namely, if we join the a8 leg with the aU leg
and the a® leg with the a7 leg, we get the nonplanar
double-loop diagram (Fig. 5), of which the planar
double-loop diagram? is the special case when S=U+1
=1, R+1=T. And if we join the twisted a% leg with
the a¥ leg, the twisted a7 leg with the a® leg, we then
obtain the overlapping double-loop diagram (Fig. 6).
Thus Eq. (12) contains all possible perturbative uni-

e oo
OS eece ocol OR
L]
L]
.
. .
: T
aY l eee | °® a

I
e | eee

Fic. 5. Nonplanar double loop.

3 M. Kaku and L. P. Yu, Lawrence Radiation Laboratory Re-
port No. UCRL-20054 (unpublished).
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Fic. 6. Overlapping double loop.

tarity diagrams with three-particle intermediate states,
if we join the two pairs of the excited legs.

III. PRESCRIPTIONS OF MULTIPLY-FACTORIZED
TREE AMPLITUDE

Generalizing the result of Sec. II, we now state
explicitly the following set of rules in writing down the
multiply-factorized tree amplitude by simple inspection
of the tree diagrams.

Rule 1. We assign to each leg (scalar or excited) one
Koba-Nielsen variable w;, i=1, 2, ..., M, and an in-
coming four-momentum p;. Corresponding to each
excited leg, we assign one destruction (creation) operator
@y n®(@u,n "), where the u are space-time indices
p=1,2, 3, 4;n is the excited harmonic oscillator mode
in question, z=1, 2, ..., «; and the superscript R
coincides with the labeling of the Koba-Nielsen vari-
ables, R<M.

Rule. 2. The scalar part of the multiply-factorized
tree is the ordinary Koba-Nielsen representation® or the
Donini-Sciuto representation’ of the M-point dual
amplitude, namely, /T] dw{W ).

Rule 3. All destruction (creation) operators a® (aZ®)
appear only in the exponents. The exponential factors

Wg

Fic. 7. (a) wg dot lies between wg
and wg-1, and the wg,, dot lies be-
tween wg and wgyi. (b) we dot lies
between wgr and wg_1, and the wry1
dot lies between wg 1 and wr4e. (C) wr
dot lies between wg and wgii, and
the wg,1 dot lies between wg. and
WR.

4Z. Koba and H. B. Nielsen, Nucl. Phys. B12, 517 (1969).
5 E. Donini and S. Sciuto, University of Torino report, 1969
(unpublished).
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can be divided into two classes. One class involves the
scalar product a,®-p;#, the other class involves the
scalar product of ¢,%-4,5; R, S M. The factors in the
first class have the form

expl 20 ﬁ

R RL M i=1 (i=R)

(@®|Pr(wi)]pd],  (16)
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and those in the second class take the form

exp[3 >

RS M (R#8)

(a®|Pr(S)M_P(R+1,S+1,R,S)

XM_Ps(R)|a%)], (17)
where

Pg(i)=P(wr, wr-1, Wry1, w;) if the dot of the wr leg lies between wg and wri4

= P(wg, Wr41, Wr-1, ;) if the dot of the wg leg lies between wx and wp_g,

and

P(R+1, S=1, R, S)= P(wr41, Ws11, Wr, wg) if the dot of the wr leg lies between wg and wx=1, and the

(18a)

dot of the wg leg lies between wg and wgs;

= P(wry1, Ws1, Wg, ws) if the dot of the wg leg lies between wx an wgryy, and the
dot of the wg leg lies between wg and wgy1. (18b)

Rule 4. When two excited legs, say, wr and wgy1, are adjacent to each other, i.e., there is no external scalar leg
between them, then we must take appropriate limits of the relevant terms in Eq. (17). The limits are as follows:
Rule 4a. When the wz dot lies between wg—; and wg, and the wgy; dot lies between wg and wg,1 [Fig. (7a)], then

(@% | Pra(R)M_P(R+2, R+1, R+1, R)IT_Pr(R+1)]a®) — (@*"|M_P(R+2, R—1, R+1, R)|a®). (19)
Rule 4b. When the wz dot lines betwee wr—; and wg, and the g, dot lies between wgy1 and wg,2 [Fig. 7(b) ], then
(a%1| Pra(RYM_P(R, R+1, R+1, R)IT_Pr(R+1)[a®) — (@*"|P(R+2, R—1, R+1, R)|a®). (19b)

Rule 4c. When the wg dot and the wg,1 dot both lie between wg and wg; [Fig. 7(c)], then
(@%Prpa(R)M_P(R+2, R—1, R+1, R\ _PR(R+1)|a®) — (a*"|M_P(R+2, R—1, R+1, R)J_|a®). (19)

However, in this case we need an asymmetrical pro-
pagator! for the wr leg (or w41 leg),

1
D,(RaR)RaR+l7wR+2; PR2) =/ at t_a(pR)_H—RR
0

1—¢

RR+1—a(pR+1)
) . (20)

o
1 '—-lPR(‘ZUR+2)

where
Pr(wri2)=P(wr, Wr-1, WRt1, WR2) -

In the cases of rules 4a and 4b, we do not modify the
propagator at all. We note that rules 4a and 4b are
related to rule 4c by the twisting operations.
Rule[j5/yThe two amplitudes with the dot on the
opposite sides of the excited leg, say, the wg leg, are
related to each other by the twist operator @*(—pz; a®),

or, equivalently, by the interchange of wgy1 with wg_3
everywhere in Egs. (16) and (17). The only additional
complication to this rule is the case stated in rule 4c,
where we need an asymmetrical propagator.

By using the above prescriptions and by directly
inspecting the factorized tree diagram, we can write
down the general formula for the multiply-factorized
tree amplitude:

(OIG(W)(N’(aR)IaH )\a)=fHdw,-{WM}

xOlesf ¥ %

R R M i=1 =R
(a®|PR(S)M_P(R+1,S+1,R,S)
)
XM _Ps(R)|a)]|all Aoy, (21)

) @R[ Pr(5)|p3)

+ 0z

RS M (RS

F1c. 8. Nth-factorized tree,

F1c. 9. NV excited legs plus one scalar leg,
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N-2

Fic. 10. Twister wy_1 leg of the N-Reggeon amplitude.

where M is the total number of excited legs plus the
external scalar legs. Also, wyyi=w;, e¥TE=aEk. We
also give an alternative recursion formula for Eq. (21),
which relates the integrand of the Nth-factorized tree
amplitude to the integrand of the (V—1)th-factorized
tree amplitude (Fig. 8)

O] G ™ (@) all ) = f T dasW a0}
X expl 3 @IPr)p)
7=1 (i#R)

+ X

S M—1 (S#R)

XM _Ps(R)|a5) K Gow) ¥ (a”; T#R)}
Xlall ). (22)

where Gw)¥V(a”; T#R) is the operator part of the
(N —1)th-factorized tree integrand, and the index R
is the Koba-Nielsen label of the first-factorized excited
leg. Equation (22) is useful in obtaining the N-Reggeon
amplitude. We will proceed to do so in Sec. IV.

(aB| Pr(S)M_P(R+1, S+1, R, S)

IV. N-REGGEON AMPLITUDES

As we discussed in Ref. 1, to get the pure N-Reggeon
“amplitude, we should consider the case when M/ =N--1
in Eq. (21) or Eq. (22). Then we have the tree amplitude
with one external scalar leg (the wy leg) together with
N excited legs. For simplicity we choose the dot posi-
tions of the N excited legs as shown in Fig. 9. Cor-
responding to Fig. 9, we apply the prescriptions in Sec.

Win-2

F1c. 11, Symmetrical N-Reggeon amplitude.
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III, or use Eq. (22), to get the amplitude of N excited
legs plus one external scalar leg (the wy leg),

— 1
Gy M (ala?,. . .,aN"1aNt])

= / II  dw{Wxa)
1#(N-+1,N,1)

X{ G (N)(al7a2) e ’aN—l,aN+l)}
=/ H dwi{WN—i—l}g(W) (N—.l)(alaa% see )aN—z)dN+1)

N+1

Xexp{ 2

=1 (1#N—1)

(@ [Py—a(i) [ $)

N1
+ > [(@¥ | Py—s(R)M_P

R=1 (R#N,N—1)
XP(N—2,R4+1, N—1, R)M_Pr(N—1)|a*T}, (23)

where Py_1(1)=P(N—1,N—2,N,i) and we choose
the frame
w1= 0.

WN41= X, WN= 1,

Now analogously to Ref. 1, we consider the scalar
wy leg attached to the excited wxy1 leg. In other words,
we want to write Eq. (23) in the form W ®)(g2) D@
XV(py) and then to remove V(pn)=exp(a™+1|py)
Xexp(a¥+1| py) by letting py — 0 and modifying the
spectrum of the relevant trajectories, as we did® in Ref.
1. Guided by the tricks used in Egs. (33)-(35) of Ref. 1,
where we have taken down the common factor [ (1 —w3)/
(1—w,) ]%e(ws) %4 from the exp{---} of Eq. (33) to the
propagator D’ of Eq. (35), we now observe, from the
factors Py_y(w;) and Pyy1(w;) in Eq. (23), that we can
bring down the similar common factor

Ly —wy—1)/(wy—wy_z) ]B¥-1(wy_1) BN+

from the exp{---} of Eq. (23) to the propagator D™,
It is this common factor that causes the factorization of
wy_s and ¢ to be unfeasible, and presumably it is closely
connected with the linear-dependence problem.’

After setting py—0 and redefining @¥*tl=g¥,
pw+1= pn and reintroducing the Koba-Nielsen variables
wy= o, wy_1=1, w;=0 in Eq. (23), we find the modi-
fied propagator® of the new wy leg,

1
D(N)(aN,aN—l,j,N)=/ di PN 1HEN (] — f)a—1
0

BN~1—a(pN-1)
) yen

< 1—¢
1—tP(wy,w1,wy—1,WN—2)

¢ We emphasize that this procedure is not a necessary one since
we can obtain the same conclusion by directly factoring this
unequal-mass case.

1 1\/)1 Kaku, C. B. Thorn, and J. H. Weis (private communica-
tions).

8 This propagator is of course consistent with rule 4c in Sec. III.
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and the N-Reggeon amplitude (Fig. 10)

W™ (aa?,. . .,a")

N N N
- / HawWaenl > % @Pa@lsd+ 3 @ 1PO—1,N—2, N,
R=1 (R#N—1) i=1 (:#R) 1=1 (i#N—1)

N

+ [(a®|M_P(R+1, R—2, R, R—1)|a®)+(a¥|P(N, N —3, N—1, N —2)|a¥-2)

R=1 (R#N—1,N)

N
+@|M_P(1, N=2, N, N=D)M_|a¥)]+ ¥ [(a®|Pr(R—2)M_P(R+1,R—1,R,R—2)
R=1 (R#N—1,1)
XI_Pr_s(R)|a®2)+(@ | P(N—1, N—2, N, N—3)M_P(N—2, N—2, N—1, N—3)
XM _P(N—3,N—2, N—4, N—1)|a¥3%)+(al|P(1,2, N, N—1)M_P(2, N—2,1, N—1)
N
XM _P(N—1, N=2, N, D)|a™ )]+ - -+ ) [(a®|Pr(R—K)M_P(R+1, R—K+1, R, R—K)
R=1 (R#N—1,K—1)
XI_Pp_g(R)|a® %) +(@"|P(N—1, N—=2, N, N—K—1)M_P(N—2, N—K, N—1, N—K—1)
XM _P(N—K—1, N—K, N—K—2, N—1)|a¥~E1) (a5 1| Px(N—1)M_P(K, N—2, K—1, N—1)

N
XM_P(N—1,N—=2, N, K—=1]|a)]+---+ > [£(a®|Pr(R—1N)

R=1 (R#%N—1,1N—1)
XM_P(R+1, R—3N+1, R, R—iN) M _Pr_yn(R)|a®¥)+ (@ |P(N—1, N—2, N, N —1)
XM_P(N—2,3N, N—1,3N —3)M_Pyx_o(N—1)|a?¥D T}, (25)

where aVti=4a?, Pr(S)=P(wr, Wri1, Wr—1, Ws), and we have assumed N =even integer. For N=o0dd integer,
we then replace $V by £(IV—1) and drop the factor § in the last two terms of Eq. (25). We now also can release the
frame-dependent constraint, since all terms in Eq. (25) are projectively invariant cross ratios. Hence our result of
N-Reggeon amplitude is manifestly dual.®

We can further obtain the completely symmetrical N-Reggeon amplitude by applying the twist operator
QF(—pn—_1, a¥ 1) to the right of Eq. (25) times Eq. (24), and passing it to the left of the propagator
DM (g¥ oV py). Using the exact arguments given by Caneschi and Schwimmer,'® we simply drop the factor

< 1—¢
1—tP(N,1,N—1,N-2)

>aRN—1—a(;oN—1)

in Eq. (24), and apply the twist operator Q+(—py—_1,a¥?) directly to Eq. (25). We finally get the completely
symmetrical V-Reggeon amplitude (Fig. 11):

N N
Wem™(a'a,. .. ,aV)= [ [Tdw{Wnrlexp{ 3 (a®|Pr()]p)
R=1 i=1 (i=R)

N N
+3¥ (@F|M_P(R+1, R—2, R, R—1)|a®* )+ Y (a%|Pr(R—2)M_P(R+1, R—1, R, R—2)M_P_5(R)|a®?)
R=1 R=1
N
4o+ S (@F|PR(R—K)M_P(R+1, R—K+1, R, R— K)J_Pp_x(R)|a®X)
R=1

+ootd

™M=

(a®|Pr(R—3N)M_P(R+1, R—3N+1, R, R—3N)M_Pryn(R)|a™1¥)},  (26)
1

9 This is true up to the asymmetrical propagator, which destroys the exact duality.
0T, Caneschi and A. Schwimmer, Nuovo Cimento Letters 3, 213 (1970).
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where eVtE=a® Pr(S)=P(R,R+1,R—1,S5),etc., and
N=even integer. For N=o0dd integer, we replace 1V
by $(V—1) and drop the factor 3 in the last term of
Eq. (26). And the propagator of the wy leg, D®(--.),
becomes the ordinary one.

It is also interesting to see that the symmetrical N-
Reggeon amplitude, Eq. (26), can be obtained directly
by using the prescriptions of Sec. III and letting all the
Koba-Nielsen variables associated with the external
scalar legs vanish. One could also similarly use this
illegitimate method to recover Eq. (25). However, we
then lose the asymmetrical behavior of the propagator
in the wy leg. This again indicates the complications
raised by the problem of linear dependence.!?-13

V. CONCLUSION

We see that the multiple factorizations on the dual
amplitude can be carried out in a rather neat and com-
pact way. We also see that the V-Reggeon amplitude
takes a fairly simple form, which is manifestly dual.
However, the intrusive problem of linear dependence
still remains unsolved. In fact, it is clear that the N-
Reggeon amplitude itself should be factorizable. But in
directly proving the factorization of Eq. (25) or (26),
we encounter the unequal-mass problem, for which we
do not have the bootstrap condition a-+bp.2=0. There-
fore the degeneracy of the spectrum of the trajectories
appears to increase, though we know that it cannot do
so. In order to decrease the degeneracy of the spectrum
of the trajectories and at the same time prove the
factorization of the IN-Reggeon amplitude, we shall
have to take into account the existence of linear de-
pendences among the excited states in the dual ampli-
tude. Once we achieve the proof of factorization of the
N-Reggeon amplitude, we may be able to construct
Nambu’s!* field-theoretical-type dynamical equation of
motion.
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APPENDIX

The notations in the following equations have been
explained in Eq. (1). The function

s B ()0 e

defined in Ref. 1 is equal to [M_(1—x)M_J,m. We fur-
ther denote

(xM LyM 1.3) = 6™(M 1) niy (M ) imz™

then we have the following set of identities:

(sum over 1);

M_N_=M,, (A1)
M M_=M_, (A2)
M_M_=M,, (A3)
1 1
MoaM_= —M, , (A4)
1—x 1-—1/x
M_aM_=(1—x)M_ ! , (AS5)
1-1/x
M(1—) - =M_(1—1/x) 0T, (A6)
oM (A=) M _=aM_(1—1/%)M_«
=M_(1—x)M x. (AT)
The identities involving the twist operator are
(a|M_=(@al, (A8)
M_|a)=|a), (A9)
(lo=—(¢|a, (A10)
(tlzla)=—(pla)+(|(1-x)|a),  (ALD)
a=(THaT,", T.=:exp(a’|M_|a):. (A12)
The identities involving the cross ratios are
Pl = 20T (A13)
(x—w)(y—=2)
1—P(x,y,2,w) =P(x,3,5,w) , (A14)
1/P(x,y,2,w) =P(x,y,w,3) (A15)
P(x,y,3,w) =P (y,0,w,5) = P(w,3,3,%)
=P(z,w,%,5), (A16)
P(x,9,5,w) P (x,y,0,3) = P(x,y,u,0) . (A17)



