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The method of Singh and Roy, which obtains a bound on the imaginary part of the elastic scattering
amplitude, given otot and o1, is generalized to allow inclusion of other given data such as do/dt at fixed points.
A calculation is described in which one additional experimental point is given. The upper bound is compared
with the experimental data for =*p, K*p, pp, and pp elastic scattering at various energies in the near-
forward direction. It is found that this single extra piece of given data extends by a factor of about 3 the
range for which the original bound remained close to the data and at the largest ¢ value considered
(¢~ —0.5 BeV?) improves this bound by a factor of about 4.

I. INTRODUCTION

ECENTLY Singh and Roy' obtained an upper
bound for the absorptive part of the elastic scat-
tering amplitudes for hadronic processes, given in terms
of oot and oe. This is the best bound assuming only
those data, and is valid when the forces are mainly
spin-independent and the process is highly absorptive
(i.e., the imaginary part of the amplitude dominates).
These conditions are believed to hold in some diffrac-
tion peaks.

The Singh-Roy bound has the following interesting
properties: (a) The bound is a universal function of
p=—4t(do/dt| 1=0)/0e1, (b) the data for unpolarized,
differential cross sections for the reactions m+p, K*p,
pp, and Pp at various high energies in the near-forward
direction (p small) also lie on a roughly universal curve
in p at least as far out as p=15, (c) the data are very
close to the upper bound for p< 3, but (d) fall increas-
ingly below the bound for p>3. That the experimental
data are roughly universal in this region is interesting,
although not unexpected, for one can show easily that,
if the scattering amplitude is approximately exponential
over a significant portion of its range (and has no back-
ward peak), then (do/dt)/(do/dt| =) has an e #/* de-
pendence at high energies in this parametrization. It
turns out that the upper-bound curve starts like?
1—2p/9 and so is close to the data for small p. Still,
the universality of the data as a function of p means
that, if we could improve the upper bound for large p,
this result would be a useful improvement for all pri-
marily absorptive reactions.

The upper bound appears as the envelope of a family
of curves, each of which obtains the bound at p=0 and
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1V, Singh and S. M. Roy, Phys. Rev. Letters 24, 28 (1970);
24, 699(E) (1970); Phys. Rev. D 1, 2638 (1970). These two papers
are referred to as Singh-Roy. See also V. S. Popov and V. D. Mur,
Yadern. Fiz. 3, 561 (1965) [Soviet J. Nucl. Phys. 3, 406 (1966)],
who obtain analogous results, but only for :>0 where Pi(cos6)
does not oscillate.

2 This dependencejis obtained from squaring Eq. (1.3) of
Singh-Roy, first Ref. 1.
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at only one additional point po. Each curve of the family
is given by a unique set of trial partial-wave phase
shifts. The variation of the phase shifts to achieve the
bound for various py is considerable. As an indication of
this, we note that the curve maximizing the amplitude
at po=15 predicts a value of (do/dt)/(do/dt|1—0) seven
times below the experimental data at p=3 (even though
the bound at pg=15 is itself ten times too high). Thus
by restricting the amplitude to be given correctly at
low p values, we reduce the variation in the phase shifts
and obtain a significant improvement in the bound for
higher p. In Sec. IT we extend the Singh-Roy technique
to include this additional information. Details of the
calculation are given in Sec. III; the bound we obtain
through this extension is a significant improvement on
the Singh-Roy bound in the large-p region. In Sec. IV
we compare the results of our calculation with experi-
ment and present our conclusions.

II. METHOD

Let A(#) denote the absorptive part of the elastic
scattering amplitude for two spinless particles with
fixed c.m. energy. Within the Lehmann ellipse, 4 (¢)
has the partial-wave expansion

s12

A@)= —k— lg, (214-1) Ima; Pi(cosh) , 1

where £ and 6 are the c.m. momentum and scattering
angle, respectively. Unitarity requires 0<Ima; <1 in
this normalization, although we shall not make use of
the upper bound on Ima;. The total and elastic cross
sections are given by

4T »

Otot = ; Z (2[+1) Imal,

=0

4 (2)
M 0
Tol=— ) (2l+1)[al|2.

k2 1=0

The Singh-Roy bound is given in terms of known
values of the above quantities. As described in the
Introduction, we wish to improve this bound by in-
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2 IMPROVED UPPER BOUND ON

clusion of additional information. To do this we proceed
as follows.

Letaset[&:/7],1=1,...,n,0=0,1,2, ... of arbitrary
real constants be defined so that the following functions
of a set [a7],

k? =
To= 4—2 @i+ ]ar]?, )

a =0

T,=Z (2l+1)blz Imal, 1=1, vy (4)

=0

converge for given [a;]. We wish to find the supremum
of A(t) over the set [a;] which reproduces given T,
4=0, ..., n. We introduce a trial set [a;"] by

Real°=0,

Tma= (BoPy(cost) -+ Bibrl)

=1

XO@uPi(cost)+3 Bib), (5

where ©(x) is the step function and the B’s are real
numbers. Let us assume that a set of 8’s can be found
such that a;® reproduce the T',.

Theorem. The set [a:°] is a least upper bound to 4 (¢)
over the set of all a; reproducing T';, provided $,>0.

Proof. We show that A(f)=A4 (1) —A°(#) <0, where 4 is
evaluated with an arbitrary set [@¢; ] and A°is evaluated
with [a;@].

Let u denote the set of I’s for which the argument of
©(x) is positive and » the remaining values of . We
substitute for 4 (f) and A°(¢) using (1) and eliminate
P;(cosf) in the u summation through (5). The expres-
sions (3) and (4) for the quantities 7, 7=0, 1, 2, ..., #,
evaluated with [a;] and [¢°], are equated and the
resulting identities substituted into the expression for
A. After some rearrangement, we obtain

=—(1/280) 2= (21+1)[(Ima;—Imae; )24 (Rea;)?]

Y (A1) [ =2 (Tmar)’~+Tmas(BoPi(cost) +3- Bibri) ]

=1

sl sz o,
+[ (LT — -3 mn—m}
Zk,B() k=1

The last two terms of this expression, which are en-
closed by square brackets, vanish since the same values
of T are reproduced by the arbitrary set [a;] and the
trial set [@;°]. Recalling the definition of the » set, we
see that all remaining terms are negative definite when
Bo>0 and Ima;> 0. Hence, A< 0. We note that, as in the
Singh-Roy bound, the set of @; which reaches the bound
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is the best, given only fixed 7%, and is unique if a proper
set of 8’s be found.

We are not able to define exactly those conditions on
T; for which a set of 8’s can be found for arbitrary #;
however, for our calculation (z=2), we shall give con-
ditions later.

For n=1, setting b,") =4x/k?, we recover the Singh-
Roy bound. For n=2, setting b, =4xr/k? and 5,®
= (s*2/k)P1(cosbo), we obtain the required generaliza-
tion in which one includes the value of do/df at one
additional point in the approximation that the ampli-
tude is mainly imaginary and hence that 4 (¢) is merely
the positive branch of (do/df)*/2.

We remark in passing that the upper-bound theorem
can be extended to include arbitrary moment con-
straints as well.

III. CALCULATION OF UPPER BOUND

From this point on, we restrict ourselves to the case
n=2. The argument of the previous section then en-
ables us to set up the explicit equations relating 8o, 81,
and @ to T'g, T'1, and T's. To solve them numerically, it
is necessary to know P;(cosf) for cosf near 1 and for
large /. An approximation which is valid for not-too-
large I is given by the first term of an asymptotic ex-
pansion for P;, namely,

Py(cost) ~Jo(v),

v=(2141) siné.
Its use in the exact equations relating the 8’s and 7”s
is equivalent to the nuse of the approximate form of

unitarity, 0<Ime(y)& 1, in the eikonal representation
defined through

Sl/2

AQ="— / by vJo(ry) Tma(),
2k Jo
2r
o= — / dvy Ima(y), ©)
k2 J,

il AR
Tel= — dy vla(y)|?,
k?/o

where y=sinzf. In this representation, trial ‘“‘phase-
shifts” a°(y), which maximize 4 (£), are given by

Rea’(y)=0,
Ima®(y) =D[CJo(yy)+(1—C)To(yx) —E]
XOCTo(yy)+(1=C)Jo(yx)—E). (7)

In Eq. (7), v is sin}6 for the point at which 4 (f) is
maximized, « is sinjf for the point at which 4 (¢) is
given, and C, D, and E are real constants replacing the
B’s and required to satisfy C, D>0 and to reproduce
Tiot, Tel, and A4 (x).

The presence of the ® function in Eq. (7) and the
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fact that J, approaches zero for large argument means
that for positive E the integrands in Eq. (6) contribute
only over a finite range of y. This range consists of a set
of intervals with end points

O=yo<v1< 72" " * £ Vans1,
defined by the solutions to the equation in 7,
CTo(yy)+(1—C)J o(yx)—E=0.

The integrals in Eq. (6) can be evaluated for a(y)
=a(y) using?

/ ' dz 3T o(az)J o(b3)

i bz[afl(ar)fo(br) —bJ1(br)J o(ar)],

a?—

/ ' dz 27 o*(ar) =32 J o*(ar)+J 12(ar)].

0

We obtain
2w D ) C
Otot = — Z (‘")"Yizl:—fl(’)’iy)
k> i Yy
(1-0)
+ Jl(wx)—%E], (82)
Y%
2rD? 1
u= = T (<) SCU )+
+3(A =0T *(vaw) +J2(yx) J+3E2
2EC 2E(1—C) 20(1—C)
— —Ji(yay)— Ji(yw)+ ——
viy Vi vitRr =ty

xthflmxﬂowiy)—wh(w)fo(m)]], (8b)

sti2D

Aw="——5 ()] CraeTa(ya)To(rsy)
2k i S s P
—yiyJ 1(yay)T o(yix) J+3(1—C)
E
X[To?(vix) +T 12 (viy) 1— —J 1(%‘90)} 8c)
YiX
A)="2 5 (s { —
)= 2% 3 Vi xR —y 2y

Xy 1(yax) T o(viy) —viyT 1(viy)J o(vix) ]
E
O ty) T2 ray) 1= ——Jlmy)]. 8d)
iy

3 These integral identities can be proven directly by differen-
tiation with respect to ». The constant of integration is found by
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We replace the argument 6 of 4 by
Psini o= "‘k20'tot2 sin%@/mm .

Because of the form of Egs. (8), C and E can be deter-
mined in terms of pg, p, using (8a)-(8c); then 4 (p,)/
A (0) as determined from Eq. (8d) can be given in terms
of p, and p, only.

To discuss the range of input data for which Eq. (8)
can be solved to give positive C and E, we first describe
the Singh-Roy* problem. Setting C=1 and using only
010t2/0e1 from (8a) and (8b), we obtain the Singh-Roy
bound USE(p,)=A(p,)/A(0). In this solution E is in-
dependent of p,, and 4 (p5)/4 (0) is simply the equation
of the curve in p, which maximizes A4 (p,)/4 (0) at py.
We call this function f,,(ps). Singh and Roy! have
shown the existence of f,, for all ratios k2e?/4roa> 1.
From its behavior we may infer the domain of solubility
of the general problem. We use the function f,, to
obtain a value pg such that, for p> p, the solution to the
complete problem exists with C and E between zero
and 1 and is an improvement on the Singh-Roy bound.
The function f,, (p) is plotted in Fig. 1 for various values
of py. Relative to USE(p), f,,(p) behaves as follows: it
equals USF at p=0, p, and is strictly below it at all
other points. For large p it behaves asymptotically as

20,47 1(v1y) Jo((v1y/p4)P)
f pu(P) ~ .
7= y1yJ o(v1y) p*

©)

Since USR(p,) is a bound on the data, an input value
of A(p,)/A4(0)>USR(p,) has no solution with real C
and E. An input value 4(p,)/A4(0)=UR(p,) has
a solution with C=0 and the new upper bound given
by U**(p) = f,,(p). There is also a minimum value of
A(ps) that can be given. For instance, Singh and Roy!
obtain an absolute lower bound on 4 (p) for fixed ot
and oe1; in addition, when the eikonal amplitude a°(y)
is given by Eq. (7), this lower bound is raised. However,

10

A(p)/A0)

| [ |
00 5 10 5
P —
F1c. 1. Graph of the function f,,(p) for various values of p,, plotted
for comparison with the Singh-Roy bound USE,

setting »=0. Analogous formulas exist for the integrals of higher-
order Bessel functions.
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this does not affect our calculation since this minimum
is well below the data (see, for instance, Fig. 1).

Let us consider an input value A4 (p,)/4 (0) between
USR(p,) and this minimum. As the maximization point
oy increases beyond p., the value of f,,(p) at p=p, drops
below USR(p,) and in general takes on the input value
A{pz)/A(0) several times. Let py be the largest value
of p, for which f,,(ps)=4(ps)/A(0). We show that for
all p> po, the upper bound U?e¥(p) exists and is between
fro(p) and UBR(p). By choice of py, it follows that pg in-
creases monotonically as the input value of 4 (p.)/4(0)
is decreased. Thus for p> pe, f,(pz) <A (ps)/A (0). When
C lies between zero and 1, the bound |Jo(x)| < 1,220
requires E also to lie between zero and 1. For this range

d_o-/da'l
dt/dtlo

Ol

' * :
5 10
P —

OtOIO

I16. 2. Comparison of experimental data for =¥ at various en-
ergies with the theoretical bounds USE and Urev described in the
text.

of C and E the quantities oot, 0e1, and A (x) depend
continuously on C and E. Thus, as C is changed from
zero to 1, the predicted 4 (p,)/A4 (0) drops from USE(p.)
to f,(ps) continuously, passing through the input value
of A{ps)/A(0). Hence the solution exists. The solution
is necessarily bounded above by USE(p), and since
faop) satisfies all of the input data, it must bound
U2ev(p) from below.

1IV. COMPARISON WITH DATA AND
CONCLUSIONS

In the comparison of our bound with experiment, we
use the elastic scattering data from six different reac-
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F16. 3. Comparison of experimental data for pp, pp, K=p at
various energies with the theoretical bounds USR and Urev de-
scribed in the text.

tions at various laboratory momenta. These are: =%p ¢
between 6.8 and 18.9 BeV/c, pp ¢ between 6.8 and 19.6
BeV/c, K*p 5 at 6.8 and 14.8 BeV/c, K—p 5at 9 BeV/c,
and pp 5 at 8.9 and 12.0 BeV/c. The first two of these
are plotted in Fig. 2, the remaining four in Fig: 3. Not
all of the data at these energies have been plotted in
order to avoid overcrowding; however, inclusion of the
missing data or data from other high energies does not
affect the character of the figures. The information on
a, the ratio of real to imaginary part of the scattering
amplitude, is as follows: For n7p, a is known to be less
than 0.2 in magnitude in the energy range stated above.®
A Regge-pole fit to the pion-nucleon and nucleon-
nucleon data by Rarita ef al.% also predicts a value of
o less than 0.2 in magnitude. The 7—p data vary between
—0.4 and —0.1 with the Regge fit bounded by about
—0.25 in this energy range.® The smaller magnitudes of
a are generally at higher energies. The pp data are
around —0.3, with the Regge fit agreeing at lower en-
ergies and predicting a value closer to zero at higher
energies.b a for K*p is about —0.5 or —0.6 over most of
the energy range 3-15 BeV/¢, while the o for K—p is
practically zero, lying between 0.0 and 0.1 over this
same energy range.” Lastly, although there we could

4K. J. Foley, S. J. Lindenbaum, W. A. Love, S. Ozaki, J. J.
Russell, and L. C. L. Yuan, Phys. Rev. Letters 11, 425 (1963).

5 K. J. Foley et al., Phys. Rev. Letters 11, 503 (1963).

6 W. Rarita, R. J. Riddell, C. B. Chiu, and R. J. N. Phillips,
Phys. Rev. 165, 1615 (1968).

7L. de Lella, in Proceedings of the Heidelberg Conference on Ele-
mentary Particles, edited by H. Filthuth (North-Holland, Amster-
dam, 1968), p. 159.
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find no experimental measurements of « for Hp, the
Regge fit of Rarita et al.% predicts a very small ratio,
between 0.0 and —0.1, over a wide range of energies for
this reaction.

Because we plot the ratio (do/dt)/(da/dt| ), errors due
to « enter the vertical scale only as variations of o? at
various ¢ values (although p goes from zero to 15, the
typical ¢ variation is from 0.0 to —0.5 BeV?). The error
in the p coordinate depends only quadratically on a.
For the reactions we have plotted, we can then esti-
mate the error in the applicability of the theory to be
about 49, in wtp, 159, in 7~p, 109, in pp, 30-40%,
in K+p, 19 in K—p, and 19, in pp. The =*p, pp, and
K*p reactions have been included with the other more
relevant reactions because of the observation that they
appear not to change the approximate universality of
the figures and to indicate the general applicability of
the method.

It can be seen from Figs. 2 and 3 that the data are
reasonably well bounded by US® in the region p between
zero and 3. Beyond p equals 3 or 4, the data continue
to decrease roughly exponentially while the bound USE
decreases much more slowly. As we have shown in Sec.
IIT, improvement of the bound for p>4 through knowl-
edge of A(p,)/A(0) at one fixed value of p, requires
po<4. po can be made smaller by decreasing p. or by
choosing A4 (p5)/4(0) closer to USE(p,) for fixed pa.
Since the data become closer to the Singh-Roy bound
for smaller ps, both effects are in the same direction,
and we need just decrease p, until pg<4. On the other
hand, we cannot make p, too small, both because we do
not have data at very small values of p, and because
the new bound at large p becomes very sensitive to the
actual input value at small p..

We have chosen p,=1 and set A4 (p,)/4(0)=0.85,
a value which is a rough average of the data at that
point. The calculation was done by computer, and the
results are shown in Figs. 2 and 3. The new bound
(U=e")2 is plotted only for p>pe~3.5.

A measure of the sensitivity of this bound to the
input value can be given through the quantity

_ d[U(1S)F
 dIn[4(1)/40F

At a value of 4(1)/4(0)=U®®(1), §=— so that a
choice of input value very close to US® will not give
a reliable bound. [This is not surprising since if 4 (po)/
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A (0) achieve USR(p,), A is known for all p and is given
by fs(p).] Fortunately the sensitivity falls off sharply
as A(1)/A(0) is lowered, and $~ —6 around the input
value we have used. This means that the variation of
A(1)/4(0) by =40.025 (which are roughly the error
bounds on the data at that point) changes U®¢"(15) by
about F0.011, which is quite acceptable. We remark
that raising A (1)/4(0) sufficiently above the data
causes Um*¥ to fall below the data in the region p~10
to 15, and thus the large p data give a bound on 4 (1)/
A(0). However, this bound does not turn out to be
useful because it lies just below USE(1).

There is an upper limit to the values of p for which we
expect U to be useful. From Eq. (9) we see that
f1(p), which is always below U2e¥(p), p>3.5, decreases
only like 15p7%2. Since the data continue to drop ex-
ponentially even to relatively large p wvalues, Ume¥
cannot be expected to bound the data tightly out to
very large p. We have therefore chosen to evaluate the
bound only out to p=15.

The m*p data are relatively uniform in falling on an
approximately universal curve. The scatter of the points
increases as p increases, indicating that the curve is not
really universal. The points do lie, however, within
a wedge-shaped region which starts at p=0 at 1 and by
p=15 has a width on a logarithmic scale corresponding
to a spread of a factor of 2 in the data. As we have men-
tioned above, inclusion of the #+p data in Fig. 2 and the
pp and K+p data in Fig. 3 does not particularly change
either the character or approximate universality of the
graphs. The pp data are, perhaps, a bit lower than the
other data but, again, all of the data on both figures fall
within the same wedge-shaped region. The upper bound
obtained from our calculation with

[do(1)/dt]/[de(0)/dt]=0.7225

is shown on the figures. It can be seen that the new
bound is as much as a factor of 4 better than the Singh-
Roy bound. With a spread in the data of about a factor
of 2, we should not expect the new bound, which is a
universal function of p, to be exceptionally close to the
data. It does bound the wedge, however, by about a
factor of 2.

In summary, this method provides a procedure for
obtaining upper bounds for the imaginary part of the
elastic scattering amplitudes which are relatively good
bounds for the extreme forward direction out to values
of p~15.



