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incident pion (~209% of the events). With modest
restrictions of the four-momentum transfer ranges, the
data are well described by a double-Regge approxima-
tion where the nondiffractive vertices are represented
by a constant residue and a pole. Phase space is sepa-
rated into two regions, each of which is assumed to be
dominated by one exchange diagram; thus the model
can be applied without high-mass restrictions, and
double counting in the sense of duality is avoided. Since
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each region was independently well described by the
model, the data for each distribution can be summed
over the two regions spanned and can maintain the
quality of the description if the diagrams are added
incoherently.1

The low-mass enhancement in the 4 region is effec-
tively reproduced by the amplitudes in the ¢ channel
corresponding to diagrams a-I and a-II as suggested
by semilocal duality.
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The K spectrum in the reaction K—p — K~nrtr~p at 12.6 GeV/c is analyzed, taking as a starting point
the observation that the transverse momentum distributions are uniform throughout this spectrum and are
restricted to small values. This behavior results in a threshold enhancement in the K= spectrum correspond-
ing to every K mass value. With the exception of the Q peak, and perhaps the L meson, the Krm mass
spectrum can be regarded as a continuous sequence of such enhancements, which follow from phase-space
distributions in the longitudinal momenta. A double-Regge-pole-exchange model for the Q gives qualitative
agreement with the data, but only if at least two exchange amplitudes are included ; it does not give a correct
description of the detailed correlations between the longitudinal and transverse momenta. A more successful
description is given by a very simple resonance model. The similarities between the predictions of these two
models—which are related by the concept of duality—are discussed in terms of the kinematic restrictions
imposed by the condition of small transverse momenta.

I. INTRODUCTION: SOME CHARACTERISTIC
FEATURES

ECENTLY, experimenters with high-energy
bubble-chamber data have devoted considerable
attention to threshold boson enhancements in reactions

like
MA4T— Mrm)+T, (1)

where M represents an incident meson and 7" a nucleon
target. The threshold enhancements in the M #m system
result, presumably, from diffraction dissociation of the
incident beam particle, and are seen only when two of
the outgoing mesons combine to form a resonant state.
For incident = mesons, the observed enhancements are
Ay (pr) and 45 (fr), and for incident kaons one observes
the Q (K*(890)7; Kp) and L (K*(1420)m). In the cases
of the Q and A;, very detailed analyses of the experi-
mental data have been performed—with considerable
success—f{rom each of two apparently divergent points
of view: (1) assuming a double-peripheral {-channel ex-
change amplitude (Deck effect), and (ii) assuming the
observed enhancements to consist primarily of periph-
erally produced resonant states of definite spin and

* This work [Yale Report No. 2726-580 (unpublished)] is
supported by the U. S. Atomic Energy Commission under Con-
tract No. AT (30-1)2726. The authors hold guest appointments
at Brookhaven National Laboratory, Upton, New York.

parity.! The principle of duality, as demonstrated in the
case of two-body final states by Dolen, Horn, and
Schmid,? is usually invoked to reconcile the apparent
equivalence of these two approaches in understanding
the experimentally observed phenomena.

In this paper we examine the behavior of the Krr
system in the reaction

K—p— K-ntnp (2)

for an incident kaon momentum of 12.6 GeV/c. The
data to be discussed are from an investigation of 1291
examples of reaction (2) in an exposure of the BNL
80-in. bubble chamber to a beam of 12.6-GeV/c rf-
separated K~ mesons. The K—r* and K7 mass spectra
for this reaction are shown in Fig. 1. In Fig. 1(a), the
K*(890) peak is seen to dominate the reaction. A small
K*(1420) peak is also present. The Krr spectrum
has as its most obvious feature the Q peak, which re-

1 A recent review of the analysis of the Q and 4; peaks, with
extensive references, is given by M. Derrick, in Proceedings of the
Boulder Conference on High-Energy Plysics, edited by K. T.
Mahanthappa, W. D. Walker, and W. E. Brittin (Colorado
A.U.P., Boulder, 1970), p. 291. Some controversy exists as to
whether the L meson is entirely the result of threshold production
of K*(1420)+. See the review by C. Y. Chien, in Johns Hop-
kins University Report No. JHU-7010, 1970 (unpublished).

?R. Dolen, C. Horn, and D. Schmid, Phys. Rev. 166, 1768
8323;, G. Chew and A. Pignotti, Phys. Rev. Letters 20, 1078
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sults largely from threshold production of K*(890)+ =
as shown by the shaded events. The only other structure
is a narrow excess of events at the mass of the L meson
(approximately 1760 MeV), which has no apparent
contribution from K*(890). Figure 2 shows in more
detail the contribution of two-body resonant states to
the Knm mass spectrum. These estimates were made,
in the intervals shown by the horizontal error bars, by
fitting each of the two-body distributions with S-wave
Breit-Wigner shapes plus a polynomial background,
using a maximum-likelihood fitting program. Possible
interference effects have been neglected. The K*(890),
p, and K*(1420) signals each rise sharply just above
threshold for production. (In each case the threshold
mass is shown by an arrow on the horizontal scale.)
Each is confined to a rather narrow region of the Krr
mass spectrum above this value.

One of the most striking characteristics of the data is
illustrated in Fig. 3. This shows the uniform behavior
of the transverse momenta for reaction (2). On the
right-hand side of the figure, the average transverse
momenta for the K—=+ system, the #—, and the proton
are plotted as a function of the K—#* invariant mass.
These averages remain constant at about 0.4 GeV/c
throughout the Kr mass spectrum. (The total c.m.

210 K'p—=K'p 7*tn~
12.6 GeV/c
4'* (1236) Removed
200 920 Events
404~ (a)
M(K~r*)
30—
20—
>
Lg 10—
<
Q o ! I I rﬂﬂrnﬂﬂ—. h 4
.
o
a
C 501~
o
3
5 (b)
z 40— M(K )
7 K*(890) only
30
204
10+

Mass in Gev

Fic. 1. (a) K—=t effective-mass distribution for reaction (2).
Note break in vertical scale. (b) K~#*tz~ mass spectrum. Shaded
area includes events with 0.8 <M (K—#*)<1.0 GeV. In both (a)
and (b), the A**(1236) background [1.16<M (p=*)<1.32
GeV] has been removed.

IN Kp—>K~ntr=p-.- 1235

K p—eK'p m*m™
1291 Events

(a)
Kmw Effective Mass
301

L-Meson
(1760 Mev)

Number per 25 Mev

._%_._%4 (b)
Amount  K*(890) (Events per 100 MeV)

80—

40

Mass
K#(890) T

)
HH- g -L‘%“,—IL—_%*—%—M“.

301 (d)

Amount  K*(1420)

(Events per 100 MeV)
__L‘l‘* % r—l— bt { '—¥— )
1500, 2000 2500 3000

M(K*r™) MeV

MeV

{c)
Amount p (Events per 100 MeV)

100

20

per

Mass
Kp(765)

Number

20

[¢]
900
K‘m:ﬁ))w
F16. 2. Amounts of K*(890), p(765), and K*(1420) signals as a
function of the Knr mass (see text). No A*+ subtraction has been
made. Solid curve in (a) is the result of a maximum-likelihood fit
of this portion of the spectrum to an S-wave Breit-Wigner shape

for the L meson plus a polynomial background. Fitted parameters
are M =1.76+0.015 GeV, I'=0.05_9.027% GeV.

100}~ 1.0
R (K™T*)
»
50 0.5 N e S =t
o —
X
s
o Q o 1 L [ | {
§
€
7]
R(m-) 5
o)
% 100 t > o
[} ©
2
n
50 2 05
Q > o/
; 2 P
g E
. o 1 d i 1 1 1 1 L
o o
2 S
2
R (proton) <
100 1.0~
50 0.5 g
PN
e ] { 1 | L 1
00 0.5 1.0 1.5 0.5 1.0 1.5 2.0 2.5 3.0

Transverse Momentum GeV/c M(K™T*) Gev

Fic. 3. Transverse momentum behavior for the reaction
K~p — (K-nt)n~p. Average values of the transverse momenta
are plotted on the right-hand side for the K~#* mass intervals
indicated by the horizontal error bars. Transverse momenta are
histogrammed on the left-hand side. A** background has been
removed.



1236 LUDLAM,

K™ p—>K*(890) m-p
Longitudinal Phase Space Plot
549 Events

~

a)

60°

w

)
s
2
>
=z
©
v,
I3
Q
)
[
w
o
£
o

| 1
o © 120 240 360

w (degrees)

(c)

energy is 5.0 GeV.) Furthermore, the spread about
these average values is narrow, as seen in the histograms
on the left-hand side of the figure.

Examination of Figs. 1 and 2 suggests that for small
values of the Krm mass the behavior in the three-body
spectrum results directly from a sequence of threshold
enhancements in the production of two-body reso-
nances.® A more general observation of this nature has
been made by Barbaro-Galtieri ef ¢/.* in a study of K+p
interactions at 12.0 GeV/c: They find that eny narrow
selection on the K= mass results in a threshold enhance-
ment in the corresponding Kz spectrum.

The purpose of this paper is to emphasize the funda-
mental importance of the transverse momentum be-
havior illustrated in Fig. 3, irrespective of its dynamic
origin. We show in Sec. IT that this feature alone is
sufficient to describe the continuum portion of the Krr

8 The contribution from K*(890)x and Kp in the Q region of the
K mass [M (Knr) <1.5 GeV] amounts, within errors, to 1009,
of the observed events. The rise in the K*(1420)x contribution
at threshold corresponds to the position of the L-meson signal
in Figs. 1(b) and 2(a). The conclusion that the enhancement in
the K*(1420)7 signal is entirely responsible for the observed L
peak cannot be drawn with certainty from the present small

statistical sample.
4 A. Barbaro-Galtieri ef al., Phys. Rev. Letters 22, 1207 (1969).
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spectrum which underlies the Q and L peaks of Fig. 1(b),
and to explain the aforementioned observation of
Barbaro-Galtieri ef al. In Sec. IIT we examine in detail
two hypotheses for the production of the Q peak: a
double-Regge-pole-exchange model and a very simple
resonance model. Both give qualitatively similar results,
the resonance model giving a more accurate description
of the data. We point out that the similarity between
the predictions of these two models—which are related
by duality—follows from the kinematic restrictions
imposed by the conditions of small transverse momenta.
We refer to this result as kinematic duality.

II. THE CONTINUUM: A STUDY IN
LONGITUDINAL PHASE SPACE

Given the simple—and uniform—behavior shown in
Fig. 3 for the transverse momenta, it seems appropriate
to apply an analysis technique which isolates the longi-
tudinal and transverse components of phase space. Such
a technique has been proposed by van Hove’: the
method of longitudinal phase-space analysis. This
method is especially straightforward for the case of

5 L. van Hove, Nucl. Phys. B9, 331 (1969).
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three-body final states, and so promises to be partic-
ularly appropriate for the present case of interest in
view of the characteristic quasi-three-body behavior
emphasized above.

The van Hove plot of the longitudinal momenta for
events in the K*(890) peak is shown in Fig. 4(a). As
described in Ref. 5, the plot has three axes which inter-
sect at 60° angles. Along each of these axes the longi-
tudinal momentum (g) of one of the three outgoing
particles is zero. A given event, with longitudinal mo-
menta ¢; (=1, 3), is represented by a point on this plot
such that the perpendicular distance to the ¢th axis is ¢..
The positive and negative sides of each axis are given
by the + and — signs in the figure, the - direction
being along the c.m. momentum vector of the incident
beam. For a given set of transverse momenta, P, ;
(i=1, 3), the constraint of energy conservation defines
a curve on this plot along which all events with this
particular set of transverse momenta must lie. The
kinematic boundary in Fig. 4(a) is given by the case in
which all of the transverse momenta are zero. The
essential feature is that, because of the smallness of the
transverse momenta, all of the points lie in a narrow
band close to this boundary. Thus all of the main
features of the data can be described in terms of the
angular coordinate w which, as shown in the figure, is
measured counterclockwise from the axis along which
1= 0.

For a specific set of transverse momenta, which we
take to be the experimentally determined averagevalues,
w gives a complete description of the longitudinal con-
figuration. All of the two-particle invariant masses and
momentum transfers can be described in terms of this
parameter. Two examples are shown in Fig. 4(b). Here
Sk#r (the square of the K*r invariant mass) and f,,
(the proton-to-proton momentum transfer) are plotted
for the average transverse momenta as a function of w.
Note that Sg+r has a minimum just above w=120°.
In this region the proton has its maximum longitudinal
momentum in the backward direction—i.e., the reaction
is “most peripheral”—and it is in this vicinity that
most of the data points fall. This minimum in Sg#, is
the location of the Q peak. In Fig. 4(c) is shown the
Lorentz-invariant phase-space weight as a function of
w for this reaction. This has two sharp peaks corre-
sponding to configurations in which the pion has zero
longitudinal momentum.

In short, if all of the events corresponding to the re-
action K—p — K*rp had the same values of the trans-
verse momenta, then all of the dynamic variables
would be functions of the longitudinal momenta alone
and would be completely specified by the single param-
eter w. As we have seen (Fig. 3) this is very nearly the
case for all events in reaction (2), regardless of the
mass of the “K*”: The average transverse momenta are
essentially the same for all values of the K—7* mass,
and the spread about these average values is very small.
With this in mind we use the longitudinal phase-space
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Projections are discussed in the text.

picture to investigate the qualitative effects of this
behavior on the Krm mass spectrum. Figure 5 shows
curves of Sk, versus w, in the region of small momen-
tum transfer, for four different values of the K—=*
mass. [ Here, and subsequently, we refer to the effective
mass of the K—zt system as M(K*). This does not
necessarily imply a K* resonance.] The lowest-lying
curve in Fig. 5 corresponds to the mass of the K*(890)
resonance and is the same as that shown in Fig. 4(b).
The others correspond to successively higher values of
the invariant mass of the K—rt system. Again, each of
these curves is calculated for a single set of transverse
momenta, the experimental average values.

Each of the four curves in Fig. 5 is shown projected
on the Sk« and w axes assuming that the distributions
in the longitudinal momenta are given simply by phase
space. Thus the projection on the w axis is just the phase-
space weight, as given in Fig. 4(c). [In principle, there
should be four such projections on w, one for each value
of M(K*). Since these vary only slightly with M (K*),
the average curve is shown.] It will be seen from the
projections on the Sk+, axis that—for fixed transverse
momenta—each K* mass contributes a sharp threshold
peak and a long tail to the Kxm mass spectrum. The
effect of the finite widths of the transverse momentum
spectra will be to widen these peaks. Thus, given the
observed fact that the transverse momenta are re-
stricted to small values, phase space alone predicts a
K7 spectrum made up of a continuous sequence of
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these threshold peaks—a very suggestive result in view
of the behavior noted in Sec. I. Furthermore, if there are
no additional correlations other than those imposed by
phase space, the distribution in w will be given by the
characteristic phase-space shape: a peak centered at
w=120° .

Figure 6 shows the same distributions, as seen in the
data. The square of the K*r mass is plotted versus w
for four different cuts on the K* mass [i.e., four different
cuts on the K—7+ spectrum of Fig. 1(a)].¢ For each

6 In Figs. 1, 3, 6, and 7 a selection on the pr* invariant mass has
been made to remove the A*+(1236) background. In the reaction
under consideration here, this background contributes signifi-
cantly at large values of the K~#+ and Krr masses. In the four
regions of the K~n* spectrum selected in Figs. 6 and 7, the frac-

slice on the K* mass a threshold enhancement is seen
in Sg#r. Above the Q peak—Figs. 6(b)-6(d)—the be-
havior is just as expected for phase space: The points in
the scatterplots follow smoothly the average curves
shown in Fig. 5, and the distributions in w have a peak
centered at w=120°. In the Q region the situation is
different. The observed enhancement in Sg#, is the
result of an intense horizontal band in the scatterplot,
tions of events removed by this cut are, respectively, 12, 21, 30
and 46%. In the Q peak—the first of these regions—this back-
ground is small. Not all of the events removed by this cut are true
A**gignal. In particular, in the Q region, it is judged that removal
of these events excludes as much true K*(890) as true A*+. Hence
in the detailed analysis of the Q region (Sec. III) no cut has been

made on the pr* mass. In this case the results obtained were
found to be unaffected by the presence or absence of this selection.
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with a resulting distribution in « which peaks ahove
120° and has a second peak, or shoulder, at w=150°.
Thus the Q peak exhibits strong correlations between
the transverse and longitudinal momenta which are not
present elsewhere in the K#r spectrum.

These results suggest that the observed transverse
momentum behavior is indeed of fundamental impor-
tance and that, given this behavior, the continuum
part of the Krm spectrum extending above the Q peak
in mass, and perhaps including the background beneath
the Q, follows from simple phase-space distributions in
the longitudinal momenta. This transverse momentum
behavior is dynamic in origin, and the restriction to
small average values of the transverse momenta is a
common feature of all current models of high-energy
collisions of hadrons. We do not here speculate on
specific models for this behavior, but show in Fig. 7

210 3.5 4.0
M(K*T) Gev

an attempt to give quantitative substance to the con-
clusions of the previous paragraphs. Figure 7(a) shows
the same data as in Fig. 6, with the same cuts, this time
displaying the distributions in w and the K*r mass (not
mass squared). The smooth curves are the result of a
Monte Carlo phase-space calculation which includes a
peripheral proton and the observed transverse momen-
tum distributions. These curves are seen to describe the
data very well, except for the Q peak, and perhaps a
small L signal for 1.3<M (K*)<1.5 GeV. Figure 7(b)
compares this calculation with the data for all events
having M (K*) greater than 1.0 GeV. Here the solid
curves were obtained by modifying the calculated K*
mass spectrum to include a contribution from the tail
of the K*(890) signal above M(K*)=1.0 GeV. The
result without this modification is shown by the dashed
curve in the K*r mass plot.
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Summarizing the results of Sec. IT, we find that with
the exception of the Q, and perhaps the L, the Krr
mass spectrum can be understood directly in terms of
the observed transverse momentum behavior, and can
be regarded as a continuous series of rather wide thresh-
old peaks in the K*r mass which are due to the phase-
space distribution in the longitudinal momenta. The
Q peak cannot be explained by this mechanism alone,
but requires additional correlations between the trans-
verse and longitudinal momenta—correlations which
should provide sensitive tests when comparing model
calculations with the data.

III. Q PEAK: KINEMATIC DUALITY

In this section we apply the techniques developed
above to a detailed study of specific models for the pro-
duction of the Q. We consider only events with K*(890)
in the final state, i.e., the reaction

K—p — R*(890)r—p, 3)

neglecting the smaller contribution from Q — Kp. The
longitudinal phase-space plot for this reaction appears
in Fig. 4(a). In Fig. 4(b) we showed curves displaying
Sgxr and f,, as functions of w for the experimental

AND SLAUGHTER 2

average values of the transverse momenta. These
curves offer a convenient means of viewing the behavior
of the data in such a way that the qualitative effects of
small transverse momenta are made clear. In Fig. 8
are shown a more complete set of such curves—on an
expanded scale—for the region of phase space occupied
by the Q peak. As before, these curves are shown for
the experimentally determined average values of the
transverse momenta, with M (K*)=0.89 GeV. This
picture shows clearly the essentially one-to-one cor-
respondence imposed on the dynamic variables by the
fact that the transverse momenta are confined to a
narrow range about their average values. Note, in
particular, that the locus of Sk+, spans two kinemati-
cally distinct regions (separated by a dashed line in the
figure): Region A (wS136°) is characterized by very
small |¢xxx|, with rapidly increasing |ix.|, and vice
versa for Region B (w=>136°). The momentum transfers
Ix» and Igg+ are defined in the figure.

We consider first the predictions of a double-Regge-
pole-exchange model for reaction (3), taking into ac-
count two possible exchange amplitudes.” These ampli-
tudes are represented by the diagrams shown in Fig. 9.
Diagram A represents the exchange of the pion tra-
jectory between the top and middle vertices and the
Pomeranchuk trajectory at the lower vertex. Digram B
involves exchange of the K*(890) and Pomeranchuk tra-
jectories. The parametrization of the model is as follows
(M 4 and My are the invariant amplitudes for the two
diagrams; N4 and Np are normalization constants; unit
slopes are chosen for the Regge trajectories ar and ags):

M4 =1VAO’+(LM,,) (Skwr/S0) """'(tKK*)S,,pea‘“"”"’2 ,

MB = NBU"(O{K*) (SK*W/SD) AK* (‘Kn)SK*pg“K*plmrﬂ ,

e—i‘lra,r
0'+(a7f) = _(avr"_z) )
SINTQ
Regge Model
tKK* tK'rr
K K¥ K —————‘l’ T
i - K¥ ‘
$ K
p P p— p
T 0
top tpp
A B

F16. 9. Double-Regge-pole-exchange-model diagrams.

7The application of a multi-Regge model to diffraction-pro-

duced threshold enhancements—including the motivation for
such an application, which relies heavily on the implications of
duality—is discussed in detail by E. L. Berger, Phys. Rev. 179,
1567 (1969). An earlier analysis of our data in terms of a double-
Regge-pole-exchange model, which included only a single diagram
(diagram A of Fig. 9) is given in J. Andrews ef al., Phys. Rev.
Letters 22, 731 (1969). The calculation employed here follows
closely that of M. S. Farber e al., Phys. Rev. Letters 22, 1394
(1969) ; and H. Yuta, University of Rochester Report No. UR-
875-271, 1969 (unpublished).
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Fic. 10. Regge-model
comparison. Sk, Versus w
in the Q region. Upper left:
effect of varying the trans-
verse momenta. Solid curve
is computed for the experi-
mental average values of
the transverse momenta.
Lower dashed curve is for
all  transverse momenta
equal to zero; the upper
curve is for all transverse
momenta equal to 0.5 4 T
GeV/c. Lower left: the data s
points (418 events). Right-
hand plots show the result
of the Regge-model calcula-
tion as described in the text.
Each of these plots contains
500 Monte-Carlo-generated
events.
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Following usual practice, the Pomeranchuk exchange is
not explicitly Reggeized, but is approximated by on-
mass-shell mp and K*p elastic diffraction scattering.
The diffraction slope a., is chosen to roughly approxi-
mate that of #7p elastic scattering data in the appro-
priate kinematic range, and the slope ag#-, which cannot
be obtained from experimental data, is assumed to be
the same. The results are not very sensitive to the
specific values chosen for these slopes.

No attempt has been made to extract absolute
normalizations from the model, as our purpose here is
solely to examine the predicted kinematic behavior.
In order to do this over as wide a kinematic range as
feasible, we have made the cutoff values in fxx+ and
Ixx generously large: —iggx, —Ig.<2.5 (GeV/c)2
These cuts exclude no events having K*r mass less
than 1.6 GeV. The factors (a,+2) and (ax++1) in the
signature factors o*(a) are to eliminate unphysical poles
in the range of momentum transfers allowed by these
cutoffs.

Some qualitative observations regarding this model
can be made upon inspection of Fig. 8. We expect
diagram A to dominate in Region A, where {xgx is
smallest in magnitude. Similarly, diagram B should
represent the dominant amplitude,n Region B. Both
will contribute heavily near the boundary between
these two regions, i.e., near the smallest values of Sks#x,

—All Pt=0.5
— <P
t——All Pp=0.0

Transverse Momentum Behavior
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as here both momentum transfers are small in magni-
tude.® In diagram A the approximation used to param-
etrize the diffraction scattering of the virtual pion off
the target proton is not expected to be valid for small
values of S,.-, where resonance effects in the pr—
system may be important. The same is true of Sg#, in
the case of diagram B. From Fig. 8 it can be seen that
the exclusion of events with small S,.~ (say S,.-<4.0
GeV?) cuts out nearly all of Region A, whereas Sg+,
remains large over most of the region of interest. In
fact, such a cut on S,.- removes about 209, of the
events in the Q peak, whereas no events in this peak
have Sg#»<6.0 GeV2 In the discussion which follows,
in order to show the behavior of the model as clearly
as possible over as wide a range as possible, we will not
make a selection on the pr— mass unless specifically
noted.

The results of the Regge-model calculation are com-
pared with the data in Fig. 10. These are displayed as
scatterplots of Sk#, versus w for values of Sg+, near
threshold. As emphasized in Sec. I, the interplay be-
tween the longitudinal and transverse momenta is im-
portant here. The upper left-hand plot in Fig. 10

8 We note here that the often-used technique of ordering the
longitudinal momenta of the outgoing particles to assess the
relative importance of various exchange amplitudes is not gen-
erally valid when these amplitudes are applied to near-threshold
values of one of the two-particle subenergies (e.g., Sk, in the
case considered here). As we have pointed out, the two diagrams
which we consider are expected to have their respective contribu-
tions above and below w= 136°, with considerable overlap between
them. The momentum-ordering technique would put this demarca-
tion at w=150°, the point at which the K* and = have equal longi-
tudinal momenta in the forward direction. The difference between
these two predictions arises from the difference in the masses of
the K* and =. In fact, neither diagram contributes significantly
above w=150°, and although the data are best described when the
two diagrams contribute in roughly equal amounts, only 15% of
the data have w>150°.
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Regge Model Comparison

Mpy >18 Gev T diagram A

-—-— diagram 8

351 Events —— Coherent Sum
40—
> (a) (c)
3 o
30— 030~
< Y
5 o
Q 20 Q20
0 [
€ g
> —_
w 10 RS » 10
SN £
\\ o
SO L?.I o e BN
| TN ol H S B |
1.0 1.4 1.8 2.2 ¢} 0.5 1.02 1.5
M(K*7)GeVv -tkk* (Gevk)
80~ 40—
™
IS DS
g 60 § 30
]
u O
- Iy
9 40 Q 20
W [
o
g 5 1
'_5 20| g
2 ¢
S w
180 ¢ 05 1.0 1.5

150
w (degrees)

“tyar (Gevi)?

Fic. 11. Comparison of the Regge-model calculation with some
projections of the data. Results of including only a single diagram
in the amplitude are shown by the broken curves. Solid curves give
the result of the coherent sum (see text). Curves as normalized to
the data. In (b) each event has been weighted to remove the
effects of phase space from the distribution.

shows the locus of Sk#, for three different sets of trans-
verse momenta. The plots labeled “diagram A” and
“diagram B” contain Monte Carlo events generated
according to Lorentz-invariant phase space modified
by the squared amplitudes |M 4|2 and | M5]|?, respec-
tively. It will be seen that neither of the two exchange
amplitudes gives particularly good agreement with the
data. As expected, diagram A contributes most heavily
on the left-hand side of the plot (Region A), whereas
diagram B favors Region B. Both have their heaviest
concentration of points in the lower tip of the allowed
phase space, and in this region the kinematic overlap
between the two is essentially complete. Away from
threshold, each diagram continues to concentrate points
near the kinematic boundary—following the small trans-
verse momentum envelope—whereas the data fall off
smoothly in Sg+., independently of w. The plot labeled
“Full Regge Model” in Fig. 10 shows the result of a
coherent sum of the two amplitudes®:

[M|2= | M atMs|*= | M4|*
+|MB]2+2ReMAMB. (5)

9 The relative amounts of the two diagrams have been adjusted
to give the best fit to the two-particle mass and momentum-
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This calculation gives, qualitatively, a more correct
description of the data; however, the concentration of
points very near threshold in Sg+, is not in agreement
with the experimentally observed behavior.

Some projections of the data are compared with the
model calculation in Fig. 11. Here a cut to exclude small
values of the pm— mass has been applied, both to the
model and the data. The broken curves show the results
for each diagram taken separately; the solid curves are
the result of the sum, as given in Eq. (5). In Fig. 11(b)
each event has been weighted by the inverse of the
Lorentz-invariant phase-space volume element, so that
this plot displays directly the effects of the invariant
matrix element as a function of the longitudinal phase-
space parameter w. The effects noted in the S-versus-w
plots of Fig. 10 are reflected in Figs. 11(a) and 11(b). In
both cases the calculated curves peak at values which
are too small to give agreement with the data. In the
case of the K*r mass distribution, the model predicts
too sharp a rise from threshold, while in the w distribu-
tion the calculated shape peaks too low and is too nar-
row to account for the behavior of the data near w=150°.

In summary, if only a single diagram (A or B in Fig.
9) is considered, the double-Regge-pole-exchange model

B 1 at
IMI™ o [——ﬁ(mK*ﬁ'mo)z " F24]e oo

a=7.0(GeV/c)®* my=1.3 Gev TI'=.25 Gev
4 T T T 4 T T T
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F16. 12. Resonance model. At the lower left the data are dis-
played in a scatterplot of Sk#, versus w. Plot on the lower right is
the result of the model calculation. This plot includes 500 Monte-
Carlo-generated events.

transfer distributions. This is obtained when the two diagrams
contribute nearly equally. The ratios of the integrated cross
sections are diagram A:diagram B:coherent sum=0.3:0.4:1.0.
Because of the large overlap between the two, the interference
term, which contributes constructively, is equally as important
as either of the two constituent amplitudes near threshold in
Sk#r. The relative phase between these amplitudes is given
entirely by the signature factors [o* in Eq. (4)]. We have investi-
gated the effect of varying this phase and have not been able to
improve the agreement with the data by this means.
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appears incapable of giving a correct description of the
data except in a very narrow kinematic range (i.e., only
if severe momentum-transfer cuts are applied). The
two-diagram model reproduces the qualitative behavior
but fails to give detailed agreement with the data. This
situation might be improved by allowing some of the
parameters of the model—such as the slopes of the
Regge trajectories and the scale constants—to assume
different values from those used here. However, the
results are quite insensitive to small changes in these
parameters, and large changes from the values chosen
would be at variance with Regge-pole fits to two-body
processes. At best it must be said that the model does
not provide a very natural framework within which to
describe the detailed behavior observed in the data.
We now consider another model for the production.
It has been found in a number of experiments!® that
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Fie. 13. Comparison of the resonance-model calculation

with some projections of the data. Curves are normalized to the
data.

10 The decay characteristics of the Q are treated in detail,
using similar analyses, in the following works (in each case the
beam momentum and incident particle are given in parentheses) :
C. Y. Chien el al., Phys. Letters 28B, 143 (1968) (7-GeV/c K*);
G. Alexander ef al., Nucl. Phys. B13, 503 (1969) (9-GeV/¢c K*);
M. S. Farber et al., Phys. Rev. D 1, 78 (1970) (13-GeV/c K*);
T. Ludlam, Ph.D. thesis, Yale University, 1969 (unpublished)
(13-GeV/c K-). In every case save that of Alexander ef al., the
results are in agreement with the hypothesis of a single resonance
with JP=1% and S-wave decay to K*(890)x and Kp. Alexander
et al. find evidence for two interfering resonances, with JP=1%,
in the Q region.
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Fic. 14. Polar and azimuthal angles of the K*(890) in the
Jackson frame (K*r rest system):
cosf=px- px+,
cosp=[ (Px Xpx#) - (Pr XPp)1/|Px XPx*| |PrXppl,

where px and pr are the momentum vectors of the incident kaon
and target proton, respectively. Solid curves are the result of the
Regge-model calculation (coherent sum of diagrams A and B);
the broken curves are the result of the resonance-model calcula-
tion. Curves are normalized to the data.

the angular correlations among the momenta for events
in the Q peak are consistent with the decay of a single
resonant state having spin and parity 1*. These investi-
gations have been performed in such a way as to be
uncoupled from the effects of the production mechanism.
We show here, for comparison with the foregoing results,
the predictions of a very simple model for the produc-
tion of such a resonance in the K*r system of reaction
(3). The model is shown in Fig. 12. We take for
the invariant amplitude an S-wave Breit-Wigner
shape in the K*r mass, produced with an exponential
dependence on the proton-to-proton momentum trans-
fer. The parameters mo and T' were chosen to approxi-
mate closely the position and width of the Q peak. The
exponential slope in ;5 is the same as was employed for
the Regge model. No background is included.

As before, a Monte Carlo calculation was performed
for comparison with the data. This comparison is shown
in the lower part of Fig. 12, and in Fig. 13. The same
momentum-transfer cuts were applied as with the
Regge model. In Fig. 13 a cut on the pz— mass was made
in order to make these results directly comparable
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with those of Fig. 11. (The histogrammed data are
identical in these two figures). The agreement with the
data is quite remarkable. Particularly noteworthy is the
superiority of this crude resonance model over the
Regge model in reproducing the weighted w distribution
[compare Figs. 11(b) and 13(b)]. As a further compari-
son of the two models with the data, we show in Fig. 14
the polar and azimuthal Jackson angles for the K* in
the K*r rest frame, with and without the cut on pa—
mass. Note that without this selection the data are
completely consistent with the isotropic predictions of
the S-wave resonance. The Regge model is incompatible
with this behavior. Both models give reasonable agree-
ment with the distributions obtained when small pr—
mass values are excluded.

These results would seem to support the view that
the Q peak is predominantly the result of a resonant
state. They are also in complete accord with the concept
of duality: If we look to detailed comparisons of finite-
energy sum rule predictions with two-body scattering
data (see, for instance, Ref. 2) we find that whereas a
Regge-pole form often gives a very good average de-
scription of low-energy, resonance-dominated ampli-
tudes, adequate local descriptions of these amplitudes
are not obtained for cases in which a single resonance
dominates near threshold. We point out, however, that
another sort of duality is apparent in this analysis. This
is a kinematic duality. Both of the models discussed
here for the production of the Q have a built-in expo-
nential damping in the proton-to-proton momentum
transfer [exp(af,,) ] Furthermore, both models (and
any model worthy of serious consideration) can repro-
duce, in some sense, the threshold peak in the K*7 mass
spectrum. These two features are sufficient to guarantee
that all of the outgoing particles will have small trans-
verse momenta, with the result that the dynamic vari-
ables will be restricted to very narrow bands of phase
space following curves such as those shown in Fig. 8.
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Hence all such models can be expected to give qualita-
tively similar results, at least over a limited range in the
momentum transfers. Our resonance model includes
only these two features. This model cannot be regarded
as a complete description of the Q. It does not, for in-
stance, reproduce one of the best known features of
diffraction-produced quasi-three-body-final states: that
the observed forward peak in the momentum-transfer
distribution, do/dt,,, has an exponential slope whose
value is strongly dependent on the mass of the produced
system.!! The Regge model does give this behavior (as
pointed out by Berger”), while the resonance model
simply reproduces the input slope.

Thus the comparison between the two models dis-
cussed here, rather than providing a definitive con-
clusion as to the nature of the Q peak, illustrates the
following points: (i) that the resonance model appears
to give a more natural description of the data than does
the Regge-pole model, and (ii) that the qualitative
similarities between the detailed predictions of these
models can be understood solely on the basis of
kinematics.
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1 See, for instance, J. Bartsch e/ al., Phys. Letters 27B, 336
(1968); B. Y. Oh and W. D. Walker, 7bid. 28B, 564 (1969).



