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A density-matrix approach is presented for lepton-hadron reactions. We give a unified treatment of
electroproduction, neutrino-induced production, decay, and colliding-beam-type processes. In this formula-
tion, the lepton reactions are treated in a manner completely analogous to the hadronic reactions involving
decaying resonances. The general content of our result for the differential cross section can be stated as a
product of finite-dimensional representations of the SO(2,1) group or SO(3) group for the lepton pair and a
hadronic density matrix. The group changes from noncompact SO(2,1) to compact SO(3), depending upon
whether the momentum of the lepton pair involved in the interaction is spacelike or timelike. Formulas are
given for general lepton-induced reactions. Specific reactions (total inelastic lepton scattering and leptonic
pion, p, and N* production) are discussed in detail. In this formulation, the implications of Regge-pole theory,
low-energy theory, partial conservation of axial-vector current, and current algebra can be easily studied.

I. INTRODUCTION

URING the past several years a considerable
amount of effort has been devoted to the study

of strong interactions at high energies using the weak
and electromagnetic interactions as a probe.! It is
commonly assumed in a high-energy scattering process
of a single lepton on a hadron that only the lowest non-
trivial order of the weak and electromagnetic inter-
action is a good approximation. Within the context of
this assumption and the presently accepted theories of
weak and electromagnetic interactions, it is possible to
obtain direct information about the matrix elements of
the electromagnetic and weak currents between physical
hadron states by studying such processes. In particular,
electroproduction and neutrino-induced productions at
high values of total energy and virtual photon mass have
occupied an important role in such investigations
recently. Examples of some of the work in this field
have been Regge-pole models, parton models for the
deep-inelastic electron scattering, and models based
upon the algebra of currents and their time derivatives.?
Pais and Treiman? have recently made a study of the
implications of Regge-pole theory on some particular
high-energy lepton-induced reactions. It is the purpose
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of this paper to present a general formulation of the
density matrix that is convenient to describe lepton-
induced processes or, quite generally, processes involv-
ing weak or electromagnetic currents. We give a unified
treatment of electroproduction, neutrono-induced pro-
duction, decay, and colliding-beam-type processes. In
this formulation the lepton reactions are treated in a
manner completely analogous to the hadronic reactions
involving decaying resonances. The general content of
our result for the differential cross section can be stated
as a product of finite-dimensional representations of the
SO(2,1) group or SO(3) group for the lepton pair and a
hadronic density matrix. The group changes from non-
compact SO(2,1) to compact SO(3) depending upon
whether the total momentum of the lepton pair in-
volved in the interaction is spacelike or timelike. Several
specific examples are worked out in detail. We make ex-
tensive use of the helicity formalism and some use of
group-theory techniques in the subsequent development.

The organization of the paper is as follows: Sec. 1I
containing the general results and their derivation; some
discussion of the implications of the results is also
presented. Section ITI contains some specific examples,
like total inelastic lepton scattering, leptonic pion, p,
and N* production, and a Regge-pole model for these
high-energy weak and electromagnetic processes. Most
of the emphasis in this section is directed to reactions
into definite final states rather than toward total
virtual photon-hadron cross sections that have been
considered extensively elsewhere.!? Finally, we con-
clude with a section on the discussion of the results and
the possible directions to be taken in the future. Some
technical details are left to two Appendices.

II. LEPTON-HADRON SCATTERING

A. Preliminaries

In this subsection a discussion of kinematic pre-
liminaries and conventions is presented. The inelastic
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F1c. 1. Lepton scattering
diagram.

amplitude for the reaction I(g1)+N(p,\) — I'(¢s)+ X,
where I and I’ are v, ¢, or u, and X is an arbitrary
hadronic state, is given to lowest order in Gr or e* by
the expression (Fig. 1)

M = (Gr/V2)li(g2,q1){X (P2) | *O) | N (p,N)) -
In Eq. (2.1), g#(0) is the Cabibbo current

3#(0) =cosf¢ I:Vu1+(0) _'A#I+(0):|
+sinfe [V,5(0)—4,57(0)], (2.1")

1,(¢2,q1) 1s the matrix element of the lepton current,

Lu(g2,01) = #(g2)vu(1+v5)ular) ,
g=q1—q2,

and ¢ is the Cabibbo angle; I+ and K* denote the
SU(3) transformation properties of the weak current.
Also, Gpm?~107% is the dimensionless Fermi constant.

In order to obtain the analogous expression for elec-
tron or muon production, we make the following re-
placements in Eq. (2.1):

Gr/N2— €%/,

1u(g2,q1) — (g2)yuu(qa)
9u(0) — J,7(0).

For simplicity, in this part of the paper, we neglect the
lepton mass. The results including the finite-mass terms
are given in Sec. ITI and derived in Appendix B.

We now proceed with some details. The S matrix
for the process I(q1)+N(p,\) = V'(¢2)+X as shown in
Fig. 1 can be written

(2.1)

(2.2)

(2.3)

1 1/2 1 3
Sﬁ=—’i(27r)454(})f_Pi)<—> (—) M)z (2.4)
EE' 2w

The cross section for unpolarized incident protons and
lepton spins summed can be written in the laboratory
frame as

do 11
= ——Wid®,
dvdg?dy  2E2 27

(2.5)

where ¢*= (¢1—¢2)?<0, v=p-q/m, and ¢ is defined later
by Eq. (2.21), in terms of the customary laboratory

quantities we have ¢*= —4EFE'Xsin?(30) andy=E—FE'. .

In Eq. (2.5), W is given by
W=t S |M|r=iGene,

lepton spins

(2.6
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where

Tur = (nguv—Quqfl'QuQviienv)‘vquv) s (2.6)

and

Ww=3 ; (X9 [N MHX 9O NN, (2.7)

0=q11¢:;

d®® is the phase-space volume element for all of the
final particles except the final lepton:

3Pi

2@ =[] —54(Pa—p—q). (2.8)

L;

In Eq. (2.8), P, is the total momentum of the hadronic
system X.

We list here some other conventions: g, =(1, —1,
—1, —1); auw=m, tv= —m, where % and v are the lepton
spinors, and the states are normalized covariantly
(P'N|p\)y=Es*(p—p’). Next a set of polarization
vectors is given with the following properties and
definitions:

m=1 9us
”2 for ¢%<0

= I (rer@ed)+

quqv

=—2_ ex*(g)Len’ (@) "+ — for ¢?>0, (2.9)
q
where
em(q) = (=) (2) 2 (8at-ime,) , m==1
eo(q) = (—¢)7""(|q| ,g022) for ¢><0  (2.10)
=(g%7""*(|q|,q0¢2) for ¢2>0
in a frame where §=2¢..
The polarization vectors have the following
properties:
em(‘l)‘él=0,
m* m’ = mﬁm m’ f 2 0
en*(Qem(9) =(—)"0mm for ¢< 2.11)
and
en*(Qem(q)=—0mm  for ¢*>0.

Now we insert the expansion of g, Eq. (2.9), into Eq.
(2.6), ie., we project out the spin-one and spin-zero
parts of the current in the helicity basis. For clarity we
first neglect the leptonic mass (the detailed results in-
cluding the mass term as given in Sec. III and derived
in Appendix B); in this approximation the lepton current
is conserved and only the spin-one part of the current
services in Eq. (2.6). We obtain

W=3Gr* X (=)™ ruen*(em”)*(en* ) em” Wy

m,m’

E%GF2 Z (I)mm'pm’m .

m,m’

(2.12)
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Here ®p,m is the density matrix for the lepton pair and
pmm is the conventional helicity density matrix which
can be expressed in terms of the helicity amplitudes
describing the process g(g,m)+N(p,\) — X and is

Pmm'= ("‘ 1)m+m’(fm")*€m’yWMv . (2'13)

All of the usual hadronic theories, i.e., Regge-pole
theory, low-energy theorems, and vector dominance,?
can be directly applied to pmm. The current is treated
as a spin-one system of spacelike mass.

Notice that the normalization of the longitudinal
polarization vector €y(g) for ¢2<0 is different from that
of the timelike case ¢>>0. This question is relevant to
the phase of the helicity density-matrix elements. With
the phase convention of Eq. (2.10), the density matrix
will have a phase given by the rules of strong-inter-
action dynamics. For example, in Regge-pole theory,
the phase of p will be given by the signature factor of
the exchanged Regge trajectories.

One can derive the leptonic density-matrix element
®,m by calculating 7enten”™ directly. However, in
Sec. IT B we show that ®,,, is just a finite-dimensional
representation of the SO(2,1) group describing the
decay of a particle with spin one and spacelike mass
into a lepton pair. The V' — 4 form of the lepton current
gives us the exact form of the leptonic density matrix.
For a timelike current, ®,.,.- is given by a representa-
tion of SO(3) describing a spin-one particle decaying
into two spin-} particles. The main point of this analy-
sis is that the leptonic reactions are formulated in a
manner completely analogous to the treatment of
hadronic reactions.

B. Derivation and General Results

In this section we give a derivation of a general ex-
pression for the distribution function W for reactions
involving currents and decaying hadronic systems. We
first consider the distribution function for the lepton
pair.

We will define the laboratory frame £ for the process
I(@=+N(p,\) = X as the frame where N is at rest and
¢ is along the z axis. We always choose the normal to the
production plane (or one of the production planes for
nonplanar reactions) as the y axis. In the frame £ we
have

» m(l,(),(),())., (2.14)
g=(—¢»)'*(sinha,0,0, cosha),

with
a>0 since P,°>[(p+¢)2]'/*>0.

In this frame the vectors ¢, and ¢, are arbitrary, with
the constraint

(—qa=q (2.15)
and

g12=¢q>?=0. (2.16)
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Next we define a brick-wall frame R for spacelike ¢
(¢2<0), where
E=m(coshe, 0, 0, —sinha),
gB=(—¢?"2(0,0,0,1).
The frame R is reached from the laboratory £ by a z

boost of magnitude . In the frame R the lepton
momenta are

Q@ =(—%g)"?

X (coshg, sinh¢ cosy, sinh sing, 4+1),
=~ gt

X (coshg, sinh§ cosy, sinhg sing, —1).

The last statement follows from Eq. (2.16) and the fact
that (%)%= (g:")*—(g*)*=(g+*)*>0; namely, we can
reach another brick-wall frame L by an O(2,1) trans-
formation v that leaves ¢® invariant and takes ¢; and ¢»
to the z¢ plane. In the frame L, we have

q1L=(—%q2)ll2(1) 01 0; +1) )
92L=(—%92)”2(1; 07 0; _1) )

qh=q".

2.17)

(2.18)

(2.19)

The 0(2,1) transformation v is a member of the little
group of ¢ and is parametrized by

v=2(},£) =R.() B(£) - (2.20)

In Eq. (2.20), ¥ is the angle between the normal to the
lepton plane and &, (the normal to the production
plane). It is given by

cosy=(§1Xq2) - &y. (2.21)

Also, sinh¢ is related to the x, y components of the
lepton momenta. Therefore the variable ¥ and sinhé
are invariant under z boosts. Thus sinh¢ can be
evaluated in terms of the lepton momenta in any frame
related to R by a z boost, for example, the s-channel
cm. frame § or the laboratory frame £. In particular,

sinh? = (¢:°¢:*+¢%)/(go*—¢%
= g1°92°[cos?(36) (o> —¢») 7,

where ¢1°, ¢s°, and 0 are the energy of the incoming
lepton, the energy of the outgoing lepton, and the angle
between the incoming and the outgoing leptons ex-
pressed in any of these frames. Finite-mass effects
change Eq. (2.22); see Appendix B, Eq. (B21).

In the frame L, where the momenta ¢i, ¢, and
g=q1—q; are all in the 2t plane, it follows from SO(2,1)
(Appendix A) invariance that the lepton density matrix
is

(2.22)

B b= Z avwzl(q2) Om,o1+020m’ 01402 (2-23)

o102

where m and m’ are the helicities of the current as de-
fined in Eq. (2.10), and ¢} and o are the helicities of the
incoming and outgoing leptons. The quantity a.,4,'(¢%)
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is the square of the coupling of the current to the
leptonic pair. The V—A4 theory gives the values of
@sy0,1(q%), which we give in Eq. (2.32). Next we go to the
general frame R, which gives the most general distribu-
tion of the lepton pair. The transformation is just the
SO(2,1) transformation of Eq. (2.20). The ®nm'L of Eq.
(2.23) is transformed by the finite-dimensional represen-
tation of the SO(2.1) group, i.e.,

<I)m,m’('u) = Z avwzl(q2)§Dm,a1+azl*(v) 5)1n’,01+~021(v)1 (224)

o102
where
ZDm,m’l('U) =€i(m—m’)‘pdmm’l(£) . (225)

Under our convention for the e.* of Eq. (2.10), the
phases of the elements of d” are given by

D (8) =411 T (38)

where dnm? is the reduced-rotation matrix for the

(2.26)

pmm* (@ {0 )= 2 T mn®V fwrmn® VE(=1)™ ™+ 3 iy m® A f gy mn®A* (= 1),
") )

pun* (0 {pi}) = T fawm® Ve mn® (=1 + 3 foy,m® T o mn 4 (=1,
) )

where

f(#) Y = ém"(q)«X),(M)l VM(O) l N(P;)\» s
f(u).m)\SA =€m#(q><(X);(#) l A,‘(O) l N(P:)‘» ’

and where (p;) and (1) denote the complete set of mo-
mentum variables and helicities for the final particles.
Similarly, we can split the square of the coupling of the
current to the lepton pair ¢.,.,'(¢?) into two parts a*
and ¢~ by

0010, (@) = Car0y " (P F 010 H(g),  (2.30)

where a,,,71(¢?) is given by the V'V and the A4 parts
of the lepton current, and a,,., ' (¢?) is given by the
VA part. They satisfy the following properties under
parity:

Goyot =0 g0 (gP) . (2.31)

In general there are four independent constants to
specify a parity-nonconserving decay into a lepton pair.

171/
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group SO(3) as given by Rose.* Notice that dmm”(£)
is real and its symmetry properties can be derived from
dmm’. The total distribution function W is the lepton
density matrix multiplied by the hadron density matrix
and is given by

W=3Gr* 2 , P (V) 0mm? (Q:P:{pi})

—1Gr TIL2()o(0,0,(24))], (2.27)

where p; is the momentum of the ith particle in X
(Fig. 1) and {p;} is the set of ;. Because of invariance
of the helicity state m under z boosts, pmms is invariant
under a z boost. Therefore, the pmn thus defined is also
the s-channel density matrix, i.e., it can be expressed
in terms of the s-channel helicity amplitudes.

The current J contains both vector and axial-vector
current parts; therefore we can decompose the density
matrix in the following way:

(2.28)

(2.29)

So far the discussion is completely general. The specific
form of the lepton current in Eq. (2.2) gives us the
explicit form of the matrix @¢,*!. From Egs. (2.6")
and (2.23) we obtain ® in the frame L (see details in
Appendix B):

‘I)mm’Li = :Fg2(5m lém’ 1=+ Bm—lam'—-l) y (232>

where - is for the 7 reaction and — for the » reaction.
Therefore, we have

a3 7)) =F¢. (2.33)

Similarly, ®um(v) in Eq. (2.24) can be separated into
two parts,

qum’i(v) = z aawzil(g2) 3)m,<71+'721*(‘v)

olo2

Xj)m’,n'1+a-zl(7)) . (2.34)

For completeness we give the components of ®pm*
explicitly:

Components of (—g¢%) 7@, "

-1

0 sinh2¢ 23812 sinh2¢ — 2812 sinh2&

1 273/2¢% sinh2¢ 1(1+cosh2§) —1e2¥ sinh2¢  (2.35)
-1 —278/2¢—¥ ginh2& —3e72%¥ sinh?¢ 1(14cosh?),
N4 Components of (—¢2)™®m—
m\ 0 1 —1

0 0 — 212~ ginh§ — 2712 ginh ¢

1 — 212 ginh§ cosh# 0 (2.36)
—1 — 212~ ginh¢ ] —cosh§

4 M. E. Rose, Elementary Theory of Angular Momentum (Wiley, New York, 1957).
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Using Eq. (2.22), the nine independent real components
of ®* can be easily expressed in terms of the laboratory
quantities.

Since parity is not conserved at either the lepton
vertex or the hadron vertex in the reaction sketched in
Iiig. 1, we introduce discrete indices to label this parity
nonconservation, i.e.,

’ ’
Wweée :'%GF2 Z q:'mm’apmm’a y

mm’

(2.37)

where 6 and &’ are 2.

AUl tests of the locality of the attachment of the lepton
pair are contained in Eq. (2.37) and the explicit form ®
given by Eqs. (2.35) and (2.30).

The distribution functions for definite physical
processes are given by

Wip=2 Wyt Wy,
d=1 8’

, , (2.38)

va=6z W yte '"4:: Wyt
r=t ’

for neutrino reactions. The subscript (&) refers to the
isospin component of the current. For unpolarized elec-
troproduction, we have

Wepor ,,,p=T/V++ )
For polarized electroproduction, we have

Wepor up=WHHEW—+, with 1Gs2— et/g*, (2.39)

with 3Gp?— et/¢*.  (2.39)

where the first superscript 4 is for right-handed e or u;
the — is for left-handed e or u.

We can now easily adapt our results to the colliding-
beam process e (g1)+e*(q1) — X and the lepton-pair
production processes by replacing ®mm*(v) of Eq.
(2.34) by Ppm™(R):

@mm’+(R)E Z aaw2+'1(q2)5~)m,a1+v21*(R)

102
X (va’ ,a1+a2l(R) b (2'40)

where

@m,m’l(R) =ei(m—ml)\bd7nm’l(0) (240,)

is the SO(3) representation. Of course the ¢ now is
timelike.

All of the results can be taken over to the case of
transverse polarized real photons® by the following
replacement in Eq. (2.34), in addition to the substitu-
tion ¢2=0:

q)n"'(v) - (I)nn"y(\b) =gty P2) n'#0

where ¢ is the angle between the transverse photon
polarization and the y axis. This result is entirely to be
expected, since the little group shrinks to the little
group of a light-like vector which in our case is the
little group of the z¢ plane, e~%¥7= rotations about the z
axis.

5 R. L. Thews, Phys. Rev. 157, 1749 (1968).
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So far we have taken q to be along the z axis in the
laboratory frame (nucleon rest system). If instead we
take q to be along the z axis in the final boson rest frame,
the previous discussion will go through in exactly
the same way, with the exception that m is now the
t-channel helicity and pm,ms is the #-channel density
matrix which is expressed in terms of ¢-channel helicity
amplitudes. The interpretation of Eq. (2.22) is also
changed accordingly.

In the next part of this section we discuss the case
where the final state X is a two-particle state with the
quantum numbers of a single nucleon and a current. In
particular, X = A (k,u)+F(p’,\'), where 4 is an unstable
boson of momentum % and helicity x and F is an un-
stable fermion (isobar) with momentum p" and helicity
N'. Subsequently, we will derive a general formula where
the decay distributions of 4 and F can be studied.

We list the usual kinematic variables for the process

(g:m)+N(p,\) = Aku)+F(p'N):
s=(p+q) =(k+p')?,
A= (k_p>27 t= (P_P/)Z—__(k-‘Q)Z)
”'=(P“k)2=(P"_Q)2:

(2.41)

and

ma2=k?, mp2=p’2 .

In the cm. frame of the s channel, we have the
reaction illustrated in Fig. 2, where b1(k1) and by(k2)
are the decay products of A [A4 — b1(k1)+b2(k2)]
and fi(p1) and fa(ps) are the decay products of F
[F — fi(p1)+ fa(p2)]. For simplicity we will assume a
two-body decay mode; a more complicated mode can
be treated by a repetition of the analysis presented

b, (k)

Alk,p)

F16. 2. Lepton scattering into a two-particle final
state in the s channel.
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here. Since most of this analysis is well known,® we
present some details for completeness only.

The helicity amplitude for the process in Fig. 2 is

(O1(k1, 1) ,ba(P2yiae) |
®(f1(p1, M), fa(pa,ha) | §u(0) | N (p,N))em(q)
=fm)\-uw2)\1)\2(k1;k2; p1,p2; Q)P) , (2.42)

where
g=kit+kotpitpa—p,
k=ki+ks, p'=p1t+ps.

We can specify each system of particles d1+b; and
fi+f: by a pair of Lorentz transformations g; and
gy of the form

gk=Bk(ak)uk, (2.43)

where m4 coshay, is the energy corresponding to %,
and k is a unit vector in the direction of k in some fixed
reference system; u; is an element of the three-parame-
ter rotation group that defines the orientation of the
momenta of b; and b, in their c.m. frame, i.e., also the
rest system of A. The Lorentz transformation Bi(ax)
is a pure boost along the direction of . The four-vector
kis related to g by

k=gkkr=Bk(ak)kr,
with k,=m4(1,0,0,0) and
[01(k1),b2(k2)) = Bi(ar)ur| (k1) b2 (k20)) .

We choose #;, such that %,° and %" are along the direc-
tion of £ in the rest system of A. A completely analogous
set of equations exists for the fermion with momentum
P’. Next we insert a complete set of helicity states for

| A (k,u)),

(2.44)

IA(k7M)>=Bk(ak) l A(kh“)> ’

where | A(k,u)) is quantized along the direction of k
in its rest system J-k|A(k,,u))=u| A(kru)). We obtain
from Eq. (2.42).

(2.45)

fm)\umz)q)\z = Z gDmu—MsA(uk)cuwzsA5))\’)\1—)\ZSF(up’)C)\1)\2SF
Mu

X(B(kw) | @ (F (p'N)|92(0) | N (pN))em™(2) -

In Eq. (2.46), s4 and sp are the spins of 4 and F, re-
spectively, and w1, ue, and A;, N\ are the helicities of
the decay products of 4 and F, respectively. The
quantities cuu,*4 and on,°F are the decay ampli-
tudes for the processes A(kru) — b1(k1%)+b2(k") and
F(p/ N)— f1(p1?)+ fa(p2?), respectively.

The distribution function W for the process in Fig. 2
then becomes, from Egs. (2.37) and (2.46), after

(2.46)

6 For a general discussion of the density-matrix formulation
for hadronic processes, see K. Gottiried and J. D. Jackson,
Nuovo Cimento 33, 309 (1964) ; H. Pilkuhn and B. E. Y. Svensson,
bid. 38, 518 (1965).
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summing over uipushi\s,

WO (uryupy0) =3Gr® 30 Xy ()Xo ()

Bu’ AN
X q’mm's(v)Ppu’ LN ,mm’al((]27$:l)
=3Gr* Tr[ X (u) X (u)

X (0)o(g*s,0)],  (2.47)

where
Puwe W e (9%5,1)

=3 e (=1, (249)
and

X un’(”k) =3 auszgDum—ﬂzsA(“k) fDn'ul—nzM*(”k) )
uipe

X)\)\’(up) = Z a)\l)\2ngD)\)\1—)\28F(up')
A2

X DaaneF (). (2.49)

Here aypn,*=|oaa,*F| 2 is the decay density-matrix ele-
ment and ¢x»,° is the decay amplitude.

From Egs. (2.46)-(2.49), p is the s-channel density
matrix since the spin quantization axes of the boson 4,
the fermion F, and the current g are chosen to be along
the direction #’, k, and p, respectively, in their “rest”
frames. The matrix p is the ¢-channel density matrix if
the spin quantization axes of the boson 4, the fermion F,
and the current g are chosen to be along the directions,
g, p, and k, respectively, in their “rest” frames. Once
the coordinate systems are chosen, the interpretation of
Uk, %y, and v are defined in their respective rest frames.

The result of Eq. (2.47) can be generalized to de-
scribe reactions involving many decaying hadrons and
currents.

The general expression is simply

W ({u},{0}) =3Gr* TrX ({u}) @ P*({1})p*, (2.50)
where
X({”})Efdf Xa(ua), (2.51)
and
& ((o}) =11 &.4(v2),
(2.52)

Ne
§=]T s..

III. APPLICATIONS AND SPECIFIC EXAMPLES
A. Consequences of Hermiticity and Parity

In the previous section, from Eqs. (2.48)-(2.52), the
total probability or distribution function W was ex-
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pressed in terms of the decay matrix X and the lepton
density matrix ® by

W ({ 0,0} %,8)
=3Gr’ Ti[X®®%-p*]

=3Gr? 2 Xww) {20} Pnn @50 6wy mm®
mm’ (u) (u’)

=3Gr* 2 expi (m—m" W+ (ua—pd)eal
mm', (u) (&') d

XXy @ ({0} Tmm® (E)p (w) ) mm® s (3.1)

where the group elements # and v in Eq. (2.45) have
been replaced by polar and azimuthal angles through the
decomposition #=e"*¢Jz¢~"7y and v=e"¥/z2¢~¢K=, The
notation (¢,8), (), etc. refers to the polar and azimuthal
angles and the helicities of all of the decaying particles
collectively. The 7 and X are defined as follows:

X (u) (u’)({o})=H 2 Curprlua 4 (0a)

d pipe
Xy (0a), (3.2)
Tmm’6= Z (lulna'ldmawnl(é)dfn’-61+'721(£) )
gl102
= ei(m—m')W@mm,5(¢, g) . (3'3)

In the following we shall list all the symmetry pro-
perties of X, ®, and p due to parity and Hermiticity.
From Egs. (2.34), (2.49), (3.2), and (3.3), we can
easily obtain the following relations under parity:
X ({0}) = (=) emsaDX ey ((6})
Xww){e,0})=(—)% war Xy un({—o, 60}),
Tmw (8) = 0(—=)""™ Tm—m*(£) , (34)
and

@mm,ﬁ(‘/,,g) = 5(_)7”_1"/(1)—%—%’6(_‘//; E) )
where {6} denotes the set of 6;’s. Under Hermiticity,

Xww*{e,0))=Xuw)w{e0})

and (3.5)
q’mm'a*(‘l/:g) = q’fn’ma(‘[/;g) ’
and the matrices 7 and X are real and symmetric.
Combining Egs. (3.4) and (3.5), we obtain
X ww({0,¢})=real,
Dt (Y, 6) =real (3.6)

and

D, (Y,E)=0, including m=0.

The parity and Hermiticity properties of the density
matrix p are as follows: For production reactions in-
volving a four-point function, the density matrix has
the following simple property under parity:

PG ) mm® =8 (— 1) (—1) %4 (hamua?

X P i —mem® o (3.7)
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For reactions involving more than four-point functions,
the reaction will not take place in a single plane. The
parity rule, Eq. (3.7), is still true with the additional
requirement that all angles specifying different planes
in the reaction must change sign on the left-hand side
of Eq. (3.7). Under Hermiticity,

P @) ymm = (PG (), )* - (3.8)
Combining Egs. (3.7) and (3.8), we have
Py (w'y;m,—m’ =real,
P (ep):m—mT=real, including m=p=0,  (3.9)

P Cw)im,—m =Iimaginary,
and
P ;o0 =0.

From these properties, the distribution functions
have the property

WBE'({ ¢)0} ﬁ[/y‘f) = 56/W”I({ — 0} > _¢: E) .
Combining this property with the reality property of W,

(3.10)

WO ({,6}; ¥,5) =W ({00} ,8),  (3.11)
we can easily obtain
Wi ({00359,
=Tr[Re(X® $*)Rep’]
= X cos[ X(ua—pd)eat(m—m']
mm’ (u) (u') a
XX ) wy ({0 T *(£) Repuy uymm®  (3.12)
and
W=i({ ¢,0}; %,8)
=Tr[Im(X® &) Imp—?]
= mm,(% " sin[ Zd:(ud—ﬂd’) eat(m—m' Y]
XXy () ({3) Tramr® TMp () Gy man ™2+ (3.13)

Thus we see that the cosine always accompanies the
real part of p and that the sine always accompanies the
imaginary part of p.

Owing to the symmetry relation given by Egs.
(3.4)—(3.9), not all of the matrix elements of X, ®, and p
are independent. The matrices are folded along the two
diagonals of the matrix. We shall count the number of
independent matrix elements under these symmetries.

The dimensionality of p is given by

(2s+D)= (28c+1)g(2sd+1) , (3.14)

where s, is the spin of the current, which is 1 in our
present case.

Parity and Hermiticity give us a folding of the
density matrix about the cross diagonal and main
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diagonal lines. For a (2s+1) X (254 1) matrix satisfying
Eqgs. (3.7)—(3.9), the number of independent quantities
is given by

R,+=No. of independent components of Rep*
=3[ (2s+1)*+2(2s+1D)+n],
I,+=No. of independent components of Imp*

=1[(254+1)2—2(2s+1)+127;

similarly,

(3.15)

R,-=No. of independent components of Rep-
= i[5+ 1]
I,-=No. of independent components of Imp~
=i[@s+1)*—n1,
with
7=0 if (2s+1)=even integer
=1 if (2s+1)=o0dd integer.

A similar discussion can be applied to @ X. We first
discuss the case where several weak currents are
involved.

For a (2s4+1)X(2s4+1) matrix with the properties
given by Egs. (3.4) and (3.6), the number of independ-
ent quantities is

Re+=No. of independent components of Re®*
=i[QCs+1)*+2(2s+1)+n1,
Is+=No. of independent components of Im®+
3 @s+1)2—1];
similarly ,
Ro-=3[(2s+1)*=n],
Te-=3[(25+1)*=2(2s+1)+n].
Of course p=1 for currents.
For a reaction with a single current, s=s.=1.
Equation (3.16) also applies for the case where ® is the
leptonic density matrix for more than one current, all of

which do not conserve parity; then 2s+1=]]. (2s,+1).
We see that

Rs+=R,+, I@‘=I,,+, R¢'=RP‘, and Ie+=1,-,

(3.16)

(3.17)

i.e., the number of independent density-matrix p ele-
ments matches the number of independent lepton
density-matrix elements. In this case, from Egs. (3.12)
and (3.13), all of the independent elements of p can be
measured by untangling the independent kinematic
factors in the distribution function 7.

For the case of one current without the measurement
of the decay of a final hadronic system, we have

Re*=R,*=4, Is-=1I,+=2, Re-=R,=1,

and (3.18)

Isr=1I,-=2.

Therefore, all of the nine independent elements of
pmmE can be measured.
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Next we discuss the counting for the parity-conserv-
ing decay of strongly interacting systems. For each
parity-conserving decay, the number of independent
quantities contained in the decay matrix Xg is given by

Rx,=No. of independent components of ReX4
=1[(2sa+1)*+2(2sa+1)+na],

Ix,=No. of independent components of ImX
=i 2sat1)*—nal.

Here 54=1 for 25441 odd, and 74=0 for 2s+1 even.
For more than one unstable system,

(3.19)

Rx= 3

all n’/ even

(f;[zaxd)(i;[ Ix); (320

here X alleven o+ means the sum of all terms with #”
=even integer, #'4n' = total number of strong decays
studied, and

Ix= 3,

all odd n’’

<1’iikxd><i'j1x.,>. (3.207)

Notice that there are no X~ terms; therefore, from Egs.
(3.12) and (3.13), no imaginary parts of the density
matrix p can be measured if all of the decays conserve
parity. Also notice that for more than one strong decay,
not even all of the real parts of the density matrix can
be measured since R,>Rx in Egs. (3.15) and (3.20)
with s,=0.

Now for the most general case where both parity-
conserving and parity-nonconserving decays are present,
we can combine the results of Egs. (3.16), (3.19), (3.20),
and (3.20’) and obtain

Rx @e*=No. of independent components of
Re(X @ d*)

=( X IIRx.IIIxs)Re*
dl

all even n’/ d

+( I Rx, II Ixa)Ia®, (3.21)
allodd »’/ d d’

where #n'+n"’=total number of parity-conserving
decays;

I'x @3*=No. of independent components of
Im(X ® ®+)

n'’

=( X ﬁRxdglx,,.)IQi

alleven n’/ d

+ 2

all odd n’/

(IT Rx,II Ixs)Re+. (3.21')
d d’

However, if the polarizations of the decay products
are observed, an effect equivalent to parity noncon-
servation is introduced and all of the independent
elements of p can again be obtained.
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Finally, from the use of parity and Hermiticity, we
can recast Egs. (3.12) amd (3.13) into the form where
only the independent elements of p appear:

Wbt = 2

> lulsm’ > |m|

N (u’)mm'aiﬁ

Cos
X { }[ %(ud—#d') eat(m—m' W]

sin

Xx(.u)(M')({e})'rmm'ap(u)(u’)mM’ia- (3-22)

In Eq. (3.22), all m and p are summed over; the
summation over #' and u’ is restricted as we have in-
dicated. The quantities N are weighting factors due to
the folding of the density matrix and are given by

N @ymm =2, p=u, m=m,; #zu'=m=m’=0,
=2, u= _ﬂ’, m= ——m’,
=4, otherwise;
Ny wymm™t=0, u==uy, m==4m,
=4, otherwise;
Ngywymm™ =2, u=uy', m=m',
=Oy = —}/«/, m= —m,; (322,)

#Z#’:m:m’:o

=4, otherwise;

Nwwymm™™=0, u=4', m=m, and
,u.=,u'=m=m’=0,
=2: /“z'_:“,s m=_m,7
=4, otherwise.

In Eq. (3.22) the number of density-matrix elements
has been reduced from Egs. (3.12) and (3.13).

B. Specific Reactions

In this subsection we apply our general results given
in the last section to a few specific reactions. We also
include the terms due to finite lepton mass explicitly.
If finite-mass terms are explicitly retained, the lepton
current is no longer conserved and the lepton density
matrix has both spin-one and spin-zero parts. The cal-
culation of the terms due to finite mass is straight-
forward and we leave the details for Appendix B.

1. lq)+N(p\) =V (qe)+X(Ps), total cross section

For this type of reactions only the momenta of the
initial and the final leptons are measured. Therefore,
the formula for these reactions is given by Eq. (3.22)
with all of the variables integrated over except 6.

(a) Imelastic unpolarized electroproduction or muon-
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induced production,
I=I'=¢ or u,
MI=Mp=M="m, OF .

For these reactions only the vector current is involved;
therefore, the only nonvanishing contribution to W
is W++:

W(&g*s)=W+*(&q%s)
64
= _4 Z Tmm+(£>Pmm+(q2,S) . (323)
q m

From Egs. (B11) and (B12) in Appendix B, we have

Tt (£) = 4% o () o (£) ) )
- qz[‘zﬂﬂl(g) +dm——11(£)dm—11<£)] )

where d! is given by Eq. (2.26).
Using the explicit values of the reduced rotation
matrices, we obtain

Wt (£,g%s) = (¢*/¢*)[2m? sinh?E — ¢*(1+cosh?£) |
X p11t(g?,s)+ (e*/¢*) (4m? cosh2E—¢? sinh?f)
X poot(g?%s) ,

(3.24)

(3.25)

where the p is the s-channel helicity density matrix, the
variable & can be expressed in terms of the laboratory
quantities by Eq. (2.22).

The helicity projections p1; and pgo are related to the
conventional structure functions IW; and W, by

Wi=put, We=(—¢*/|q]|3(pur"+pot), (3.26)
with |q| %= —¢>+ g
(b) Total inelastic neutrino production, i.e.,
l=y or ¥, lU=e or u,
m=0, mp=m=m, Or m,, (3.27)

W ) (£,¢%8) =W )T (£,¢%9) =W @y~ (,¢%9) -
Here the (&) is the isospin index for the current. The
(4) refers to the # reactions, and the (—) to the »

reactions. In general, we shall drop this subscript for
clarity of notation. From the general result of Eq. (3.22),

WH+(&,4%9) =3Gr[ 2 Trm* (E)pmm™(q%s)

+ 7001 Repogt19(g2,s)
+700%%+%°(¢%5) ],

W_—(E,QZ,S) =%GF2 Z Tmm_(f)pmm_(qz,s) .

(3.28)

(3.29)

With finite-mass terms retained, there are spin-zero
and spin-one parts in the lepton current and the pro-
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duction amplitude.” From Appendix B we have

Tmm'+=(m2—92)[12m,11(5)dm'.11(5)+‘zmr—ll(£)‘zm'—ll(£)]
2m?—q?)
+ ﬁ‘(1’1‘—‘2‘—2—dm,Ol(s)dm',01(2) >
—q
Tmw™ = — (M2 =) [ dn, /() dmr 1 1(£)

_sz,—ll(f)(zm’,——ll(g)]’ (330)
m2(m2—g? 232 — 2
Tool0= _(__Qa‘zoox(g)z M cosh,
_q2 __qz
,m2(m2___q2)
Tep =
....qz

The quantities pgo!® and p% are two additional terms
that arise strictly out of the finite-mass terms; they
are given by

(=g
X (VN9 N (),

poo1%(g%s) =

QT [dne
A

(3.31)

PN

g*q .
p+'°0(q2,s) _ Z d4x e—1az
q*

XAV (M) 1 9u(®)G(0) | N (p,N)) -
Combining Eqs. (3.28)—(3.31), we obtain

W (£,¢%s) = —3Gr*(g*—m?)
X {[1+cosh?t+(m?/¢?) sinh*¢ Jp1rt(g%s)
+[sinh?£4 (m?/ —¢*) cosh?¢ Jpge™
F2 cosh£ p1r(g2,s)+ (m?/ —g¢?) cosh&
XRepoo'(g?,5)+ (m*/ —g*)pt*%(g%s)} .

At high s, all elements of p excepting p1;~in Eq. (3.32)
will be dominated by vacuum trajectory exchange. We
assume that the usual rules of strong interactions at
high energies apply here. The p1;~ is an interference
term between the axial-vector and vector currents. If
there are only currents of the first kind,® and the G
parity is given by Ga=(—)!, Gyv=(—)? for the axial-
vector current and for the vector-current, respectively,
the Pomeranchuk trajectory cannot contribute to pii—.
However, if there are currents of the second kind, the
above classification of the G parity of the current is
irrelevant and the Pomeranchuk trajectory can con-
tribute to p11—.

In the difference of cross sections o,,—05, given by
W —W )| pt contains the leading /=1 exchange and
p1i~ contains the leading =0 exchange of odd G parity,

(3.32)

7 The spin-zero terms, and subsequently the spin-one-spin-zero
terms, provide a framework to check partial conservation of
axial-vector current. See S. L. Adler in Ref. 1.

8 S. Weinberg, Phys. Rev. 112, 1375 (1958).
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if there are only currents of the first kind. Therefore,
the Pomeranchuk trajectory cannot contribute to
0yp—03p Unless there are second-kind currents. For the
cross sections o,,—0s, OF 05,—0ys, Only the py;~ term
contributes, and the existence of second-kind currents
can also be checked here.

Adler! originally noticed that for mx=my and for-
ward lepton scattering, the pure spin-0 term dominates
as the lepton mass is neglected. We can see this in the
following way: Under the condition that ¢>— m2—0
at high-energy and vanishing lepton mass, we observe
from Egs. (3.31) and (3.32) that the effective factor for
the pure spin-0 part is m?(m?—¢?)/¢%, which goes to a
constant in this limit. All of the other terms go to zero.
Consequently, at large ¢% the pure spin-one part domin-
ates. Notice that the interference term of spin-one
and spin-zero parts survives only at intermediate small
¢? values. Thus it may be difficult to observe.

2. Pion Production l(q))+N(p,\) —
U(g2)+F(p' N )+m(k)

(a) Spin-one part. The independent components of
W are given by

Wht=1Gp: Y

m'> ml

Nt cos(m—m/ W Trum*(£)

XRePnLnL’+(q2,S,f) . (333)

All of the 7’s here and later on are the same as in Eq.
(3.30). There are four independent components of
Re®,., T and four of Repm,mt, and Numtt is given in
Eq. (3.22%);
W=t=31Gp? 3 Nopw ™t sin(m—m' W 7om(£)
XImpmmt(g%s,t)
= %GF2N10_+ sim[/ Ti0 Imp10+(g2,s,t)

—3Gp*(m?—q?)23/2 siny sinh§

XImpiot(g?s,t). (3.34)
Here there is one independent Impyo and one Imeq™,

W+—=%GF2 z Nmm’+-7'mm’+(£> sin(m—-m’)r//

mm’

XIumm'_(qz,S,t)
=3Gri(m*—q¢?) sin® sinh?: Impy_1(g?%s,?)
+21/2 siny sinh2£ Tmpio'(¢25,8) . (3.35)

There are two independent components of Imp»— and
two of Im®,»* in this term.

W—_=%GF2 Z Nmm’_‘rmm'——(g) cos(m—m')l[/

XRepmm™ (42,5 ,t)
= —1Gp*(m?—q®)[(1+cosh2£)p1i
2312 cosy sinh{ Repyo].  (3.35)

Notice that the number of independent components of
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p is just matched by the number of independent com-
ponents of ®, and all of the real and imaginary parts of
p can be measured.

(b) Spin-zero part. For the spin-zero—spin-zero non-
interference term, we have

Wt+= '%GF21'00P00(Q2,3, t)

=GPt =)/ (— 5D, (336)
where

T |
s = =T N E 4O INEN)

XCE @' N)m(k) | 4,0) [N (pN))*. (3.37)
(c) Spin-one—spin-zero interference term.

WHt=21Gp? Y, N6t cosmyTme® Repmg (g% s,1) .
m

W+ =3Gr*[m*(m*—¢*)/(—¢*) [ cosht Repost1*(¢?s,7)
—2v2 cosy sinh Rep1ot1%(g2%,s,t) 1, (3.38)
W—+=W-==0,

and the components of Repuwo™® and Impn,e™!® cannot
be measured in this type of experiment;

w+-— =%G1«'2 Z Napot™ Sil’l?‘mmeo"_ Impmo_w
m

X(ghs,0)(=1)"

= —(2)V2 siny sinh{ Imp1g°(¢%s,0) (3.39)
¢ 1
41,0 — Z
pme emﬂ(q)(._qzym 2

Ao,
XE (0 20(®) <v,, (0)) N ()

XCE@'N)w(B) | AL N(pN))*. (3.40)

Note that F(p’,\’) can be a single particle or a system of
particles in any of the equations here as long as the
helicity A’ is summed. If all of the phase space of the
system F(p’,\) is not integrated out, p depends upon
more variables.

Note. There are a total of nine independent real
kinematic factors contained in the lepton density matrix
®,,. They are generated entirely by the spin-one terms
alone. The kinematic factors contained in the spin-zero
and spin-one—spin-zero terms are redundant. We list
all of the terms separately, in case they receive in-
dependent emphasis in applications.

3. Production of Vector System:
Ug)+DN(pN) = V(gy)+e(k)+F

Here we include the angular distribution of the de-
caying vector system. The case we consider in detail is
the p meson. From Eq. (3.22) we have the following:
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(a) Spin-one pari.

WH+=1Gp? N
m'> |ml;p' > |ul

X cos[ (u—p') o4 (m—m" W Jbo"dyo* (6)d o' (6)
X Tmmet(E) Reppurmm™, (3~41)

++

where” the number of independent components of
Repuprmm™ is 25 and the number of independent com-
ponents of Re(X®@®+) is 20;

W=+=3Gp? 30 Nywrmm ™ sin[ (u—p") o+ (m—m")¢ ]
X boitd o (8)dyr 02 (0) T (£) Imppyrmmt,  (3.42)

where the number of independent components of Imp*
is 16, and the number of independent components of
ImXQ®@%®~is §;

]’/V“": %Gﬁﬂ Z Npu’mm’__ COS[(“ ‘_.u,) ¢+ (m—ml>¢:]
X bootd w0 (0)dy 0*(0) Tmm—(E) Repup mm ™, (3.43)

where the number of independent components of Rep™
is 20, and the number of independent components of
ReX®% is 10;

WH==3Gr® 3= Nywmm = sin[ (u—p") o+ (m—m")y ]
Xboo+dyol(9)du/ol(9) T TPt mme™ (3.44)

where the number of independent components of Imp~
is 20 and the number of independent components of
Im(X®®™) is 16.

In Egs. (3.41)—(3.44), the folding number N ypmm:*®’
is given by Eq. (3.22') and boo" is the square of the
p— 2 decay amplitude in the configuration where the
7’s are along the direction of the p.

We see here explicitly that not all of the independent
density-matrix elements can be measured.

(b) Spin-zero part.

> Nuwttcos(u—p') ebost
w'> pyallp

X duo' (6)dyr 5+ (6) 706" Repyrt.

W =W++=3Gr?

(3.45)
(c) Spin-one—spin-zerointerference part.
Wt= Z N ympro™ COS[(#_:“/) o+ m¢]b00+du01(0)dﬂ’01(0>
X Tm0+w(5> Repnmp.' 0+10 ’

TmoT10= [m2(m2"92)/_92]dm010(5)
=[m?(m*—q¢?)/—q*](sinhém) /N2, m==+£1,

(3.46)

where there are 14 independent components of Repumpuro™
and ReX®®*, and Numwott is equal to 1 for p=m
=u'=0, and equal to 2 otherwise.

W—t=W--=0 since ImX =0 and ReX =0,

W= %sz Z jV”mM,O—i“- sin[(,u—,u’) ¢+M¢] (547)
X boo+[i,,ol(0) du'ol(a) 7'm0.Ho Imp,umﬂ-’o—m;

the number of independent components of Imp~ and of
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ImX @ ®* is 13. The definition of pumu e is similar to
Eq. (3.40) with |=(%)) replaced by |[p(k,u)) in the
appropriate places.

For electroproduction, W——=W+—=0 in the spin-
one part; all other parts involving the spin-zero part
of the current are zero. In addition, 7,.* is given by
Eq. (3.30).

We close this subsection with the following remark:
We have presented two examples in some detail. How-
ever, any other applications, like 4+ N — I'+p+ N*,
can be easily extracted from Eq. (3.22). The finite-mass
corrections can be easily included in all applications by
consulting Appendix B. With a little modification,
Eq. (3.22) can also be used for reactions involving more
than one current.

C. Definite Spin Parity Exchange

The constraints due to the exchange of a Regge tra-
jectory with definite spin parity, i.e., P(—1)7=n==1,
are well known for two-body—to—two-body hadronic
reactions. Since we have formulated the lepton reactions
in the same language, all of the known analysis can
easily be applied here. We summarize the essential
features of the results here. For the reaction

I(gm)+A(kw) = NpN+F@'N)

described by the f-channel helicity amplitude fou
we have the first result

S =2 (= 1) net

where n'=ngnang, where g, n4, and g are the spin
parities of the exchanged system, the particle 4, and
the current, respectively. Equation (3.48) holds
asymptotically to the leading order in s; thus we have
the second result: if m—u=0, then

for s—w, (3.48)

Tt =1 fmnr?, (3.49)

and Eq. (3.48) becomes an equality.
There are also relations for the s-channel helicity
amplitudes®:

f)\'p)\msg(“"l)m‘_”ﬂ,f)\'»n)\~ms (3'50)

Now we can apply all of these properties to the density
matrix:

for s—w.

(3.51)
(3.52)

7
p““»mm;tz n p—-p,p,'—mm’t f()r m—u= 0

X' (=)™ Fp_ypr et for m—us%0,
and correspondingly for the s-channel density-matrix
element. Here

Pup’ mm’ =% Z fmu)\)\'fm’;:.’)\)\‘* .
AN

In addition to parity and Hermiticity, which have
folded the density matrix along the diagonal and the

9 J. P. Ader, M. Capdeville, G. Cohen-Tannoudji, and P. H.
Salin, Nuovo Cimento 56, 952 (1968).
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antidiagonal, spin parity gives us another folding of the
density matrix with respect to the line m=p=0.
If only one helicity in the ¢ channel is studied, i.e.,

Pmm’ = Z fmn)\)\’fm'u)\)x'* ) (3-53)
BAN
the symmetry
S = (= 1) f v (3.54)

does not bring about obvious symmetry properties of
pmm; usually this relation leads to more complicated
relations among the density-matrix elements.'

D. Single Trajectory Dominance

In the kinematic region s>>—¢? and s>>M?2, where M
is any other hadronic mass, if a single trajectory
dominates the scattering, then all helicity amplitudes
have the same phase and Imp#* is equal to zero. There-
fore all of the coefficients of

sin[Y_a (ra—pd’) pat (m—m' )]

in all applications are zero.

At special kinematic points, i.e., {—0 as s—,
there are restrictions due to the conservation of the M
quantum number as defined by Toller or Freedman and
Wang.!! In particular, the elements of the density
matrix behave like

o~ (31/2)—KM—lm—#\|(3112)—|M—|m’*-lt’|l_

80 .

(3.55)

Pmm’; up

One of the consequences of this statement is that all
helicity-flip amplitudes vanish for ¢— 0 if M =0. This
statement is true for both the s- and {-channel helicity
density matrix. Since there are no accepted candidates
for trajectories with M0, there are no analogous
statements for the helicity nonflip amplitude.

In general, factorization gives us the additional state-
ment that the determinant of the density matrix and
the determinants of all of its minors vanish.

IV. CONCLUSIONS

In this paper we have developed a formalism to
analyze specific final states in electroproduction and
neutrino-induced reactions. Particular emphasis has
been given to the correlation between the lepton distri-
bution and the decay distribution of the various un-
stable systems produced in the reaction. With the
advent of large bubble chambers, it is possible that some
experiments of this type can be done in future years.

In most of this work we have assumed that the usual
form of the currentXcurrent interaction is valid for
semileptonic weak processes, and that the quantum
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numbers of the current are given by the usual Cabibbo
form. It will be interesting to relax this assumption also,
together with time-reversal invariance, and explore
even more possibilities in the future.

APPENDIX A

In this appendix, we want to prove Eq. (2.34) ex-
plicitly. Of course we could evaluate it from Eq. (2.2)
directly. However, it probably is more instructive to
prove (2.34) in a group-theoretical manner which
can easily be generalized to arbitrary helicities and
spins. The coupling of a current to the lepton pair

Cmayor(V) = Cmayor(99201) = (204 |l qro)ent(q), (A1)

where 7 , is a leptonic current. The Lorentz transforma-
tion property of Cme,q,(v) is as follows:

Cmuzn(qq2q1) =Z’ CM’VWI(A%AQZ;AQI) Dmm?
X(L'(A9)AL(g)) (A2)

for any complex Lorentz transformation A. Equation
(A2) follows from the fact that the leptons are massless
and therefore their helicities do not change under
Lorentz transformation. Rw(A,q)=L7(Ag)AL(g) is the
well-known Wigner rotation. Incidentally, Eq. (A2) is
equivalent to the following relation for en(q):

A,"va(q) = Z S)m:ml(RW(A,q))ém'"(Aq) °

m’=0,+1

(A3)

Let us now take A=1v"1=¢*#Xze#¥Jz, Since
¢7=¢%=(0,0,0,1)(—¢*"*=(0, 0,0, —7) (¢,
we have
L(q) = ¢~ Kz (—im[2) = gi(iK)7/2 |
Also L(Ag)=L(q). Therefore

RW(A,(Z) = —i(iKg)r/Zeisteian,ei(iK,)7r/2 .

(A4)

Now [J.,K.]=0. Further from the fact that iK., Jy,
and <K, satisfy the same commutation relations as J,
Jy, and J,, we see very easily that

PRSI () (A PUCOLIEEN 98 (AS)
We see, therefore, that
Rw(A,q)=et/ve¥Iz, (A6)
and
D (LHAGAL(G) = (§) €™ = Dy ’(v) .~ (AT)
However,
Co 00ar(V10,9792,971G1) = O oyt 030103 5 (A8)
Cmosar(0) =k Doppogm'(®) , (A9)

where % is a constant.
This completes the proof.
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APPENDIX B

The 0(2,1) expression for the lepton-pair distribution
for electromagnetic and weak currents.

1. Electromagnetic Current

For any reaction involving an electron or muon pair,
to the lowest order in e? the total probability density is

W= (64/94) Tl v (Bl)
here
Tuy = Z ﬂn(Qz)v"%u(QO[ﬂvz(qﬁv”%n((hﬂ*
=(¢%8w—0qutQuQ), (B2)

where 0= g1+ ¢z and ¢g= (q1—¢2)-

Now let us express 7,, in terms of the spin polariza-
tion vectors e,m and ¢, in the frame L, where, for a
spacelike current,

qL=(07 0,0, (_92)”2)1
o1 = (=g, 0, 0, 3 (~ ),

(B3)
ot =((m*—1¢")*?% 0, 0, —5(—¢")'9),
QF=(Q(m*—1¢*)"'* 0, 0, 0) ;
et =—(1/V2)(é:+12,),

e 1 =(1/V2)(¢:—12,), (B4)
e’ =[1/(—¢9"*1(1q],0,0,00)*=(1,0,0,0);
gw=2(—)"e" 6™+ 00/ "
» (BS)
0.0 = (4mit—)e%e?.
Substituting Eq. (BS) into (B2), we obtain
Tw=4me e’ — g le! — e, e (BO)
Now we express
W= Tusun v W v » (B7)
and substituting Eq. (BS) into (B7),
W = (e/q*) (4728 modm'0— 2 (S m18m 1+ Sm—10m'1) Jomm’
=P Lpmm - (B8)

This is the lepton distribution in frame L. The general
frame for the lepton pair is related to the L frame by
the SO(2,1) transformation e~#7#¢~*X=, In this general
frame R,

qu(O: 0: 07 (“(12)”2),
q1%=3(—g¢?*(cosh§, sinh¢ siny, sinh£ cosy, 1),

q2®=3%(—g¢®*(cosh¢, sinh¢ siny, sinh{ cosy, —1).

(B9)

The representation of the SO(2,1) transformation is
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related to the lepton density matrix by

B (1) = D, @, ) Dt (60, 6) Prin ™
= e/ {4m> D o' (¥, £) D o' (¥,£)
— L Ow 1", 8) Do 1" @, 6) + D, —1' (%,6)
XD —1'(,8) ]} (B10)
= {4my%e ¥ o1 (E)dm 0 (8)
— g%t OV, 1 H(E)don 1 (8)
Fdm, 1 (E)dm1(§)]}
As expected, the current contains only a spin-one part,

since the current is a conserved current. This gives us
the coefficients e in Egs. (2.30),

ay=4mg,

(B11)

+= 2
3" =—q.

For a timelike current, as is well known, the lepton
distribution is specified by the SO(3) representation.
We simply replace d'(£) by d!(8) in Eq. (B11). Now 6
and ¢ are the polar and the azimuthal angles of the mo-
mentum of the two leptons in the c.m. frame of the
current, i.e., ¢=((¢»'%,0,0,0).

2. Weak Current

The derivation here is the same as in the previous
case:

Tnv=%G2 Z 'ﬂvz(QZ)(l:i:'YS)’Y‘Luﬂ(‘Il)
71,02
X [te2(g2) (1= v5) v 10e,(q1) 1
=3G(¢*—m) g —qugrt+ QuQrElewmnsQq7] -

The — sign is for the neutrino reaction and the + sign
is for the antineutrino reaction.
The lepton momenta in the frame L are

g"=(0, 0, 0, (—g")'"?),

gif=((m2+ g2 )2, 0, 0, (mi+[qz| )7,
gP=((m*+q2[)V% 0,0, —|q2|), (B13)
QF=(2(m*+|q2| 92,0, 0, — | Qe + (ma*+ | qz| 972,

(B12)
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and
|qs| = —(m?+¢%)/2(—g*)"*.

Here ¢1 is the neutrino momentum and g¢; is the lepton
momentum. Going through the same procedure as for
the electromagnetic current, we obtain

q)mm’+(v) = (/m’l2‘" 92)ei(m—m,>¢[(zm,11(£)dm’,11(9
+d o, 1 (O s 1) JH- L2 (mi* — %)/ — 7]
X ei =m0, (E)dmr 0" (), (B14)
By (0) = — (m2— ) o 1 (E) w1 (§)
_—dm,—ll(é)dm’,—ll(&-)] (Bls)
for the spin-one part of the current,
Pogt0=mi*(mi*—¢%)/(—¢%)
for the spin-zero part, and
Bpot10=[m2(m— ) /(—¢?) Je™¢dm,o'(§)  (B1T)

for the spin-one and spin-zero mixed part. ®o~ and
&, are zero. Therefore the a’s in Egs. (2.30) and
(2.33) are

(B16)

ay,iH'=(mi*—g%),

3

a3t =mA(mi’— ")/ (=¢%), (B18)
and
a3t = —(mP—¢?)
for the spin-one part;
a3 0=mi*(m*—q")/(—¢*) (B19)
for the spin-zero part; and
a3 0=ml(mi—q*) /(—¢°) (B20)

for the spin-one and spin-zero mixed term.

For a timelike weak current, the distribution func-
tions are just Egs. (B13)—(B17) with d(£) replaced by
d(6). When finite-mass terms are included, the relation
Eq. (2.22) is to be replaced by

sin?t= |qu| [q.|sind [|q| (m?—¢*)/2(—¢»)**]*. (B21)



