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Rescattering, Omnes Equation, and Zeros in Resonance Peaks*
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The production of a resonance in a collision is studied from a semiphenomenological point of view as a
rescattering eBect. The framework is an integral equation of the Muskhelishvili-Omnes type, with the
rescattering parameters (e.g., phase shift) assumed known. In particular, the possibility of structure (e.g.,
zeros) in the line shape is investigated. Coupled singular equations are also examined, and an explicit solu-
tion is obtained in a particular case.

I. INTRODUCTION
' "N this paper, we study the mass spectrum of a
- ~ resonance produced in a collision, or inelastic
experiment LFig. 1(a)j. The point of view is semi-
phenomenological, in that a resonance R in the elastic
scattering D+E +R~D+—E is assumed, with no
attempt being made to calculate the dynamics of this.
Rather, the phase shift is assumed known, as well as the
basic nonresonant production amplitude Te (which
might be a Horn term, as a meson-exchange diagram,
for example), and these are used to calculate the ampli-
tude for production of the resonance )Fig. 1(b)g. The
model takes T as the inhomogeneous term in a linear
integral equation of the Muskhelishvili'-Omnes' type,
and thus satisaes two-body elastic unitarity in the DE
subsystem. There is no attempt made to satisfy three-
body unitarity by including particle C. Some account
is taken of inelastic effects in the DE rescattering
system insofar as coupled two-body channels are
examined.

The model is a well-known method'4 for describing
6nal-state interactions. In photoproduction and weak
processes, the linearization of the unitarity relation
results from an obvious physical and mathematical
approximation —one expands in powers of a small
coupling constant and keeps only lowest order in the
small coupling, but all orders in the strong interactions.
In the present purely hadronic process, which is a Gve-

(or more-) point function, we similarly write Im(T)
= e "sinb T, where b is the two-body DE rescattering
phase shift, and obtain a solution linear in T. The
justification for ignoring iterations of T in the unitarity
relation is less clear now. One appealing argument is
that one is dealing with high energies, so that AB
interact once, producing C and the DE subsystem with
large relative velocities, whereas D and Ehave relatively
low c.m. energy and their rescattering can be important.
Thus, one can view the process as a sort of impulse
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approximation, with C leaving the interaction region
quickly, while D and E remain inside each other's force
range for a relatively long time. Further discussion and
justification of the use of this model in purely hadronic
processes is given in Ref. 4. We shall verify below that
the model works as expected where it ought to—namely,
it leads to a normal resonance peak for the production
amplitude T, if the phase shift b is resonant and T' is
relatively constant in the resonance region Lthe case
8(eo ) = 0 below]. This tends to lend a posteriori credence
to the model for the following reason. On physical
grounds, we demand T= T' if 8=0. The model guaran-
tees this in the limit 8 —+0. So the model is certainly a
reasonable method of adding a two-body unitarity
correction term for b very small. Hut now the same
equation is seen to give the desired result even in the
case of a resonant b. In any case, the question of the
applicability of this model to a given hadronic process
is independent of the features to be discussed below.
The crucial assumption is that compared to the DE
rescattering, T' is to be considered "weak"; this may
be because of a truly small coupling constant (electro-

(a)

D R ~D
V///////A ~E

(b)

I'xo. 1. (a) Inelastic collision A+8 —+ C+R —+ C+D+E.
(b) Model for the process in (a). Here, the square represents T,
the nonresonant production process A+8 —+ C+D'+E'. This is
followed by the rescattering D'+E' —+ D+E, or final-state inter-
action, in the resonant state R. If there is absorption, D' and E'
may diRer from D and E.
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magnetic or weak interaction), a small "effective"
coupling constant for some particular hadronic proc-
esses, or because of kinematic reasons (the impulse-
approximation argument mentioned above).

The single-channel case is erst examined, and it is
found that in addition to the expected single peak, there
are solutions which have a zero near the resonant energy
(defined here as the point where 8=-,'~). The coupled-
channel problem is then formulated, and a particular
case of it is solved in closed form. The possible am-
biguities attendant upon these solutions are also
discussed.

This work was originally undertaken with the A2
meson in mind. This resonance appears to display a
double-peaked structure, with a dip, or zero, in the
middle, and to be well 6tted with a dipole formula. ' ~

The basic motivation here was to see whether such a
structure could also be obtained as an interference effect
between the production mechanism and the rescattering
amplitude. ' 'e That is, given a 8 such tha, t sin'h/g' is a
typical single-peaked Breit-Wigner line, can one obtain
a zero via the model outlined? The answer to this
question is yes. However, the resulting line shape is not
a good fit to the experimental A~ distribution, so this
model is not a possible explanation for the A2 splitting.
This is discussed further in the conclusions. Rather, we
view this model as interesting in its own right, as a
description of how interference with the production
mechanism can drastically modify the shape of a single-
pole Breit-Wigner resonance peak.

II. SINGLE CHANNEL

The physical motivation having been outlined in the
Introduction, we write the dispersion and unitarity
relations for the amplitude T(s) as follows (s is the
energy squared of the DE system in its c.m. system):

ds
T+(~) =T'(~)+ — —ImT+(~')

s —s—zt

ImT+(s) = e—"f'& sin8(s) T+(s).

So the basic equation of the model is the Omnes
equation'

ds
T (s) =T'(s)+-

go S S 26

&&a
—"&"& sinb(s') T+(s'). (3)

~ B. French, Proceedings of the Iiourteenth International Con-
ference on High-Energy Physics, Vienna, 2968, edited by J.
Prentki and J. Steinberger (CERN, Geneva, 1968), p. 109.

e J. V. Beaupre et al., Phys. Rev. Letters 21, 1849 (1968).' T. J. Gajdicar and J. Vil. Moffat, Phys. Rev. 181, 1875 (1969).
8 Interference effects have also been examined in Refs. 9 and. 10.
' G. Goldhaber, Phys. Rev. Letters 19, 976 (1967).
' G. Fogli et ul. , Nuovo Cimento Letters 1, 352 (1969).

The solution is'2

T+(s) = e"'& T s(s) cosh(s)

Q(s) ds' sing(s')
—,——,—T'(~'), (4)„s'—s Q(s')

Q(s)=—exp P—ds
5(s)).

1
0 s —s

PJ means the Cauchy principal value.
We assume $(g) +n—~ as s~" (n an integer) suffi-

ciently rapidly, so that Eqs. (3) and (4) do not require

any subtractions. By convention, 8(ss) =0. If n/0, a,

single subtraction is necessary to define 0, but this sub-
traction point cancels in Eq. (4), so this solution is
independent of the subtraction point. We will call the
expression (4) the "fundamental" solution. Since
e" sinb —+0 for s —+~, we may demand on reasonable

physical and mathematical grounds [from Eq. (3)j that
any solution T+ satisfy T+—T' —+ 0 as s —+~ . Since any
two solutions of Eq. (3) differ by a, solution of the
homogeneous equation [obtained from Eq. (3) by
setting T'=07, the most general solution of Eq. (3) is

the fundamental solution Eq. (4) plus the general
solution to the homogeneous equation. With the above
condition that the homogeneous solution vanish for
s —+~, it is shown in Ref. 1 that Eq. (4) is the unique
solution to the problem for n&0, while for n&0 the
general solution is the one that augments Eq. (4) by
p„-t(s)e"&'&Q(s), with P„-t a polynomial of degree n 1—

fact, for m(0, Eq. (4) violates the condition

g+ —go —+ 0 as s —+~, unless T' obeys certain necessary
subsidiary conditions which are fairly restrictive.
Furthermore, our interest is in the resonant case with

8 starting at 0 and rising through 2m. So the case n(0
will be ignored, and only n&0 considered (in fact, only
n= 0 and n=1 will be considered explicitly). For now,

only the fundamental solution Eq. (4) will be examined,
the "homogeneous" term P ~e"0, being dropped. The
case of P„~&0will be considered in Sec. IV.

What does Eq. (4) look like? It is instructive 6rst to
recover the usual single peak. This occurs when n=0
[5(~)=0). For a sharp resonance, t'(s) rises rapidly
through —,'z at M', say, and we suppose it reaches a
maximum value &x, after which it begins to fall. It
cannot go to 0 too fast, by causality, "so 5(s) decreases
through —', vr at a value of s, say, s~, much higher than M'.
We note that sin8(ss) =1. The value of Q(s) is conse-

quently very large near M' [of order (ss—ss)/(M' —ss)j
where" it has a sharp peak; and it is & 1 everywhere

» E. P. signer, Phys. Rev. 98, 145 (1955).
"By taking sp sufficiently large for a given T, we seemingly

can make (T(N') ) arbitrarily large, violating unitarity in a given
partial wave. All this means is that the approximation neglecting
iterations of To is no longer valid. The point is,

~

T(M') [ can be
as large as the unitarity liroit for ( T'{Zd') ( much smaller than this.
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else. In fact 0(&1 near ss. Then (sinb~ rQsin z~ has a large
m near sq, and is small

ldl '" '" T'th . ".l.e integral in (4) is thus positive

in . Th zero occurs for s~sze f q&)M . Since cos8(3E')

th i l ir d.
In fact, we can prove the followin ri
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2.0--
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I.O--

T+(s) = T'e" f'&Q(s) .
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(6)

e same methods as be ore")

cosh(s)+Q(s) —P „s'—s Q(s')
—=Q(s). 7

1
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I

I

T(x) 2

To

5--

quite small (=2). This is an intrinsic, dynamical
background.

III. TWO COUPLED CHANNELS

Ke define the general unitary, time-reversa, l invariant
2)&2 rescattering amplitude

0.5
-'i(1 —))e2i'&)

j(1 ~2) i/Rei(br+62)'

r (1 ~2)1/hei(6&+in)-

ri(1 ~e2iis)
-3.0 - 2.0 - I.O I.O 2.0 5.0

X
and generalize the fundamental equation (3) to

Fro. 3.
I
T(x) I' for the symmetric quadratic

phase shift and constant T'.

This is shown in Fig. 3. Also an "asymmetric Breit-
Wigner phase shift" was tried. This is de6ned as follows:
For 1.300—0.045 &s& 1.300+0.045, ()(s) =-,'tr —tan '

XI (1.300—s)/0. 045$. This gives a Breit-Wigner phase
shift between the ~m and 4z points, and the numbers
chosen are not unconnected with the A2. (This makes s
the energy instead of the energy squared, but this is not
an important point here. ) s() was chosen at 0.900 (the
p7r threshold) and si at 2.000 arbitrarily. The curve for ()

was smoothly interpolated by eye to so and s~. The
result of the calculation, transformed. to the interval
—1&x&1, is shown in Fig. 4. A symmetric Breit-
Wigner phase shift, also examined, gives a result similar
to Fig. 2.

We see that in all cases, a zero is obtained. In the
symmetric cases, two symmetric peaks are obtained,
while in the asymmetric case there is a considerable
distortion. (The zero is relatively stable. It is shifted,
in terms of s, upwards from $5=1.300 by &0.010.)
However, in all cases,

I
T/TeI'-+ 1, not 0, on the ex-

tremities. And the peak height-to-background ratio is

T(x)
To

2.0--

1 ds
T+(s) =T'(s)+-

7r gp S —$—Zt

&& Lfi*(s')T+(s')+f»*(s') U+(")3
(12)

ds
Up(s) = U'(s)+-

7i gp $ —S—Z6

&& Lfi *(s')T+(s')+f *(s')U+(s') 7.

For simplicity, we have here neglected differences in
threshold and phase space for the two channels. It is
clear how one would consider three or more channels.

We define

ds
~(s)=, I f (s )T+(s)+f (s )U+(s )j

sps s
(13)

ds
—,—Lf-*(")T.(")+f.*(")U.(")&;

gp $ —3

T+(s) = T'(s)+/+(s) U+(s) = U'(s)+& (s).

t and I are given by the coupled Hilbert problem

/Jf+ —L= c+2$f» Ny ~

l)B+ Zt =d+ 2/ f»—
a—= ))e "'&, c=2i(fi*T'+—fi2*U'),
f)= r/e

'*" d——=2i(ft2*T'+ f2*U').

- I.O -5
r

I.O

Fro. 4.
~
T(r) I' for the asymmetric Breit-Wigner

phase shift and constant T .

The second equation in. (14) can be formally solved
for I as an integral transform of the right-hand. side,

ii~ =I(,(d)+I(, (2if»*t+). I/, represents a linear
homogoneous integral operator, essentially as defined
in Eq. (4). This can be substituted in the first equation,
whose formal solution is

/+ I,(c+2if»*Ib(d))+——I (2if»*I&(2ift2*t+)). (15)

Equation (15) is an integral equation for i+ alone, and
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can be reduced to a Fredholm equation. Equations (14)
may be solved by such techniques, but this leads to a
numerical solution of Fredholm equations, and is less
transparent than is desirable here. By considering the
special case u=b (or 8&——82

——b if &40), the equations
can be'explicitly solved in closed form. This simplifica-
tion is made hereafter. Kith the definitions

V=T+U, V'=T'+U', f= fg+f»,
(16)W=T U, W—'=T' U', —g= fg f», —

Eqs. (12) become uncoupled on adding and subtracting:

1 ds
V+ = V'+ — f*V+,

7l 8P $ $ Ze

4$
gg P7

p $ —$—Z6

1 dS
V+ ——V'+- e "sine V+

/
+)

7I 8p $ $26
(17)

1
W+ =W'+—

&$'

e '4'sin& W~,
p $ —$—Z6

and are immediately soluble. It is convenient to define

In (12), the spectral functions ImT+= f~*r~+f»*U~
and ImU+= f»*T~+f2*U+ are each real. Hence the
sum Imv+ ——f*v+ is also real. Let 8—=arg(f) and for
simplicity consider only 0&8&m.. Then f=

I fl e'~ and
V+=

I V~I e'"" +&. The reality of f*V+ then requires
that arg(V+) = 8+ms (m= integer) or Im V+
=(—1)-Ifi

I V, l. nut ImV, =Im(l V, l~'- +)
=Im(l V+I e"+' ) = (—1) I V+I sin8. Therefore,

I fl
=sin8. Similarly, if a,rg(g) =&, 0&g&7r, then Igl =sing.
The equations are therefore

I TI 2~~2

I Ul =,'(1 -&).—+ (23)

Since
I
U/Tl'=O(y'), a, small branching ratio to

another channel is easily managed (e.g. , T=T~. . .
U= U&,„zrr). The physical picture is that only the
direct production of state 1 is allowed, state 2 being
strongly suppressed in the nonresonant production
mechanism. State 2 can be created indirectly through
unitarity by the rescattering, but 0&/0&«1 if g~1. If
now 8(~)=sr, the zero in n follows by the same argu-
ments as in the single-channel case, and from Eq. (23),

I
Tl' also displays the double-humped structure. How-

ever, 4A' is comparable to —',(1—g)u' in magnitude, but
in general has a completely different shape, so that

I
U

I

'
has a mass spectrum that is quite different from that
of lrl'.

We have also examined Eq. (21) for the case 8(~ )
=g(~) =0, and constant T and U .Equations(7), (19),
and (20) now permit us to write v= V'Qe= V'QqQ7't2

and m= W'Qq= W'QqQ '~' so that (21) becomes

the equations are (with real T' and U")

V———e'~v and t'V = e'&w

I Tl '= ~ (p'+~'+2g~g),

I
Ul '=-,'(v'+m' —2vwg) .

Let us examine (21) for the following particular
circumstances: U = 0, T'~const in the domain of
interest (when sin8, sin/NO). Also g 1, so 1—g
((1, and we may expand in powers of y. Since
V =8' = T, v~m to lowest order in y, as follows from
Eqs. (19) and (20). Defining 6=w —v, we expect
6—=0(y) from Eq. (20). Then we obtain from (21)

4I Tl'=4v'+4nh+I 6' —2v'(1 —q)7 —2vh(1 —g)
(22)

4IUI'= I
5'+2v'(1 —g) j+2vh(1 —g),

in ascending powers of y through y'. Keeping the lead-
ing contributions for each gives

y=—cos 'g, 0&y& ~x for 1+g&0.

Then simple algebra gives

8= «g(f~+f») = b+k&

4 = arg(fj —f») = 8—k7.

We further define

Qq
" ds' sin8(s')

v —=cos8 V'+ I' —— ——V'(s')—,
vr „s'—s Qg(s')

D~
" ds' sing(s')

w—=co+W~+ I' —— W'(s') —.„s'—s Q~(s')

(19)

(20)

I
T

I

2 —
LQ~2L(VO) 2Q + (WO) 2Q —1+2 VOWO~ j '

(24)
I Ul '=4D)'p(v')'Qy+ (W')'Q ' —2V'W'97).

If W vanishes,
I
T

I
=

I
U I, and the shape is determined

by 0&'Q~, which is a single sharp peak for resonant 5

and reasonable y. In the other extrem e, V'= 8"
(so U0=0),

I
rl'=-,'(T') Q, '(Q +Q -'+2&)

I U
I

= -,'(ro) Q, (Q +Q ——2&) .
(25)

For 5 rising to a maximum of around m, 0&' always
strongly dominates Q~ (since y(2'vr), and the shape is
again essentially determined by Qb'. For the case of
pure absorption, " 8=—0, so Qq =—1, and the shape is

Qg and D~ (and below Qq and Q~) are as defined in
Eq. (5), with the appropriate angle. The solutions to

~' This violates our earlier assumption that 0(@(x, as is seen
from Eq. (19). However, the generalization to pe&0 is readily
made with the result that Eq. (25) remains valid.



L. RES%I CK

1 I

-2.0 - t.o 0 l.O 2.0

determined by the functions in the brackets of Eq. (25).
The example considered was

y(x) =—;~(1+x),
= -,'z.(1-x),
=0,

S(x)—=0,

—j.&x&0
0&x&1

all x.

(2()

The results are shown in Fig. 5. It is seen that the two
spectra are quite dissimilar. This is because the +2p
term in Eq. (25) is important, because Q~ is not large
compared to 1. This can be remedied by letting y go
to 0 more slowly for large x, but then

~ T(x)
~

' would
have a single large peak, and

( U(x)
~

'
~
T(x) (

'
near @=0.

IV. UNIQUENESS OF SOLUTION; CASTILLEJO-
DALITZ-DYSON POLES

We return here to the ambiguity in the solution of
Eq. (3) when n)0. We limit the explicit discussion
here to n=1. When n=1, Eo is constant and the
ambiguity rests in the term ((Ie"Q which may be added
to the fundamental solution (4), with P an arbitrary
constant. Now we demand of a reasonable physical
solution that necessarily T+-+0 as T' +0. (One can-
think of T' being governed by an effective coupling
constant g and take the limit g~0.) The term Pe"Q
violates this requirement, so only the fundamental
solution necessarily vanishes as g-+ 0. There is, however,
the possibility of taking P=nT'(3f'), with n arbitrary.
The homogeneous term is thus

Th. ,(s) =o(T'(M') e"('& Q(s) . (27)

Now Th, ,—+0 as g —+0, but this is a somewhat ad hoc
procedure, because Th, , is the solution of an equation
in which Ts(s) does not appear, so such a form for the

Fio. 5. [T(x) ~' and
~
U(x) [' for the two-channel case with

pure absorption (e=—0, y= cos Q symmetric, linear, and zero at eo )
and constant P'.

solution is somewhat forced. Furthermore, it represents
an additive term to T+(r) which in its s dependence is
completely independent of the variation of Ts(s) with s.
So while the presence of Th, , is not categorically ruled
out, and it is certainly allowed mathematically,
physically it would seem to correspond to a mechanism
of making the DE rescattering system that bypasses
the speci6c production mechanism T'. If a specific
experiment involves a definite initial state, with a
unique T' leading to the 6nal state, Th, , should be
absent on physical grounds.

Mathematically, the fundamental solution may be
uniquely prescribed by boundary conditions at s —+~.
We assume always that T'(s) is bounded by a constant.
at ~ (it may decrease). For 8(s)=z.+0(s "), p)0,
Q(s) ~ s ', so (sin5)/Q ~ s' & and from the requirement
that Eq. (4) be well defined, in its unsubtracted form,
we demand p) 1. (If 0(p(1, a single subtraction is
necessary. The change in Eq. (4) is that the integral is
written in subtracted form, and a term similar to Th, ,
is added. The constant, however, is essentially T+—T'
evaluated at the subtraction point; it necessarily
vanishes as g~0.j Then it is easily verified that for
Eq. (4), ~T~—T'~ =0(s-"), where p'=min(p, 2))1.
That is, for the fundamental solution, ~Tr„a—T'~
=o(s ') while ~T~. .

~

=0(s '). So the fundamental
solution is uriiquely characterized by this statement:
It converges to T' fastest as s —& ~. (This statement is
true for n) 1 also. ) That is, Eq. (3) with the boundary
condition "T+—+ T"' does not specify a unique solution
to the problem if e)0. However, Eq. (3) with the
boundary condition "T+~T as fast as possible" does
specify a unique solution. We may, of course, adopt this
latter asymptotic condition in order to have a unique
solution. However, this mathematical condition would
not seem to be accompanied by a compelling physical
reason. Since sin6-s " with p) 1, and T+~ T',
Eqs. (1) and (2) show tha, t

z s(T'(s) T+(s))~ ds ImT—+(s)(~ .

So the fundamental solution is also specified by the
equivalent condition

so

ds ImT+(s) =0.

I
Re%)(s) =1+I'—Irnn(s')

ds
s —s

In the language of 1V/D, e'sQ is just S ', where

"ds' 8(s')
n(s) =—exp(— I

so s s

is that D which has the correct unitary cut and has no
zeros or poles in the finite plane. Thus, Eq. (7) (for the
case m=0) is the familiar
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Equation (8) Lfor b(~ )= sj is the equivalent to
Eq. (28) in which X)(s) —+D(s) = (s,—s)

—'$(s). That is,
D has the one pole $Castillejo-Dalitz-Dyson (CDD)
pole) in the finite plane at the point s=-s, . Since in
Eq. (8) C is the zero of the left-hand side of the equation,
we may ask if C is simply the position of this CDD
pole. The answer is no, since by substituting D(s)
=(s,—s) '$(s)=(s,—s) 'e "0 '(s) for $(s) in Eq.
(28), and using Eq. (8) we obtain

ds' sin 6(s')

, s' —s, D(s')
C=s,+ I'— (29)

so, in general, C@s,. It might seem that s,=C=M' is,
in fact, consistent (since the integral then vanishes),
but implicit in the derivation from the dispersion rela-
tion was the assumption that s„.was not on the physical
cut. We can also see this another way. For T"=const
and 8 "symmetric, " we saw that C=3I', where
B(M') =--,'z.. For T' slowly varying in the resonance
region and b "reasonable, " the zero of T~„„a, Eq. (4),
will be close to 3I'. Let it be the point s=-s; T+(s) =-0.
The question is whether s can be a pole of the function
D.i(s), where

f(s) e"'& sin 6(s) Ã(s)

o (s) t (s) D.i(s)
(30)

p is phase spa, ce. Suppose D,~(s) has a pole at s, a,nd has
the unitary cut

D.i(s) =1+—
ds d——o.(s')+ — =D(s)+

os s —s s —s
(31)

0- is a weight function. D has the cut, but no pole. If
E(s) is regular at s, then f(s) =0, contradicting the
given phase shift since

(32)

Suppose that X has a pole at s".. Then 1V(s)=X(s)
+n/(s s). We note that g—(s) is regular at s. Now
lim, , 1V(s)/D, i(s) =n/dAO. However, f/p is complex
at s, so n/d is complex. So a,t least one of n and d is not
real. It follows that at least one of A or D, and hence

f/p, is not a real analytic function, since near the pole
the discontinuity does not equal the imaginary part. Ke
conclude that from the Schwarz reQection principle, if
sinBWO (i.e., B/multiple of z.) at a point on the physical
cut, there is no CDD pole in the elastic amplitude at
that point. A CDD pole can be "at ~,"at an unphysical
point, or only at those physical points where, in fact, the
elastic scattering amplitude (in the one-channel prob-
lem) actually vanishes.

Since n=Lb(~) —b(0)j/m=1, Levinson's theorem
tells us there is one "net" CDD pole, i.e., the number of

poles of D,~ minus the number of zeros is one. So there
is at least one CDD pole. If we choose D, i(s) = K)(s),
there are no zeros or poles in the 6nite plane. However,
$(s) s at ~, and the integral of the logarithmic
derivative contributes exactly 2+i from the circle at ~
on closing the Cauchy contour around the cut. So
Levinson's theorem is satis6ed by this pole at ~ . Smay
be multiplied by any rational function, which can intro-
duce equal numbers of poles and zeros and interchange
the singularities in lnD between ~ and 6nite points.
For example, if D,i(s) =s '$(s), s ' has a pole a,t the
origin and a zero at ~, so it has no net poles and does not
change the content of the Levinson theorem. However,
now D,~ 1 at ~, and the CDD pole has been shifted
from ~ to the origin.

The point is that if 8 is such that sinb/0 at any finite
point on the physical cut, and b(~) =~, the CDD pole
in D.i for the elastic rescattering amplitude Ã/D, i must
be either at ~ or at an unphysicat point. The choice
D,y= X) would correspond to the former. Whereas for
the same b, and constant T', the 0 in T+ must occlr at
a finite point and can readily be on the physical cut.
This follows from the boundary condition T~ T'
= const. So if T(s) = T'D~„d(s) ', then necessarily this
imposes D„,e(s) ~1 at ~, so D~,„a——(C—s) '5) be-
cause X) s at ~.

Another way of seeing the difference is to note that
whatever the position of the CDD pole in D,~, its posi-
tion and the assumed left-hand singularities of S
deterniine the phase shift 8. But this is assumed given
a priori in this problem (either as a result of such a
dynamical calculation, or from experiment). b is axed
and is independent of T' by the assumption at the
outset of the weakness of the coupling However, the
zero in T+ LEq. (4)j certainly depends on T'; the
position can be varied by varying the shape of T'(s).

Ke may also note that by changing very slightly the
assumed b(s) and T'(s), one can arrange to keep s~N',
and 8(M')==-', s, but have b cross zero just above
threshold (it starts negative) or else have it overshoot
above resonance and go asymptotically to m- from above.
Now the CDD pole in D,~ occurs precisely at the point
where sin8=0 and is in the physical region, but is still
distinct from the zero in T+.

Finally, one may consider one other example which
is admittedly contrived and for that reason has not been
emphasized, but which is quite illuminating. Let
b(~) =0, so that by Levinson's theorem, there are no
net CDD poles in the elastic rescattering amplitude,
and also the inelastic problem has the unique solution
Eq. (4). There are no anibiguities. Let b rise to ~, remain
near m until a large value of s, and then slowly decrease
through —,'z to 0. But now, instead of T' remaining
constant, suppose it is nearly constant in the resonance
region, but decreases quickly to 0 in the region where
b s-. Then in Eq. (4), the large-s region, where sinh/0
had previously contributed the major part to the
integral, is eliminated by the factor T in the integrand.
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The resonant region behaves very much like the case
b(~) =~. [The factors Q(s) and Q(s') have different
asymptotic properties in the two cases, but differ in the
region s, s' small by factors which are only slowly
varying. ]So, effectively, the s dependence is very nearly
the same as in the case 8(~)=~, and T+ has a zero near
AS''. But this is now a unique result; there is no CDD
ambiguity in the elastic problem. It is therefore quite
clear that the zero in T+ is not simply the putting in by
hand of a CDD pole at a particular point; it is a non-
trivial dynamical effect depending on the given
and T'.

The source of this diQerence between the elastic and
production amplitudes is the basic assumption, Eq. (2).
This represents inelastic unitarity; it states ImT+=0
if 8=-0, but allows ReT+40. It is also linear, and hence
sets no scale, that is, we may transform T+~ A. T+, and
Eq. (2) remains valid. The elastic unitarity condition
for D+E—+D+E is Imf=

~
f~2 with f=e" sin8, so

that 8= 0~
~ f ~

= 0. It is nonlinear, and sets a scale.

V. CONCLUSIONS

We have studied some simple examples of the
production of a resonance in a linear-integral-equation
formulation, both for a single channel and for two
coupled channels. We assumed the experimental peak-
ing to come about because of rescattering, or final-state
interactions, with the basic production amplitude T'
varying relatively slowly in the resonance region. The
rescattering amplitude was assumed to be known and to
exhibit a single unsplit resonance. The behavior of the
total production amplitude was seen to depend on the
high-energy behavior of the phase shift and of T'. A
zero in the cross section near the resonance, with peaks
on either side, can readily be understood. It is possible
to have either symmetric or skewed distributions, de-
pending on the detailed behavior of b and T'.

A more realistic numerical calculation than was
carried out here {for the A2 for instance) would (i) start
with a reasonable physical model for T' and Uo, (ii) in-
clude phase space, (iii) relax the i~=8~ condition, and
(iv) if required, include three or more channels (e.g. ,
pm, g7r, and ICK for the A~). The coupled equations
would then be solved numerically. This would be worth
doing if first there were qualitative agreement with
experiment. This is not so in the case of the .42, for the
following reasons:

(1) The A, seems to be well fjtted by the dipole
formula (A' —M)'/[(E —M)'+(al')')'. This expression
approaches 0 for ~E~ ~~. The present model led to
Eq. (8), (M —E)Q(E) (setting s —+E). This approaches
1 for

~

E
~

—&~, as is also apparent in Figs. 2—4. There is
an intrinsic, non-negligible dynamical background in
the present model such that (i) peaking on either side
of the zero may be present but the peak to background
ratio is strictly limited (and is ~2) and (ii) the dip in
the middle is definitely lower than the asymptotic,

2+ 2 fund+2 homo

= T'(C s)e"Q+nT'e"Q-
= T'(C+n —s)e"Q. (33)

If a fit can be found with C' = C+n a free parameter, one
would have a one-parameter 6t to the experiment, which
is not an empty result. (In the present case, if n is chosen
&0, the symmetric distributions in Figs. 2 and 3 become
skewed, and the 6t to the A~ even worse. ) Also, as
pointed out at the end of Sec. IV, it is possible to get a
dip even with 5(~)=0 for some 8 and T', the result
being unique.

The interference of a resonance with a coherent back-
ground is also considered in Refs. 9 and 10. These
treatments are more general in that arbitrary amplitude
and phase of the background are allowed. But they are

'6 M. Aguilar-Benitez et a/, , Phys. Letters 29B, 62 (l969); R.
Baud et al. , ibid. 318, 39'? (19'?0).

background cross section. We consider this the strongest
argument against this model as an explanation of the
split A~. One might attempt to force T+ to go to zero
for 8 large by considering a To which is peaked near the
resonance and has a width of the order of the over-all
resonance width (the two peaks and the dip). However,
this goes against the spirit of this model, and would
begin to resemble the model of two interfering reso-
nances which are degenerate in mass, but different in
widths. This latter model also gives an adequate fit to
the A2, but the present model was an attempt to get a
fit with a single monopole resonance.

(2) The symmetry of the double-humped structure
in the model can be achieved but not in a natural,
automatic fashion. It is sensitive to 5 and T .

(3) Finally, while the possibility of identical sym-
metric spectra in two channels was not ruled out (with
a dominant branching ratio to a particular channel),
the several cases considered in Sec. III do not make this
very likely, whereas the EK mode of the 32 also appears
to be symmetrically split. '

We believe, however, that similar zeros or dips may
occur in other reactions through this mechanism, and
that this should be kept in mind. In particular, it is
important that the background to any such dips, or
split peaks, be carefully examined. We argue that the
asymptotic value of 5(s) need not be zero a priori If it.
is nonzero, it only implies the existence of a CDD pole
in the elastic rescattering amplitude. This would violate
no important physical principle. For example, in the
case of the A&, this pole might be merely the result of
neglecting the px channel. The result is only a possible
ambiguity in the dispersive formulation of the produc-
tion problem. For example, if 8(~ ) = m. and one does not
want to buy the more restrictive asymptotic boundary
condition that would make the problem unique, the
most general result is a T+ with one arbitrary real
parameter. For T =const, one wouM have
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also more phenomenological than the present work,
which, though it treats the resonance as phenomeno-
logically given, is nevertheless a dynamical model of
how it is produced in a particular experiment. For
example, in the present particular model the dependence
of the phase shift on the higher energies, beyond the
resonance region, can markedly affect the resonance
region. After this work was completed, several other
calculations'7 " came to our attention which also

"I.J. R. Aitchison and P. R. Graves-Morris, in Proceedings of
the Birmingham Three-Body Conference, Birmingham, England,
1969 (unpublished); and Nucl. Phys. B14, 683 (1969).

M. B. Einhorn, Phys. Rev. 185, 1960 (1969); M. Roos and
J. Pisht, Nucl. Phys. B10, 563 (1969).

distinguish the production of a resonance from its
formation in elastic scattering. The work of Aitchison
and Graves-Morris in particular is parallel to the
present study, and these authors reach similar
conclusions.
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The author proposes a phenomenological model for a possible failure of the Pomeranchuk theorem. This
predicts the following relations among asymptotic total cross sections: or(sr p) —or(v+p) =or(If: e)

ar(X+—rs), os(E+p)=or(I+I), ', per(X I) o-r(E+rs) j&—or(If: p) or(X+p)(2—fur(X rs) or(E+rs) j, — '

or(pp) or(pl=), ' and ', )or(f&N) —or(pn)g&—ar(pp) or(pp)&2[o—r(pN) or(pn) j. Al—l of these are consis-
tent with the recent Serpukhov data.

'HE data of the recent Serpukhov experiment
performed by the IHEP-CERN collaboration'

tempt us to consider a possible failure of the Pomer-
anchuk theorem. ' This theorem asserts the asymptotic
equality of particle and antiparticle total cross sec-
tions. Eden' has pointed out that a number of conven-
tional assumptions about strong interactions at high
energy are unproven from basic principles and there-
fore should be subjected to further experimental
measurements. These include the following assump-
tions: (1)The ratio of the real part of a forward scatter-
ing amplitude to the imaginary part multiplied by lns
tends to zero; (2) elastic scattering dominates ex-

change scattering near the forward direction; (3) the
breaking of SU(3) symmetry becomes unimportant at
high energies. The assumptions (1) and (2) are crucially
needed to prove the Pomeranchuk theorem and the

*Work supported in part by the Once of Naval Research.
' J. V. Allaby et ul. , IHEP-CERN collaboration, Phys. Letters

30B, 500 (1969).
~I. Ia. Pomeranchuk, Zh. Eksperim. i Teor. Fiz. 34, 725

(1958) t Soviet Phys. JETP 'I, 499 (1958)j. As for the progress
made afterward, see T. Kinoshita, in Perspectives in j/I'odern

Physics, edited by R. E. Marshak (Wiley, New York, 1966),
p. 211. Recently Kinoshita has proved that either or both of the
relations or(AB) =er(AB) and da(AB)/dt=da(AB)/dt for
= —c(lns)~ should hold asymptotically (T. Kinoshita, Phys.
Rev. D (to be published)g.

'R. J. Eden, Phys. Rev. D 2, 529 (1970). See also O. V.
Dumbrais and N. M. Queen, JINR (Dubna) Report No. E2-4965,
1970 (unpublished).

Okun-Pomeranchuk rules, ' respectively. Horn' has
overed a possible interpretation of the Serpukhov
data, associating the sharp change in the trend of the
total cross sections plotted against s 'f" with an "ioniza-
tion point" for baryon resonances, and predicts that
both conventional Regge expansions and the Pomeran-
chuk theorem would fail from there on. Which of the
assumptions can we incriminate for the violations of
the Pomeranchuk theorem' In this note we propose a
phenomenological model for the violation of the theorem
and obtain its direct consequences.

Consider asymptotic total cross sections or (AB) for
scattering reactions of the type A+B +any final sta-tes.
We may separate mrs (AB) into two parts:

or(AB) =or&~&(AB)+oT t'&(AB).

The first part o z
t~& (AB) obeys not only the Pomeran-

chuk theorem but also the Okun-Pomeranchuk rules.
This means that it satis6es the following syrru~etry
properties:

ortJ'&(AB)=opt '(AB)=or' '(AB)=or'"&(AB) (2)

4 L. B. Okun and I. Ia. Pomeranchuk, Zh. Eksperim. i Teor.
Fiz. 30, 307 (1956) LSoviet Phys. JETP 3, 307 (1956)j.

~ D. Horn, Phys. Letters 31B, 30 (1970). Lam and Truong
claimed that the origin of the violation can be the electromagnetic
interaction DvV. S. Lam and T. N. Truong, Phys. Letters 318,
307 (1970)g.


