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The supermultiplet coupling constant g; for the transition from LP=1% meson states to those of
LP=0" in a relativistically boosted SU (6) XO(3) quark model developed previously by the author is
evaluated by exploiting the connection between the Aipm and pwr couplings in the model via partial
conservation of axial-vector current and Weinberg sum rules. The new determination of g is in excellent
agreement with its value obtained earlier from a direct fit to the experimental decay widths.

I. INTRODUCTION

INCE the discovery of the Weinberg sum rules,!

a considerable amount of effort has been devoted

to studying the relations among A4 p7 and pww coupling
constants, using (i) the methods of current algebra
with pole dominance? (ii) hard-pion techniques (via
the Ward identity®), and (iii) chiral dynamics methods
for the construction of phenomenological Lagrangians.*
One common feature of most of these approaches is
the introduction of a free parameter which essentially
defines the ratio D/S of the D-wave and S-wave
coupling in 4 1p7. In the theory of Schwinger,* which is a
rather specialized version of chiral dynamics, the ratio
D/S vanishes exactly. However, this value is not
favored by experiment.® A somewhat different ap-
proach to the construction of 4;pw couplings is repre-
sented by the quark model in an SU(6) X0 (3) frame-
work,® in which A4, is just one member of one (*P;) of
the four nonets 'P; and 3Py,1,, and does not enjoy the
special status it has in current algebra or chiral dy-
namics as the derivative of the pion field. The purpose
of this paper is to show that if the partially conserved
axial-vector current (PCAC) relation between the A4,
current and the =« field is used in conjunction with one
of the Weinberg sum rules within the general (phe-
nomenological) framework of the SU(6)X0(3) quark
model, it is possible to make an independent determi-
nation of the Apm coupling constant, one which is in
surprisingly good agreement with its empirical value
determined earlier from a fit to the strong decay widths
of the various LP =1+ mesons. Note that in the quark
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model the 4 1pm coupling constant, involving a JP¢=1++
meson, is geometrically related to those of other positive-
parity (0*+, 1*— and 2*+) mesons to PP and PV
states. Thus the extra ingredient of PCAC seems to
provide a consistent correlation among the couplings
of (+) and (—) parity mesons within the quark model,
a correlation whose predictive power goes much beyond
those of current (or field) algebra or chiral dynamics.
In other words, it now provides a consistent and unified
framework, not only for the couplings of the 1++
mesons, but for those of 0+, 1¥— and 2*+ states to
PP and PV systems, so that essentially one universal
parameter (say the prw coupling constant) describes
transitions both among and within the Lf=0~ and
L?=1% supermultiplets.

Calculations of positive-parity meson couplings to
P and V mesons on the quark model have been made
by wvarious authors.” More recently, a relativistic
formulation of higher meson (M) couplings to PV
and PP states was made through a standard relativistic
boosting of SU(6)X0(3) couplings and the introduc-
tion of a phenomenological form factor f1, defined by?3-?

B ,LLM L+1 M 1/2
fL=2]M§L/J,_L_1< ) <———> (1)
—P-k Ma ’

where M and p are the masses of the decaying meson
(four-momentum P,) and the radiation quantum P
meson (four-momentum £,), respectively; gr is a
dimensionless parameter representing the coupling
constant for the supermultiplet transition L¥— 07,
and the exponents (L4=1) are appropriate for (Lz=1)-
wave couplings, respectively.!’® This coupling scheme
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was compared in detail with the experimental decay
modes of various positive-parity mesons® with a good
deal of success; it furnished the following value of the
supermultiplet coupling constant g;:

2:%/4w=0.08-4-0.01. 2)

II. EVALUATION OF g; BY PCAC

We now make an independent determination of g
in terms of the g,.» coupling constant using PCAC and
the Weinberg sum rules. The argument goes as follows:
The effective Lagrangian in momentum space for the
A1— pr transition has, apart from the factor (uM/
—P-k)L# of Eq. (1), the structure®

2V2M gy T o[ (k-p) (k- A%)+uPo- A*Ju 2, 3)

where the isospin structure for the 7 and p fields has
been written in the spherical representation, so that
Te represents the actwal I=1 angular momentum,
operating between the 7 and p states. From (3) it is
of course easy to identify the D-wave and S-wave
coupling terms in the sense that other authors*!* have
used the terminology, but it is, strictly speaking, only
an approximate description. In this approximation,
according to our recipe [Eq. (1)], we must use the
exponents (L==1) for the two terms of (3), respectively,
so that the full effective Lagrangian is

L1=2V2M g7 T (k-p)(k-A%)(M/P-k)>+p-A°]. (4)

For a more accurate description we must break up
(k-p) (k- A®) covariantly into its D- and S-wave parts
(using the rest frame of 4;) in the following manner:

(k-p) (k- A®) =kuk, T +5kuk,Dyp- A°, ©)
where
Dpv=6nv+Pva/M2 (6)
and
T”,“=%(p,,A,“+p,A”“—%Dﬂyp-A“) . (7)

The two terms of (5) should now be associated with the
exponents (L=41), respectively, of Eq. (1), so that we
now have the more accurate effective Lagrangian in
momentum space (within, of course, the rules of our
phenomenology),

Lo=2VIMa 7T J[(M/P-E)E b, T oo
+p-A°(14+-3kku?Dy)].  (8)

Before proceeding, it is necessary to switch the roles
of the 4, and = fields from the decay process 4;— pmr
to the virtual process in which A4 plays the role of the
radiation quantum (instead of ). This is a nontrivial
step where the crossing property of our form factor
(1) comes in an essential manner. Fortunately, the
form factor, in spite of its phenomenological character,
happens to be crossing-symmetric in the four-momenta
of the 4; and = mesons, so we feel that this step is
probably not dangerous. We therefore rewrite the
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various momenta as
Po— —Pi=Qu=ps—qu, )

where only the p momentum p, and the = momentum
q. are on the mass shell. The essential trick is now to
regard £; or £, as providing a structure of the matrix
element of the strong axial-vector current J,4 between
x and p states, through the usual identification

Lior £9) =J, 44,9,
so that we have from (4), (9), and (10) the expression'?

(w ()[4l p(p))=2V2M g7 T
X[QM(Q'P) (M/Q'Q)2+Pu:|:

and a similar expression from (8) and (10).

Equation (11) is still not ready for the application
of the PCAC relations to the current J,4¢ since its
units are not yet normalized to those of the standard
isovector axial-vector current A,* whose matrix
elements between quark states is defined as Qiysy,37°Q.
Probably the simplest (and hopefully correct) way to
normalize our current J,4¢ is to divide this operator by
the quantity g4 defined by

(2koV)12{0| A 0] AP (k) =ms’ga 008, 4, (12)

in the same way as the vector coupling constant g, is
defined by*?

(2koV)H2(0| V2| o (k) =m g 88 (13)

There is one big difference, however, between g, and
g4. While the p-meson universality!* permits the evalua-
tion of g, via the identification g,=g,rr, there is no
a priori reason to suppose there is a similar universality
for g4. However, the two Weinberg sum rules (which
are consistent with each other for m4=V2m,) provide a
determination for g4 which is what we use in this paper.
Thus the equation

mo*/ gt =ma'/ga*

ky— —k,=gq,,

(10)

(11)

gives

24=2g,~2gprr. (14)

We are now in a position to apply the PCAC relation
to the current gs~J,4, which reads

gA—la#J#Aa(x) =f1rm1r2¢a(x) — frjra(x) ) (15)

where ¢%(x) is the pion field and J,%(x) is the corre-
sponding pion current, related to the former in the
soft-pion limit by J.=m.,%; and f is given by

f»=0.70 m,. (16)
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2 A PARTIAL CONSERVATION OF AXIAL-VECTOR:-: -

Now from the usual prr coupling we can infer the
matrix element of the pion current J,* between p and 7
states as'?

(@[ T=p(9))=2igonxTTqups - 17
Substitution of Eq. (11), corresponding to the La-
grangian £1, and Eq. (17) into (15) gives in the soft-
pion limit (Q?~0) the essential PCAC connection for
the supermultiplet coupling constant gy, viz.,

gafegore =V2mag{[2ma/ (m,*—u?) 15 (m?—u?)+1}
~28m,(4+1), (18)

where in the last relation we have used the results
ma=~V2m, and u*<m2. In the same way, if we use the
current J,4 corresponding to the Lagrangian £,, Eq.
(8), we have instead of (18),

2m4? m,? 2 My
gAfrgpwrxvzmAgll: <1— )+<~ + >:]
my? 6m 4* 3 24u?

~ 25,m,(3.6741.93).

(19)

In Egs. (18) and (19) we have shown the contri-
butions of the D-wave and S-wave couplings sepa-
rately for a clearer comparison between the roles
of the two Lagrangians £; and £,. Substitution of
Eqgs. (14) and (16) into (18) or (19) yields

72/4m~10-20.84; 0.67](g,ns2/47)?,  (20)

where the two numbers in (20) represent the effects
of £1 and £, respectively. As to the value of gyrr, We
must use the result that the quark model gives for
it, viz.,'6

Lorn® 1 /2m
o < » 1)
47 4

2
———fq> ~3.6.

i

Substitution of (21) into (20) yields our final estimate
of g, as
Z:2/4r=~[0.109; 0.087], (22)

to be compared with the empirical estimate 0.084-0.01
found in Ref. 9. We consider the second number as

1R, Van Royen and V. F. Weisskopf, Nuovo Cimento 50A,
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pearance of the quantity f in Eqs. (18) or (19), for which we
ha(\)1e7 also taken the quark model value, viz., fr=(5/3)myGyy""
~0.70 M.
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a good support for our empirical algorithm in Eq. (1)
for the association of the appropriate form factor with
coupling in a particular wave.

III. SUMMARY AND CONCLUSIONS

We have tried to present a somewhat unorthodox
application of PCAC to relate the Ajm and prr
coupling constants. Thus instead of dispersion relations
subtracted or unsubtracted for the various form
factors, we have a specific structure for them to start
with. This structure, which was determined from a
detailed study of the experimental decay widths of the
various mesons, has now been subjected to a PCAC
treatment after effecting the necessary ‘crossing” in
the appropriate momenta. To an extent, our ansatz
Eq. (1) yielded a PCAC result for g, in good agreement
with its direct determination from the various decay
widths, giving us some confidence in the capacity of
the form factor to allow a meaningful extrapolation
off the mass shell, at least in the variable (p—g¢)% This
is particularly encouraging in the context of appli-
cations involving off-shell extensions of the form factor.
One such application, the electromagnetic mass differ-
ence of pseudoscalar mesons, is currently in progress.
It may also be remarked that a very similar parametri-
zation to Eq. (1) for meson-baryon couplings was
found to give a similar fit to the decays of various
baryon resonances in the same SU(6)X0(3) frame-
work.817 Applications of these BrBP couplings which
involve an extension of the form factor off the mass
shell for By, states are of course more easily compared
with experiment. Some of these applications (e.g.,
PB— PB, PB— VB, yp— PB) are currently in
progress and will be reported separately.
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